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Abstract: This article presents a comprehensive study on
the failure behavior of foam core sandwich beams under
three-point bending using theoretical analysis and finite
element methods. A displacement formula for the foam
sandwich beam is derived, considering the shear deforma-
tion of the foam core. Based on this formula, the deflection
is obtained using energy and Rayleigh—Ritz methods. The
failure loads of face yielding, core shearing, and indenta-
tion are combined to construct a failure mechanism map.
The proposed theoretical model is then compared with
existing theoretical analyses, demonstrating higher predic-
tion accuracy. To investigate nonlinear damage and size
effects, a series of finite element analyses is conducted. The
results suggest that increasing the face sheet thickness has
a greater impact on the ultimate load capacity, while the
foam core thickness is more effective in enhancing bending
stiffness.

Keywords: foam sandwich structure, thickness effects, failure
modes, failure map, numerical simulation

1 Introduction

The foam sandwich structure, known for its lightweight,
high bending stiffness, and strength, has been widely
applied in marine and aerospace fields. The bending load
capacity of foam sandwiches is a critical consideration
for engineering applications. Therefore, understanding the
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bending characteristics and failure modes of foam sandwich
structures is crucial for predicting their bending load capa-
city. Many studies have indicated that the failure behavior
of foam sandwiches is closely related to the skin/core mate-
rial, thickness, and interface [1-9]. Chen et al. [10] studied
the plastic collapse modes of sandwich beams with alu-
minum foam using experimental and theoretical methods,
revealing that the failure of foam sandwich beam:s is attrib-
uted to three primary modes: face yield, indentation, and
core shear. These modes are influenced by the selection of
structural geometry and material properties. McCormack
et al. [3] and Ashby [11] developed the Gibson model, which
can predict the critical failure loads based on various failure
modes, such as face yielding, face wrinkling, core yielding,
and indentation. Yu et al. [12] presented a modified Gibson
model for predicting the failure modes and load history of
foam sandwiches under three-point bending. This model
was validated using both quasi-static and low-speed impact
bending tests, confirming the accuracy of the theoretical
model. Banghai et al. [13] introduced a new model for pre-
dicting the primary failure loads of foam sandwich beams
under three-point bending. The model created a failure
mode map that categorizes potential failure mechanisms
into face yielding, core shearing, and indentation. While
Jiang’s model showed higher accuracy than the modified
Gibson model, it was limited in analyzing and predicting
thick sandwich beams due to its neglect of the shear defor-
mation of core, which is a key factor observed in many
experiments. As a result of the low shear stiffness and large
thickness of the foam core, shear deformation cannot be
ignored, rendering Jiang’s model insufficiently accurate for
describing the strain and deformation of thick sandwich
beams. To address this issue, researchers have proposed
various theories that consider shear deformation, including
the first-order shear theory [14,15], the high-order shear
theory [16,17], the layer-wise displacement theory [18,19],
and the zigzag theory [20-22].

Meanwhile, researchers have made significant contri-
butions to the field with the exploration of higher-order
formulations for honeycomb-cored doubly curved shell
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structures [23], static analysis of anisotropic doubly curved
shells with arbitrary geometry and variable thickness [24],
and free vibration analysis of laminated doubly curved
shells with arbitrary material orientation distribution [25].
Still, the majority of these theories rest on two-dimensional
models, prompting a vast body of research centered on the
structural modeling of sandwich structures using two-dimen-
sional theories [23,26-31]. Tornabene et al. have made signifi-
cant contributions to this field, delving into the 3D capability
of refined generalized differential quadrature models for the
bending analysis of composite and sandwich plates, spherical,
and doubly curved shells [26]. They also explored higher-
order theories for the static and dynamic analysis of doubly
curved shell structures composed of smart materials [27,31].

Nevertheless, a gap persists in understanding the influ-
ence of size effects and the inclusion of shear deformation
in the core layer when predicting failure modes under
three-point bending. To fill this void, this study proposes
a novel semi-analytical solution, accounting for these cru-
cial factors.

In this study, a novel semi-analytical solution for
failure analysis of foam sandwich structures under the
three-point bending is proposed. This theoretical model
considers the shear deformation of the core layer and
uses energy and Rayleigh-Ritz methods to obtain deflec-
tion. A failure map is then established by combining the
failure loads of face yielding, core shearing, and indenta-
tion. Additionally, finite element analysis is conducted to
investigate the nonlinear damage and size effects of the
foam sandwich. The theoretical and numerical models pro-
posed in this study can provide meaningful and valuable
insights for the design and optimization of foam sandwich
structures in engineering applications.

2 Theoretical analysis

Considering the case of a simply supported sandwich beam
— a construction that comprises two identical face sheets
and a foam core. The overall structure presents with a total
length of Ly, a span length of L, uniform width denoted as
b, panel thickness represented by ¢, and core thickness
indicated by c. This particular sandwich beam construction
comprises two symmetrical panels and a core layer sub-
jected to three-point bending forces.

In terms of material properties, the face sheets possess
Young’s modulus and yield strength represented as E; and oy,
respectively. The foam core exhibits Young’s modulus of E., a
shear modulus of G,, a compressive strength of g,, and a shear
strength denoted by .. These parameters encapsulate the key
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mechanical properties influencing the response of bheam
under load.

2.1 Analytical solution for deflection

A diagram illustrating the local deformation of a standard
symmetric sandwich beam under the three-point bending
is presented in Figure 1. This visualization aids in under-
standing the deformation behavior of beam when sub-
jected to specific loading conditions.

Referring to Figure 1, it is possible to articulate the
displacement in the longitudinal direction at any specific
point within the cross-section of the beam, as represented
by the equation referenced in study [32]:

£9_ £d_W_[£ t]<z<_£
2 2)dx’ (2 T2
c Cc
u:u(x): —Ze, —ESZSE (6))
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2 2Jdx | 2777 2 ’

where w is the deflection in transverse direction, and 6 is
the section rotation of the core layer. This expression gives a
quantitative understanding of the distribution and degree of
deformation across the beam, providing crucial insights into
its structural integrity and performance under load. Such
understanding is critical for designing robust structures,
predicting failure modes, and enhancing overall perfor-
mance of materials in varying conditions. The strain in long-
itudinal direction can be written as:

Figure 1: Schematic of sandwich beam under three-point bending.
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The shear strain in
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The longitudinal stress gy, and shear stress 7,, are
expressed as:
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The strain energy of whole sandwich structure, U, can
be obtained as:

0= 2 [[(Gutia + rapixdz ®

The work done by the external force under the three-
point bending is expressed as:
W=F-wl. (6)
The total potential energy is expressed as:
nm=v-w. M
Substituting equations (2)-(6) into equation (7), the
total potential energy, II, can be expressed as:

L
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where 4, = Eclbzcg Efczbt, Ay = Epbct?, As = Gebe, and
A4=2Efbtg.

3
For a three-point bending simply supported beam, the

boundary conditions can be assumed as:
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Wlx=0 = 0, 0Olx=0 = Op,

9
Wix=r = 0, Oly=r = —0,.

Considering the Rayleigh—Ritz method [19,33], the trial

functions of deflection and rotation angle can be given as:

w = wy sin ™ + W, sin —BHX]
- 1 2 ]
L 3L 10)
X TIX
0=0 —1|+0 —
; COS L ] ) COS L

Substituting equation (10) into equation (8) and com-

bining the principle of minimum potential energy, the
expressions are obtained as follows [33]:
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where Dy = A3(A; + Ay + Ay), and Dy = AjAy — %
According to equations (10) and (12), the deflection and
rotation of sandwich beam can be written as:
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2.2 Failure modes

The theoretical model under discussion considers three
primary failure modes: face yielding, core shearing, and
indentation. Specific stress and strain distributions belong
to each mode, contingent on the geometry and material
properties of the sandwich beam. The following subsections
delve into detailed discussions of each failure mode, offering
corresponding theoretical predictions.

2.2.1 Face yield

The initiation of yield deformation in the face layer is a
crucial aspect to consider. This occurs when the externally
imposed stress surpasses the inherent yield strength of the
material used in the face layer. The dynamic is particularly
emphasized under conditions where the face layer is sub-
jected to maximum normal stress, which, in turn, instigates
plastic deformation — a permanent change in shape under
applied pressure. Materials in the face layer demonstrating
ideal elasto-plasticity — where elastic and plastic deforma-
tion phases are distinctly separated — present an intriguing
case. In such materials, the transition to yielding is not
immediate; rather, it transpires only when the stress on
the surface layer reaches a state of perfect plasticity. In this
state, the material deforms plastically without any increase
in load or stress, indicating that it has yielded completely.
For the face sheet, the normal stress gy, is expressed as:

Es%_P+QEm
2 dx 2)ax? |

—[£+t]<z<—£0<x<L
2 A
0

Oy = (14)

’
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Substituting equation (13) into equation (14) and sol-
ving the equation to obtain the maximum of stress i max,
then let gy, max = 0y, the critical load for the face yield Fp
can be expressed as:
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2.2.2 Core shear

The foam core layer, acting as the main bearer of shear
deformation, enters a stage of failure when the exerted
shear stress equals or surpasses its inherent shear
strength. This marks a critical transition in failure modes
of the material, signifying impending structural impair-
ment. For such a foam core layer, shear stress is defined
by specific parameters. Grasping the nature of this shear
stress becomes crucial, as it has a direct bearing on the
structural performance under analysis. Regularly asses-
sing the proximity of shear stress to the shear strength of
material offers vital insights into the stability of the mate-
rial and the likelihood of imminent failure. The distinct
attributes of the foam, including density, cell morphology,
and the base material, contribute significantly to its shear
strength. These inherent characteristics, when interacting
with the external forces to which the foam is subjected,
have the potential to influence the failure point of the foam
core layer. For the foam core layer, the shear stress is
given as:

d
Txy=Gc[aW—9], ‘%SZS%,OSXSL. (16)

Substituting equation (13) into equation (16) and sol-
ving the equation to determine the maximum of shear
Stress Ty, max, then let T, max = 7, the critical load of core
shear s can be determined as:

3
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2.2.3 Indentation

Indentation represents a specific, localized mode of failure,
predominantly observed in sandwich structures composed
of comparatively thicker cores and slender face sheets.
This form of failure typically occurs in concert with phe-
nomena such as core yield and plastic deformation,
marking a significant progression in material distress. An
extensive body of theoretical analysis, represented in the

9O'f7T2(D1L2 + JTZDz)(DlLZ + 97T2D2)

F/y=-

10LEf|D1L*A5(c + 2¢) + T2LA{DaAsy(c + 2t) -

15)

9D2(CAZ - 4[141)7'[4

2

9(cA, - 4tA)D1 |
82




DE GRUYTER

cited studies [3,7,10,34-36], has aimed to decode the intri-
cacies of indentation failure in sandwich structures. These
studies cast light on the underlying mechanisms of this
failure mode, examining a myriad of factors, including the
distinct properties of the materials, the architectural design
of the structures, and the circumstances under which
loading is applied. As a result of these meticulous investiga-
tions [3,12,13], a calculation for the critical load inducing inden-
tation has been proposed. This critical load serves as a pivotal
threshold, demarcating the point at which a material struc-
ture starts to buckle under indentation. Comprehension of
this critical threshold is fundamental for predicting when
sandwich structures may fail under various load conditions,
thereby guiding optimizations in design processes. Based on
these studies [3,12,13], the critical load of indentation is given
in the following:

(18)

Py, = 2bt_ [op0; .
2.3 Theoretical model validation

In order to verify the effectiveness of the proposed theore-
tical model, a symmetrical sandwich beam composed of
two identical aluminum panels and aluminum foam core
material is chosen as the research object. Its material proper-
ties are selected to be the same as those in the previous study
[12], as shown in Table 1. The total length L, is 300mm, span
length L is 250mm, and width b is 30mm.

A failure mode map has been constructed for a sand-
wich beam with an aluminum face layer and an aluminum
foam core subjected to three-point bending. Using equa-
tions (15), (17), and (18), the map is constructed with ¢/L and
¢/L as its non-dimensional coordinates. The map includes
three failure modes: face yielding, core shearing, and inden-
tation. Figure 2 shows the comparison between the present
model, Jiang’s model [13], and the modified Gibson model [12].
In Figure 2, FY represents the face yield mode, CS represents
the core shear mode, and IN represents the indentation mode.

Based on the observations made from Figure 2, it is
evident that Jiang’s model, the modified Gibson model, and

Table 1: Mechanical properties of face sheet and core layer [12]

Material
Young’s modulus

Yield strength

Face sheets LF21 aluminum alloy
Ef = 57GPa

of = 92MPa

Foam core Material Closed-cell aluminum foam
Relative density 0.17
Young’s modulus E. = 0.65GPa
Shear modulus G, = 0.12GPa
Shear strength 7. = 2.7 MPa
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Figure 2: Comparison of experimental results and different theoretical
results.

the proposed model in this study all exhibit good agree-
ment with the experimental results in each case. When the
dimensionless parameter t/L approaches to zero, no signif-
icant changes in the transition lines between face yielding
and indentation were observed in the modified Gibson
model. However, both the proposed model and Jiang’s
model suggest that the initial failure of a sandwich struc-
ture with a thin face sheet should be due to local indenta-
tion. Although the proportion of each failure mode in the
three models is slightly different, the proposed model pre-
dicts a higher proportion of core shear failure compared to
Jiang’s model and the modified Gibson model. The reason
is that Jiang’s model and the modified Gibson model are
derived from the Euler-Bernoulli beam theory without
considering the shear deformation of the core layer. There-
fore, they overestimate the equivalent bending stiffness of
the sandwich beam, leading to an overestimation of the
shear failure load.

Figure 3 shows a comparison between the predicted
failure loads of three theoretical models (the present model,
Jiang’s model, and the modified Gibson model) and experi-
mental results obtained from three-point bending tests. In
Figure 3, S0.5-C10 means a sandwich beam with 0.5 mm face
sheet and 10 mm foam core, and the others are the same as
this. p represents the relative load, equaling to P/Puy,.

From Figure 3, it can be concluded that the proposed
model is more accurate in predicting the failure load com-
pared to Jiang’s model and the modified Gibson model.
For thin sandwich beams, Jiang’s model and the modified
Gibson model underestimate the load capacity of the foam
sandwich beam. In contrast, the present model’s predicted
values are closer to the experimental results. For sandwich
beams with thick panels, the core shearing mode occurs.
Jiang’s model and the modified Gibson model overestimate
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Figure 3: Comparison of experimental and theoretical results about failure loads.

the failure loads. However, the predicted results of the pre-
sent model have better agreement with the experimental
results.

3 Finite element analysis

The nonlinear damage problem is one of the major chal-
lenges in the failure of sandwich beams under bending, and
it often involves the combination of various damage modes.
Theoretical models have their limitations when it comes to
predicting the nonlinear damage issues. Therefore, a numer-
ical model based on ABAQUS was developed to simulate the
nonlinear response of sandwich beams under the three-
point bending. The necessary material parameters for simu-
lation can be found in Table 1 [12]. The indenter and support
are cylinders with a radius of 5 mm and are simulated by the
R3D4 element. The skin part and the core part are simulated by
the C3D8R element. The “TIE” constraint is used between the
skin part and the core part. According to the convergence
analysis of the finite element method, the mesh size of the
core and panel is determined to be 2 mm x 2 mm x 4 mm,
and appropriate refinement is applied in the loading area, as
shown in Figure 4.

3.1 Constitutive model

The aluminum plate was simulated using an elastic—plastic
constitutive model, and isotropic hardening was used. The
engineering stress—strain curve and hardening curve of
the aluminum plate for the tensile test are presented in
Figure 5.

The foam core is simulated using a crushable foam model
based on volumetric hardening. This model incorporates an
elliptical yield surface composed of Mises stress and hydro-
static stress. The yield surface can be described by [37,38]:

F=¢*+aXp-p)*-B=0 (19
Then,
- pc B pt
pO 2 )
_ pc + pt
B=a B
B 3k (20)
JBk+ KB -k)’
a? D,
k = p_%, kl’ = F
(4 C

where q is the Mises stress, p is the hydrostatic stress, p, is
the hydrostatic compressive yield stress, p, is the

Figure 4: Schematic diagram of meshes.
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Figure 5: Aluminum panel: (a) stress-strain curve and (b) hardening curve.

hydrostatic tensile yield stress, ¢ is the initial uniaxial
compressive yield stress, and pc0 is the initial hydrostatic
compressive yield stress. By defining k and k;, the yield
surface shape of the foam materials can be determined
and the material hardening is described by the evolution
of the yield surface shape. The evolution of the yield sur-
face shape can be expressed by the evolution of the yield
surface size on the hydrostatic pressure axis. The yield
stress at hydrostatic pressure, p,, describes the evolution
of the yield surface size and is given as:

! o1 1), P
Uc(ffmal)[ac(fal;ial)(ﬁ + 5) + 5 ]

1
Uc(sfxial)
bt

(VAY)

pc(g\g)oll) =

p. can be obtained from the uniaxial compressive stress—
strain, as shown in Figure 6.

3.2 FEA model validation

The results obtained from the finite element model calcula-
tions are compared with experimental data [12]. Figure 7 illus-
trates a comparison of load—displacement curves between the

14t

Ll @ _
a,‘-f\ 10F / ]
2 g} e ]
% 6L e
3,0

2

0 ‘ . ‘ ‘ .

0.0 01 02 03 04 05 06

Strain (mm/mm)

Figure 6: Foam core: (a) stress-strain curve and (b) hardening curve.

simulation and experimental data of three specimens: S0.5-
C10, S3-C30, and S6-C10 (where S0.5-C10 denotes a skin thick-
ness of 0.5 mm and a core thickness of 10 mm, and similarly
for the other specimens). It can be observed in Figure 7 that
the load-displacement curves obtained from the numerical
calculations exhibit good agreement with the experimental
results. During the elastic-linear stage, the finite element ana-
lysis and experimental results show good agreement, pro-
viding strong evidence of accuracy of the finite element
method in predicting the bending stiffness of the sandwich
beam. It is observed that there are some slight deviations
between the finite element and experimental results in the
nonlinear damage stage. This can be attributed to the simpli-
fication of the core material as a macroscopically uniform
solid in the finite element method, which overlooks the intri-
cacies of the foam cells. Overall, the load-displacement paths
predicted by finite element analysis show good agreement
with the experimental results.

Figure 8 illustrates a comparison of failure modes between
finite element simulations and experimental results [12]. It is
evident from Figure 8 that the failure patterns predicted by the
finite element simulations and the observed experimental phe-
nomena are highly similar under different failure modes. Spe-
cifically, indentation failure occurs when the core layer is thick,

20
18+
16
14+
12+

(b)

Yield stress (MPa)

oW A O
;

0.1 0.2 0.3 0.4
Equivalent plastic strain (mm/mm)

.0 0.5
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Figure 7: Comparisons of load history for experiment and simulation. (a) S3-C30, (b) S6-C10, and (c) S0.5-C10.

(b)

face yield
(c)

Figure 8: Comparison of finite element and experimental damage modes: (a) indentation, (b) core shear, and (c) face.
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Figure 9: Comparison of finite element failure modes and theoretical
models.

while core shear failure occurs when the panel is thick. Face
yield failure occurs when both the panel and the core layer are
thin. These results indicate that the finite element simulations
are in good agreement with the experimental results for the
failure modes of sandwich beams with varying thick-
nesses. Therefore, the proposed finite element model accurately

Pmax-t

12

10

Pmax/kN

o]

K/kN/mm

10
t/mm
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predicts the load-displacement paths and failure modes of
sandwich beams.

3.3 Effect of thickness

To investigate the effect of the thickness of face sheets and
foam core on the non-linear failure behavior, a batch of
modeling and analyses were conducted using the finite
element software ABAQUS. The face sheet thickness is
ranged from 0.5 to 10 mm with a 0.5 mm interval, and
the core thickness is ranged from 5 to 100 mm with a 5
mm interval. Other parameters have been described in the
previous section.

The failure modes with varying thicknesses from finite
element simulations are compared with the theoretical
predictions, as shown in Figure 9. The results suggest
that the proposed theoretical model in this study provides
better agreement with the finite element simulation results
than Jiang’s model and the modified Gibson model, parti-
cularly in terms of the transition lines of the three modes.
The numerical results also indicate discrepancies from the

Pmax-c

12
(b)
10 L

Pmax/kN

100

(d)

K/kN/mm

40 60
¢/mm

80 100

Figure 10: Bending stiffness and ultimate load vary with changes in the thickness of the core and panel: (a) ultimate load-panel thickness curves, (b)
ultimate load-core thickness curves, (c) bending stiffness-panel thickness curves, and (d) bending stiffness-core thickness curves.
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theoretical models, especially near the transition lines. Near
the transition lines, failures of sandwich beams usually
result from a combination of multiple failure modes.

Figure 10 illustrates the variation trends of bending
stiffness and ultimate load with changes in the thickness
of the core and face panels. The arrows in the figure indi-
cate the direction of thickness increase. As observed in
Figure 10(a), as the thickness of the sandwich beam panel
grows, its ultimate load capacity also increases. This is
because thicker panels can more evenly distribute loads
and pressure, reducing stress and strain in specific areas.
When the panel thickness is thin, there is often a concen-
tration of loads, resulting in excessive stress in specific
areas, which affects the overall load capacity. It can be
seen from Figure 10(b) that for sandwich beams, as the
core thickness raises, its ultimate load capacity will also
increase. However, it should be noted that as the core
thickness continues to enlarge, the growth trend gradually
decreases. This is related to the characteristics of the sand-
wich structure itself, because when the core thickness is
very large, the strength of the sandwich beam is already
strong enough and cannot continue to grow rapidly, leading
to a decreasing growth trend. From these results, the ulti-
mate load capacity of sandwich beams is greatly affected by
the thickness of the panels. When the panel thickness is
increased, the bearing capacity of the sandwich beam can
be effectively enhanced. This result is consistent with the
results obtained from existing theoretical models [1,2,10,39].
According to Figure 10(c) and (d), as the thickness of the core
layer and panel of sandwich beams raises, the bending stiff-
ness of sandwich beams also increases. This is because the
thickness of the core layer and panel greatly enhances the
overall strength of the sandwich beam, enabling it to better
withstand external forces and thus improve its bending
stiffness. Specifically, the influence of core layer thickness
on bending stiffness is greater than that on ultimate bearing
capacity. The reason is that the bending stiffness of sand-
wich beams depends on the combination of bending stiff-
ness of their core and panels. Among these two, the bending
stiffness of the core is one of the decisive factors, and the
bending stiffness increases with the thickness of the core.
Therefore, increasing core thickness is an effective method
to improve the bending stiffness of sandwich beams.

4 Conclusion

This study presents a theoretical model and a finite ele-
ment model to predict the three-point bending failure of
sandwich beams with a soft core. The theoretical model
incorporates the shear deformation of the core under
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three-point bending and derives the deflection equation
using the Rayleigh-Ritz method and energy method. It
also determines the critical loads for different failure
modes and constructs a failure mode diagram that includes
panel yielding, core shear, and indentation to describe the
competition mechanism between different failure modes.
Compared to previous theoretical models, the proposed
model demonstrates higher accuracy. The finite element
model uses an isotropic elastic—plastic constitutive model
for the panel and a crushable foam model for the core.
Validation of the model is conducted by comparing the
simulation results with experimental data, and it exhibits
good capability in predicting the nonlinear failure beha-
vior of sandwich beams. Additionally, the finite element
model investigates the effects of thickness on bending stiff-
ness and ultimate load of sandwich beams. The results
reveal that increasing the panel thickness has a greater
impact on the ultimate load, whereas increasing the foam
core thickness is more effective in enhancing the bending
stiffness.

In conclusion, the main innovation of this study lies in
the proposed theoretical analysis that takes into account
the shear deformation of the core layer. Compared with
previous theories, this approach provides higher predic-
tion accuracy in predicting the failure of sandwich struc-
tures. These research findings provide valuable guidance
for preliminary design of engineering structure and assess-
ment of failure in sandwich structures.
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Data availability statement: The data that support the
findings of this study are available from the corresponding
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