
Sci Eng Compos Mater 2019; 70–76

Masoud Ahmadi, Reza Ansari and Hessam Rouhi*

Free and forced vibration analysis of rectangular/
circular/annular plates made of carbon fiber-
carbon nanotube-polymer hybrid composites
https://doi.org/10.1515/secm-2017-0279
Received August 17, 2017; accepted April 24, 2018; previously 
published online August 3, 2018

Abstract: A multiscale finite element method is adopted in 
this paper to study the vibrational characteristics of poly-
mer matrix composite plates reinforced with the combina-
tion of carbon fibers (CFs) and carbon nanotubes (CNTs). 
The effects of nanoscale and microscale are coupled 
through a two-step procedure. In the first step, random 
dispersion of CNTs into the polymer matrix is modelled 
using a three-phase representative volume element (RVE). 
In the selected RVE, the influence of the interphase 
formed because of non-bonded interactions between the 
polymer matrix and CNTs is taken into account. In the 
second step, the distribution of CFs into the composite is 
modelled, and the elastic properties of CF-CNT-polymer 
matrix hybrid composite are calculated for various val-
ues of volume fractions of reinforcement phases. Then, 
the free and forced vibration behaviors of composite 
plates are analyzed. It is considered that the plates have 
rectangular, circular, and annular shapes and are under 
clamped/simply supported edge conditions. The effects of 
CNT/CF reinforcement on the elastic modulus and density 
of composite and on the free/forced vibration response of 
the considered structures are investigated. It is shown that 
the vibrational behavior of plates is significantly affected 
by the hybrid reinforcement with CNT and CF.

Keywords: carbon nanotube; forced vibration; hybrid 
polymer nanocomposite; multiscale modeling; plate.

1  �Introduction
Since the discovery of carbon nanotubes (CNTs) by Iijima in 
1991 [1], these cylindrical carbon molecules have attracted 

a lot of interest from the researchers due to their unusual 
properties. Owing to the covalent sp2 bonds between the 
carbon atoms, CNTs are the strongest and stiffest materi-
als yet discovered in terms of tensile strength and Young’s 
modulus, respectively. For example, experiments of Yu 
et al. [2] revealed that the tensile strength of multiwalled 
CNTs is 63  GPa. Also, on the basis of bending tests on 
individual CNTs, Demczyk et al. [3] obtained their elastic 
modulus equal to 0.9 TPa.

Owing to the excellent mechanical properties of 
CNTs, they are extensively utilized to reinforce advanced 
composite materials [4–7]. It has been proved that CNT 
reinforcement has a considerable effect on the mechani-
cal performance of CNT-reinforced composites (CNTRCs). 
In this regard, Esawi and Farag [8] indicated that the 
maximum Young’s modulus that can be obtained for 
carbon fiber (CF)-reinforced epoxy is 167.2 GPa, while the 
Young’s moduli of (epoxy + 20% CNT) and (epoxy + 15% 
CNT + 50% CF) are 425.6 and 431.2 GPa, respectively.

Up to now, extensive research has been presented into 
the properties and behavior of CNTRCs. Using molecular 
dynamics simulations, Xiang et al. [9] studied the strength-
ening and deformation mechanisms of the aligned disper-
sion of single-walled CNTs in Al/CNT composites. Their 
results showed that the fracture behavior of Al/CNT com-
posite is primarily governed by the morphology of CNTs. 
Alva et  al. [10] developed a micromechanical model to 
obtain the effective moduli of CNTRCs. They employed a 
statistical method so as to consider the random fiber orien-
tation. On the basis of the micromechanical simplified unit 
cell model, Ansari and Hassanzadeh Aghdam [11] investi-
gated the viscoelastic behavior of CNTRCs under uniaxial 
and biaxial loading conditions. Ansari and co-workers 
[12] analyzed the influence of CNT waviness on the elastic 
response of CNTRCs by means of a three-dimensional unit 
cell-based micromechanical model. The fracture behavior 
of CNT-reinforced poly(methyl methacrylate) matrix com-
posites under tension was studied by Arash et al. [13] via 
molecular dynamics simulations. Kundalwal and Ray [14] 
estimated the thermoelastic properties of CNT-reinforced 
polymer (RP) nanocomposites using the method of cell. 
Also, there are several other research works in which 
the problems of mechanical behaviors (e.g. vibration, 
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buckling, and bending) of structural elements includ-
ing beams, plates, and shells made of CNTRCs and other 
materials have been addressed [15–25].

CNT/CF hybrid multiscale composites have been the 
subject of several papers because of their excellent proper-
ties and performance [26–31]. Through experimental tests, 
Thostenson et al. [26] found that the presence of CNTs at 
the fiber/matrix interface of CNT/CF hybrid multiscale 
composites improves the interfacial shear strength of the 
material. In another experimental study, Bekyarova et al. 
[27] indicated that these multiscale hybrid composites 
possess enhanced out-of-plane mechanical and electri-
cal properties. On the basis of their interesting properties, 
CNT/CF hybrid multiscale composites can have several 
applications. For example, the application of plates made 
of CNT/CF hybrid multiscale composites in solar still 
systems has been reported in [32]. To the authors’ knowl-
edge, the vibrational characteristics of plates made of 
such composite materials have not been studied hitherto. 
As understanding the vibrational behavior of CF/CNT-
reinforced composite structural elements such as plates 
may be important in their present and future applications, 
the present work is devoted to address this problem. The 
subject of this article is studying the free and forced vibra-
tions of circular, annular, and rectangular plates made of 
CNT/CF-RP under simply supported and clamped bound-
ary conditions. To this end, a multiscale finite element 
method is utilized with the capability of capturing 
coupled nanoscale and microscale effects. First, Young’s 
modulus and density of composite are obtained for differ-
ent volume fractions of CNTs and CFs. The selected repre-
sentative volume element (RVE) for the dispersion of CNTs 
into the polymer matrix consists of three phases including 
CNTs, the interphase region, and the polymer matrix. The 
interphase region is considered because of van der Waals 
interactions between nanotubes and matrix. Thereafter, 
the natural frequencies and amplitude-frequency curves 
of the composite plates are obtained for various states of 
reinforcement, and the results are discussed.

2  �Multiscale modeling procedure
At first, a multiscale finite element method [33] is used 
to determine the elastic modulus and density of CNT-RP, 
CF-RP, and hybrid CNT-CF-RP. The polymer matrix is 
assumed to be polyimide whose Young’s modulus and 
density are equal to 4.2 GPa and 1310 kg/m3, respectively 
[34]. The volume fractions of CNT are assumed to be 1%, 
3%, and 5%. In addition, the volume fractions of CF are 

considered as 5%, 10%, and 20%. Nine states are also con-
sidered for the hybrid reinforcement.

First, the dispersion of CNTs into the polyimide is 
modeled. The RVE of this step of modeling includes three 
phases: CNTs, polymer matrix, and interphase. It is con-
sidered that all CNTs are covered by interphase region, 
which is due to van der Waals interactions. On the basis 
of previous studies [35–38], it has been proved that CNTs 
are transversely isotropic. Therefore, they are modeled as 
transversely isotropic materials herein with the proper-
ties given in Table 1. The presented properties in Table 1 
are longitudinal Young’s modulus, transverse Young’s 
modulus, longitudinal Poisson’s ratio, transverse Pois-
son’s ratio, longitudinal shear modulus, and mass density. 
Furthermore, the polymer matrix and interphase are con-
sidered to be isotropic. The coordinates and orientation of 
distributed CNTs are assumed to be random. It should be 
noted that the positions of CNTs are determined in such 
a way that no overlapping occurs between them. Also, 
CNTs are dispersed in the polymer matrix homogenously 
without aggregation. As CNTs are dispersed into the 
polymer matrix, the equivalent properties are calculated.

In the second step, the RVE model of nanocompos-
ite with random CF distribution is considered (secondary 
reinforcement). Similar to CNTs, CFs are modeled as trans-
versely isotropic materials with the properties tabulated 
in Table 1. Moreover, CFs are randomly distributed into 
the RVE model of nanocomposite without any overlap. 
Figure  1 shows a schematic view of the multiscale mod-
eling of an annular plate made of CNT-CF-RP.

Two-dimensional unit cells are employed to model the 
RVEs of nanocomposites. In each case, 50 particles (CNTs 
with diameter of 0.78 nm and aspect ratio of 100; CFs with 
diameter of 10 μm and aspect ratio of 10) are dispersed in 
the polyimide matrix. In the two-dimensional modeling, 
the particles are modeled as rectangles. The smaller side 
length of the particles is considered as their diameter. 
Besides, the larger side length of the particles is calcu-
lated on the basis of the particles’ aspect ratio (the ratio 
of the length to diameter). The side length of the square 
RVEs is computed using the geometrical parameters of 
the particle and particle’s volume fraction in the polymer 

Table 1: Material properties of CNT, interphase, CF, and polyimide.

Material EL (GPa) ET (GPa) vL vT GL (GPa) ρ (kg/m3)

CNT [35] 1382.5 645 0.272 0.2 1120 1300
Interphase [35] 19.29 19.29 0.34 0.34 7.2 1305
CF [39] 294 18.5 0.27 0.3 25 1760
Polyimide [34] 4.2 4.2 0.4 0.4 1.5 1310
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matrix. For example, a CNT-reinforced RVE with a volume 
percentage of 3% has a length side equal to 318.4 nm.

In order to calculate the elastic modulus, a uniaxial 
tensile test is done on the RVEs. The boundary and loading 
conditions are considered according to Figure 2. The stress 
distribution contour can be seen in this figure. Through 
measuring the fixed boundary reaction force and comput-
ing stress value (σ), the equivalent elastic modulus (E) of 
RVE is calculated using Hooke’s law as

/E σ ε=

in which ε denotes the RVE strain in the load direction. 
One side of the RVEs is constrained, and the strain of 
0.02 is applied to the opposite side. In order to reduce 
the effect of chance on account of random dispersion, 
the results are generated using average values of three 
analyses with different random microstructures for each 
reinforcement.

The following nonlinear elements are used: eight-
node biquadratic plane stress quadrilateral element at 
microscale and eight-node doubly curved thick shell 
element at macroscale.

Examples of meshing are illustrated in Figures 3 and 4 
for RVEs and plates with rectangular/circular/annular 
shapes. The number of elements for each RVE is about 
50,000 and for plates is about 500.

3  �Results and discussion
First of all, in order to show the validity of the present 
finite element approach, comparisons are provided 
with the experimental results reported in [40] and those 
obtained from micromechanical models developed in [41] 
for Young’s modulus of CNT-reinforced polypropylene 
with randomly oriented reinforcements. The outcomes of 
this validation study can be found in Table 2. This table 
gives the normalized elastic modulus of CNT-reinforced 
polypropylene for various values of CNT volume frac-
tion. It is observed that the present finite element method 
is capable of predicting the available results with a good 
accuracy.

Now, the results for the properties of CNT-RP, CF-RP, 
and CNT-CF-RP are given in Table 3 and discussed. Three 
states of reinforcement are considered for CNT- and CF-RP, 
and nine states are considered for the hybrid reinforce-
ment. To generate these results, the aspect ratio of CFs is 
assumed to be equal to 10 with a diameter equal to 10 μm. 
Furthermore, the aspect ratio and diameter of CNTs are 
chosen as 100 and 0.78 nm, respectively. The thickness of 
interphase is also taken as 0.3333 nm (it is assumed that 
all CNTs are covered by interphase).

Figure 1: Multiscale modeling of CF-CNT-polymer hybrid annular composite plate.

Figure 2: Tensile test for obtaining the elastic modulus of 
nanocomposite.
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In Table 3, the equivalent elastic modulus and density 
of different composite materials are presented. The elastic 
modulus and density of polymer matrix are also given in this 
table for comparison. The stiffening of material by reinforce-
ment with CNT/CF is clearly seen. According to Table 3, the 
elastic moduli of 20% CF-RP and 5% CNT-RP are respectively 
63% and 88% larger than that of polyimide (neat material). 
This increase reaches 192% in the case of 4% CNT-20% 
CF-RP, which shows that the stiffness of composite can be 
significantly improved by the hybrid CNT/CF reinforcement.

To perform the vibration analysis, the following geo-
metrical properties are considered:
(a)	 Circular plate: R = 50 mm
(b)	 Annular plate: Ro = 50 mm, Ri = 25 mm
(c)	 Square plate: a = 100 mm

where R, Ro, Ri, and a stand for the radius of circular 
plate, outer and inner radii of annular plate, and length of 
square plate, respectively. The thickness of plates is also 
taken as 1  mm. Furthermore, the plates are assumed to 
be under clamped (C) and simply supported (S) boundary 
conditions.

The results of free vibration analysis are presented in 
Table 4. The fundamental frequencies of circular, annular, 
and square plates made from polyimide and CNT/CF-rein-
forced polyimide are tabulated in this table for clamped 
and simply supported edge supports. As expected, the 
plates vibrate with larger frequencies when they are rein-
forced with CFs and CNTs. For example, considering the 
vibrations of simply supported annular plate, the fun-
damental frequencies 23%, 10%, and 32% increase as 

Figure 4: Meshed plates.

Table 2: Normalized elastic modulus of CNT-reinforced polypropylene with randomly oriented reinforcements (aspect ratio = 100).

CNT volume fraction (%) Present finite element method Experiment [40] Two-level model [41] Two-step model [41]

1.6 1.161 1.19 1.18 1.13
3.2 1.319 1.29 1.36 1.25
4.8 1.526 1.39 1.54 1.38

A B

Figure 3: Meshed RVE for (A) CNT-RP and (B) CF-RP.
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the material changes from polyimide to 3% CNT-RP, 10% 
CF-RP, and 0.8% CNT-20% CF-RP, respectively. The effect 
of boundary conditions on the frequencies of plates is also 
observed in Table 4.

The forced vibration behavior of plates is studied 
under a uniform transverse harmonic load with a mag-
nitude of 1 kPa. The corresponding results are provided 
in Figures 5–7 in which the dimensionless amplitude of 
vibration is plotted vs. natural frequency to resonant fre-
quency ratio (frequency ratio). The vibration amplitude 
is normalized with respect to the maximum amplitude 
(related to Figure 7). The amplitude-frequency ratio curves 
are obtained for 16 considered materials whose legend is 
given in Figure 8. The results reveal that the CF/CNT rein-
forcement has a significant effect on the forced vibration 
response of plates. To better indicate such effect, a close 

Table 3: Equivalent properties of CNT/CF-reinforced polyimide.

Material E (GPa) ρ (kg/m3)

Polyimide 4.200 1310
1% CNT-RP 4.830 1309.9
3% CNT-RP 6.411 1309.6
5% CNT-RP 7.898 1309.3
5% CF-RP 4.777 1332.5
10% CF-RP 5.314 1355.0
20% CF-RP 6.868 1400.0
0.95% CNT-5% CF-RP 5.483 1332.4
2.85% CNT-5% CF-RP 7.242 1332.1
4.75% CNT-5% CF-RP 8.884 1331.8
0.9% CNT-10% CF-RP 6.090 1354.9
2.7% CNT-10% CF-RP 8.015 1354.6
4.5% CNT-10% CF-RP 9.798 1354.4
0.8% CNT-20% CF-RP 7.827 1399.9
2.4% CNT-20% CF-RP 10.165 1399.7
4% CNT-20% CF-RP 12.284 1399.4

Table 4: Fundamental frequencies (Hz) of plates with different 
shapes and made of various materials.

Material  
 

Circular  
 

Annular  
 

Square

C   S C   S C   S

Polyimide   366.36   182.25   3161.9   1429.3   322.56   176.44
1% CNT-RP   392.89   195.45   3390.9   1532.8   345.95   189.21
3% CNT-RP   452.70   225.21   3907.1   1766.2   398.58   218.02
5% CNT-RP   502.53   249.99   4337.1   1960.3   442.45   242.01
5% CF-RP   387.40   192.72   3343.5   1511.4   341.09   186.57
10% CF-RP   405.19   201.57   3497.1   1580.8   356.75   195.14
20% CF-RP   453.18   225.44   3911.2   1768.1   399.00   218.25
0.95% CNT-5% 
CF-RP

  415.06   206.48   3582.2   1619.3   365.44   199.89

2.85% CNT-5% 
CF-RP

  477.07   237.33   4117.4   1861.3   420.03   229.75

4.75% CNT-5% 
CF-RP

  528.45   262.89   4560.8   2061.7   465.27   254.50

0.9% CNT-10% 
CF-RP

  433.79   215.80   3743.8   1692.4   381.92   208.91

2.7% CNT-10% 
CF-RP

  497.70   247.59   4295.4   1941.7   438.20   239.69

4.5% CNT-10% 
CF-RP

  550.32   273.77   4749.6   2147.0   484.53   265.03

0.8% CNT-20% 
CF-RP

  483.80   240.68   4175.5   1887.5   425.96   233.00

2.4% CNT-20% 
CF-RP

  551.39   274.30   4758.8   2151.2   485.46   265.54

4% CNT-20% 
CF-RP

  606.20   301.57   5231.9   2365.1   533.73   291.94
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Figure 5: Forced vibration behavior of clamped circular plate.
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Figure 6: Forced vibration behavior of clamped annular plate.
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view of amplitude-frequency ratio curves for clamped 
circular plate is shown in Figure 9. One can find that at a 
given frequency ratio, the vibration amplitude decreases 
as the CNTs and CFs are added to the polymer matrix. 
The minimum values of amplitude are obtained for 4% 
CNT-20% CF-RP, as expected. Moreover, it is observed that 
the influence of reinforcement is more prominent at a fre-
quency ratio = 1.

4  �Conclusion
On the basis of a multiscale finite element approach, the 
free and forced vibration characteristics of composite 
square, annular, and circular plates were investigated. 
The composite was assumed to be made of CNT/CF-RP 
matrix. To obtain the elastic modulus and density of this 
hybrid multiscale composite, tensile tests were carried 
out on RVEs with the consideration of interphase between 
CNTs and the polymer matrix. The dispersions of CFs and 
CNTs into the polymer matrix were also assumed to be 
random from the viewpoints of coordinates and orienta-
tion. The properties of nanocomposite were computed for 
15  states of reinforcement including three states of CNT 
reinforcement, three states of CF reinforcement, and nine 
states of CNT/CF hybrid reinforcement. It was revealed 
that the stiffness of nanocomposite can be considerably 
enhanced through the hybrid CNT/CF reinforcement. After 
that, the finite element modeling of vibrations of plates 
made of analyzed composite materials was performed for 
the clamped and simply supported boundary conditions. 
The free vibration analysis indicated that one can signifi-
cantly reduce the resonant frequency of polymeric plates 
by reinforcing them with the combination of CNTs and 
CFs. Additionally, by studying the forced vibration curves 
of composite plates, one can conclude that the influence 
of CNT/CF reinforcement on the vibration amplitude is 
considerable (which is a decreasing effect) especially at 
resonance.
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