
This document presents supplementary results and illustrations for the paper
“Estimation of long memory in volatility using wavelets”, which were, due to their
extent, omitted in the printed version.



1 FIEGARCH transformation
As discussed in Perez and Zaffaroni (2008) and Zaffaroni (2009), to estimate the
FIEGARCH model using FWE, it is necessary to rewrite the model in a signal plus
noise form, for which the spectral density can be derived. Let’s begin with the
original FIEGARCH(1,d,2) model:

εt = zth
1/2
t (1)

ln(ht) = ω +Φ(L)g(zt−1) (2)
g(zt) = θzt + γ[|zt |−E(|zt |)] (3)
Φ(L) = (1−L)−d[1+α[2](L)][β (L)]

−1 (4)

where for FIEGARCH(1,d,2) α[2](L) = αL, β (L) = 1−βL. Following Zaffaroni
(2009), this can be rewritten as

ε
2
t = z2

t ht (5)
ln
(
ε

2
t
)

= ln
(
z2
t
)
+ ln(ht) (6)

ln(ht) = ω +Φ(L,)g(zt−1) (7)

Φ(L)g(zt−1) =
∞

∑
s=0

Φsg(zt−s−1) (8)

g(zt) = θzt + γ[|zt |−E(|zt |)], (9)

which leads to

ln
(
ε

2
t
)

= ln
(
z2
t
)
+ω +

∞

∑
s=0

Φsg(zt−s−1) (10)

g(zt) = θzt + γ[|zt |−E(|zt |)] (11)
Φ(L) = (1−L)−d[1+αL][1−βL]−1. (12)

From Perez and Zaffaroni (2008), the spectral density of this process for
zt ∼ N(0,1), ω = 0 and simple Fourier frequencies λ j = j/T ; λ j ∈ 〈−1/2,1/2) is

f
(
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)
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where A(ξ )= var(ln(z2
0)), B(υ)= var(g(z0)), C(υ)= cov(ln(z2

0),g(z0)), υ =(ξ ′,ζ ′)′,
and ξ is the vector of parameters in the distribution function of variable z. For
zt ∼ N(0,1):

A(ξ ) = Ψ(
1
2
) (14)

B(υ) = θ2 +δ
2(1−µ

2
|z|) (15)

C(υ) = δ µz(ψ(1)−ψ(
1
2
)) (16)

µ|z| = E(|z|) =
√
(

2
π
), (17)

where ψ(x) and Ψ(x) are digamma and trigamma functions respectively. Evaluated
at Fourier frequencies, this spectral density occurs in both terms of the FWE ob-
jective function. For a generalization to zt following GED or Student-t distribution,
see Perez and Zaffaroni (2008).

2 Discrete wavelet transform
The core of a wavelet transform is a wavelet system, whose construction, together
with means of the projection applied, determine the characteristics of the trans-
formed data. For any s∈R, a basic wavelet system can be defined as a set

{{
ϕ j0,k(s)

}
,
{

ψ j,k(s)
}

; k ∈ Z, j = j0, j0−1, j0−2....
}

creating an orthonormal basis in L2(R); which means that any function f ∈ L2(R)
can be expressed as

f (s) = ∑
k

α j0,kϕ j0,k(s)+
j0

∑
j=−∞

∑
k

β j,kψ j,k(s), (18)

where αk =
∫

f (s)ϕ j0,k(s)ds, and β j,k =
∫

f (s)ψ j,k(s)ds, where the elements αk, β j,k, ϕ(s)
and ψ(s) are called scaling coefficients, detail (wavelet) coefficients, scaling func-
tion (father wavelet) and wavelet function (mother wavelet) respectively, and the
translated and dilated transformations of the mother wavelet are called daughter
wavelets. With increasing j, these daughter wavelets get wider, with j ≤ 0 they are
narrower than the mother wavelet.

The basic conditions for ψ(s) to be a valid mother wavelet are that
∫

ψ(s)ds=
0 and

∫
ψ2(s)ds = 1, while the usual requirement is also the “admissibility” con-

dition
∫ |ψ̂(ω)|2

ω
dω < ∞, where ψ̂ is the Fourier transform of ψ . This condition

ensures that we can reconstruct the original time series from its transform. For



complete conditions on ϕ(s), ψ(s) to be valid father and mother wavelets in the
context various subsets of L2(R) and for other details concerning construction of
wavelet systems see Hardle, Kerkyacharian, Tsybakov, and Picard (1998). In addi-
tion, we provide examples in online appendix.

Next, any method that decomposes original data using the wavelet system
and expresses them in terms of coefficients

{
αk, β j,k

}
and functions {ϕ(s), ψ(s)}

defined above, is a wavelet transform. In case of j ∈ Z, as applied in our work,
we speak about a discrete wavelet transform (DWT), while for j ∈ R the transform
is continuous (CWT). By tradition, the default choice of scales is

{
21− j; j ∈ Z

}
,

thus the standard DWT can be defined in terms of the wavelet expansion (Eq. 18)
with scaling defined as s( j) = 21− j (i.e.“scale j” refers to the scaling 21− j, scale
1 refers to 20 = 1). The DWT coefficients are obtained for scales j0 = J, j0−1 =
J−1, j0−2 = J−2, ..., j0− ( j0−1) = 1 using two-channel filter banks and down-
sampling, so that at each level of decomposition j of a series of length M we get
M/2 j DWT coefficients, see e.g. Jensen (2000). These coefficients can be in turn
used for decomposition of the variance σ2 of the process xt :

σ
2 = E(x2

t )− [E(xt)]
2 =
||xt ||2

T
− [E(xt)]

2 =
∑

J
j=1 ||Wj||2 + ||VJ||2

T
− [E(xt)]

2, (19)

where Wj; j = 1, ...J and VJ are vectors of wavelet and scaling coefficients respec-
tively and the [E(xt)]

2 can be estimated using the squared sample mean x̄2
t , or using

the true squared mean whenever known. The spectral density f (λ ,ζ ) of xt can be
estimated using the relationship:

||Wj||2

T
=

σ2
W, j

2 j ≈ 2
∫ 1/2 j

1/2 j+1
f (λ , ζ )dλ (20)

||VJ||2

T
− x̄2

t =
σ2

V,J

2J −
(

1− 1
2J

)
x̄2

t ≈ 2
∫ 1/2J+1

0
f (λ , ζ )dλ , (21)

where σ2
W, j and σ2

V,J are the sample variances of the wavelet and scaling coefficients
respectively for j = 1,2, ...J.
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(c) T=16384 (214), level=13, zoom

Figure 1: Spectral density estimation (d=0.25)
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Figure 2: Spectral density estimation (d=0.45)
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Figure 3: Spectral density estimation (d=-0.25)



4 Wavelets and Wavelet coefficients analysis
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Figure 4: Wavelets: Haar, D4, LA8
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Figure 5: Estimates of autocorrelation functions (ACFs) of wavelet coefficients
respective to FIEGARCH processes for T = 211; d = 0.25, d = 0.45 and filters
Haar, D4 and LA8; both sample mean and 95% confidence intervals based on 500
FIEGARCH simulations are provided for each lag available.
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Figure 6: Estimates of autocorrelation functions (ACFs) of wavelet coefficients
respective to FIEGARCH processes for T = 211; d = 0.45, d = −0.25 and filters
Haar, D4 and LA8; both sample mean and 95% confidence intervals based on 500
FIEGARCH simulations are provided for each lag available.



5 Results: Maximal Decomposition
Simulation:

• FIEGARCH(1,d,2)
• Truncation of infinite ARCH representation at lag = 1000
• Discarding first 1000 simulated numbers
• Number of simulations after truncation = 1000
• Sample lengths: 29,210,211,212,213,214

• Parameters: (ω1, α1, α2, β1, θ , γ)= (0,1,0.5,0.5,−0.3,0.5), d = 0.25, 0.45,−0.25
• Estimators: MLE, FWE, WWE(Haar), WWE(D4), WWE(LA8)
• Levels of decomposition: Maximal (depending on filter support)
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7 Convergence analysis II
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Figure 7: 3D Plots: Partial decomposition: d̂, α̂: Bias, RMSE
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Figure 8: Spectral density estimation: Partial decomposition 0.25
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Figure 9: Spectral density estimation: Wavelets (Level 4) vs Fourier
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Figure 10: Spectral density estimation: Wavelets (Level 5) vs Fourier
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Figure 11: Spectral density estimation: Partial decomposition 0.45
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Figure 12: Spectral density estimation: Wavelets vs Fourier
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