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Abstract: A complex unit gain graph (or T-gain graph) I' = (G, y) is a gain graph with gains in T, the multi-
plicative group of complex units. The T-outgain in I’ of a vertex v € G is the sum of the gains of all the arcs
originating in v. A T-gain graph is said to be an a-T-regular graph if the T-outgain of each of its vertices is
equal to a. In this article, it is proved that a-T-regular graphs exist for every a € R. This, in particular, means
that every real number can be a T-gain graph eigenvalue. Moreover, denoted by Q(a) the class of connected
T-gain graphs whose largest eigenvalue is the real number a, it is shown that Q(a) is nonempty if and only if a
belongs to {0} U [1, +»). In order to achieve these results, non-complete extended p-sums and suitably defined
joins of T-gain graphs are considered.
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1 Introduction

Let }?G be the set of arcs of a nonempty simple graph G with vertex set Vg = {ty, Uy, ...,U,}. We write u; ~ u;
whenever u; and u; are adjacent. Each pair {u;, u;} € V; such thatu; ~ u; determines the arc ¢; going from u; to
u; and the opposite arc ¢;. Denoted by T the multiplicative group {z € C||z| = 1}, a complex unit gain or T-gain

graph is a pair I' = (G, y), where y : EG - T is a gain function, i.e., a map satisfying y(e;) = y(e;)™ for each

e € fg. We usually refer to G as the underlying graph of ' and y(fg) as its set of gains. Empty graphs can be
thought as T-gain graphs equipped with the empty gain function @ — T.

In this article, the complex conjugate of a complex number z will be denoted by z*. Let M;,(C) be the set of
n x n complex matrices. The adjacency matrix A(T') = (a;) € Mp(C) of a T-gain graph T = (G, y) is defined by

o y(e;) if v~

ij . ((W))]
0 otherwise.

If v ~v;, then a; = y(ey) = y(ei)™ = plep)* = a}‘;. Consequently, A(I) is Hermitian and its eigenvalues
A(@)z--2 4y(I), ie., the roots of the polynomial pr(A) = det(AI - A(T)), are real. The largest eigenvalue A (T')
gives the index of T.

Both the combinatorial and the spectral theory of T-gain graphs embody those of simple graphs, signed
graphs, and mixed graphs (as defined in [16]): these objects can be seen as T-gain graphs whose gains are,
respectively, in the subsets {1}, {+1}, and {1, +i} of T. This is surely one of the reasons why, in the wake of [27],
there has been a renewed and growing interest over the last decade for the Hermitian matrices associated with

T-gain graphs and their spectra (see, for instance, [5,6,8,20,23,25,26,31,34,35]). Clearly, every T,-gain graph,

* Corresponding author: Maurizio Brunetti, Dipartimento di Matematica e Applicazioni, Universita ‘Federico I, Piazzale Tecchio 80,
1-80125, Naples, Italy, e-mail: mbrunett@unina.it

8 Open Access. © 2024 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0
International License.


https://doi.org/10.1515/spma-2024-0005
mailto:mbrunett@unina.it

2 =—— Maurizio Brunetti DE GRUYTER

wheren € N and T, denotes the group of n-th roots of unity, can be regarded as a complex unit gain graph, and
many results in [2] proved for T,-gain graphs can be easily generalizable to T-gain graphs. The spectral theory
of T-gain graphs turns out to be useful to achieve results on the eigenvalues of gain graphs over a fixed (not
necessarily abelian) finite group G (see, for instance, [13]).

Let &, 841, and &y (resp. I, T4, and Iy) denote the sets of real numbers which are eigenvalues (resp.
indices) of simple graphs, signed graphs, and T-gain graphs. An algebraic number a is said to be totally real if it
is a root of a real-rooted monic polynomial with integer coefficients [30], whereas it is said an almost Perron
number if it satisfies a > |b| for each conjugate b of a [24, Exercise 11.1.12]. The set of algebraic numbers which
are totally real (resp. almost Perron) will be denoted by TR (resp. AP).

Thanks to the achievements of Estes [15, Theorem 1] and Hoffman [21], one sees that &; = &4 = TR. This
equality can be equivalently deduced from a more recent result on tree eigenvalues due to Salez [30, Theorem
1]. As far as I know, the sets 7; and 7, still wait for manageable characterizations. For instance, the Perron-
Frobenius theorem yields 7; € TR N AP, yet it is still dubious whether this inclusion can be reversed.

Results in this article allow one to determine &y and Zy. It turns out that &; = R. This equality is a
consequence of Theorem 1.3 or Corollary 3.8. In contrast, the equality I3 = {0} U [1, +o) immediately comes
from Theorem 1.1, which is the first main result of this article. In its statement, the symbol [a] denotes the
smallest integer not less than the real number a.

Theorem 1.1. Let C denote the class of all connected T-gain graphs, and let a be a real number.
(D) The set Q(a) = {I € C| (') = a} is nonempty if and only if a belongs to {0} U [1, +).

(i) For a > 1, the set Q(a) contains infinitely many T-gain graphs.

(iii) For a € {0} U [1, +»), a graph of minimal order in Q(a) has [al + 1 vertices.

A simple graph G is said to be a-regular if each v € V; has vertex degree a. Let now X = (G, o) be a signed
graph. The net-degree di(u) of a vertex u is given by the difference dy (u) - dy(u), where dy (u) (resp. d(u)) is
the cardinality of the positive (resp. negative) edges incident on u € V;. The signed graph X is said to be a-net
regular if d*(u) = a for all u € V;. Net-regularity for signed graphs has been studied in connections with
several different problems (see, for instance, [7,18,29,32,33]). The following notion of a-T -regularity appropri-
ately extends net-regularity to T-gain graphs.

Let u be a vertex of a T-gain graph I' = (G, y). The numbers

d(u) = Y yw) and df(w) = Y y(vu)
veuU v~u
are, respectively, called the T-ingain and the T-outgain of the vertex u. If u is an isolated vertex, then dr" (u)
and dr (u) are assumed to be 0. In all cases, d; (u) is the complex conjugate of dp (1), with y being a gain
function.

Definition 1.2. An a-T-regular graph is a T-gain graph I' = (G, y) such that d;’(u) = a for allu € V.

It is straightforward to check that a-regularity, a-net regularity, and a-T-regularity all have the same
spectral characterization: they occur if and only if a is an eigenvalue for the adjacency matrix of the simple,
signed, or T-gain graph (of order n) under consideration, and the corresponding eigenspace contains the all-
ones vector j,. By definition, a-regularity can possibly occur only if a is a nonnegative integer; a-net regularity
is possible only if a is an integer; finally, a must be a real number in order to possibly get a-T -regularity, since a
is an eigenvalue of a Hermitian matrix. It should be pointed out that a-T -regularity for T-gain graphs, like net-
regularity for signed graphs, is a purely combinatorial invariant; for instance, T-gain graphs that are switching
equivalent to a-T-regular graph are not in general a-T-regular. In any case, suitable constructions that pre-
serve a-T-regularity do exist. Using them, the following result will be proved.

Theorem 1.3. For every fixed real number a, there exists infinitely many a-T -regular graphs.
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Let A(T) be the adjacency matrix of a T-gain graph I = (G, y). It is immediately seen from the definitions
that dr’(w;) (resp. dp (1)) gives the sum of the elements in the j-th row (resp. column) of A(T). This means that a
T-gain graph T = (G, y) is a-T-regular if and only if the sum of elements on each fixed row or fixed column of
the matrix A(T) is always equal to a. For this reason, Theorem 1.3 could be restated in purely matrix-theoretical
terms: it says that for each a € R there exist infinitely many Hermitian matrices with trace zero, entries in
T U {0}, and constant row sum equal to a.

The remainder of the article is structured as follows. Section 2 contains some preliminaries on complex
unit gain graphs, their non-complete extended p-sums, and two different lexicographic products. In that
section, the set {K5(z)|z € T} of T-gain triangles (Figure 1) that plays an important role in the proofs of
Theorems 1.1 and 1.3 is also introduced. Section 3 is devoted to the proof of Theorem 1.1. Its main ingredient is
the detected spectrum of the matrices (3.2), whose eigenvalues are somehow related to Dirichlet kernels and
could be of independent interest. In Section 4, it is shown that non-complete extended p-sums (NEPS) and the
HG-lexicographic product behave well with respect to a-regularity. This fact, together with the properties of a
suitably defined join of T-gain graphs, allows one to prove Theorem 1.3.

2 Preliminaries

2.1 Complex unit gain graphs

For the figures of this article, we adopt the following drawing convention: close to each depicted arc uv
the value y(uv) is specified. Obviously, the gain assigned to the non-depicted arc vu is y(uv)*. For instance,
the arcs wly, wus, and wus of the gain triangle K5(z) depicted in Figure 1 all have the same gain z € T,
whereas y(at) = y(ustn) = y(usiip) = z*.

Let I' = (G,y) be a T-gain graph. The spectrum of T, i.e., the multiset of the eigenvalues of A(T),
will be denoted by Sp(I). The negation of a T-gain graph I is -T = (T, -y). Clearly, A(-T) = -A(T) and
Ai(=T) = =Ap_i41(T). A walk W = ey;,eii, -+ €, 1s said to be neutral, negative, or imaginary, depending if its
gainy(W) = yle,)yleq,) - ylei_) is 1, -1, or imaginary. We write (T, 1) for the T-gain graph with all neutral
arcs. The following result is due to Reff.

Proposition 2.1. [27, Theorem 5.1] Let (C,, y) be a (directed) T-gain cycle whose gain is i@, Then,

(VA

a + 2mj .
o |[0<jsn-1

Sp(Cy, ) = [2 cos[

Example 2.2. Let K3(z) = (K3, y;,) and K3(z) = (K3, 5 ,) be the T-gain graphs depicted in Figure 1. The gains of
the directed cycles wupus and vqv,v3 in Figure 1 are

Vs, (Wilta)ys ,(ois)ys ,(uswn) = 2% - z* =z and  y;, (Viva)y; ,(Vava)ys ,(vav) = 2°

ws
u3 v3 0
-z z
NS
z z z z w2 v Wy
o—Pp—o ——Pp—0 z -z
ul z u2 V1 z v2 &
w1

Figure 1: The T-gain graphs K3(z), K5(z), and D(z).
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respectively. If z = e, by Proposition 2.1, we obtain

Sp(K3(2)) = [2 coslg], 2cos[9 i Zni]’ 2cos[9 + 4 ]] (2.2)
3 3 3
and
2711 4711
Sp(K3(2)) = [2 coso, 2cos[9 + T] 2cos[9 + T]] 2.3

The spectra (2.2) and (2.3) can also be obtained by directly computing the characteristic polynomials of the
matrices

0 z z 0 z z*
AKy(z)) =|z* 0 z| and A(K4Y2)=|z* 0 z| (2.4)
z¥ z* 0 z z*¥ 0,

It turns out that
Pocy) = A =34 = 2c0s60  and  py,,)(A) = 2 - 31 - 2cos(30).
It is easily seen that the gain diamond P(z) in Figure 1 has two imaginary triangles and a neutral

quadrangle. More precisely, the directed cycles Cj = wywyws, C5 = w;wsw; have both gain ez = i. It is
somehow instructive to see that

0 z i1 -z*
* -

ao@)=|" T 0| and py,w=a-sk vzer. 25)
-z 0 z 0

Thus, Sp(D(2)) = {-+/5, 0@, \/5}, where the exponent of 0 in parentheses stands for its multiplicity.

If A = (H, {) is an induced (T-gain) subgraph of I, i.e., if H is an induced subgraph of G and { = Vi, then

A(A) is the principal matrix of A(T') correspondent to the rows indexed by vertices in Vy. Therefore, [22,
Corollary 4.3.37] yields the well-known interlacing phenomenon recalled in the following proposition.

Proposition 2.3. Let A = (H, {) be an induced subgraph of I = (G, y) with |V5| = n and |Vy| = m. Denoted by
M 2Nz Ay and py = [, 22 Uy, the eigenvalues of T' and A, respectively, the following inequalities hold:
An-mei Sy S A forl<ism.

Corollary 2.4. If T = (G, y) is a nonempty T-gain graph, then A(T) > 1.

Proof. Let u and v be two adjacent vertices in G, and let H = G[u, v] be the subgraph of G induced by u and v.
The index of A = (H, y|E,H) is equal to 1; in fact,

0 y(uv) )
— = - 2.
A(N) [y(uv)* 0 and pQ) =21 -1 (2.6)
Proposition 2.3 now yields A(T) = A4(A) = 1. O

Expert scholars know very well that, whatever gain function is chosen on the arcs of a tree, one always
retrieves the spectrum of the unsigned tree. This phenomenon occurs whenever the T-gain graph T = (G, y) is
balanced, since in this case T is switching equivalent to (G, 1). Similarly, the lack of dependence on z for the
coefficients of p,,_, in (2.5) is not surprising, as the various graphs in the set {D(z)|z € T} are all switching
equivalent.
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For the notions of balance and switching equivalence, the reader is referred to [10,12,27]. In spite of their
significance in the theory of gain graphs, these notions will never be mentioned again in the remainder of this
article.

2.2 NEPS and lexicographic products of T-gain graphs

In [9], Belardo et al. introduced NEPS of complex unit gain graphs. In order to keep the article reasonably self-
contained, the definition of NEPS will be recalled here.

Let ®8 be a nonempty subset of Jj = {0, 1}"\{(0, ...,0)}, the set of {0, 1}-h-tuples with at least one among
their components. Cvektovi¢ defined G = NEPS(Gy, ...,Gp; B), the non-complete extended p-sums (or simply
NEPS) of the simple graphs G, ..., G, with basis 95 (see, for instance, [14, p. 66]): the vertex set I; is the Cartesian
product Vg x---x Vg,, and the vertices u = (u, ...,uy) and v = (vy, ...,vy) are adjacent if and only if there exists a
(unique) h-tuple b = (by, ...,by) in B such that u; = v; whenever b; = 0, and u; ~ v; in G; if b; = 1. Note that

Ec = Ll Eneps(Gy, ..., Gy b)s 2.7
beB

where the symbol LI denotes the disjoint union.

Definition 2.5. Let I; = (G4, ), ..., In = (Gy, y,) be hT-gain graphs. The NEPS (or Cvektovi¢ product) of Iy, ..., T,
with basis 98 are the T-gain graph I = (G, y) defined as follows:

+ the underlying graph G is NEPS(Gy, ...,Gp; B),

« for each pair of adjacent vertices u = (u, ...,up) and v = (vy, ...,vp) in G,

y(uv) = ﬁln(ujvj), (2.8)
j=
where yj(ujvl-) is understood to be 1 whenever u; = v;.
The T-gain graph I' = (G, y) will be denoted by NEPS(L3, ...,Iy; B).
The map y in (2.8) is indeed a gain function. In fact,
ylvw) = ﬁlyj(vjuj) = ﬁlyj(ujvj)* = p(uv)*.
j= j=

For1 < p < h,let By, be the subset of §, of all h-tuples containing precisely p 1’s, and let j, € 3y be the all-ones
h-tuple (1, ...,1). Clearly, By = {j,}. The T-gain graph NEPS(I}, ...,Ii; By p) is called the (complete) p-sum of
I, ..., I, and

L = NEPS(Ly, ..., T Bn1), X1y = NEPS(L, ..., Tl }),  RLT = NEPS(T, ..., L §n)

are the Cartesian product, the direct or tensor product, and the strong product, respectively.

In order to describe how the adjacency matrix of an NEPS is related to those of its factors, we need to recall
that, given two matrices B = (b;) and C = (¢;) of type k x m and [ x n, respectively, the Kronecker product
B ® C is the following kIl x mn matrix:

an blZC blmC

b21C bZZC meC
B ® C = . . . . .

bklc kaC bkmC

Let A be an n x n matrix. In the following statement, A° stands for the n x n identity matrix I,.
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Proposition 2.6. [9, Proposition 3.3] For1 < i < h, let T; be a T-gain graph with n; vertices. The adjacency matrix
of T = NEPS(L3, ...,I,; B) is given by

AD) = Y AM)he- @A) .9)
(by,...,bp)EB

Moreover, if Ay = A== A, are the eigenvalues of A(T;), then Sp(T') = {Ax, . k|1 < ki < n;}, where

b b
Mok = 2 Ao Ay (2.10)
(by, ...,bp)EB

The following corollary is extracted from [9, Equation (3.6) and Corollary 3.4].

Corollary 2.7. Let n; be the order of the T-gain graph I; for 1 < i < h. The adjacency matrix of the Cartesian
product O T; is

A(OMD) = A(D) ® I,@-8l, + I, ® A(L)® - @I, +-+ I, ® [,,® - QA(T)). 2.11)
The spectrum of CI1T; is
SPIMT) = {hug +++ A |1 < ki < i},

where Ay = Aig=+-2 Ay, are the eigenvalues of A(L).

In [19], Harary introduced the notion of composition of (simple) graphs later known also as lexicographic
product [17, ch. L4]. In the literature, there are two different extensions to signed graphs of Harary’s composi-
tion. The first attempt was made by Hameed and Germina [18], the second is due to Brunetti et al. [11]. In [3],
they are respectively called the HG- and the BCD-lexicographic product. We now generalize these two products
to T-gain graphs, employing a notation tendentially consistent with [3].

Let G and H be two (unsigned) graphs. The composition or lexicographic product G[H] is a graph whose set
of vertices is V(G) x V(H), with (u,v) ~ (u’, v’) wheneveru ~u” oru=u’" and v ~ v".

Definition 2.8. Let I' = (G, y) and A = (H, {) be two T-gain graphs. The maps

, - yuu) if u~u,
Vi * (W, V)W, V) € Egy —

C(w) if u=u" and v ~ vV,
and
y(u, u’) if u~u and v > v/,
Yecp : ((u,v)(W',v)) € fc[H] — {yuu)(w) if u~w and v ~Vv/,
C(w) if u=u" and v ~ Vv,

give rise to the following T-gain graphs with underlying graph G[H |: the HG-lexicographic product I'TA] = (G[H], yy¢)
and the BCD-lexicographic product I' * A = (G[H], ygp)-

The reader will easily realize that Definition 2.8 is well-posed: the equalities
V(W VAW, V) = pu(W, V)@, v))* - and  ypep((w, V)W, V) = Yyep((W, v, v))*

are elementary to check; they show that y,; and yyo, are both gain functions. The HG-lexicographic
product and the BCD-lexicographic product can be iterated. By inductively defining T*[A] = T[T*"1[H]] and
(*XT) * A = (*K1T) = (T * A) for all k > 2, one obtains T-gain graphs whose underlying graph is GX[H], the
iterated lexicographic product of simple graphs spectrally investigated by Abreu et al. [1].

The following proposition, whose proof just comes from the definition of the HG-lexicographic product, is
the T-gain analog of [18, Theorem 8]. In its statement, ], denotes the m x m all-ones matrix.
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Proposition 2.9. Let I = (G, y) and A = (H, {) be two T-gain graphs with V; = {W, ...,up} and Vi = {v1, ...,Vp}.
Chosen for Vg the lexicographic ordering, the following equality holds:

AT[A]) = AD) ® ], + I ® A(D). 2.12)

3 Spectrum of a useful matrix

Letn > 1andletu, uy, ..., u, be the vertices of the complete simple graph K. In this section, for everyz € T, we
compute the characteristic polynomial and spectrum of the T-gain graph Ky(z) = (K, ), ,), where y, , is the
empty gain function and, for n > 2,

Yo (Uilj) =z whenever i <j.

To lighten the notation, we set 4, ; = A(Kn(2)) and p, ,(1) = py ,(A) = det(Al - A4, ;). By definition,

0 z z z z

zx 0 z z z

z¥ 7z 0 z z
A =12 2 : (3.)

’ z* z*¢ z* 0 V4

z¥ z¥ 7z 7z ... 0

Remark 3.1. The matrix A(%x(1)) is the adjacency matrix of the complex graph K,, whose spectrum
is {(-D™V, n -1} (see, for instance, [14, p. 72]). Since A(K.(-1)) = —A(%;(1)), we immediately obtain
Sp(Kn(-1)) = {1"D, —(n - 1)}. The determinant of an adjacency matrix is the product of its eigenvalues; there-
fore, det(4,1) = (-1)"(n - 1) and det(4,-1) = —=(n - 1).

Lemma 3.2. For n > 1 and z = €%, the following equality holds:

DY n-1 for 6 =0 (ie. z = 1),
det(4,,,) = -(n-1) for 6 =m (ie. z = -1), 3.2)
“DHW for 0<0<m.

Proof. The cases 6 € {0, 7t} are dealt in Remark 3.1. From now on, we assume 0 < 0 < 7. Clearly,

det(4;,) =0 and det(4,,)=-1 forall zeT. 3.3)

Thus, (3.2) holds forn = 2. Let now n > 3. By subtracting the second row to the first one, and the second column
to the first one afterwards, one obtains

0 z* z*

-2cosf@ z 0 0O .. 0O

z* 0 z z ..z

0 zx 0 z ..z

det(4n,) = det o . 2l

0 zx z* z¢ .. 0

In fact, z + z* = 2cosf. Cofactor expansion along the first row gives

z¥ 'z zZ .. Z
0 0 z ..z
0 .. z|=-2cosOdet(4,-1,) — det(Ap-1.;)

det(4,,) = —2cosf det(Ap-1,) — zdet| 0 z*

0 z*x z¢ ... 0
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or equivalently
det(An ;) = —(z + z*) det(Ap-1,) — det(An-p2). (3.9

For 0 < 0 < 7, the complex number z - z* is nonzero. The recursive formula (3.4) can be solved by taking into
account (3.3), arriving at the formula

nl_zn sin((n - 1)0)

PPN et A e
det(A,;) = (-1) 7-7 D sin@ 9

bl

which, a posteriori, can also be proved from (3.3) and (3.4) by an inductive argument. O

Proposition 3.3. Let n > 2 and z = €. The characteristic polynomial Pp,(A) = det(AI - A, ;) has the fol-
lowing form:

(A -n+ D@+ D! for 6=0 (ie.z= 1),
= [Ar DA - for 6 =7 (ie. z = -1), 6
P & msingk - DO) ., '
DY ey for 0<6<mn.
k=1

Proof. When 6 belongs to {0, 7}, the expression of p, ,(4) in (3.6) is immediately retrieved from the known
spectra Sp(K,) = {(-1)™ ™, n - 1} and Sp(-(Ky, 1)) = {I"™V, =(n - 1)}. Let now 0 < 6 < 7. Note that p, ,(A) = A
and p, () = A* - 1, consistently with (3.6).

Let now n > 3. The coefficient of A" in Py ,(A) is given by (-1)¥ times the sum of all principal k x k minors

of the matrix A, ;. They are all equal to det(Ax ) and there are [Z] of them. Now, equation (3.5) yields

M=

D)= 1+ |7 |(-1)F det(Ap A
' kK
<(n sin((k - 1)0)
=+ L e 3.7
2| VDT 3.7)
< (n)sin((k - 1)0)
=" - A P an-k
A ,Zl k sin@ A
as wanted. O
The proof of the next result employs the prosthaphaeresis formulas:
cosa - cosh = ~2sin| 2 b]sin[a ; b] (3.8)
and
sina sinb = cos(a — b) - cos(a + b). (3.9)

2

Proposition 3.4. Let z = e with 0 < 0 < 7. The roots of P, ,(A), L.e. the eigenvalues of the matrix (3.2), are given
by the numbers

sin

(n—l)@—klr]

Jox(@) = for0sksn-1 (3.10)

Moreover,

Jao(©) > f1(0)>> f,,1(0). (.11
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Proof. Let T, = {ez';”ilo < h < n - 1} denote the set of the n-th roots of unity. In our hypotheses, z - z* is nonzero
and, from (3.5) and (3.6), it follows that

P, A) = A" - él Z Zk_;__zzk_l)ln—k _ (@~ Z*)Z":ZZ:(/1 t)"
Therefore, p, ,(4) = 0 if and only if
Z*A + ) = z(A + z9)", (3.12)
By extracting the n-th root, (3.12) is equivalent to
EA+2)=q&QX+z*) for £=e' andsome q € T, (3.13)

Observe that the complex number g - &2 is nonzero for all q € T,; in fact, by setting q = e and
a= (6 + km)/n,

s = &2 P =(q & = §)(q*¢* - (§9)%)

= 21 - Re(gf®) (3.14)
=2(1 - cos(2a)) ’
=4sina
which is nonzero, since
O<Qsas—0+(n_1)n <7m
n n

Hence, all the roots of (3.12) can be obtained by collecting the values of A satisfying (3.13); namely,

&l - qem! _ &l - q(e*nt Re(q*¢"2) - Re(&")
qé - &* q¢ - &1 lg¢ - &}

From (3.14) and the equalities

q*-8) =2 for q € T,.

Re(q*¢"2) = cos and Re(&") = Re(z) = cos(0),

(n-2)0 - 2kﬂ]
n

one sees that the roots of p, ,(4) are

cosli(" - 2)3 - Zk”] - cos(6)

2sin? [w]
n

Jruk(0) = for 0<sk<sn-1, (3.15)

and we arrive at (3.10) by replacing the numerator of (3.15) according to formula (3.8).
The remainder of the proof consists in a suitable sequence of “if and only if” steps. Let f, , (6) and f, ,, (6)

be two eigenvalues of 4, ;. The first, the second, and the fourth of the following steps are, respectively, due to
the positivity of all the denominators in (3.10), (3.9), and (3.8).

(n-10 - k) . [0+k271'] .
sin > Sin
n n

—_ 1 —_
fui(8) > £, (6) & sin (n ): T ) i

9+k17'[]
n

R COS[(H —2)0 - (ka + kz)ﬂ] _ cos[e e kl] > cos| =20 = Ua + k)
n n n
- cos[@ + (k= k) ,
n
& cos|0 - (ke ~ )n kl)”] - cos[e + (ke ~ )m kl)”] >0,
n n
© 2sin6 sin @ > 0.

The latter is true if and only if k, > k;, proving the sequence of inequalities (3.11) and ending the proof. [
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The trigonometric identity recalled in the following lemma concerns the collection of real functions
{Dm(x)}ms0 known as the Dirichlet kernel (one of the existing proofs can be found, for instance, in [4, p. 175]).

Lemma 3.5. Let m be any nonnegative integer. The following equality holds:

. 1

m sin|jm + 5

D(x) =1+2) cos(hx) =
h=1

X

sin

X
2

for every x & {2kn|k € Z}.

Proposition 3.6. For alln > 3, themap ¥, : 6 € [0, 1] — A (%K(e®)) € R is continuous and strictly decreasing.
The image of ¥, is the interval [1,n - 1].

Proof. The maps ¥; and ¥, are constant. In fact, ¥;(8) = 0 and ¥,(0) = 1 for every 0 € [0, 1]. Let nown > 3 and
let £, : (0, 7)—R be one of the functions considered in (3.10). Since

%in(}fn’o(e) =n-1 and })imfn’o(e) =1,

the map

n_l lf9=0’
fro:0€0,m — {fi00 fO0<B<m
1 if 6=,

is continuous in its entire domain and, by Remark 3.1 and Proposition 3.4, it turns out that ¥,(0) = fn,O(B) for all
0 € [0, 1]. In order to see that ¥, is strictly decreasing, a different argument is needed according to the parity
of n.

Case 1: n is even. Let n = 2k with k > 2. The number ¥,(9) = fn,o(e) can be expressed in terms of a suitable
Dirichlet kernel (see Lemma 3.5). More precisely,

. k-1 ho
Y(0) = f,0(0) = Dia(20/n) =1+ 2 cos[r]. (3.16)
h=1

Thus, W,,(0) is strictly decreasing since it is sum of functions which are strictly decreasing in the interval [0, 7];
namely,

1+ ZCOS[%], ZCOS[%], v 2C0$[@].
Case 2: n is odd. Let n = 2k + 1 with k > 1. The addition formula for the sine gives
sin| #5 + Q] o (n-2)0
for1,0(0) = ' =f_100) cos[;] + oS T] for 0 <6 <. (317
sin|

Since f,_,(8) = f,;(0) is constant for k = 1 and it is strictly decreasing in (0, 7r) for k > 1 by Case 1, the function
fo+1,0(0) is also strictly decreasing in (0, 77), being the sum of two strictly decreasing functions; namely,
fn_w(e) cos(6/n) and cos((n - 2)8/n). The already proved continuity of ¥, in the closed interval [0, ] ends
the proof. O

Proof of Theorem 1.1. Let Q(a) be the class of all connected T-gain graphs I such that 4 (T) = a. The set Q(0) is
a singleton; in fact, it only contains K; equipped with the empty gain function. Moreover, Q(a) = @ for all
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a € (0,1) by Corollary 2.4. Along the proof of that corollary it has also been observed that the T-gain graphs
Ky(z) are in Q(1) for allz € T.

Let now a > 1. Since the number [al + 1 is at least 3, Proposition 3.6 ensures that an inverse function
w11, n - 1]—[0, 7] of ¥, exists for n > [al + 1 > 3. Let 6, = ¥, (a). The inclusion

{IG(eB)|n = Tal + 1} € Q(a). (3.18)

proves both Parts (i) and (ii) of Theorem 1.1.

Part (iii) also comes from (3.18) and the fact that Q(a) does not contain T-gain graphs with less than[al + 1
vertices. In order to see this, let A; denote the maximum vertex degree of a graph G with |Vg| < [a]. Clearly
A < |Vg| = 1 <Tal - 1and, as a consequence of [27, Theorem 4.3], the index of T = (G, y) cannot be larger than
A <Tal-1<a. O

Remark 3.7. Theorem 1.1 admits a shorter but more conceptual proof, for which Propositions 3.3, 3.4, and
3.6 are not really needed: since the entries of the Hermitian matrix A, s continuously depend on 0, the
eigenvalues

M(Ap o)z = An(Ap )

are continuous functions with respect to 6. This is quite a well-known fact in perturbation theory sometimes
referred as “the Rellich’s theorem.” In fact, a proof can be found in [28, p. 39]. It follows that the image of the
map

W, 0 € [0,71] — (A, ) € R

is a connected subset of R. Since 1 = A4(An-1) and n — 1 = 4(An1) are both in 6, then [1,n - 1] C Im(%,). In
spite of its elegance and shortness, this approach does not allow one to detect, for any fixed a € R, which (and
how many) z’s make %,(z) belonging to Q(a).

Corollary 3.8. For every real number ¢ € R, there exists a T-gain graphT = (G, y) such that c belongs to Sp(T).

Proof. If ¢ belongs to Sp(I), then —c¢ belongs to Sp(-TI). Thus, it is not restrictive to assume c > 0. For
¢ € {0} U [1, +w), the result immediately follows from Theorem 1.1. If instead c € (0, 1), then ¢ € Sp(%4(e?))
for 6 = arccos(c/2) by (2.3) (the graph K4(e®) is depicted in Figure 1). O

4 a-T-regularity and products

In Section 1, a-T-regular graphs have been defined, and it has also been observed that a-T-regular graphs with
n vertices are precisely the T-gain graphs having the all-ones vector j, in their spectrum. However, it should be
noted that, contrarily to what happens for simple graphs as a consequence of the Perron-Froebenius theorem,
the number a is not necessarily the largest eigenvalue of a-T-regular graphs. For instance, the graph %%(e®)
considered in Example 2.2 is 2 cosf-regular; yet, 2 cos6 is not the largest eigenvalue for 7/3 < 6 < 7. The next
proposition shows how a-T-regularity behaves with respect to the several products recalled in Section 2.

Proposition 4.1. For 1 < i < h, let T; be an a;-T-regular graph with n; vertices, and let 6 be a nonempty subset

of T = {0, B\((0, ...,0)}.
(1) The T-gain graph T = NEPS(Ly, ...,Iy;B) is r-T-regular for

b b,
r= Z a 1... ahh.
(by, ..., bR)EB

(2) The HG-lexicographic product I[I;] is s-T-regular for s = mn, + a,.
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Proof. The T-gain graph I' has n = ﬂ?:lni vertices. Using Proposition 2.6 and the properties of the tensor
product of matrices,

ADj,=| )Y A" e e AM)™RLij,
(by,...,bp)EB
= ) Amh,) e e@A™,)
(b1, ..., bn)EB
by by =
= ) @', ® e@",)
(bl,..‘,bh)E%
b by |- .
= Z a11...ahh ]nl QR ® ]nh
(by,...,bp)EB
=y

This proves Part (i). The proof of Part (ii) relies on (2.9):

A(T[ADjpyp, = (AD) ® J, )y ® Jpyp) + Uny @ ANy, ® Ji,)
=(AM,) © (, Jny) *+Jny ® AWy,
=(@j,) ® (2 jy,) +j, ® (@ jy,,)
= (@ + @iy, ® Jn, =S Juyn,- -

The reader could ask whether the BCD-lexicographic product preserves T-regularity. The answer is negative in
general. In Figure 2, the graph T = (Kj, 1) is 1-T -regular, whereas the signed hourglass A = H = (H, ) is 0-T -regular
(the gain function { is defined as follows: {(v1vz) = {(vov3) = ((Ws) = 1 and {(vyv3) = {(Vouy) = {(vovs) = —1). The
submatrix of A(I' * A) consisting of the rows indexed by (13, v1) and (uy, v,) is

~/01-10 011-11 1

B_101—1—1111—1—1'

By looking at B, one realizes that the T-outgains of the vertices (1, v;) and (u, v;) in T’ * A are different. More
precisely,

draa(ug, vi) = 3 # 1 = dp;p (g, vo).

Proposition 4.1 and (2.11) lead without difficulty to the following result.

Corollary 4.2. For 1 < i < h, let I; be an a;-T-regular graph. The Cartesian product (T; is an a-T-regular graph
witha = a; +-+ ay.

Proof of Theorem 1.3. For a € R, let R(a) be the set of connected a-T -regular graphs, and let v be a vertex of a
T-gain graph I. Since d_(v) = —d;’(v), it will be suffice to show that R(a) contains infinitely many T-gain
graphs for a > 0. In Example 2.2, the 2Re(z)-regular triangle K’3(z) has been introduced. Corollary 4.2 implies

T, = Ky()O--0OKyi) € RO) forall h>1,
N
h times

proving the statement for a = 0. For a > 0, three cases will be considered. In all of them, Corollary 4.2 will
be used.

S
°
S

(KQ’ 1)

u2 e

<
w

Figure 2: (K;, 1) and the signed hourglass H . Dashed lines represent negative edges.
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Case 1: a is a positive integer. Since (Kg+1, 1) is a-T-regular,
{(Kar1, D} U {(Kaer, D DO Tilh > 13 € R(@).
Case 2: 0 < a < 2. If 0, = arccos(a/2), {K4(el%)} U {K5(efe) I Tylh = 1} € R(a).
Case 3: a > 2. The number p = (a - Lal + 1)/2 belongs to [1/2,1). For w, = arccosp, the T-gain graph
Ag = (Kiq) 1) O K%(e@0) is a-T-regular; in fact, Lal — 1 + 2cosw, = Lal = 1 + 2p = a. Therefore,
{Ad U {ALTH R > 1} € R(a),

and the proof is completed. O

In the proof of Theorem 1.3, Case 1 could be absorbed in Cases 2 and 3: if a is a positive integer (K;+1, 1) and
Aq = (K, DOK g(e%i) are both a-T-regular, yet the former has a smaller number of vertices. In fact, for a > 0,

R(a) surely contains: a graph of order a + 1 if a is an integer, and a graph of order max{3, 3Lal} if a is not an
integer. In any case, a suitable join-like construction, when a is not an integer, will lead to the detections of
items in R(a) with no more than Lal + 4 vertices.

Definition 4.3. Let I' = (G,y) and I" = (G’,y") be two nonempty T-gain graphs with V; = {w, ...,u,} and
Vor = {, ...,un}, and let G v G’ denote the usual join between G and G’. For z € T, we define a gain function
¥, on the set EZ;VO as follows:
_ o , o if i +j iseven;
yuwy) = yuy), i) =y ) and puw) = yWu)* =j . if i+ is odd.
The z-join T' v, I is, by definition, the T-gain graph (G v G, J},).

Chosen for V5 the ordering w, ..., Uy, Uj,..., Uy, the adjacency matrix of I' v, I reads as follows:

z z* ..
A) z* z

ATV, T) = | S )
{z z* .. A(T) ]

The following lemma is straightforward.

Lemma 4.4. If T and " are a-T-regular graphs having the same even number of vertices n, thenT Vv, I is a
b-T-regular graph, with b = a + nRe(2).

The following Theorem 4.5 is the last result of this article.

Theorem 4.5. Let a be any real number. Then, R(a) contains at least one T-gain graph whose order is not larger
than|a| + 5.

Proof. If T belongs to R(a), then —T belongs to R(-a). Thus, it is not restrictive to assume a > 0.1f0 < a < 2, the
statement surely holds since (as seen in Case 2 of the previous proof) R(a) contains a T-gain triangle.
Furthermore, the statement is trivially verified when a is a positive integer, since (Kg+1, 1) € R(a). From
now on, a is assumed to be a real number larger than 2 which is not an integer, and h = La/4l.

Case 1: La] = 4h + ¢ for € € {0, 1, 2}. Let Z be a complex unit such that

2h+e-1+a-lal

RE(Zl) = oh+2

From Lemma 4.4, the T-gain graph (Kan+2, 1) V3 (Kon+a, 1), whose order islal + 4 - € < a + 5, belongs to R(a).
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Case 2: Lal = 4h + 3. Let %, be a complex unit such that

2h +a-lal
Re() = ————
e T
From Lemma 4.4, the T-gain graph (Kap+a, 1) Vz, (Konsa, 1) is a-T-regular. Its order isLlal + 5 < a + 5. O
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