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Abstract: Let M,, be the set of all n x n real matrices. A nonsingular matrix A € M,, is called a G-matrix if
there exist nonsingular diagonal matrices D, and D, such that AT = D;AD,. For fixed nonsingular diagonal
matrices D; and D,, let G(Dy, D,) = {A € M,, : AT = D,AD,}, which is called a G-class. The purpose of this
short article is to answer the following open question in the affirmative: do there exist two n x n G-classes
having finite intersection when n > 3?
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1 Introduction

All matrices in this note have real number entries. Let M,, be the set of all n x n real matrices. A nonsingular
matrix A € M,, is called a G-matrix if there exist nonsingular diagonal matrices D; and D, such that
AT = D/AD,, where AT denotes the transpose of the inverse of A. These matrices form a rich class and
were originally studied in [1] by Fiedler and Hall; they include the orthogonal and J-orthogonal matrices.
For a survey of the basic properties of G-matrices and connections to other classes of matrices, the reader
can refer to [1] and [2] and references therein. Here, we just mention two other connections.

Cauchy matrices have the form C = [¢;], where ¢; = ﬁ for some numbers x; and y;. We shall restrict
i+)

to square, say n x n, Cauchy matrices — such matrices are defined only if x; + y; # O for all pairs of indices i
and j, and it is well known that C is nonsingular if and only if all the numbers x; are mutually distinct and all
the numbers y; are mutually distinct. It turns out that by observation of Fiedler [3], every nonsingular
Cauchy matrix is a G-matrix. So, in particular, G-matrices arise naturally as very well-defined structured
nonsingular Cauchy matrices. Furthermore, G-matrices arise also in the context of “combined matrices”
C(A) = A o AT, where o denotes the Hadamard product, see [3]. For example, if A is a G-matrix, then
C(A) = A o(D,AD;) = Dy(A - A)D,; so if say D; and D, are nonnegative, then C(A) is nonnegative. The
combined matrices appear in the chemical literature where they represent the relative gain array [4].
For fixed nonsingular diagonal matrices D; and D,, let the class of n x n G-matrices be

G(D1, Dz) = {A eM,: AT = DlADz}.

We call such a class of matrices a G-class of matrices.
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In this note, it is shown that for every n, there exist two n x n G-classes having finite, nonempty
intersection. This answers an open question in [2] in the affirmative.

We note that the nonsingular diagonal matrices D; and D, satisfying AT = D,AD, are, in general, not
uniquely determined as we can multiply one of them by a nonzero real number and divide the other by the
same number. On the other hand, for nonsingular n x n diagonal matrices D; and D,, the following known
result from [1] shows that if AT = D,AD,, then D, and D, have the same inertia matrix. For the definitions
of the inertia and the corresponding inertia matrix of a general Hermitian matrix, the reader can refer to
(5, pp. 281-282]. Simply put, the inertia matrix of a Hermitian matrix A is the diagonal matrix

diag(1, ...,1,-1, ...,-1,0, ...,0),

where the number of 1's, —1’s, and 0’s is the number of positive, negative, and zero eigenvalues, respec-
tively, of A.

Proposition 1.1. Suppose A is a G-matrix and AT = D,AD,, where D, and D, are nonsingular diagonal
matrices. Then, the inertia of D, is equal to the inertia of D,.

2 Solution of the open question

By a signature matrix, we mean a diagonal matrix where each diagonal entry is +1. Let D be a nonsingular
diagonal matrix with the inertia matrix J (a signature matrix having all its positive entries in the upper left
corner). Then, there exists a permutation matrix P such that D = |D|PTJP, where |D| is obtained by taking the
absolute value on entries of D.

For a fixed signature matrix J, I,J) = {A € M, : A"JA = J}. In fact,

L) = GU, ).

We mention that the matrices in I},(J) are precisely the J-orthogonal matrices discussed in [6—9]. Also, note
that when J is I or -1, I,(J) = O,, the set of all n x n orthogonal matrices.
In [2], the authors proved the following theorem (Theorem 2.2 of [2]).

Theorem 2.1. Let D, and D, be nonsingular diagonal matrices with the same inertia matrix J. Then, there exist
permutation matrices P and Q such that

G(Dy, D) = {ID; [PTAQID, [V : A € LD}

This characterization shows that G(Dy, D,) is in fact nonempty.
Finally, we mention one other preliminary result.

Theorem 2.2. [2, Theorem 3.1] Let Dy, D,, D3, and D, be nonsingular diagonal matrices, all of which have the
same inertia matrix I or -1. Then,

G(Dy, Dy) = G(D3, D)

if and only if there exists a positive number d such that D3 = dD, and D, = %Dz.
With that background, we can now answer the open question. We remark that an example is already
given in [2] in the case when n = 2. However, from that example, no inductive procedure is apparent. But

now we are able to give patterns in D,, D,, D3, and D, that are amenable to induction.

Theorem 2.3. There exist two n x n G-classes having finite, nonempty intersection when n > 3.
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Proof. Let
. 11 1 .
Dlzdlag(l, - =, ...,—), D, = diag(1, 2, 3, ...,n),
2 3 n
D —diag(l 1 ! ) D, = diag(3, 4 n+2)
’ 34 hy2) ! e :

The inertia matrix of each of Dy, D,, D3, and D, is I. By using Theorem 2.2,
G(Dy, D) # G(D3, Dy).

Let A € G(Dy, D,) n G(D3, Dy). Since here the inertia matrix of each D; is J = I, [,(J) = O0,, and the
permutation matrices P and Q are not needed; therefore, by using Theorem 2.1, there are V, W € O,
such that

-1 -1 -1 -1
A=D2VD2 =D2WD2?,
which implies that
1 -1 -1

1 1 -1 1
W = DZD,2 VD,2 D?

(Since W € Oy, this means that also DY?D;?VD;V?DY? € O,.).
1 -1 -1 1
From W = D{D,? VD,2 D2, with W = [w;] and V = [v;], it follows that

oo NI Nit2
Yodiv2 i
NS

For alli < j, we have 0 < N R < 1, and consequently, when v; = 0, w; = 0, and v; # O, wl-,2~ < v,»]?.

From the diagonal entries of WWT = I, we obtain for1 <i < n,

~ X g_"i(j+2)g .
1=(Ww )l’_glw"_z(nz)jv"' ()

j=1

From the entries of VVT = I, we obtain for1 <i < n,
n
1= (VD= Yv, (o %;)
j=1
and for eachiand t with1<i#t<n,
n
0=V, = ZVithj- (% #i¢).

j=1

Now, we show that the off-diagonal entries of row 1 and column 1 of V are zero. In ( % ), if at least
one of vij#0 (j=2,...,n), then the right-hand sides of ( %; ) and (%) are not equal, which is a
contradiction. Therefore, v;; =0, (j =2, ...,n) and vy; = £1. Now, relations (x * %) (1 <t < n) imply
Va1 =V3=-=Vp =0.

So far, we have:

The case where i = 2 uses the above structure of V and proceeds similar to the case wherei = 1. We arrive at
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The induction hypothesis is that all the off-diagonal entries in V in the first k — 1 rows and columns are
zero, and each diagonal entry is +1. Since Vi, Via,..., Vkx-1 are zero, in ( % ), if at least one of
vij# 0, (j=k+1,...,n), then the right-hand sides of ( % ) and (x#) are not equal, which is a contra-
diction. Therefore, Vi j+1 = Vi ks2 = -..= Vin = 0, and so v, = +1. Now, relations (* * ) (k < t < n) imply
Viibk = Vis2sk == Vi = 0. So, the off-diagonal entries of row k and column k of V are zero. Thus, by
induction, V = diag(+1), and hence

.
A =D,?2VD,? = diag(+1).

So A can only be of the form diag(+1). Therefore, the intersection of G(D;, D,) and G(Ds, D,) is finite, and it
has 2" matrices. O

Acknowledgment: The authors wish to express their appreciation to the referees for a careful reading of the
article and the valuable suggestions.

Funding information: The authors have no internal or external funding support.

Conflict of interest: The authors have no conflict of interest to report. The author Frank J. Hall is on the
Editorial Advisory Board of the Special Matrices journal, but this did not affect the final decision for the
article.

Data availability statement: Data sharing is not applicable to this article as no datasets were generated or
analyzed during the current study.

References

[1] M. Fiedler and F. ). Hall, G-matrices, Linear Algebra Appl. 436 (2012), 731-741.

[2] S. M. Motlaghian, A. Armandnejad, and F. . Hall, A note on some classes of G-matrices, Operators Matrices 16 (2022)
251-263.

[3] M. Fiedler, Notes on Hilbert and Cauchy matrices, Linear Algebra Appl. 432 (2010), 351-356.

[4] T.J. McAvoy, Interaction Analysis: Principles and Applications, vol. 6 of Monograph Series, Instrument Society of America,
Research Triangle Park, NC, 1983.

[5] R. A.Horn and C. R. Johnson, Matrix Analysis, second edition, Cambridge University Press, New York, NY, 2013.

[6] F.]J. Hall, Z. Li, C. T. Parnass, and M. RozlozZnik, Sign patterns of J-orthogonal matrices, Spec. Matrices 5 (2017), 225-241.

[7] F. ). Hall and M. Rozloznik, G-matrices, J-orthogonal matrices, and their sign patterns, Czechoslovak Math J. 66 (2016),
no. 3, 653-670.

[8] S. M. Motlaghian, A. Armandnejad, and F. ). Hall, Topological properties of J-orthogonal matrices, Linear and Multilinear
Algebra 66 (2018), no. 12, 2524-2533.

[9] S. M. Motlaghian, A. Armandnejad, and F. J. Hall, Topological properties of J-orthogonal matrices, part I, Linear and
Multilinear Algebra 69 (2021), no. 3, 438-447.



	1 Introduction
	2 Solution of the open question
	Acknowledgment
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


