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Abstract: A list of complex numbers A is said to be realizable, if it is the spectrum of a nonnegative matrix.
In this paper we provide a new sufficient condition for a given list A to be universally realizable (UR), that is,
realizable for each possible Jordan canonical form allowed by A. Furthermore, the resulting matrix (that is
explicity provided) is permutative, meaning that each of its rows is a permutation of the first row. In particular,
we show that a real Suleimanova spectrum, that is, a list of real numbers having exactly one positive element,
is UR by a permutative matrix.
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1 Introduction

The nonnegative inverse eigenvalue problem (NIEP) is the problem of characterizing all possible spectra of
entrywise nonnegative matrices. The NIEP remains unsolved. A solution is known only for n < 4, which
shows the difficulty of the problem. For an elaborate exposition on the history of NIEP we refer the reader

to [7]. Alist A = {\1, A2, ..., An} of complex numbers, is said to be realizable, if A is the spectrum of an
n x n nonnegative matrix A, and A is said to be a realizing matrix. From the Perron-Frobenius Theorem one
can easily conclude that if A = {\q, A2, ..., An} is the spectrum of an n x n nonnegative matrix A, then the

leading eigenvalue of A equals to the spectral radius of A, namely p(A) =: Ilnax |Ai| - This eigenvalue is called
<isn

the Perron eigenvalue, and we shall assume in this paper, that p(A) = A;. If A contains only real numbers,
the problem is called the real nonnegative inverse eigenvalue problem (RNIEP), while if the realizing matrix is
required to be symmetric, then the problem is called the symmetric nonnegative inverse eigenvalue problem
(SNIEP) (see [19, 20] and the references therein).

Alist A = {\1, A2, ..., An} of complex numbers, is said to be diagonalizably realizable (DR), if there is a
diagonalizable realizing matrix for A [2]. Moreover, A is said to be universally realizable (UR), if it is realizable
for each possible Jordan canonical form (JCF) allowed by A. The problem of the universal realizability of
spectra, is called the universal realizability problem (URP). The URP contains the NIEP, and both problems
are equivalent if the given numbers A1, \,, ..., An are distinct. In terms of n, both problems remain unsolved
for n = 5. It is clear that if A is UR, then A is DR. The first known results on the URP are due to Minc [13, 14].
Minc showed thatifalist A = {\1, A2, ..., An} of complex numbers, is realizable by a positive diagonalizable
matrix, then A is UR. In [8], it was proved that if A is ODP realizable, that is, realizable by an off-diagonally
positive matrix, then A is UR. This result contains, as a particular case, the result by Minc in [13].
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A matrix A = [a;;], is said to have constant row sums, if each of its rows sums up to the same constant a.
The set of all matrices, with constant row sums equal to «, will be denoted by 8. Then, any matrix in CS,,
has the eigenvector el = [1,1,..., 1], corresponding to the eigenvalue «. The real matrices, with constant
row sums, are important because it is known that, the problem of finding a nonnegative matrix with spectrum
A ={X1,..., n}, isequivalent to the problem of finding a nonnegative matrix in €8, , with spectrum A (see
[6]). We shall denote by e;, the n-dimensional vector, with one in the k-th position and zeros elsewhere. Since
our interest is about nonnegative permutative matrices, we give the following definition:

Definition 1.1. Let x € R" and let P,, P3, ..., Py be n x n permutation matrices. A permutative matrix is any
matrix of the form
xT

(Pox)7

(P n.X)T

Then, an n x n permutative matrix, is a matrix in which every row is a permutation of its first row. It is clear
that P € CSg, where S is the sum of the entries of the vector x. Permutative matrices were introduced and first
studied in [5]. There, the authors give conditions under which, permutative matrices are rank deficient, and
they pointed out that a Latin square is a permutative matrix whose transpose is also permutative, and that
these type of permutative matrices have been studied in statistical experimental design, and combinatorics.
The name permutative was introduced by Johnson [5].

The following results will be used throughout the paper. The first two, have been shown to be very useful,
not only to derive sufficient conditions for realizability in both problems, the NIEP and the URP, but for con-
structing a realizing matrix, as well. The first result, by Brauer [1], shows how to modify one single eigenvalue
of a matrix, via a rank-one perturbation, without changing any of its remaining eigenvalues. The second re-
sult, by Rado, and introduced by Perfect in [17], is an extension of Brauer’s result and it shows how to change
r eigenvalues of an n x n matrix (r < n), via a perturbation of rank r, without changing any of its remaining
n - r eigenvalues (see [8, 11, 17, 19], and the references therein, to see how Brauer and Rado results have been
applied to the NIEP and to the URP).

Theorem 1.1. (Brauer [1]). Let A be an n x n arbitrary matrix with eigenvalues A1, A2, ..., An. Let vI =
[vi, ..., vn] be an eigenvector of A corresponding to the eigenvalue )\, and let q be any n-dimensional vec-
tor. Then the matrix A +vq” has eigenvalues M1, ..., M1, Mc + V@A ka1 - -+ » Ane

Theorem 1.2. (Rado [17]). Let A be an n x n matrix with eigenvalues A1, Az, ..., An. Let X = [X1 | -+ | X/] be
such that rank(X) = r and AX; = \iX;,i=1,...,r,r < n. Let C be an r x n matrix. Then A + XC has eigenvalues
W1« fhrs Arsls - - - s An, Where uq, . .., ur are eigenvalues of the matrix Q + CX with Q = diag{\1, ..., \r}.

The following result, in [20], is a symmetric version of Rado’s result.

Theorem 1.3. (/20]). Let A be an nx n real symmetric matrix with eigenvalues \1, )y, . .., An, and for some r <
n, let {X1, X5, ..., X} be an orthonormal set of eigenvectors of A spanning the invariant subspace associated
Wwith A1, A2, ..., Ar. Let X be the n x r matrix with i-th column x;, let Q = diag{\1, ..., \r}, and let C be any
r x r symmetric matrix. Then the symmetric matrix A + XCX" has eigenvalues ji1, . .., firy Ar1, - - - » An, Where
11, - - - » iy are eigenvalues of the matrix Q + C.

Lemma 1.1. ([21]).Letq” = [q1, q2, .. ., qn] be an arbritary n-dimensional vector and A € C8,, an nxn matrix
n n

with JCF J(A). Let A\, + Z gi # \i,i=2,...,n. Then the matrix B = A + eq” has JCF J(A) + (Z q;)E11, where

i=1 i=1
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n
E14 is the matrix with 1 in position (1, 1) and zeros elsewhere. In particular, if Z qgi =0then J(B) = J(A) and A
i=1
and B are similar.

Here, we study the permutative universal realizability problem, that is, the problem of determining the ex-
istence and construction of a nonnegative permutative matrix, with prescribed complex spectrum A =
{A\1,..., An}, for each possible JCF allowed by A.

Definition 1.2. (Spectra of Suleimanova type)
i) A list of real numbers A = {1, ..., \n} is called a real Suleimanova spectrum, whenever

n
> iz, 1)
i=1

and A contains only one positive eigenvalue.
ii) A list of complex numbers A = {\1, ..., An} is called a complex Suleimanova spectrum, whenever it satisfies
1), X1 > 0and

ReX <0, [Re)e|=|ImN|, k=2,...,n.

In [15], Paparella proved that the permutative RNIEP has a solution, when the given spectrum is of real
Suleimanova type [24]. Paparella [15], also showed that all realizable lists, with n < 4, are in particular, per-
mutatively realizable. In [23], Soto extends results in [15] to more general lists, of real and complex numbers.
In particular, by applying Brauer’s Theorem, a very simple and short proof, that real Suleimanova spectra are
permutatively realizable, was also given in [23]. It was also showed in [23], that a complex Suleimanova spec-
trum is in particular permutatively realizable. Loewy [12] gave a negative answer to the following question set
by Paparella in [15]: can all realizable spectra of real numbers, be realized by a permutative matrix, or by a
direct sum of permutative matrices? In [16], Paparella gives a solution to the RNIEP for a particular class of
permutative matrices.

Outline of the paper: The paper is organized as follows: In Section 2, we recall the realizability prob-
lem for permutative matrices and we introduce some new sufficient conditions for the problem to have a
solution. In Section 3, we study the universal realizability problem with permutative structure. Sufficient
conditions for the existence and construction, of a permutative nonnegative matrix with a given spectrum
A ={)\1, A2, ..., An}, for each possible JCF allowed by A, are given. In particular, we show that a real spec-
trum of Suleimanova type is permutatively universally realizable. Examples are also shown to illustrate the
results.

2 Permutative realizability

Since circulant matrices are permutative, the spectrum of a circulant matrix is also the spectrum of a per-

mutative matrix. Let AT = [A1, A2, ..., An] be the vector of eigenvalues of a circulant matrix C. Let ¢ =
[co, C15...,Cn_1] € C". An n x n circulant matrix is of the form
[ co C1 C2 s Cpen |
Cn-1 Co C1 crr Cp-2
Cle)=1| cn2 Cn1 Co
C1
L C1 ¢ =+ Cp1  Co |
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Each row is a cycle shift of one position to the right of the row directly above. Then €(c) is fully specified by
its first row, and the vector AT = [\1, )5, . .., \n] above is said to be a conjugate-even vector, that is,

~ . n+1
)\1€R, )\}'=)\n_]'+2, ]=2,3,...,\‘ 5 J (2)

Thus, for this first approach to the permutative realizability of spectra, the problem will be to guarantee the
nonnegativity of €(c). In [19], Soto and Rojo, give a necessary and sufficient condition, for a 5-dimensional
conjugate-even spectrum to be realizable by a 5 x 5 symmetric circulant matrix €(c). For instance, the spec-
trum A = {6, 1, 1, -4, -4} can be arranged in the form of a conjugate-even vector A= [6,1,-4,-4,1],and
then A is the spectrum of the nonnegative permutative (circulant) matrix

0 3+2ﬁ 3—2\@ 3—2\/5 3+2\/§
3+/5 0 3+2ﬁ 372\/5 3-/5

- | 3- 3 3 3-
A= V5 3+V5 +Tx/§ 345

2
3-v5  3-v5  3+/5 0 3+V5
2 2

2
3+v5  3-v/5  3-v/5  3+/5 0
2 2 2

v

Moreover, a left circulant matrix, denoted by €; (c), is a matrix in which each row is a cycle shift of one position
to left of the row directly above, and therefore it is a Hankel matrix, that is, a square matrix with constant skew-
diagonals. If ¢ = [cg, ..., C,—1] has nonnegative entries, then € (c) is a real nonnegative symmetric matrix,
and its eigenvalues are the real numbers

ALy A2 A35 e ey Amtls —Amtls e oo s —A35 = A2, 3)
if n=2m+ 1, or they are
ALs A2 A3y oo s Amals Ama2s —Amtls e oo s —A35 —A2, (4)
if n = 2m + 2. An immediate consequence is that, if u1, u3, ..., un are the eigenvalues of an n x n real left
circulant matrix, then they can be arranged as
W= —tnojs2s J=2,3,..., {n;lJ .
If A = {1, \2,..., \n}is arealizable list of real numbers, of the form (3) or (4), then A is permutatively real-

izable. In [3, 18], the authors prove certain perturbation results, for spectra realizable by circulant matrices.
In particular, from the results in [18], and for the spectrum {6, 1, 1, -4, -4}, A; = {6+ 2t, 1 £ t, -4, -4, 1 + t},
t > 0, is also permutatively realizable.

Remark2.1. If A = {\1,..., \n} is the spectrum of a circulant matrix, then AT = [M,..., ] must be a
conjugate-even vector. Although circulant matrices are permutative, the conjugate-even condition is not nec-
essary for the spectrum of a permutative matrix. Thus both problems, circulant realizability and permutative
realizability are different. A lot is known about circulant matrices, and it is relatively easy to construct this type
of matrices with a prescribed spectrum. Thus, the connection between circulant and permutative matrices is
important, in the sense that in the following results, it will often be necessary to initially have permutative real-
izations of smaller size than the final realizing matrix, and often they can be obtained as circulant realizations.

The next result extends to a complex spectrum, a similar result for a real spectrum A = {\1, 2, ..., An} given
in [23].

Theorem 2.1. Let A = {\1, \2, ..., A\n} be a spectrum of complex numbers. Suppose that:
i) There exists a partition A = Ag U A U---U Ay, where
| S ——

r times

AO = {)\01) )\02y e 9)\0)‘}) )\1 = )\01’ Al = {)\11) )\12) e y)\lp},
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such that I'y = {\} U A1, O < X < \q, is permutatively (circulantly) realizable.

ii) There exists an r x r permutative (circulant) nonnegative matrix with spectrum Aq and diagonal entries
XA, .., A (r times).

Then, A is permutatively realizable, with A\, being the Perron eigenvalue of the realizing permutative matrix.

Proof. The proof is analogous to the proof in [23, Theorem 2.4]. O

Example 2.1. Consider the left half-plane spectrum

A {7,-1,-1+2i,-1-2i,-1+2i,-1-2i}, with
Ao = {7,-1}, Ay ={-1+2i,-1-2i}, and
I, {3,-1+2i,-1-2i}.

We apply Theorem 2.1. Then I'y is the spectrum of the nonnegative permutative (circulant) matrix

1 2V3 , 4 4_2V3
3 v3 3 3 3 3
- | 4_2v3 1 2V3 ., 4
A1 3~ 73 3 3= t3
23 4 4 _2V3 1
3 3 3 3 3
In this case,
11 1
xXT-| v vsovs 9 0 0 |34
0 0 0 4 1 1 4 3
V3 V3 V3
Thus,
A = Ai@A;+Xcxt
Tl 442v/3  4-23 4 4 4
3 3 3 3 3 3
4-23 1 4+2/3 4 4 4
3 3 3 3 3 3
442V/3 4231 4 4 4
_ 3 3 3 3 3 3
4 4 4 1 4423 4-2V3
3 3 3 3 3 3
4 4 4 423 1 4+2v/3
3 3 3 3 3 3
4 4 4 442+/3  4-2\/3 1
L 3 3 3 3 3 3

is nonnegative permutative with spectrum A.

Now, we explore a different approach, based on Theorem 1.3, with the initial matrix A not necessarily sym-
metric.

Theorem 2.2. Let A = {\1, A2, ..., \n}, neven, be a realizable list of complex numbers, with A1, X, being real
numbers. Suppose that A admits the associated partition

A=A UA,,
where A, is permutatively realizable, Ay = Ay = {1, a2, ..., ax} with u = 232 and a; € {N3, My e ey Anks
fori=2,3,...,%. Then, A is permutatively realizable.

Proof. Let A; be the permutatively realizing matrix for A;. Then A; € €S,,, and the matrix

2 T
e Aq s0ee )
2pee’ A
is permutative, with spectrum A, where 3 > 0, and [ g B has eigenvalues A\, ). O
7
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Example 2.2. A ={10,-2,-2+3i,-2-3i,-2+3i,-2 - 3i} is a realizable list in the left half-plane. Then, we
take the associated spectrum Ay = {4, -2 + 3i, -2 - 3i}, with the permutative (circulant) realizing matrix

0 2-v3 V3+2
A= |V/3+2 0 2-V31|.
2-vV3 V3+2 0

Next, we compute 3 = 6, and from (5),

[0 2-v3 V3+2 2 2 2]
V3+2 0 2-V3 2 2 2
A= 2-v3 V3+2 0 2 2 2
2 2 2 0 2-V3 V3+2

2 2 2 V3+2 0 2-3
| 2 2 2 2-vV3 V3+2 0

is a permutative realization for A. Note that A is a diagonalizable ODP matrix, that is, a diagonalizable non-
negative matrix with positive off-diagonal entries. Therefore, from [8], A is UR (although it is not necessarily
permutatively universally realizable).

The following lemma, will be useful to establish a sufficient condition, for real spectra to be permutatively
realizable.

Lemma 2.1. The matrix

w wW—A2 wW—A3 - w=An |

W= w W—A3 **r w—Ap

M=| w-X3 w-X\ w = An
L w=An w—XA2 w-2A3 w

n
has the spectrum \1 = nw — Z/\,-, A2, ey Ane
i=2
Proof. ltis clearthat M € CSy,, and det(M - A\I) =0, for A = X;,i=2,3,...,n. O

Then, the next proposition is immediate.

Proposition 2.3. Let A = {\1, \2,..., A\n} be a spectrum of real numbers, with A\y > Xy 2 -++ 2 A\p, and
n

% Z Ai 2 \2. Then, A is permutatively realizable.
i=1

Remark 2.2. Proposition 2.3 shows that a real Suleimanova spectrum, is in particular permutatively realizable.
Example 2.3. The Suleimanova spectrum
A={45,-1,-2,-3,-4,-5,-6,-7,-8,-9}
is permutatively realizable, as w = 0 = —1. The nonnegative spectrum
I={45,9,8,7,6,5,4,3,2,1}

is also permutatively realizable, as w = 9 = 9.
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3 Permutative universal realizability

In this section, we consider the problem of permutative universal realizability. Recall that a list A =
{M\1, A2, ..., An} of complex numbers is said to be universally realizable (UR), if it is realizable for each pos-
sible Jordan canonical form (JCF) allowed by A. There are spectra that are, in a natural way, permutatively
realizable, and furthermore, they can be universally realizable. This is the case of n-th roots of unity, which
as is well known, are the spectrum of the permutative matrix

ro 1.0 --- 0
0O 0 1
A= 1 1 0 . 0
oL o1
|1 0 0 -+ 0|
Since A + al, a > 0, is also permutative, then A + a = {A\; + a, A2 + a, ..., An + a} is permutatively UR.
Moreover, A + eqT, with qT = [a, a, ..., q], is also a permutative matrix, and its spectrum is UR. There are

other spectra, such as the Suleimanova type spectra, that have shown to have a very good behavior, e.g.,
they are not only realizable, but also UR [21, 22]. Moreover they are symmetrically [4], persymmetrically [9],
and centrosymmetrically [10] realizable. Now, we show that a list A = {A1, A2, ..., An} of real numbers, with
A1 >0> X3 > A3 2 )4 2+ 2 )y, is permutatively universally realizable.

Theorem3.1. Let A = {\1, Ay, ..., An} be a list of real numbers, with
A1>0>)\2>>\32)\42...2An.

Then the following statements are equivalent

n
l) Z )‘i = O,
i=1
ii) A is permutatively realizable,
iii) A is permutatively UR.

Proof. The equivalence between i) and ii) has been proved in [23, Theorem 2.1]. It is clear that if A is per-
mutatively UR, then A is permutatively realizable. Thus, iii) implies ii). It remains to show that i) implies

n

iii). Let o = Z Aj 2 0andlet Ao = {\1 — a, A2, ..., A\n}. Then, given any JCF allowed by A, we construct
i=1

an initial matrix B € CS,,_, that is similar to this JCF. In order to understand the arguments and procedure

of the proof, suppose for instance, that B has eigenvalues A3, A4, A5, with algebraic multiplicities 2, 2, 3,
respectively. That is,

/\1—01
AM-—a-A A
M-a-); A3
M-a-); A3
B=| M-a-\ 4 €C8y, .-
Al—a—)\4 )\4
)\1—&—/\5 )\5
M —a-Xs As
L Ai-a=2As As

Then for
q’ = [0 = A1, =22, =23, =23, =Ads i —As, —As, ~As] + geT,
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B+eq! is nonnegative permutative, with diagonal JCF. To obtain a permutative realization A = B +eq”, with
aJCF
Ja = diag{J1(M),J1(X2), J2(X3), J2(A4), J3(Xs5)},

where J,()\;) represents the Jordan block of size n; associated to eigenvalue );, we apply Brauer’s Theorem
as,

Al -«
/\1 —a—Az )\2
AM—a—A3 —-a A3 a
M—a-); A3
M-a-X -b X, b +eql + geT, (6)
)\1 —Oé—)\z, /\4
A —O(—A5 —C1 )\5 C1
A —a—/\5 —C2 /\5 Co
L )\1 —CX—A5 A5 |

where
a=Xx3-Xxy, b=X=X3, c1=Cr=X5- X4

are located in suitable positions (i, i + 1), with the reciprocals in convenient positions to the left of (i, i). Then,
we obtain

0 =X A3 -A3 M A A5 A5 —Xs
T o J VO S VS VIS VA R
P P S PR YRS VANIEES VS R |8
-3 -2 -3 0 -y —)\4 -5 —)\5 -5
B+eql=| =)y =Xy =X3 =M\ 0 =Xz A5 A5 -As |,
Ay —A2 SA3 A3 =)\ 0 A5 —A5 —Xg
“As <X =A3 A3 A5 <A 0 =X —)s
A5 =X =A3 A3 A5 M -Xs 0 -\
“Xs XA A3 A3 M M -Xs —As O

which is nonnegative permutative with the desired JCF. To obtain Jordan blocks of smaller size, we make zero
the entries a, b, or c,, in (6), according what JCF we want to obtain. It is clear that this particular case can be
generalized to

)\1—(1
/\1—a—)\2 )\2

Al —a—= A —Aay Ak aj
B= Al —a = A Ak GCS)\l_a,
AL —a— A ~bri A1 Drat
AL == A Ak+1

)\1 - — )\n )\n i
with B + eqT being nonnegative permutative with the desired JCF, where
Q' ==, =Aa,s .o, —An] + %eT.

Note that

n n
>\1—Q+Zqi=—z/\i+a>0
i=1 i=2
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n
andso A\ —a + Z q; # \ifori=2,...,n. Therefore, by Lemma 1.1 B + eq” has JCF

i=1

J(B+eq") = J(B) + aEx1,

which is the desired JCF. Thus, the proof is complete.

DE GRUYTER

O

The following example illustrates Theorem 3.1. It shows how we may obtain, a permutative realization, for
each possible JCF allowed by a given real list A1 >0 > Ay > A3 2 -+ 2 Ay,

Example 3.1. Let us consider the list

We start with

A={30,-1,-5,-5,-5,-7,-7}.

30
31
35
35
35
31
31

Then,forq"=| -30 1 5 5 5 7

B+eq’ =

7

is permutative with JCF J(B + eq”) = diag{J1(30), J1(-1), J3(=5), J2(-7)}

B+eq' =

we obtain the JCF J(B + eq") = diag{J1(30), J1(-1), J2(=5), J1(=5), J2(~7)}, and so on.

30
31
35
35
35
31
31

0 0 0 0 0 O
-1 0 0 0 0 O
4 -5 -4 0 0 O
4 0 -5 -4 0 0
0 0 0 -5 0 O
6 2 0 0 -7 -2
6 0 0 0 0 -7
],we have that
[0 1 5 5 5 7 7]
10555 7 7
55015 7 7
5550 17 7
5 1550 7 7
17 7 550 5
|17 55 5 7 0]
. For
0O 0 0 0 0 O]
-1 0 0 0 O O
4 -5 -4 0 0 O
0 0 -5 0 0 0 |+eq,
0 0 0 -5 0 O
6 2 0 0 -7 -2
6 0 0 0 0 -7

From Rado’s Theorem, we have the following result:

Theorem 3.2. Let A = {\1, Ay, ..

)\1>)\2>--->>\p>0>)\p+12)\p+22---

.» An} be a realizable list of real numbers, where

> An,

with —-\n 2 X\, n 2 2p forneven, andn = 2p + 1 for n odd n, p > 2. Suppose that:
i) A admits a partition A = Ag UA{ U ---U Ay, where
N————

Ap

p times

{1, A2, ..

At A= {1, A,

L) >\1r}’
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)\1;( S {)\p+1,Ap+2,...,)\n}, k=1,2,...,)‘,

such that I'y = {\} U Ay, O < X < \q, is permutatively (circulantly) realizable.

ii) There exists a p x p permutative (circulant) nonnegative matrix with spectrum Ay and diagonal entries
A A, ..., ) (p times).

Then, A is permutatively universally realizable.

Proof. Let A1 bean (r + 1) x (r + 1) permutative realizing matrix for I'; . Then,

Aq
Ay

Ay

isa p(r + 1) x p(r + 1) nonnegative permutative matrix with spectrum I'y U --- U T'y. From ii) let Bbeap x p
permutative nonnegative matrix, with spectrum Ao, and diagonal entries ), ), ..., A (p times). Let X be the
n x p matrix of eigenvectors x; of A. Since A; € CS,, then columns of X are of the form

xi =[1,0,...,0], x5 =[0,1,...,0],...,x) =[0,...,0,1],

where 1 and O represent 1,1,...,1, and 0,0,...,0, respectively. Let C = B - Q, where Q =
N——— N———
r+1 times r+1 times
diag{\, ), ..., \}. Then, from Rado’s Theorem, A + XC, where C is C’ with r zero columns interlaced between
| ——
p times

each column of C’, is permutative with spectrum A and diagonal JCF. To obtain a possible nondiagonal JCF,
with a Jordan block J () of size k > 2, we set appropriate real numbers on the free positions (zero positions)
on the last row of the block J;()\;), under the main diagonal, in such a way that the modified matrix A’, from
A, preserves the spectrum /A, A’ € CS,, and A’ + XC is nonnegative permutative with the desired JCF. Observe
that from [19, Theorem 5] for S = [X | Y] nonsingular with S~ = [¥] , we have

B CY+UA'Y

SHA +X0)S = ,
0o VA'Y

Moreover, from [22, Lemma 2.2], if Band VA’Y have no common eigenvalues, then J(A’+XC) = J(B)®J(VA'Y).
This is the case with the eigenvalues of Ay and A;, which allow us to obtain the desired JCF. As we can do
this for each possible Jordan block, we may obtain all possible JCFs allowed by A. Thus, A is permutatively
universally realizable. O

Example 3.2. Consider the spectrum

A = {4,1,1,-2,-2,-2}, with

AO = {41 1: 1}’ Fl = {2’_2}'
Then,
2 1 1
B=|1 2 1|,andA}-= 0 2 ,
2 0
1 1 2

are permutative, realizing A and I'y, respectively. Then,

A =AlpAle Al +XC=

V=)
= RN O R
O N O O O O

O OO O ON
SO OO N O O
N O R -k B
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is nonnegative permutative with diagonal JCF. Next, for

O O O N O
_ O O O ON
SO O N O O O
N O O O O O
O N O O O O

SO O O N OO

|
[uny

we obtain A, = A” + XC, nonnegative permutative, with JCF having one 2 x 2 Jordan block J,(-2). Next, for

0 2 0 00O
2 0 0 0 0 O
A,,,=-110200
0 0 2 0 o0 0]
0 0 -1 1 0 2
|l 0 0 0 0 2 0|

we obtain A; = A" + XC, nonnegative permutative, with JCF having a 3 x 3 Jordan block J3(-2). Thus, A =
{4,1,1,-2,-2,-2} is permutatively UR.

The following example shows that in many cases, if X, is non-simple in Theorem 3.1, it is still possible to
obtain universal realizability for A, but this is difficult to predict.

Example 3.3. Consider the spectrum
A={8,-1,-1,-3,-3}.

We start with
8 0 0 0 0
9 -1 O 0 0
B=| 9 o -1 0 o0 |,q'=|-8 11 3 3]|.
11 O 0O -3 0
11 O 0 0o -3
Then
0O 1 1 3 3
1 01 3 3
A1=B+eqT= 1 1 0 3 3
311 0 3
311 3 0
is permutative with diagonal JCF. Next,
8 0 0 0
9 -1 0 0
A= 9 0 -1 0 +eq’ =

11 0 0 -3
11 o0 2 -2

L oooo
W W R = O
el i e R
w = O -k -
O W W W
O W W W Ww

has JCF, with a 2 x 2 Jordan block J,(-3), corresponding to X\ = -3, while other blocks are 1 x 1. Moreover,

8 0 0 0 O 0 3 3 11
11 -3 0 0 O 303 11
As=111 0o -3 0o o |+erf=|3 3 0 1 1],
9 0 0 -1 0 13 3 0 1
9 0 -2 2 -1 13130
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wherer! = [ -8 3 3 1 1 } , has JCF with a 2 x2 Jordan block J,(-1), while other blocks are 1x 1. Finally,

8 0 0 O
11 -3 0 0
Ay=] 9 0 -1 0
11 -2 2 -3
9 -2 2 0 -1

0
0
0 +es! =
0

_ W R W o
=R W oW
w W o R R
w o W ww
[

wheresT = [ -8 3 1 3 1 } , has JCF with the Jordan blocks J,(-3), J,(-1), J1(8).

Remark 3.1. In [23] was shown that a complex Suleimanova spectrum is realizable by a permutative nonnega-
tive matrix. It is an open question whether or not a complex Suleimanova spectrum is permutatively universally
realizable.
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