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Summary

This Supplementary file contains two sections. The numeric algorithm is given in the first Section.

The second Section gives the detailed proofs of Lemmas and Theorems.

1 Algorithm

In this section, we give the details of our algorithm.

Algorithm.

old)

e Step 0. Choose initial values for 3;, denoted by Bl( , 1=0,1.

Z(Old), and B, (u;), I =0, 1.

Step 1. Calculate u; = X3

Step 2. Update a and X(,B) by minimizing:

@’ XB)T = argmin  £,(0,\(B)),
ac®y \eR2In

where ¢,,(0,\(3)) is defined in (2.4) in the paper.

Step 3. Update ,Bl(dd) by ,Bl(Old) = ﬁlnew)/”,@l(new)Hg, [ =0,1, where

~(new . - ~
)= argmin £, (@7, 87)" X(8)).
ﬂ€@ﬁ

Step 4. Repeat Steps 1-3 until convergence. This gives the whole parametric estimator

8= (&7, 8")T and A (8), which results in 7o(3; X, 3), I =0, 1.
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e Step 5. Given the parametric estimator 0 in Step 4, calculate n_1(V;;a,b) = agzi +
ST ~T
mi1(By Xs, B) + aG; + b(B, X; — u1)G;, and then solve following minimization problem to

~

obtain local linear estimator mq(u1,3) = @,

SN L e ~T
(@,b) = argmin Y~ Qg™ {7-1(Vi;a,b)}, Vi) K, (B1 X — wn).
a i=1

)

o~

As the same way, compute m1(ug, 3) by calculating 771 (V;;a,b) = a—f—b(,@gXi —up)+a Zi+
PN AN
(171 (B1 X, B) + &1 Z:)Gi.

Remark S1: Unlike the algorithms proposed by Carroll et al. (1997) and Cui et al. (2011),
we do not need to calculate iteratively parameter and non-parameter based on kernel estimation.
Thus, it is much faster than their algorithm. In Step 3, the Newton-Raphson algorithm is used to

calculate 3.

2 Proofs

Let m(V;,B) = mo(Vi, By) + m1(Vy, 81)Gi and m = (m(Vy,8), -+ ,m(V,,8))T. Denote X =
(X, X)), Z = (Zy,-++ ,Z,)", G = (Gy1,---,Gp)T, and G = (1,,G). Let ® be the para-
metric space of 0. Let gj(z) = (87 /027)Q{g (x),y}, 7 = 1,2,3. Then q1(z) = {y — g ' (z)}p1(2)
and g2(z) = {y — ¢~ (2)}p} (2) — p2(), and p;(z) = {dg~ ' (x)/dx}’ /V{g~"(x)}. Denote gy(7;) by
a{(Vii 00, AB )}, k=1,2,i=1,--- ,n. Let qy = (q&(71),- -, q(7n))" and Wy, be a diagonal

matrix with diagonal elements q,{77}. Define

U(8) = Blax(i)Di(A)D(8)], V() = - D(5) W, D(B), o

U(Z. 8) = Elp(i)Di(Z. 8)Di(Z. 8)"], U(Z,8) = ~D(Z, B)"'W,,D(Z. 8)

n

where D;(8) = (D; (8))Gir, 1 < s < Jp,l = 0,1)T and D(B) = (D1(B),- -+, Dn(8))T, which is a

n x 2J, matrix.

Lemma S.1 If assumptions (A1), (A4), and (A5) hold, for any vector ¢ = (¢F,¢T)T with ¢, =

(Coy:1<s<J)" and [|§)]| =1, 1 = 0,1, there exists constants 0 < cy < Cy < oo, such that for



any 08 € O and for large enough n,

cvd,t <¢TUBK < CuJyt, and Cpta, < ¢CTUB) T < et (S.2)

n_l Z Di,sl(ﬁl)Di,s/l(IBl) - E[Di,sl(ﬁl)Di,s/l(IBl)]

i=1
=0 <\/ Jntn—t 10gn) . a.s., (8.3)

sup
1<s,8' <Jn,0<I<1

sup
1<s,8' <Jp Il

nt Z D; s1(By) Di s (B1) — E[Dis1(B1) Di s (By)]
i=1

=0 (J{lx/n_l log n> . as., (S4)

and with probability approaching 1,
1 T3 -1 -1 T3 -1
cvd, <CUBK < Cyd,”, and C; J, < UB) <y Jn. (S.5)

Proof of Lemma S.1: Lemma S.1 can be shown along the lines of Liu et al. (2016).

|

Lemma S.2 Let assumptions (A1) and (A3)-(A5) be satisfied. For any@ € ©, |[n"'D(B) q {7}|]2 =
O,(n=1/?).

Proof of Lemma S.2: By the law of large numbers, we have

2

In D@ {it= > n ' By o (BT Xi)Gaaq (7))
i=1

1<5< Jn,1=0,1

=n' Y E[By(87X)Gaa ()] +opn )
1<5<Jp,1=0,1

=0p(n"").



Lemma S.3 If assumptions (Al), (A4), and (A5) hold, there exists a constant 0 < c¢p < oo, such

that for any 8 € ® and for large enough n,
In~'0(Z,8)"'D(Z, 8) Wy, 1ulle < Cb.

Proof of Lemma S.3: According to Assumptions (A4) and (A5), the proof of Lemma S.3 can be
completed as the same as Liu et al. (2016).

|

Lemma S.4 If assumptions (A1)-(A5) hold, we have

(a) N — oo and nN~! — 00, as n — oo,

o (g, B%) — my(w)| = Op(v/N/n+ N7")

uniformly for any u; € [ay, by];

(b) under N — oo and nN—3 — 0o, as n — oo,
g (ug, B°) — mj(wy)| = Op(v/N3/n+ N'T)

uniformly for any u; € [ay, by].

Proof of Lemma S.4: This Lemma can be proved by the similar argue of Lemma S.4 in Liu et
al. (2016).
O

Let ¢ = n1U(8%) ' D(8°) "W, X}, which is

n

Ef = argmin ZQQ{ﬁ(Vz'; 00, A(8°))}(Xir — Di(B°)Ci)?
¢XeR2In i

_ ~X ~X ~X ~X
where Xy, = (Xiz, -+, X)) 7. Let Po(X;) = Di(B°)7¢, where ¢ = (¢}, ,¢, ) be a 2J, X p



matrix. Let P, (Z;) = (,BO)TC with C (C o ,EqZ), where

Co = argmin 3 ao{i(Vy: 80, A(B")H(Z — Di(B°)CE)*.

¢PERn =

Furthermore, we define

X =(m (X3 B0) X7, my (X BNGiXT)T,

X =(By(X] Bo) Mo(O)X], B(XTB1) " A\i(0)G:X])T,

Xm (Xm 1" ’X?n,n)T’
X (X?nl’"'vxgm,)

and

P, (X;) =(m((X] B8P (Xi) ", m) (XT BY)GiPn(Xi)")T,
Po(Z:) =(Pn(Zi)", GiPw(Z:)")",
P(X;) =(my(X] BY)P(X,)", mh (XT 89)GiP(Xi)")7,

P(Z;) =(P(Z)",G:P(Z;)")".

Lemma S.5 If assumptions (A1)-(A6) hold, and nN~—* — oo and nN~2'=2 — 0, as n — oo. We

have

Di(B")THAB) = A} =n " Di(B°)"T(B°) ' D(B°) {7}
~-PX)"(B-p") - P(Z)"(@-a (S.6)

+0p(11B = B°ll2) + op(l& — @’[l2) + 0p(n~/?).

Proof of Lemma S.5: A\(0) can be solved by equation

n

0=n""> " a{i(Vi;0,A(B))} Di(B).

i=1



Because IAJ(,BO) = 0p(J,; 1

1) and nN~2"72 — 0, we have

n! ZD )ar{ii}

Zlqﬁm}D (B°)D:(B%) {(AB) = A(B)) + 0p(v/N/n+ N"")}
- nléqﬁmwi(ﬁ%x%,iﬂﬁ ~ 8%+ o,(IB - B°11)}
o iqz{m}D@-wO)Z?{(a — a%) + o — 0%}

=n"'D(8%) T qy {7} — U(B)AB) — MB°)) + 0p(v/N/n + N7")
— 0 'D(BY) W, Xa (B — B°) + 0p([18 — B°]12}

—n ' D(B) W, Z{(@ — a”) + op([|& — a’[[2)} + 0p(n~"/?),
where W, is a diagonal matrix with diagonal elements q,{7}. Thus, we have

BOTINB) — A(B°)}
:n‘lDi(ﬁO)TU(BO)_lD(ﬁO)qu{ﬁ}
—n71D;(B°)T0(B%) ' D(B°) W, X {(B — B°) + 0,(1IB — B°]12}

—n DB T(B°) ' D(BY) Wy, Z{(@ - @) + oy(l|a@ — al|2} + o, (n?).

By the same arguments of Liu et al. (2016), we have

n=Dy(8%)" U (%) D(B%) W, {miy(XT BY) XT iy = miy(XT BYP(Xi) + Op(I3 "),

n~ DB T(BY) ' D(B%) Wy {mi (X BY) XT Gty = mi(XT BYGiP(Xi) + Op(J5 "),
which are followed by

Dy(B°)"T(B°) ' D(B°) Wy, X = Pu(Xy) + Op(J37).



By the same argument, we have
Di(B8°)"U(B") ' D(B°) W, Z = Pu(Zi) + Op(J; ).

We can show that ||P,,(X;)—P(X;)||cc = Op(\/N/n+N7") and |P(Z;) —P(Z;)|lcc = Op(/N/n+
N~7) which implies that P,,(X;) = P(X;) +O,(/N/n+N~") and P,,(Z;) = P(Z;) + O,(/N/n+
N~") Therefore, with (S.7), this arrives at the result of Lemma S.5.

|

Lemma S.6 If assumptions (A1)-(A6) hold, and nN~—* — oo and nN=2"=2 = 0, as n — oo. We

have

0 —6" = {E[¢(V,8")%*]}'n /2 Z W,(Z, X)q {1+ Op(Jy ") +0p(n %) (S.8)
i=1

where

Z; — P(Z;)
Wi(Z,X) = q2{7i} .
X — P(X;)

Proof of Lemma S.6: Denote by 79 and 7 Lagrange multipliers. The estimates of B can be
obtaining by solving
703 g D(B) M (B)X;

o= " [+n' > ali(Vvio @y
7151 i=1 Dj(B)" M (B)GiX;



Denote QJ{ﬁZ} by QJ{":}(VZ’ 90’)‘(/@0))}’ .] = 1)25 L= 15 e, N We have

TO//B\O 1 = ~
0= |+ ") a{ii}Xa,
=1

7151
—n XWX {(B = 8°) + 0p(118 = B°l12))

—nIXEWe,Z{(@ — o) +op([l@ — a’[l2)}

Zqz{m}XmD (B)T{AB) — A(6°) + 0p(v/N/n+ N

= ( ) +n " XEay{i} = n  XEW X {(B = 8°) + 0,18 — B°[12)}

—n ' XEWo,Z{(a - o) + op([@ — a°]2)}

m

—n~? Z {71} X, D:(B°)"U(B%) ' D(B°) {77}

1Zqz{m}XmP( DB = B") + 0, (118 - B°l12)}

0 S ) X (2@ — 00) + 0, (16— a])}
i=1
- (mgo) Y ol X [Xons —~ PXD)] (B~ 8 + 0y (1B — B°11)}
T191 =1

—n Y i X [7 - )] (@) +oylla —a’ll)}

=1

+n ' XEq {7} —n? Z a{i}D;(BUB) ™D q{i} Di(B%) X + 0p(n1/?),

j=1 i=1

- (Togo) —n"" Y go{ i} X |:Xm,i - f’(Xz‘)} ' {(B 8% + 0,118~ B°l2)}
7154 =1

—t Y )Xo 2 B(Z)]| (@ o)+ op(& - o]}

_IZ [X;ﬁz—f) }ql{m}{l_i_O Jl r)}+0 ( 1/2).



By the same way, the estimates of a solve

And then, we obtain

0=n"">" qi{}Z
=1
—n1ZTW o, Xa (B - B°) + 0,(IB — 8%2)}

15T RPN ~
~n7'Z Wy, Z{(a - a’) + op([a — a”|2)}

Z 0 {7} 2D (BT {NB) — A+ 0p(v/N/n+ N~

i=1
=n"'Z {7} — 172 W, Xa{(B — 8% + 0, (IIB — 812)}
— 0712 W, Z{(@ - ) + op([l@ — a°[2)}
—n 2> gp{ii} ZiDi(8°) U (%) ' D(B%) e
i=1

WY AR (B - 0+ (1B - 1)
n Y VAR (@ o) oy o)
=0 i [~ PO (B )+ 1B - 1)
—n”! iqz{m}z 7~ P(2)] (@ a") +op(a — a2}
02 i) - Zlql{m}n (8”0 Zlqz{m}D (8" Zi + 0y(n™'12),
: Z
==Y i) [ - P(X»}T«B - 8°) +0p(18 - )}
Yl 7= P] (& - o) o1 - o)

3 [ B 0+ Oy} o),



which arrives

0 ~ ~ _ T
- . ~ Z; Z; — P(Zy) =N N
08y | T @i} A {(6—6° + 0,(]|6 — 6°]2)}
R i=1 X X — P(Xy)
7'1:61
n Zi — P(Z;)

Let
I 0 0 I 0 0
~ ~T
Ps=|0 I-8,8, 0 =10 1-83B)" 0 +0p(1).
~ ~T
0 0 I1-B:6, 0 0 I-p1(B)"

We have, by the constraints ||3y|l2 = 1 and ||B;]]2 = 1,

T
B n 5 Zz ~i — ].S(ZZ) —~ ~
n"'Ps > qfii} X {(6—6°) +0,(|0 — 6°]2)}
i=1 X | \ Xai — P(Xy)
-1 - Zi = P(Zy) - 1—r —1/2
=n'Pg) ) @ HL+ Op(Jy ")} + 0p(n /7).
i=1 \ X — P(Xj)

Because || X — Xm,ill = Op(\/N3/n+ N'77), we have, by the law of large numbers,

T
v ~ Zi Zi — P(Zi) 0 ®2 3 1—r -2
n > go{ii} ) = Elp2{n(V,6%)}o(V, B)*"]+0p(v/ N? /n+-N""")+0p(n"7).
i=1 Xﬁ%i Xm,i — P(XZ)
This completes the proof of Lemma S.6.
O
Proof of Theorem 1: Due to independence of the observations V1, --- , V,,, we have, by Lindeberg-

10



Feller central limit theorem,

n Z

n-1/2 Z

Zi — P(Z;)
i=1 \ Xpmi — P(X;)

a{ii} 5 N(0,5),

where ¥ = F [pg{n(V,OO)}d)(V,,BO)®2]. Then combining Lemma S.6 and Slusky’s theorem, we
can complete the proof of Theorem 1. O
Proof of Theorem 2: Because for any v; € [a;,b], Bsi(w), s = 1,---,J,, 1l = 0,1, have the

banded first derivatives, by (S.9) and Theorem 1, we have, for any u; € [a;, b],

i (ur, B) — i (ug, B°)| =|D(B)TA(B) — D(B°)"A(BY)|
<ID(B°)T{NB) — A(B°)} + {D(B) — D(B°)}"A(B)]
<|n'D(B*)TU(B") ' D(B°) qy {i1}] + Op(n~V/?)

—0,(v/N/n).

Then, we have, together with Lemma S.4,

sup |y (ug, B) —my(w)| < sup |y (ug, B) — g (wy, B%)| +  sup |y (g, B°) — my(w)]
w€[ag,by] u€lay,b] u€lay,b]

=0,(V/N/n+N"").
This completes the proof of Theorem 2. O

Lemma S.7 If assumptions (A1)-(A7) hold, and nN~—* — oo and nN=2"=2 = 0, as n — oo. We

have

sup | (u, B) — mu(w)| = Op(n~*/"/log (),
ur€lag,bi

and for any u; € [a, by,

NG {T?LZO(W,B) —my(u) — bl(ul)h?} 5 N0, ui(w)),

11



where by(u) = pamy (w;)/2, v(w) = {E[G?w]} 2| K|3E[G}o*(v)|w] fi(w) ™', Go = 1, and Gy =
G.

Proof of Lemma S.7: Let

T
) . N a,
X(B) = X(u,By) = )
(B1X1—w)Gi/h -+ (BIX, —w)Gn/M
quj(ﬁ’) = quj (u1,0) = diag {q;{n%1 1 }n, (BT X1 —w1), -, {0, } K, (B X — 1) }

where ¢;{n% ;} = ¢;{n% (Vi;a,b,0)} with n% (Vi;a,b,0) = of Z; + mo(8; Xs) + al Zi + aG; +
b(BTX; —u1)Gi and j =1,2,i=1,---,n. The estimate (aO,EO) solves equation

G

n
_ 0 0 A ~T
0=n""> q{7%(Vi;a%,1°,0)} Kn, (8] Xi — uq).
=1

T
(81X —u1)Gi/h
Thus,

~ AN~ o~

¢ (ur, B) = (1,0){X(B,) Wi (0)X(B1)} "X (B,) Wi ()(1 + 0p(1)).

Because ||§ — 0% = Oy(n=1/?) by Theorem 1, we can prove that, for any w; € [a;,b], | = 0,1,

X(8,) = X(89) + O,(n~1/?) and V~quj (6) = quj(ﬂo) + Op(n~1/2), which implies that

o~

sup i (uy, B) — mf (u, B%)| = Op(n~1/?). (S.9)

up€lay,by]

Along the lines of Theorem 2.5 and 2.6 in Li and Racine (2007), we have

sup |mf (ug, B°) — mu(w)| = Op(n~2/%\/log(n)),

ulE[al,bl]

12



which implies that

~

sup | (u, B) — mi(w)| < sup @l (w, B) — i (w, 8)| + sup |7l (w, 8°) — muu)|
ui€lay,bi] ur€fa,bi] ur€fay,bi]

=0, (n"17?) + Oy(n~?/%\/log(n))
=0, (n~*"/log(n)),

Therefore, this arrives the first part of Lemma S.7, and

Vil {mg (u, B%) — my(w) — by(w)hF} 5 N (0, vi(wy)).

By combining (S.9) and the asymptotic normality of ﬁzlo (u1,3%), we can prove the second part.

O
. R T R A
Let l(a,b) = Z?Zl Q(g_l{n,l(Vi;a, b)},Yi)Kn, (81 X; — u1), where 7_1(Vi;a,b) = aF{ZZ- +
AT~ ~T - " B ~T
1mo(By Xi, B)+aGi+b(B; Xi—u1)Gi. Let £(a,b) =37 Qg7 {n% (Vi a,b)}, Vi) Ky, (B) Xi—u1),
where 70, (Vi a,b) = &1 Z; +mo(By Xy, B) + aGi + b(By Xi — u1)Gs

Lemma S.8 Suppose that assumptions (A.1)-(A.7) in the Appendiz hold, and nN~* — oo and

NN — 0 with 6 = min(2r 4 2,5r/2), then we have

sup 0@, 5°)| = Oq.s.(n"*logn).
u1€la1,b1]

Proof of Lemma S.8: We only prove the case of [ = 1, that is, consider a® = Bl(u) and

10 = B{ (u) in oracle case. Recall #(a®,5°) = 0. We have

7@°,6°) =0'@°,v°) — 7@°,°)
1< . 00 ~ 00 ~
= > [Q1{?771(Vi; a0, @)} — 1 {n% (V;a9,0°, Of)}} X1 K, (wi — u)
i=1

1 — PN T
= > a{%(Via2,0%, &)} [ﬁ-1(ui) - ﬁ_1(uz')] X, -1Xi 1 Ky (s — w)
=1
RN

+Oas.( DO (Bulwi) = Br(wi))?)

1=1 (=2

13



By Lemma S.5, we have 23" 5™ (Bi(u;) — Bi(u:))? = Oas.(N/n+ N727). Let B_y(u) =

(B2(u), -+, Bp(u))T with Ba(u) being defined in Lemma S.5. Thus, we can rewrite
7(@°, %) = A, + By, + Oas.(N/n+ N~%),
where

1 @ OO~ T
A = > e (Va1 a)} [ﬁ_1(uz’) - 5—1(%)] X1 X1 K, (ug — w),
i=1

1 « O 5O ~\ 7 T
B, = ZQQ{UA% (Vi;a°,0%, @)} [B_1(wi) = By (ui)]” Xi -1 Xi Ky (wi — ).
i=1
Noting that g2(+) is bounded, by Lemma S.5, we have

p n
B, <C> 1By (u) - 5—1(%)!”% > X 1 Xia K, (u; — )

=2 =1
:Oals_(\/ N/n + N_T).
Define (I)b = ((bgjl’ e 7¢ij)T7 (I)’U = (¢Z:17 e 7¢£p)T and (I)T = ( 7’1;17 e 7¢7’1’?p)T7 where
n

&y U3 [nfi(Va &)} - au (Vi )} D

Ll
@, =U"'=> qi{n(Vi,a)}D;,
=1

O, =\—\—d,— B,

Along the line of proof in Liu eta al. (2013), and by Lemma S.1 and Lemma S.2, we can prove that
|®pll2 = Oas.(N7") and ||®, |2 = Oas.(N3?n~1). We can decompose A, = Ay, + Az, + Agyp,

14



where

1 ¢ 00 ~
A = > @{i% (Vi b9, @) o) By (ui), 1 = 2, ,p)" Xi 1 Xi 1 K, (ui — )
i=1

1< 0 70 ~
A2n :E ZQQ{;]\Ql(V’i;a07b07a)}(¢£lBT(ui)7l - 27 T 7p) X —lXZ lKhl( u)
i=1

1 0 70 ~
:EZQQ{;]\?l(V’i;aovbO7a)}( ZleT(u’i)’l :27 7p) X —1XZ 1Kh1( ’U,)

Applying Cauchy-Schwarz inequality, we have

sup |Aj,| <C sup Z| ¢blB (ui),l =2, ) Xi—1Xi 1Kh1( —u)|
u1€la,b1] u1€lat, b1]
1/2
SC sup H‘I)bHQ Z Z ’Bsr uz) lez 1‘Kh1( u)]2
u1€[a1,01] o<i<pi<s<n =1

=C sup || ®p]2Jn0as.(J, 1)

u1€lay,b1)

=03.5.(N7"),
and similarly, sup,, c(q, p,] [43n| = Oa.s.(N3/?n=1). Let Cra(u) = (¢, ,CJn’l’l)T with
Csa(u -1 ZQQ{U 1(Visa Q) X1 Kpy (ui —u) By (ui) Xy, 1=2,--+ p.
By Lemma A.2 in Xia and Li (1999), we have

sup - [Co11(w) = E{Cs 1(w)} = Oas.(VIogn/(nh)).

u1€la1,b1]

By de Boor (2001), we have, for any u; € [a1, b1],

|E{C 11 (u)}| =|B{Ep, (ui — u)Elga{7% (V:a°,0°, &)} X1 Bor (i) Xy |ui]
<po f (w)| E{Xi1 Xi o|ui = w}||E[Bsr(w;)]| + O(h3)O(| E[By(u;)]|)

=0(J; 1),

15



which implies that [{,;;(u)| = O(J, ). It is easy can be shown further that

—1/2
SUDy, e[ay by] MAX1<s< ], 1<1<p [Cs 1,1 (W) = Oas.(Jn /). Define ®,,_; = ( bor ¢, T. By the

definition of Ay, we have Ay, = ¢;(u)’ ®, 1, which implies that

sup E(Ag,|X,Z, U)2

u1€lay,b1)

= sup E(((w)" @y @] _1¢(w)|X,Z,0)

u1€la,b1]

= sup CW)TE(®,1®) _4|X,Z,U) ¢ (u)

u1€la,b1]

< sup ([ GWIBIE (20®) X, 2,U) o)

u1€[a1,b1]

B 1 PP 1
= Sglpb}n 2161 (w) 13110 DTE(qQ{ﬁ%(Vz‘;aO,bQa)}®2\X7Z,U)DU 2
u1€la,b1

_ ~ -1
<Cp sup G )3T 2

ui€lai,b1]

=0a.5.(n"1).

Therefore, by the law of large numbers, we have sup,, c(q, 5] [A2n| = Oas.(n"Y?logn).

|

Lemma S.9 If assumptions (A.1)-(A.7) in the Appendiz hold, and nN* — oo and nN=9% — 0 with

0 = min(2r + 2,57/2),

sup [|"(a,b)||2 = Oq.s.(1),

u1€la1,b1]

for any (a,b) € A.

Proof of Lemma S.9: Let X;(u) = (X;1, (U; — u)X;1/h1)T. According to the boundedness of
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g2(+) and the law of large numbers, we have

1< S
7" (a,b) = > g f{i-1(Visa,b, &)} X (u)*2 Ky, (u; — u)
=1

—F |a2{771 (Vs a,b, @)Xt () Ko, (i = )| + Oaus. (1)

=03,.5.(1).

|

Lemma S.10 Suppose that assumptions (A.1)-(A.7) in the Appendiz hold, and nN* — oo and

NN — 0 with § = min(2r + 2,5r/2), then we have, for | =1,--- p,

sup  |By(u, &) — BP(u,@)| = Oq.s.(n"?logn),
u1€la1,b1]

where Bl(u,&) and B\lo(u,a) denotes El(u) and B\lo(u), respectively.

Proof of Lemma S.10: Noting that 1% (Ei,g) = 0, by the mean value theorem, there exists a

(@,b) € A between (@, b) and (@°,b°) such that

—7(@°,5°) = 7(@,b) — ' (@°,1°) = "(a,d) |(@,b)" — @°, 67|,

which follows by

(@b)" - @°,0°)" = ~"(a,b)"'7(@°,9).

Combining Lemma S.8 and Lemma S.9, we have (EL\,Z)T — (ZL\O,BO)T = Oga.s.(n"tlogn), which
proves Lemma S.10 by noting f(u, &) — 8° (u, &) = (1,0) | (@, )T — (aO,EO)T].
OJ

Proof of Theorem 4: Due to nh) = O(1), we have y/nhjn=2/® = 0,(1). By Theorem 3, we have

ok (i, B) = i) = buCun)hi = v/ {nf (ur, B) = ma(ur) = bu(un)f | + 0,(1).
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Thus Theorem 4 can be shown straightforwardly by Lemma S.7. O
Assume mg(ug) be known, similar to Liu et al. (2016). Let m{ 1, (u1) and ﬁz?Hl (u1) be the
estimates under Hy and H; in hypothesis test (9), respectively. The log-likelihoods under Hy and

H, are

O (Ho) = 3 Qg™ {7, (Vi:0)}. Vi) and €9, (H) = 3 Qe (%, (Vi:8)}. Y),
i=1

i=1

where

-~ T ~T - ~T
75, (Vis 0) =a” Z; + mo(By Xi) + My, (B1 Xi)G;

PO ~T . ~T
i1, (Vi:0) =& Zi +mo(By X;) +mf gy, (B) Xi)Gs
When mg(up) is known, we can construct GLR statistic for hypothesis in (9) ,
Tlo = 2(521(1{1) - egl(HO))' (8-10)

Lemma S.11 If assumptions (A.1)-(A.7) hold, and nN* — oo and nN~2"=2 — 0, then under Hy

in (9), when mo(ug) is known, and moi(u1) is a linear function,
—1/m0 L
o, (Tl - IU'QTZ) - N(07 1)7

where o3, = 2|Q| [ {K(u) — 1/2K*K2(u)}2du/h1 and po, = || {K(0) -3 [ K*(u)du} /h.

Furthermore, aKTlo ~ ng’ where dy = ax oy -

Proof of Lemma S.11: Let

=2 QU™ {7, (Vis )1, ¥0)

ZQ 1{77H1 VZaa)} Y)

Ty =2(€,, (Hy) — £, (Ho)),

18



where

o~ ~T ~
i, (Vi 0) =Z; o +mo(XT B8Y) + mf , (X7 BY)G,

M, (Vi 6) =Z;a" + mo(XT83) + m (XTI BY)G,

Then we have

£2(Ho) = 63y (Ho) = > a7, (Vs 0)) {75, (Vi 0) = 77, (Vi:0) |
i=1
- ~ 0 ~0 n ~ ~02
= 1/2 3" aa(i, (Vi) {79, (Vi: 8) = 7, (V30) }
i=1

= 0,(1),

and

U HL) — 634 (HY) = S a1 (3, (Vi:9)) {75 (Vi20) — 7, (Vs 0)}
=1
12 i, (Vi 0) {79, (Vi 0) — 7, (VieB) )
i=1

= OP(1)7

This results in €9, (Hy) — €9, (Ho) = £, (Hy) — £, (Ho) + Op(1). So we have TP = Ty + O,(1). By
the similar arguments of Fan et al. (2001), we can prove oy (T — pi2,) 5N (0,1), which implies
the results of Lemma S.11. O

Proof of Theorem 5: As the same proof of Lemma S.11, we have
Cur(Ho) = £ (Ho) =~ a1 (5, (Vi50)) {1 (Vis0) — 77, (V.:0) }
i=1

/23 (7, (Vis0) {7 (Vis0) ~ 7%, (Vi:8) )
=1

= 0,(1),
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and

Cn1(Hy) — €5, (H1)

=" a1, (Vi:0)) {ii, (Vi:8) = 5, (Vi 0) |

i=1

1723 025, (Vi:0)) {7, (Vi 8) — 5, (Vis0) }
i=1

= Op(1).

Therefore we can show £,1(Hy) — £y1(Ho) = €9, (Hy) — £2(Hp) + O,(1), and furthermore Ty =
T + o(1), which implies that 77 and T” have the same distribution. This completes the proof of
Theorem 5 by Lemma S.11. O

Proof of Theorem 6: Let

ZQ 1{772H0 VZ,O)} Yi),
ZQ m(Vi;0)},Y),
ZQ 1, (Vi )}, Y:)

ZQ (97 {75, (Vi;0)},Y3),

TQO :2(632(5[1) - ggz(HO)),

Ty =2(lyo(Hy) — £ro(Hp)),
where Z; = (Z;fp, Z?Gila Z?GiQ)T and

-~ ~T/\ o~ ~ o~ e o~
ﬁgHo(Vﬁ 0) =7, a + mO(Xz‘Tﬁo) + mlo,HO (Xz‘Tﬁl)Gil + mzo,Ho (Xz'Tﬁz)GiQ,

~T/\ o~ ~ o~ e o~
ﬁng (Vi;0) =Z; & + mo(X] By) + m10,H1 (X7 B)Gi1 + mzo,H1 (X7 B3)Gia,

T ~ —~
.11, (Vis 0) =Z; o + mo(XT'BY) + mf py, (XTBY)Gin + Sy, (XT BY) G,

m (Vi ‘9) =Z;a’ + mo(X] 80) + m{ H (X7 8))Gi + mQO,Hl (X7 B9)G
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By the same arguments of the proof of Lemma S.11, we can prove that (9(Hy) — £9,(Hy) =
0% (Hq) — €5 (Hp) 4+ Op(1), and furthermore, T’ = Tj +0,(1). By the same arguments of the proof
of Theorem 5, we have €,2(H1) — bna(Ho) = 9 (Hy) — £95(Ho) + O,(1), and Ty = TS + o(1). Tt
remains to show that o, (T — ) 5N (0,1), which can be proved by the similar arguments of
Liu et al. (2014) and Liu et al. (2016). O

Proof of Theorem 7: Let B, = AT';' AT, and

qu (Vi;0°)8(X,Z)W,;(X,Z)T, with ¥;(X,Z) =

Z; — Po(Z;)
By Lemma S.5, T3 can be decomposed as
2(ln3(H1) — ln3(Ho)) 22 01 (7., (V3 9)) {773,111 (Vi 0) — fis.m (Vi 5)}

_ZQQ (13,10 (V { — 13,1, (Vi; a)}QJrOp(l)

=(Om, — 0H1>Trn<9Ho —0p1,) + 0,(1),

where

3,1, (V5 0) = (:30 10X, 0m,) + 88 1 Zi + (7 [(B, 10X 011,) + & 41, Z:)Gi,
7/7\37H1(Vi;/é) (160 H1X170H1)+a0 le +( (/61 H1X170H1) +a’£lei)Giv
773O,H0 (Vi; 0) = m(?(ﬁo,HOXi’ Or,) + aoT,HOZi + (m?(ﬁl,HOXi’ Or,) + alT,HOZi)Gia

o~ R ~T ~ ~ ~ ~T EoN ~
15w, (Vi:0) = m§ (Bo 1, Xi, 01,) + & g1, Zi + (S (B g, Xi,0m,) + &1 gy, Z:) G
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It is not difficult to see that the relation §HO = §H1 + T, 'ATB (v — A@Hl), which results in

~ \T N ~
Ty = (v Afm) Bi'AT, Y 8i(X,2)%r, ' ATB ! (7 - ABu, ) + 0,(1)
i=1

= (fy — A§H1>TBrjl (7 - A/éHl) + Op(l)

As the same arguments of Liu et al. (2016), we have T3 LY x2 under null hypothesis, and T3 asymp-
totically follows a noncentral Chi-squared distribution with k£ degrees of freedom and noncentrality

parameter ¢ under alternative. This completes the proof of Theorem 7. O
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