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Summary

This Supplementary file contains two sections. The numeric algorithm is given in the first Section.

The second Section gives the detailed proofs of Lemmas and Theorems.

1 Algorithm

In this section, we give the details of our algorithm.

Algorithm.

• Step 0. Choose initial values for βl, denoted by β
(old)
l , l = 0, 1.

• Step 1. Calculate ul = Xβ
(old)
l , and Br(ul), l = 0, 1.

• Step 2. Update α̂ and λ̂(β) by minimizing:

(α̂T , λ̂(β)T )T = argmin
α∈Θα,λ∈R2Jn

ℓn(θ, λ(β)),

where ℓn(θ, λ(β)) is defined in (2.4) in the paper.

• Step 3. Update β
(old)
l by β

(old)
l = β

(new)
l /‖β(new)

l ‖2, l = 0, 1, where

β̂
(new)

= argmin
β∈Θβ

ℓn((α̂
T ,βT )T , λ̂(β)).

• Step 4. Repeat Steps 1-3 until convergence. This gives the whole parametric estimator

θ̂ = (α̂T , β̂
T
)T and λ̂l(θ̂), which results in m̃0(β̂

T

l X, β̂), l = 0, 1.
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• Step 5. Given the parametric estimator θ̂ in Step 4, calculate η̂−1(Vi; a, b) = α̂T
0 Zi +

m̃1(β̂
T

0 Xi, β̂) + aGi + b(β̂
T

1 Xi − u1)Gi, and then solve following minimization problem to

obtain local linear estimator m̂1(u1, β̂) = â,

(â, b̂) = argmin
a,b

n∑

i=1

Q(g−1{η̂−1(Vi; a, b)}, Yi)Kh1
(β̂

T

1 Xi − u1).

As the same way, compute m̂1(u0, β̂) by calculating η̂−1(Vi; a, b) = a+b(β̂
T

0 Xi−u0)+α̂T
0 Zi+

(m̃1(β̂
T

1 Xi, β̂) + α̂T
1 Zi)Gi.

Remark S1: Unlike the algorithms proposed by Carroll et al. (1997) and Cui et al. (2011),

we do not need to calculate iteratively parameter and non-parameter based on kernel estimation.

Thus, it is much faster than their algorithm. In Step 3, the Newton-Raphson algorithm is used to

calculate β.

2 Proofs

Let m(Vi,β) = m0(Vi,β0) + m1(Vi,β1)Gi and m = (m(V1,β), · · · ,m(Vn,β))
T . Denote X =

(X1, · · · ,Xn)
T , Z = (Z1, · · · ,Zn)

T , G = (G1, · · · , Gn)
T , and G = (1n,G). Let Θ be the para-

metric space of θ. Let qj(x) = (∂j/∂xj)Q{g−1(x), y}, j = 1, 2, 3. Then q1(x) = {y − g−1(x)}ρ1(x)

and q2(x) = {y − g−1(x)}ρ′1(x)− ρ2(x), and ρj(x) = {dg−1(x)/dx}j/V {g−1(x)}. Denote qk(η̃i) by

qk{η̃(Vi;θ0, λ(β
0))}, k = 1, 2, i = 1, · · · , n. Let qk = (qk(η̃1), · · · , qk(η̃n))T and Wq2 be a diagonal

matrix with diagonal elements q2{η̃}. Define

U(β) = E[q2(η̃i)Di(β)Di(β)
T ], Û(β) =

1

n
D(β)TWq2D(β),

U(Z̃,β) = E[q2(η̃i)Di(Z̃,β)Di(Z̃,β)
T ], Û(Z̃,β) =

1

n
D(Z̃,β)TWq2D(Z̃,β)

(S.1)

where Di(β) = (Di,sl(βl)Gil, 1 ≤ s ≤ Jn, l = 0, 1)T and D(β) = (D1(β), · · · ,Dn(β))
T , which is a

n× 2Jn matrix.

Lemma S.1 If assumptions (A1), (A4), and (A5) hold, for any vector ζ = (ζT0 , ζ
T
1 )

T with ζl =

(ζs,l : 1 ≤ s ≤ Jn)
T and ||ζ l|| = 1, l = 0, 1, there exists constants 0 < cU < CU < ∞, such that for
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any θ ∈ Θ and for large enough n,

cUJ
−1
n ≤ ζTU(β)ζ ≤ CUJ

−1
n , and C−1

U Jn ≤ ζTU(β)−1ζ ≤ c−1
U Jn, (S.2)

sup
1≤s,s′≤Jn,0≤l≤1

∣∣∣∣∣n
−1

n∑

i=1

Di,sl(βl)Di,s′l(βl)− E[Di,sl(βl)Di,s′l(βl)]

∣∣∣∣∣

= O

(√
J−1
n n−1 log n

)
, a.s., (S.3)

sup
1≤s,s′≤Jn,l 6=l′

∣∣∣∣∣n
−1

n∑

i=1

Di,sl(βl)Di,s′l′(βl)−E[Di,sl(βl)Di,s′l′(βl)]

∣∣∣∣∣

= O
(
J−1
n

√
n−1 log n

)
, a.s., (S.4)

and with probability approaching 1,

cUJ
−1
n ≤ ζT Û(β)ζ ≤ CUJ

−1
n , and C−1

U Jn ≤ ζT Û(β)ζ ≤ c−1
U Jn. (S.5)

Proof of Lemma S.1: Lemma S.1 can be shown along the lines of Liu et al. (2016).

✷

Lemma S.2 Let assumptions (A1) and (A3)-(A5) be satisfied. For any θ ∈ Θ, ||n−1D(β)Tq1{η̃}||2 =

Op(n
−1/2).

Proof of Lemma S.2: By the law of large numbers, we have

||n−1D(β)Tq1{η̃}||22 =
∑

1≤s≤Jn,l=0,1

[
n−1

n∑

i=1

Bs,q(β
T
l Xi)Gilq1(η̃i)

]2

=n−1
∑

1≤s≤Jn,l=0,1

E
[
Bs,q(β

T
l Xi)Gilq1(η̃i)

]2
+ op(n

−1)

=Op(n
−1).

✷
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Lemma S.3 If assumptions (A1), (A4), and (A5) hold, there exists a constant 0 ≤ cD ≤ ∞, such

that for any θ ∈ Θ and for large enough n,

‖n−1Û(Z̃,β)−1D(Z̃,β)TWq21n‖∞ ≤ CD.

Proof of Lemma S.3: According to Assumptions (A4) and (A5), the proof of Lemma S.3 can be

completed as the same as Liu et al. (2016).

✷

Lemma S.4 If assumptions (A1)-(A5) hold, we have

(a) N → ∞ and nN−1 → ∞, as n → ∞,

|m̃0(ul,β
0)−ml(ul)| = Op(

√
N/n+N−r)

uniformly for any ul ∈ [al, bl];

(b) under N → ∞ and nN−3 → ∞, as n → ∞,

|m̃′
0(ul,β

0)−m′
l(ul)| = Op(

√
N3/n+N1−r)

uniformly for any ul ∈ [al, bl].

Proof of Lemma S.4: This Lemma can be proved by the similar argue of Lemma S.4 in Liu et

al. (2016).

✷

Let ζ̂k = n−1Û(β0)−1D(β0)TWq2X̄k, which is

ζ̂
X

k = argmin
ζX∈R2Jn

n∑

i=1

q2{η̃(Vi;θ0, λ(β
0))}(Xik −Di(β

0)ζX
k )2,

where X̄k = (X1k, · · · ,Xnk)
T . Let Pn(Xi) = Di(β

0)T ζ̂
X
, where ζ̂

X
= (ζ̂

X

1 , · · · , ζ̂X

p ) be a 2Jn × p
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matrix. Let Pn(Zi) = Di(β
0)T ζ̂

Z
with ζ̂

Z
= (ζ̂

Z

1 , · · · , ζ̂
Z

q ), where

ζ̂
Z

k = argmin
ζZ∈R2Jn

n∑

i=1

q2{η̃(Vi;θ0, λ(β
0))}(Zik −Di(β

0)ζZk )
2.

Furthermore, we define

Xm,i =(m′
0(X

T
i β

0
0)X

T
i ,m

′
1(X

T
i β

0
1)GiX

T
i )

T ,

Xm̂,i =(B′
r(X

T
i β̂0)

T λ̂0(θ̂)X
T
i ,B

′
r(X

T
i β̂1)

T λ̂1(θ̂)GiX
T
i )

T ,

Xm =(XT
m,1, · · · ,XT

m,n)
T ,

Xm̂ =(XT
m̂,1, · · · ,XT

m̂,n)
T .

and

P̃n(Xi) =(m′
0(X

T
i β

0
0)Pn(Xi)

T ,m′
1(X

T
i β

0
0)GiPn(Xi)

T )T ,

P̃n(Zi) =(Pn(Zi)
T , GiPn(Zi)

T )T ,

P̃(Xi) =(m′
0(X

T
i β

0
0)P(Xi)

T ,m′
1(X

T
i β

0
0)GiP(Xi)

T )T ,

P̃(Zi) =(P(Zi)
T , GiP(Zi)

T )T .

Lemma S.5 If assumptions (A1)-(A6) hold, and nN−4 → ∞ and nN−2r−2 → 0, as n → ∞. We

have

Di(β
0)T {λ̂(β̂)− λ} =n−1Di(β

0)T Û(β0)−1D(β0)Tq1{η̃}

− P̃(Xi)
T (β̂ − β0)− P̃(Zi)

T (α̂−α0)

+ op(‖β̂ − β0‖2) + op(‖α̂ −α0‖2) + op(n
−1/2).

(S.6)

Proof of Lemma S.5: λ(θ) can be solved by equation

0 = n−1
n∑

i=1

q1{η̃(Vi; θ̂, λ̂(β̂))}Di(β̂).
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Because Û(β0) = Op(J
−1
n ) and nN−2r−2 → 0, we have

0 =n−1
n∑

i=1

Di(β
0)q1{η̃i}

− n−1
n∑

i=1

q2{η̃i}Di(β
0)Di(β

0)T {(λ̂(β̂)− λ(β0)) + op(
√

N/n +N−r)}

− n−1
n∑

i=1

q2{η̃i}Di(β
0)XT

m̂,i{(β̂ − β0) + op(‖β̂ − β0‖2)}

− n−1
n∑

i=1

q2{η̃i}Di(β
0)Z̃

T
i {(α̂−α0) + op(‖α̂−α0‖2)}

=n−1D(β0)Tq1{η̃} − Û(β0)(λ̂(β̂)− λ(β0)) + op(
√

N/n +N−r)

− n−1D(β0)TWq2Xm̂{(β̂ − β0) + op(‖β̂ − β0‖2}

− n−1D(β0)TWq2Z̃{(α̂−α0) + op(‖α̂−α0‖2)}+ op(n
−1/2),

where Wq2 is a diagonal matrix with diagonal elements q2{η̃}. Thus, we have

Di(β
0)T {λ̂(β̂)− λ(β0)}

=n−1Di(β
0)T Û(β0)−1D(β0)Tq1{η̃}

− n−1Di(β
0)T Û(β0)−1D(β0)TWq2Xm̂{(β̂ − β0) + op(‖β̂ − β0‖2}

− n−1Di(β
0)T Û(β0)−1D(β0)TWq2Z̃{(α̂ −α0) + op(‖α̂−α0‖2}+ op(n

−1/2).

(S.7)

By the same arguments of Liu et al. (2016), we have

n−1Di(β
0)T Û(β0)−1D(β0)TWq2{m′

0(X
T
i β

0
0)X

T
i }ni=1 = m′

0(X
T
i β

0
0)Pn(Xi) +Op(J

1−r
n ),

n−1Di(β
0)T Û(β0)−1D(β0)TWq2{m′

1(X
T
i β

0
1)X

T
i Gi}ni=1 = m′

1(X
T
i β

0
1)GiPn(Xi) +Op(J

1−r
n ),

which are followed by

Di(β
0)T Û(β0)−1D(β0)TWq2Xm̂ = P̃n(Xi) +Op(J

1−r
n ).

6



By the same argument, we have

Di(β
0)T Û(β0)−1D(β0)TWq2Z̃ = P̃n(Zi) +Op(J

1−r
n ).

We can show that ‖Pn(Xi)−P(Xi)‖∞ = Op(
√

N/n+N−r) and ‖Pn(Zi)−P(Zi)‖∞ = Op(
√

N/n+

N−r) which implies that P̃n(Xi) = P̃(Xi)+Op(
√

N/n+N−r) and P̃n(Zi) = P̃(Zi)+Op(
√

N/n+

N−r) Therefore, with (S.7), this arrives at the result of Lemma S.5.

✷

Lemma S.6 If assumptions (A1)-(A6) hold, and nN−4 → ∞ and nN−2r−2 → 0, as n → ∞. We

have

θ̂ − θ0 = {E[φ(V,β0)⊗2]}−1n−1/2
n∑

i=1

Ψi(Z,X)q1{η̃i}(1 +Op(J
1−r
n )) + op(n

−1/2) (S.8)

where

Ψi(Z,X) = q2{η̃i}




Z̃i − P̃(Zi)

Xm̂,i − P̃(Xi)


 .

Proof of Lemma S.6: Denote by τ0 and τ1 Lagrange multipliers. The estimates of β can be

obtaining by solving

0 =



τ0β̂0

τ1β̂1


+ n−1

n∑

i=1

q1{η̃(Vi; θ̂, λ̂(β̂))}




D′
i(β̂)

T λ̂0(β̂)Xi

D′
i(β̂)

T λ̂1(β̂)GiXi


 .
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Denote qj{η̃i} by qj{η̃(Vi;θ
0, λ(β0))}, j = 1, 2, i = 1, · · · , n. We have

0 =



τ0β̂0

τ1β̂1


+ n−1

n∑

i=1

q1{η̃i}Xm̂,i

− n−1
X
T
m̂Wq2Xm{(β̂ − β0) + op(‖β̂ − β0‖2)}

− n−1
X
T
m̂Wq2Z̃{(α̂−α0) + op(‖α̂−α0‖2)}

− n−1
n∑

i=1

q2{η̃i}Xm̂,iDi(β
0)T {λ̂(β̂)− λ(θ0) + op(

√
N/n +N−r)}

=



τ0β̂0

τ1β̂1


+ n−1

X
T
m̂q1{η̃} − n−1

X
T
m̂Wq2Xm{(β̂ − β0) + op(‖β̂ − β0‖2)}

− n−1
X
T
m̂Wq2Z̃{(α̂−α0) + op(‖α̂−α0‖2)}

− n−2
n∑

i=1

q2{η̃i}Xm̂,iDi(β
0)T Û(β0)−1D(β0)Tq1{η̃}

+ n−1
n∑

i=1

q2{η̃i}Xm̂,iP̃(Xi)
T {(β̂ − β0) + op(‖β̂ − β0‖2)}

+ n−1
n∑

i=1

q2{η̃i}Xm̂,iP̃(Zi)
T {(α̂−α0) + op(‖α̂−α0‖2)}

=



τ0β̂0

τ1β̂1


− n−1

n∑

i=1

q2{η̃i}Xm̂,i

[
Xm,i − P̃(Xi)

]T
{(β̂ − β0) + op(‖β̂ − β0‖2)}

− n−1
n∑

i=1

q2{η̃i}Xm̂,i

[
Z̃i − P̃(Zi)

]T
{(α̂−α0) + op(‖α̂ −α0‖2)}

+ n−1
X
T
m̂q1{η̃} − n−2

n∑

j=1

q1{η̃j}Dj(β
0)Û(β0)−1

n∑

i=1

q2{η̃i}Di(β
0)TXm̂,i + op(n

−1/2),

=



τ0β̂0

τ1β̂1


− n−1

n∑

i=1

q2{η̃i}Xm̂,i

[
Xm,i − P̃(Xi)

]T
{(β̂ − β0) + op(‖β̂ − β0‖2)}

− n−1
n∑

i=1

q2{η̃i}Xm̂,i

[
Z̃i − P̃(Zi)

]T
{(α̂−α0) + op(‖α̂ −α0‖2)}

+ n−1
n∑

i=1

[
Xm̂,i − P̃(Xi)

]
q1{η̃i}{1 +Op(J

1−r
n )}+ op(n

−1/2).
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By the same way, the estimates of α solve

0 = n−1
n∑

i=1

q1{η̃(Vi; θ̂, λ̂(β̂))}Z̃i.

And then, we obtain

0 =n−1
n∑

i=1

q1{η̃i}Z̃i

− n−1Z̃
T
Wq2Xm̂{(β̂ − β0) + op(‖β̂ − β0‖2)}

− n−1Z̃
T
Wq2Z̃{(α̂−α0) + op(‖α̂−α0‖2)}

− n−1
n∑

i=1

q2{η̃i}Z̃iDi(β
0)T {λ̂(β̂)− λ+ op(

√
N/n +N−r)}

=n−1Z̃
T
q1{η̃} − n−1Z̃

T
Wq2Xm̂{(β̂ − β0) + op(‖β̂ − β0‖2)}

− n−1Z̃
T
Wq2Z̃{(α̂−α0) + op(‖α̂−α0‖2)}

− n−2
n∑

i=1

q2{η̃i}Z̃iDi(β
0)T Û(β0)−1D(β0)T e

+ n−1
n∑

i=1

q2{η̃i}Z̃iP̃(Xi)
T {(β̂ − β0) + op(‖β̂ − β0‖2)}

+ n−1
n∑

i=1

q2{η̃i}Z̃iP̃(Zi)
T {(α̂−α0) + op(‖α̂−α0‖2)}

=− n−1
n∑

i=1

q2{η̃i}Z̃i

[
Xm̂,i − P̃(Xi)

]T
{(β̂ − β0) + op(‖β̂ − β0‖2)}

− n−1
n∑

i=1

q2{η̃i}Z̃i

[
Z̃i − P̃(Zi)

]T
{(α̂−α0) + op(‖α̂ −α0‖2)}

+ n−1Z̃
T
q1{η̃} − n−2

n∑

j=1

q1{η̃j}Dj(β
0)Û(β0)−1

n∑

i=1

q2{η̃i}Di(β
0)T Z̃i + op(n

−1/2),

=− n−1
n∑

i=1

q2{η̃i}Z̃i

[
Xm̂,i − P̃(Xi)

]T
{(β̂ − β0) + op(‖β̂ − β0‖2)}

− n−1
n∑

i=1

q2{η̃i}Z̃i

[
Z̃i − P̃(Zi)

]T
{(α̂−α0) + op(‖α̂ −α0‖2)}

+ n−1
n∑

i=1

[
Z̃i − P̃(Zi)

]
q1{η̃i}{1 +Op(J

1−r
n )}+ op(n

−1/2),
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which arrives




0

τ0β̂0

τ1β̂1




+ n−1
n∑

i=1

q2{η̃i}




Z̃i

Xm̂,i







Z̃i − P̃(Zi)

Xm̂,i − P̃(Xi)




T

{(θ̂ − θ0) + op(‖θ̂ − θ0‖2)}

= n−1
n∑

i=1




Z̃i − P̃(Zi)

Xm̂,i − P̃(Xi)


 q1{η̃i}{1 +Op(J

1−r
n )}+ op(n

−1/2).

Let

Pβ ≡




I 0 0

0 I − β̂0β̂
T

0 0

0 0 I − β̂1β̂
T

1




=




I 0 0

0 I − β0
0(β

0
0)

T 0

0 0 I − β0
1(β

0
1)

T




+ op(1).

We have, by the constraints ‖β0‖2 = 1 and ‖β1‖2 = 1,

n−1Pβ

n∑

i=1

q2{η̃i}




Z̃i

Xm̂,i







Z̃i − P̃(Zi)

Xm̂,i − P̃(Xi)




T

{(θ̂ − θ0) + op(‖θ̂ − θ0‖2)}

= n−1Pβ

n∑

i=1




Z̃i − P̃(Zi)

Xm,i − P̃(Xi)


 q1{η̃i}{1 +Op(J

1−r
n )}+ op(n

−1/2).

Because ‖Xm̂,i −Xm,i‖ = Op(
√

N3/n+N1−r), we have, by the law of large numbers,

n−1
n∑

i=1

q2{η̃i}




Z̃i

Xm̂,i







Z̃i − P̃(Zi)

Xm,i − P̃(Xi)




T

= E[ρ2{η(V,θ0)}φ(V,β)⊗2]+Op(
√

N3/n+N1−r)+Op(n
−2).

This completes the proof of Lemma S.6.

✷

Proof of Theorem 1: Due to independence of the observationsV1, · · · ,Vn, we have, by Lindeberg-

10



Feller central limit theorem,

n−1/2
n∑

i=1




Z̃i − P̃(Zi)

Xm,i − P̃(Xi)


 q1{η̃i} L→ N(0, Σ̃),

where Σ = E
[
ρ2{η(V,θ0)}φ(V,β0)⊗2

]
. Then combining Lemma S.6 and Slusky’s theorem, we

can complete the proof of Theorem 1. ✷

Proof of Theorem 2: Because for any ul ∈ [al, bl], Bs,l(ul), s = 1, · · · , Jn, l = 0, 1, have the

banded first derivatives, by (S.9) and Theorem 1, we have, for any ul ∈ [al, bl],

|m̃l(ul, β̂)− m̃l(ul,β
0)| =|D(β̂)T λ̂(β̂)−D(β0)Tλ(β0)|

≤|D(β0)T {λ̂(β̂)− λ(β0)}| + |{D(β̂)−D(β0)}T λ̂(β̂)|

≤|n−1D(β0)T Û(β0)−1D(β0)Tq1{η̃}|+Op(n
−1/2)

=Op(
√

N/n).

Then, we have, together with Lemma S.4,

sup
ul∈[al,bl]

|m̃l(ul, β̂)−ml(ul)| ≤ sup
ul∈[al,bl]

|m̃l(ul, β̂)− m̃l(ul,β
0)|+ sup

ul∈[al,bl]
|m̃l(ul,β

0)−ml(ul)|

=Op(
√

N/n+N−r).

This completes the proof of Theorem 2. ✷

Lemma S.7 If assumptions (A1)-(A7) hold, and nN−4 → ∞ and nN−2r−2 → 0, as n → ∞. We

have

sup
ul∈[al,bl]

∣∣∣m̂O
l (ul, β̂)−ml(ul)

∣∣∣ = Op(n
−2/5

√
log(n)),

and for any ul ∈ [al, bl],

√
nhl

{
m̂O

l (ul, β̂)−ml(ul)− bl(ul)h
2
l

}
L→ N(0, vl(ul)),

11



where bl(ul) = µ1m
′′
l (ul)/2, vl(ul) = {E[G̃2

l |ul]}−2‖K‖22E[G̃2
l σ

2(v)|ul]fl(ul)−1, G̃0 = 1, and G̃1 =

G.

Proof of Lemma S.7: Let

X̃(β1) ≡ X̃(u1,β1) =




G1 · · · Gn

(βT
1 X1 − u1)Gi/h1 · · · (βT

1 Xn − u1)Gn/h1




T

,

W̃
O
qj(θ) ≡ W̃

O
qj(u1,θ) = diag

{
qj{ηO−1,1}Kh1

(βT
1 X1 − u1), · · · , qj{ηO−1,n}Kh1

(βT
1 Xn − u1)

}
,

where qj{ηO−1,i} = qj{ηO−1(Vi; a, b,θ)} with ηO−1(Vi; a, b,θ) = αT
0 Zi + m0(β

T
0 Xi) + αT

1 Zi + aGi +

b(βT
1 Xi − u1)Gi and j = 1, 2, i = 1, · · · , n. The estimate (âO, b̂O) solves equation

0 = n−1
n∑

i=1

q1{η̂O−1(Vi; â
O, b̂O, θ̂)}




Gi

(β̂
T

1 Xi − u1)Gi/h1


Kh1

(β̂
T

1 Xi − u1).

Thus,

m̂O
1 (u1, β̂) = (1, 0){X̃(β̂1)

TW̃
O
q2(θ̂)X̃(β̂1)}−1X̃(β̂1)

TW̃
O
q1(θ̂)(1 + op(1)).

Because ‖θ̂ − θ0‖ = Op(n
−1/2) by Theorem 1, we can prove that, for any ul ∈ [al, bl], l = 0, 1,

X̃(β̂1) = X̃(β0
1) +Op(n

−1/2) and W̃
O
qj(θ̂) = W̃

O
qj(θ

0) +Op(n
−1/2), which implies that

sup
ul∈[al,bl]

∣∣∣m̂O
l (ul, β̂)− m̂O

l (ul,β
0)
∣∣∣ = Op(n

−1/2). (S.9)

Along the lines of Theorem 2.5 and 2.6 in Li and Racine (2007), we have

sup
ul∈[al,bl]

∣∣m̂O
l (ul,β

0)−ml(ul)
∣∣ = Op(n

−2/5
√

log(n)),
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which implies that

sup
ul∈[al,bl]

∣∣∣m̂O
l (ul, β̂)−ml(ul)

∣∣∣ ≤ sup
ul∈[al,bl]

∣∣∣m̂O
l (ul, β̂)− m̂O

l (ul,β
0)
∣∣∣+ sup

ul∈[al,bl]

∣∣m̂O
l (ul,β

0)−ml(ul)
∣∣

=Op(n
−1/2) +Op(n

−2/5
√

log(n))

=Op(n
−2/5

√
log(n)),

Therefore, this arrives the first part of Lemma S.7, and

√
nhl

{
m̂O

l (ul,β
0)−ml(ul)− bl(ul)h

2
l

} L→ N(0, vl(ul)).

By combining (S.9) and the asymptotic normality of m̂O
l (u1,β

0), we can prove the second part.

✷

Let ℓ̂(a, b) =
∑n

i=1 Q(g−1{η̂−1(Vi; a, b)}, Yi)Kh1
(β̂

T

1 Xi − u1), where η̂−1(Vi; a, b) = α̂T
1 Zi +

m̃0(β̂
T

0 Xi, β̂)+aGi+b(β̂
T

1 Xi−u1)Gi. Let ℓ̃(a, b) =
∑n

i=1Q(g−1{η̂O−1(Vi; a, b)}, Yi)Kh1
(β̂

T

1 Xi−u1),

where η̂O−1(Vi; a, b) = α̂T
1 Zi +m0(β̂

T

0 Xi, β̂) + aGi + b(β̂
T

1 Xi − u1)Gi

Lemma S.8 Suppose that assumptions (A.1)-(A.7) in the Appendix hold, and nN−4 → ∞ and

nN−δ → 0 with δ = min(2r + 2, 5r/2), then we have

sup
u1∈[a1,b1]

|ℓ̂′(âO, b̂O)| = Oa.s.(n
−1/2 log n).

Proof of Lemma S.8: We only prove the case of l = 1, that is, consider âO = β̂1(u) and

b̂O = β̂′
1(u) in oracle case. Recall ℓ̃′(âO, b̂O) = 0. We have

ℓ̂′(âO, b̂O) =ℓ̂′(âO, b̂O)− ℓ̃′(âO, b̂O)

=
1

n

n∑

i=1

[
q1{η̂−1(Vi; â

O, b̂O, α̂)} − q1{η̂O−1(Vi; â
O, b̂O, α̂)}

]
Xi,1Kh1

(ui − u)

=
1

n

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}

[
β̃−1(ui)− β−1(ui)

]T
Xi,−1Xi,1Kh1

(ui − u)

+Oa.s.(
1

n

n∑

i=1

p∑

l=2

(β̃1(ui)− β1(ui))
2)

13



By Lemma S.5, we have 1
n

∑n
i=1

∑p
l=2(β̃l(ui) − βl(ui))

2 = Oa.s.(N/n + N−2r). Let β̄−1(u) =

(β̄2(u), · · · , β̄p(u))T with β̄2(u) being defined in Lemma S.5. Thus, we can rewrite

ℓ̂′(âO, b̂O) = An +Bn +Oa.s.(N/n +N−2r),

where

An =
1

n

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}

[
β̃−1(ui)− β̄−1(ui)

]T
Xi,−1Xi,1Kh1

(ui − u),

Bn =
1

n

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}

[
β̄−1(ui)− β−1(ui)

]T
Xi,−1Xi,1Kh1

(ui − u).

Noting that q2(·) is bounded, by Lemma S.5, we have

Bn ≤C

p∑

l=2

|β̄−1(ui)− β−1(ui)|‖
1

n

n∑

i=1

Xi,−1Xi,1Kh1
(ui − u)‖

=Oa.s.(
√

N/n +N−r).

Define Φb = (φT
b,1, · · · , φT

b,p)
T , Φv = (φT

v,1, · · · , φT
v,p)

T and Φr = (φT
r,1, · · · , φT

r,p)
T , where

Φb =U−1 1

n

n∑

i=1

[q1{η̃(Vi; α̂, λ)} − q1{η(Vi, α)}]Di,

Φv =U−1 1

n

n∑

i=1

q1{η(Vi, α)}Di,

Φr =λ̂− λ−Φb −Φv.

Along the line of proof in Liu eta al. (2013), and by Lemma S.1 and Lemma S.2, we can prove that

‖Φb‖2 = Oa.s.(N
−r) and ‖Φr‖2 = Oa.s.(N

3/2n−1). We can decompose An = A1n + A2n + A2n,

14



where

A1n =
1

n

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}(φT

b,lBr(ui), l = 2, · · · , p)TXi,−1Xi,1Kh1
(ui − u)

A2n =
1

n

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}(φT

v,lBr(ui), l = 2, · · · , p)TXi,−1Xi,1Kh1
(ui − u)

A3n =
1

n

n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}(φT

r,lBr(ui), l = 2, · · · , p)TXi,−1Xi,1Kh1
(ui − u).

Applying Cauchy-Schwarz inequality, we have

sup
u1∈[a1,b1]

|A1n| ≤C sup
u1∈[a1,b1]

1

n

n∑

i=1

|(φT
b,lBr(ui), l = 2, · · · , p)TXi,−1Xi,1Kh1

(ui − u)|

≤C sup
u1∈[a1,b1]

‖Φb‖2


 ∑

2≤l≤p,1≤s≤Jn

[
1

n

n∑

i=1

|Bs,r(ui)Xi,lXi,1|Kh1
(ui − u)]2



1/2

=C sup
u1∈[a1,b1]

‖Φb‖2JnOa.s.(J
−1
n )

=Oa.s.(N
−r),

and similarly, supu1∈[a1,b1] |A3n| = Oa.s.(N
3/2n−1). Let ζl,1(u) = (ζ1,l,1, · · · , ζJn,l,1)

T with

ζs,l,1(u) = n−1
n∑

i=1

q2{η̂O−1(Vi; â
O, b̂O, α̂)}Xi,1Kh1

(ui − u)Bs,r(ui)
TXi,l, l = 2, · · · , p.

By Lemma A.2 in Xia and Li (1999), we have

sup
u1∈[a1,b1]

|ζs,l,1(u)− E{ζs,l,1(u)}| = Oa.s.(
√

log n/(nh)).

By de Boor (2001), we have, for any u1 ∈ [a1, b1],

|E{ζs,l,1(u)}| =|E{Kh1
(ui − u)E[q2{η̂O−1(Vi; â

O, b̂O, α̂)}Xi,1Bs,r(ui)
TXi,l|ui]}|

≤µ0f(u)|E{Xi,1Xi,2|ui = u}||E[Bs,r(ui)]|+O(h22)O(|E[Br(ui)]|)

=O(J−1
n ),
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which implies that |ζs,l,1(u)| = O(J−1
n ). It is easy can be shown further that

supu1∈[a1,b1]max1≤s≤Jn,1≤l≤p |ζs,l,1(u)| = Oa.s.(J
−1/2
n ). Define Φv,−1 = (φT

v,2, · · · , φT
v,p)

T . By the

definition of A2n, we have A2n = ζ1(u)
TΦv,−1, which implies that

sup
u1∈[a1,b1]

E (A2n|X,Z, U)2

= sup
u1∈[a1,b1]

E
(
ζ1(u)

TΦv,−1Φ
T
v,−1ζ1(u)|X,Z, U

)

= sup
u1∈[a1,b1]

ζ1(u)
TE

(
Φv,−1Φ

T
v,−1|X,Z, U

)
ζ1(u)

≤ sup
u1∈[a1,b1]

‖ζ1(u)‖22‖E
(
ΦvΦ

T
v |X,Z, U

)
‖∞)

= sup
u1∈[a1,b1]

n−2‖ζ1(u)‖22‖Û
−1

DTE
(
q2{η̂O−1(Vi; â

O, b̂O, α̂)}⊗2|X,Z, U
)
DÛ

−1‖2

≤Cq2 sup
u1∈[a1,b1]

n−1‖ζ1(u)‖22‖Û
−1‖2

=Oa.s.(n
−1).

Therefore, by the law of large numbers, we have supu1∈[a1,b1] |A2n| = Oa.s.(n
−1/2 log n).

✷

Lemma S.9 If assumptions (A.1)-(A.7) in the Appendix hold, and nN4 → ∞ and nN−δ → 0 with

δ = min(2r + 2, 5r/2),

sup
u1∈[a1,b1]

‖ℓ̂′′(a, b)‖2 = Oa.s.(1),

for any (a, b) ∈ A.

Proof of Lemma S.9: Let X̃i1(u) = (Xi,1, (Ui − u)Xi,1/h1)
T . According to the boundedness of
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q2(·) and the law of large numbers, we have

ℓ̂′′(a, b) =
1

n

n∑

i=1

q2{η̂−1(Vi; a, b, α̂)}X̃i1(u)
⊗2Kh1

(ui − u)

=E
[
q2{η̂−1(Vi; a, b, α̂)}X̃i1(u)

⊗2Kh1
(ui − u)

]
+Oa.s.(1)

=Oa.s.(1).

✷

Lemma S.10 Suppose that assumptions (A.1)-(A.7) in the Appendix hold, and nN4 → ∞ and

nN−δ → 0 with δ = min(2r + 2, 5r/2), then we have, for l = 1, · · · , p,

sup
u1∈[a1,b1]

|β̂l(u, α̂)− β̂O
l (u, α̂)| = Oa.s.(n

−1/2 log n),

where β̂l(u, α̂) and β̂O
l (u, α̂) denotes β̂l(u) and β̂O

l (u), respectively.

Proof of Lemma S.10: Noting that ℓ̂′(â, b̂) = 0, by the mean value theorem, there exists a

(ā, b̄) ∈ A between (â, b̂) and (âO, b̂O) such that

−ℓ̂′(âO, b̂O) = ℓ̂′(â, b̂)− ℓ̂′(âO, b̂O) = ℓ̂′′(ā, b̄)
[
(â, b̂)T − (âO, b̂O)T

]
,

which follows by

(â, b̂)T − (âO, b̂O)T = −ℓ̂′′(ā, b̄)−1ℓ̂′(âO, b̂O).

Combining Lemma S.8 and Lemma S.9, we have (â, b̂)T − (âO, b̂O)T = Oa.s.(n
−1 log n), which

proves Lemma S.10 by noting β̂l(u, α̂)− β̂O
l (u, α̂) = (1, 0)

[
(â, b̂)T − (âO, b̂O)T

]
.

✷

Proof of Theorem 4: Due to nh5l = O(1), we have
√
nhln

−2/5 = oo(1). By Theorem 3, we have

√
nhl

{
m̂l(ul, β̂)−ml(ul)− bl(ul)h

2
l

}
=

√
nhl

{
m̂O

l (ul, β̂)−ml(ul)− bl(ul)h
2
l

}
+ op(1).
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Thus Theorem 4 can be shown straightforwardly by Lemma S.7. ✷

Assume m0(u0) be known, similar to Liu et al. (2016). Let m̂O
1,H0

(u1) and m̂O
1,H1

(u1) be the

estimates under H0 and H1 in hypothesis test (9), respectively. The log-likelihoods under H0 and

H1 are

ℓOn1(H0) =

n∑

i=1

Q(g−1{η̂OH0
(Vi; θ̂)}, Yi) and ℓOn1(H1) =

n∑

i=1

Q(g−1{η̂OH1
(Vi; θ̂)},Yi),

where

η̂OH0
(Vi; θ̂) =α̂T

Z̃i +m0(β̂
T

0 Xi) + m̂O
1,H0

(β̂
T

1 Xi)Gi,

η̂OH1
(Vi; θ̂) =α̂T

Z̃i +m0(β̂
T

0 Xi) + m̂O
1,H1

(β̂
T

1 Xi)Gi.

When m0(u0) is known, we can construct GLR statistic for hypothesis in (9) ,

TO
1 = 2(ℓOn1(H1)− ℓOn1(H0)). (S.10)

Lemma S.11 If assumptions (A.1)-(A.7) hold, and nN4 → ∞ and nN−2r−2 → 0, then under H0

in (9), when m0(u0) is known, and m01(u1) is a linear function,

σ−1
2n (T

O
1 − µ2n)

L→ N(0, 1),

where σ2
2n = 2|Ω2|

∫ {
K(u)− 1/2K ∗K2(u)

}2
du/h1 and µ2n = |Ω2|

{
K(0)− 1

2

∫
K2(u)du

}
/h1.

Furthermore, aKTO
1

a∼ χ2
d2
, where d2 = aKµ2n.

Proof of Lemma S.11: Let

ℓ∗n1(H0) =

n∑

i=1

Q(g−1{η̂∗H0
(Vi; θ̂)}, Yi)

ℓ∗n1(H1) =

n∑

i=1

Q(g−1{η̂∗H1
(Vi; θ̂)}, Yi),

T ∗
1 =2(ℓ∗n1(H1)− ℓ∗n1(H0)),
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where

η̂∗H0
(Vi; θ̂) =Z̃

T
i α

0 +m0(X
T
i β

0
0) + m̂O

1,H0
(XT

i β
0
1)Gi,

η̂∗H1
(Vi; θ̂) =Z̃iα

0 +m0(X
T
i β

0
0) + m̂O

1,H1
(XT

i β
0
1)Gi,

Then we have

ℓOn1(H0)− ℓ∗n1(H0) =

n∑

i=1

q1(η̂
∗
H0

(Vi; θ̂))
{
η̂OH0

(Vi; θ̂)− η̂∗H0
(Vi; θ̂)

}

− 1/2

n∑

i=1

q2(η̂
∗
H0

(Vi; θ̂))
{
η̂OH0

(Vi; θ̂)− η̂∗H0
(Vi; θ̂)

}2

= Op(1),

and

ℓOn1(H1)− ℓ∗n1(H1) =

n∑

i=1

q1(η̂
∗
H1

(Vi; θ̂))
{
η̂OH1

(Vi; θ̂)− η̂∗H1
(Vi; θ̂)

}

− 1/2

n∑

i=1

q2(η̂
∗
H1

(Vi; θ̂))
{
η̂OH1

(Vi; θ̂)− η̂∗H1
(Vi; θ̂)

}2

= Op(1),

This results in ℓOn1(H1)− ℓOn1(H0) = ℓ∗n1(H1)− ℓ∗n1(H0) +Op(1). So we have TO
1 = T ∗

1 +Op(1). By

the similar arguments of Fan et al. (2001), we can prove σ−1
2n (T

∗
1 − µ2n)

L→ N(0, 1), which implies

the results of Lemma S.11. ✷

Proof of Theorem 5: As the same proof of Lemma S.11, we have

ℓn1(H0)− ℓOn1(H0) =

n∑

i=1

q1(η̂
O
H0

(Vi; θ̂))
{
η̂H0

(Vi; θ̂)− η̂OH0
(Vi; θ̂)

}

− 1/2
n∑

i=1

q2(η̂
O
H0

(Vi; θ̂))
{
η̂H0

(Vi; θ̂)− η̂OH0
(Vi; θ̂)

}2

= Op(1),
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and

ℓn1(H1)− ℓOn1(H1)

=
n∑

i=1

q1(η̂
O
H1

(Vi; θ̂))
{
η̂H1

(Vi; θ̂)− η̂OH1
(Vi; θ̂)

}

− 1/2

n∑

i=1

q2(η̂
O
H1

(Vi; θ̂))
{
η̂H1

(Vi; θ̂)− η̂OH1
(Vi; θ̂)

}2

= Op(1).

Therefore we can show ℓn1(H1) − ℓn1(H0) = ℓOn1(H1) − ℓOn1(H0) + Op(1), and furthermore T1 =

TO
1 + o(1), which implies that T1 and TO

1 have the same distribution. This completes the proof of

Theorem 5 by Lemma S.11. ✷

Proof of Theorem 6: Let

ℓOn2(H0) =
n∑

i=1

Q(g−1{η̂O2,H0
(Vi; θ̂)}, Yi),

ℓOn2(H1) =

n∑

i=1

Q(g−1{η̂O2,H1
(Vi; θ̂)}, Yi),

ℓ∗n2(H0) =

n∑

i=1

Q(g−1{η̂∗2,H0
(Vi; θ̂)}, Yi)

ℓ∗n2(H1) =
n∑

i=1

Q(g−1{η̂∗2,H1
(Vi; θ̂)}, Yi),

TO
2 =2(ℓOn2(H1)− ℓOn2(H0)),

T ∗
2 =2(ℓ∗n2(H1)− ℓ∗n2(H0)),

where Z̃i = (ZT
i ,Z

T
i Gi1,Z

T
i Gi2)

T and

η̂O2,H0
(Vi; θ̂) =Z̃

T
i α̂+m0(X

T
i β̂0) + m̂O

1,H0
(XT

i β̂1)Gi1 + m̂O
2,H0

(XT
i β̂2)Gi2,

η̂O2,H1
(Vi; θ̂) =Z̃

T
i α̂+m0(X

T
i β̂0) + m̂O

1,H1
(XT

i β̂1)Gi1 + m̂O
2,H1

(XT
i β̂2)Gi2,

η̂∗2,H0
(Vi; θ̂) =Z̃

T
i α

0 +m0(X
T
i β

0
0) + m̂O

1,H0
(XT

i β
0
1)Gi1 + m̂O

2,H0
(XT

i β
0
2)Gi2,

η̂∗2,H1
(Vi; θ̂) =Z̃iα

0 +m0(X
T
i β

0
0) + m̂O

1,H1
(XT

i β
0
1)Gi1 + m̂O

2,H1
(XT

i β
0
2)Gi2.
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By the same arguments of the proof of Lemma S.11, we can prove that ℓOn2(H1) − ℓOn2(H0) =

ℓ∗n1(H2)− ℓ∗n2(H0)+Op(1), and furthermore, TO
2 = T ∗

2 +op(1). By the same arguments of the proof

of Theorem 5, we have ℓn2(H1) − ℓn2(H0) = ℓOn2(H1) − ℓOn2(H0) + Op(1), and T2 = TO
2 + o(1). It

remains to show that σ−1
n (T ∗

2 − µn)
L→ N(0, 1), which can be proved by the similar arguments of

Liu et al. (2014) and Liu et al. (2016). ✷

Proof of Theorem 7: Let Bn = AΓ−1
n AT , and

Γn =
n∑

i=1

q2(η(Vi;θ
0))Ψ̂i(X,Z)Ψ̂i(X,Z)T , with Ψ̂i(X,Z) =



Xm̂,i − P̃n(Xi)

Z̃i − P̃n(Zi)


 .

By Lemma S.5, T3 can be decomposed as

2(ℓn3(H1)− ℓn3(H0)) =2

n∑

i=1

q1(η̂3,H0
(Vi; θ̂))

{
η̂3,H1

(Vi; θ̂)− η̂3,H0
(Vi; θ̂)

}

−
n∑

i=1

q2(η̂3,H0
(Vi; θ̂))

{
η̂3,H1

(Vi; θ̂)− η̂3,H0
(Vi; θ̂)

}2
+ op(1)

=2
n∑

i=1

q1(η̂
O
3,H0

(Vi; θ̂))
{
η̂O3,H1

(Vi; θ̂)− η̂O3,H0
(Vi; θ̂)

}

−
n∑

i=1

q2(η̂
O
3,H0

(Vi; θ̂))
{
η̂O3,H1

(Vi; θ̂)− η̂O3,H0
(Vi; θ̂)

}2
+ op(1)

=(θ̂H0
− θ̂H1

)TΓn(θ̂H0
− θ̂H1

) + op(1),

where

η̂3,H0
(Vi; θ̂) = m̂0(β̂

T

0,H0
Xi, θ̂H0

) + α̂T
0,H0

Zi + (m̂1(β̂
T

1,H0
Xi, θ̂H0

) + α̂T
1,H0

Zi)Gi,

η̂3,H1
(Vi; θ̂) = m̂0(β̂

T

0,H1
Xi, θ̂H1

) + α̂T
0,H1

Zi + (m̂1(β̂
T

1,H1
Xi, θ̂H1

) + α̂T
1,H1

Zi)Gi,

η̂O3,H0
(Vi; θ̂) = m̂O

0 (β̂
T

0,H0
Xi, θ̂H0

) + α̂T
0,H0

Zi + (m̂O
1 (β̂

T

1,H0
Xi, θ̂H0

) + α̂T
1,H0

Zi)Gi,

η̂O3,H1
(Vi; θ̂) = m̂O

0 (β̂
T

0,H1
Xi, θ̂H1

) + α̂T
0,H1

Zi + (m̂O
1 (β̂

T

1,H1
Xi, θ̂H1

) + α̂T
1,H1

Zi)Gi.
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It is not difficult to see that the relation θ̂H0
= θ̂H1

+ Γ−1
n ATB−1

n (γ −Aθ̂H1
), which results in

T3 =
(
γ −Aθ̂H1

)T
B−1

n AΓ−1
n

n∑

i=1

Ψ̂i(X,Z)⊗2Γ−1
n ATB−1

n

(
γ −Aθ̂H1

)
+ op(1)

=
(
γ −Aθ̂H1

)T
B−1

n

(
γ −Aθ̂H1

)
+ op(1)

As the same arguments of Liu et al. (2016), we have T3
L→ χ2

k under null hypothesis, and T3 asymp-

totically follows a noncentral Chi-squared distribution with k degrees of freedom and noncentrality

parameter φ under alternative. This completes the proof of Theorem 7. ✷
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