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Abstract: Criticalmass is central to the development of two-sided platforms. It is the

level of participation on both sides that is required to have the platform grow on its

own force to a mature equilibrium. Despite this commonly understood dynamic, a

formal definition of criticalmass ismissing in the literature on two-sided platforms,

except for a proposal by Evans and Schmalensee (2010. “Failure to Launch: Criti-

cal Mass in Platform Businesses.” Review of Network Economics 9 (4)) who defined

critical mass not as a single combination of platform sizes, but as a frontier in the

two-dimensional space of those levels. We set out a demand model for two-sided

platforms, propose ameasure for the strength of the externalities between the sides

and define critical mass in terms of this externality parameter. Our definition is

more in line with the way critical mass is defined for one-sided networks. We also

set out the conditions that must be met for the occurrence of critical mass.

Keywords: two-sided markets; network externalities; critical mass

JEL Classification: D43; L11; L13; L40

1 Introduction

The concept of critical mass has its origin in nuclear physics and stems from the

times that the atomic bomb was developed during the Second World War. The idea

was to estimate the minimum diameter a ball of enriched uranium should have,
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such that neutrons would hit sufficient atoms on their way out to trigger a chain

reaction. Smashing two halves of such a ball together would make critical mass,

which would be enough to have the devilish thing explode. It worked. The atomic

bomb must have been the first bomb without a traditional fuse.

In economics, the notion that certain things must have a minimum size to be

sustainable has been around since Adam Smith. People live together in villages

or cities to organize the provision basic services in an affordable way. Likewise,

economies of scale in the production of many goods mean that there is a minimum

efficient scale for firms to break even under marginal-cost pricing. However, criti-

cal mass goes a step further than this notion. Critical mass is not a minimum size to

be sustainable, but rather a minimum size to trigger a self-sustained growth. In the

case of the atomic bomb, to explode.

In the economics literature, the idea of criticalmasswas pickedup in thefield of

network economics, and later in the theory of multi-sided platforms. For one-sided

networks, critical mass was properly defined by Rohlfs (1974), relating it to direct

network effects – networks become more attractive, the more users they have. In

the theory of two-sided platforms, critical mass was discussed using the metaphor

of chickens and eggs: indirect network effects mean that platforms become more

attractive on one side, the more users they have on the other side, and therefore to

be viable they must attract users on both sides.1

In both strands of thought – network economics and the theory of multi-sided

platforms – critical mass is a minimum size on the demand side of the market,

contrary to the minimum efficient scale, which refers to the supply side. That is

why direct network effects are sometimes referred to as economies of scale on the

demand side. Likewise, indirect network effects can be seen as the demand-side

analogue of economies of scope on the supply side.

However, in the literature on two-sided platforms it is hard to find a formal

definition of the concept of critical mass. This is surprising, given that the litera-

ture repeatedly refers to the notions of the need to get both sides on board and

the chicken-and-egg problem. To our knowledge, the only attempt to fill the gap

was made by Evans and Schmalensee (2010) who defined critical mass as a frontier

in the two-dimensional space of participation levels. In this paper we simplify the

definition of these authors and bring it more in line with the way critical mass is

defined for one-sided networks.

1 Early contributions to the literature on multi-sided markets include Parker and Van Alstyne

(2000), Caillaud and Jullien (2003), Rochet and Tirole (2003) and Armstrong (2006). A recent

overview of two-sided platform models can be found in Jullien, Pavan, and Rysman (2021).
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We first develop a demand model for the services offered by a two-sided plat-

form and propose a formal measure for the strength of the externalities.2 We con-

fine ourselves to platformswith indirect network effects, as is usual in the literature

on two-sided platforms. Direct network effects are excluded. For simplicity, we

do not distinguish between membership and usage. We assume that the services

offered by the platform are those of affiliation and that they are charged at uni-

form prices. Most platforms in the real world are far more complex, but our aim

is to bring the main characteristics of critical mass to the forefront, sidestepping

complications that are not essential for this purpose.

The paper is organized as follows. In Section 2 we discuss how critical mass

is defined for one-sided networks. In Section 3 we develop a demand model for

the services of a two-sided platform and propose a measure for the strength of the

externalities. Then we define critical mass for two-sided platforms in terms of this

externality parameter and establish the necessary and sufficient conditions for crit-

ical mass to occur. In Section 4 we consider the definition proposed by Evans and

Schmalensee (2010) and compare it with ours. In Section 5 we discuss the dynamics

of platformdevelopment in general, and how it depends on information availability

in particular. Section 6 concludes.

2 A Demand Model for One-Sided Network

Services

2.1 Demand for Affiliation

Network economics assumes the existence of positive externalities between the

affiliates of a network. That is, the price that potential affiliates are willing to pay

increases with the number of affiliates.3 Assuming that potential affiliates are het-

erogeneous in their willingness-to-pay and that those willing to pay the access price

choose to affiliate while others do not, the aggregate demand for affiliation is given

by the following function:

2 We do so for a monopoly platform, but the model also applies to platforms in competition with

other platforms if demand is interpreted as residual demand – that is, the demand faced by the

platform given the strategic interaction with competitors.

3 In amore general setting, thewillingness to pay depends not only on the number of affiliates, but

also on who those affiliates are. To keep things analytically manageable, the standard assumption

is that willingness-to-pay depends only on the size of the network. We stick to this assumption.
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Figure 1: Demand for affiliation

versus actual affiliation.

D = G(P,N) =
∞

∫
P

h(𝑤,N)d𝑤 (1)

whereN is the number of affiliates (the network size),P the access price and h(𝑤,N)

the density function of the distribution of affiliates according to their willingness-

to-pay w at network size N . For positive externalities, the demand for affiliation is

downward sloping in P and upward sloping in N .

Figure 1 illustrates how this demand function depends on the network size for

three different prices.4

The bold curve is the demand for affiliation for price P, the thin curve (further

right) for the higher price P′ and the third curve (far right) for an even higher price

P′′. At low network sizes, nobody is interested in joining, so all curves start off flat

along the horizontal axis. For P, joining the network becomes attractive at point A,

for P′ at A′ and for P′′ at A′′.

It should be noted that the density h(𝑤,N) is the information core of the

demand model. It contains everything one must know to determine the aggregate

demand for affiliation, the strength of the externality, the equilibrium demand, and

the critical-mass level. Knowledge of how the willingness-to-pay of individual par-

ticipants depends on the access price and on network size is not required, and the

4 Depending on the density function of the distributions, there aremany possibilities for the shape

of the demand curve. Here, we confine ourselves to the shape resulting from unimodal density

functions.
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ranking of participants according to willingness-to-pay is allowed to vary with the

network size.5

2.2 The Strength of the Externality

The slope of the curve stands for the number of new participants who are attracted

by an additional participant, keeping the access price fixed. Defining the strength of

the externality as the logarithmic derivative of the demand function to the network

size, it can be written as:

𝛾 = 𝜕G∕𝜕N
G∕N (2)

The strength of the externality 𝛾 is a dimensionless number that depends on

the network size and the price.

In the case of Figure 1, the strength of the externality is indeterminate from the

origin to point A. At that point it jumps to infinity, and from A onwards it gradually

declines. Thus, we assumed that there are decreasing returns to scale in the net-

work effects. This assumption is reasonablewhenever the total number of potential

participants is finite.

2.3 Equilibrium Demand

If the demand for affiliation resulting from expression (1) does not coincidewith the

network size fed into it, not all participants are happy with the choice they made.

If the demand falls short of the network size fed into it, some participants regret

having joined; if it exceeds the size, someparticipants regret not having joined. Only

if the ex-post demand coincides with the ex-ante network size – in Figure 1, where

the demand curve crosses the diagonal – are all participants satisfied, and would

stick to their decision if given a second chance. In that case, there is an equilibrium.

Off-equilibrium, there are forces at work that drive the network size up or down.

Such equilibria are known as fulfilled-expectations equilibria.6 The idea is that

participants base their decision to join, not on the observed network size, but on an

5 In this respect, the demandmodel is more general than the model we developed in ten Kate and

Niels (2006). There, users were first typified according to their willingness-to-pay and the aggrega-

tion over users was performed by integration over types. Here, the integration is directly over the

willingness-to-pay.

6 To our knowledge, the term fulfilled-expectations equilibrium was introduced in network eco-

nomics by Katz and Shapiro (1985) in a slightly different setting, but generally speaking every Nash

equilibrium is a fulfilled-expectations equilibrium. In a Nash equilibrium, players expect the other

players to adopt a strategy, maximize their payoffs given those expected strategies, and there is an

equilibrium if their expectations are fulfilled.
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expected network size and, if the expected size happens to come true, expectations

are fulfilled.7 Evidently, as there can only be one expected network size that comes

true, all participants must expect the same network size for there to be a fulfilled-

expectations equilibrium.

In the followingwemake use of an indicator we call the fulfillment ratio. This is

the degree to which expectations are fulfilled, and is defined as the ex-post demand

divided by the ex-antenetwork size:𝜑 = G(P,N)∕N . Assuming that ex-antenetwork
sizes must be positive for ex-post demand to take off, the fulfillment ratio remains

zero up to the network size where affiliation becomes attractive at the price chosen.

In Figure 1, that occurs at point A for price P. From there on, ex-post demand grad-

ually catches up with the ex-ante expected network size, and the ratio becomes 1 at

point C. Beyond point C, it exceeds 1, but it returns to 1 at the mature equilibrium

point E.

Algebraically, fulfilled-expectations equilibria are obtained by setting the

demandG(P,N) equal to the expected network sizeN , and solving for the unknown

network size N given the price P. This delivers the fulfilled-expectations equilib-

rium demand (FEED) function, which no longer depends on the price and the

network size, but on the price only:

N = F(P) (3)

If the equation has a unique solution, the FEED-curve is single-valued and

downward sloping in price, as in normal demand in the absence of network effects.

However, theremay bemultiple solutions,whichmakes things different. In Figure 1,

there are three equilibrium solutions for prices P and P′, and only one for P′′.

Fulfilled-expectations equilibria can also be obtained by solving the equation

for the unknown P given the N , rather than for the unknown N given the P. This

delivers the inverse FEED-function: P = F−1(N), which stands for the maximum

price that marginal users are willing to pay for affiliation at network size N . Con-

trary to the FEED-curve itself, the inverse function is usually single-valued for

positive network sizes, as shown in Figure 2.

Only in the trivial case where the network size is equal to zero is inverse

demandmulti-valued. For prices higher than P′′, the origin is the only equilibrium.

For lower prices, there are three equilibria.8

7 These equilibria are Nash equilibria of a non-cooperative game between the participants. See

ten Kate and Niels (2006).

8 There may be more equilibria, depending on the density of the participant distribution and

the strength of the externality. Here we confine ourselves to the standard case of three equilibria,

which is obtained with a unimodal density function and externalities stronger than 1.
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Figure 2: Equilibrium demand ver-

sus price.

2.4 Price Elasticities of Equilibrium Demand

The price elasticity of equilibrium demand can be obtained by substituting expres-

sion (3) forN in the equation G(P,N) = N and totally differentiating to P. This leads

to 𝜀 = 𝜀̃𝜑∕(1− 𝛾𝜑), where 𝜀 is the price elasticity of the FEED-function, 𝜀̃ the price

elasticity of theG-function and𝜑 the fulfillment ratio. Because one of the elasticities

refers to equilibrium demand where 𝜑 = 1, for the FEED-curve result is:

𝜀 = 𝜀̃∕(1− 𝛾) (4)

Therefore, the elasticity of equilibrium demand is obtained by dividing the

elasticity of G-demand by (1− 𝛾). This reflects the general wisdom that positive

externalities smaller than 1 make demand more elastic. At 1 inverse demand turns

flat, and for externalities stronger than 1 demand is upward sloping. The latter

possibility is what makes network demand different from normal demand.

2.5 Stability of the Equilibria and Critical Mass

Fulfilled-expectations equilibria are steady-state equilibria because all participants

would stick to their choice if they were given a second chance. However, such equi-

libria can be unstable. This depends on how participants react to small deviations

from the equilibrium. The equilibrium is unstable if an additional affiliate makes

the network somuchmore attractive that others follow, or if one less affiliatemakes

the network so much less attractive that others also leave.
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Thus, stability depends on whether the off-equilibrium forces drive the net-

work back to the equilibrium or further away from it. In Figure 2 the direction of

those forces is indicated by the arrows. It can be seen that the equilibria on the

upward sloping part of the inverse demand curve (such as point C or C′) are unsta-

ble. There, the forces drive the network away from the equilibrium. The equilibria

at the origin and at points E and E′ are stable.

The instability of equilibria is precisely what critical mass is all about. A bit

moremakes the network explode; a bit lessmakes it implode. Like the atomic bomb.

The condition that must be satisfied for the occurrence of critical mass at a certain

price is that the strength of the externality be equal to 1 at an equilibrium corre-

sponding to that price and that it has a positive slope there.9 In Figure 1, this is the

case where the ex-post demand catches up with the ex-ante expected network size.

For price P this occurs at point C, and for P′ at point C′. For P′′ ex-post demand never

catches up with the ex-ante network size, so that there is no critical mass.

Altogether, a necessary and sufficient condition for the occurrence of critical

mass for a particular price is the existence of a network size at which both the ful-

fillment ratio and the strength of the externality for that price are equal to 1 and

are positively sloped.

3 Critical Mass for Two-Sided Platforms

3.1 Demand for Affiliation

In our model a two-sided platform provides services of affiliation to two distinct

groups of customerswith positive indirect network effects between the groups – the

willingness-to-pay by customers on one side increases with the number of affiliates

(the platform size) on the other side. Customers are assumed to be heterogeneous

in their willingness-to-pay, and choose to affiliate if their willingness-to-pay exceeds

the access price. The G-functions of demand for affiliation are:

DA = GA
(
PA,NB

)
=

∞

∫
PA

hA
(
𝑤,NB

)
d𝑤 (5a)

9 In the literature on network economics, including Rohlfs (1974), critical mass is indeed under-

stood as the upward sloping part of the fulfilled-expectations equilibrium demand curve. A dif-

ferent approach is taken by Economides and Himmelberg (1995), who define critical mass as the

minimum non-zero network size where equilibria become stable (as at point F in Figure 2). How-

ever, this notion does not stand for a critical mass level that triggers a self-sustained growth.

Therefore, we stick to the definition given by Rohlfs.
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Figure 3: Demand for affiliation as

functions of actual network sizes.

DB = GB
(
PB,NA

)
=

∞

∫
PB

hB
(
𝑤,NA

)
d𝑤 (5b)

where the subscripts A and B refer to the sides, PA and PB to the access prices, NA

and NB to the actual network sizes and hA
(
𝑤,NB

)
and hB

(
𝑤,NA

)
d𝑤 to the densi-

ties of the distributions of participants according to their willingness to pay w. The

expressions (5) are the two-sided analogues of expressions (1), with the distinctive

trait that here the demand for affiliation on one side depends on the platform size

on the other side.10

As there are now two demand functions and two platform sizes, it seems diffi-

cult to illustrate everything in two-dimensional graphs as in Figures 1 and 2. How-

ever, Evans and Schmalensee (2010) foundan ingeniousway to do so, by interpreting

each axis of the graph as the abscissa for an expected platform size and simultane-

ously as the ordinate for demand for affiliation by that side. See Figure 3. The main

downside of this approach is that the dependency of demand on prices cannot be

captured.

In Figure 3, the demand for affiliation on each side is set against the expected

platform size on the other side, for a pair of fixed prices PA and PB. The horizontal

axis is the abscissa for the platform size on side A and the ordinate for the demand

10 For a detailed explanation of this demand system and its assumptions, see ten Kate and Niels

(2019).
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for affiliation. The vertical axis is the abscissa for the platform size on side B and

the ordinate for the demand by that side. Figure 3 is like two figures 1 in one figure.

Now there are two density functions hA
(
𝑤,NB

)
and hB

(
𝑤,NA

)
and, as before,

they constitute the information core of the demandmodel. Knowledge of how these

densities depend on the willingness-to-pay and platform sizes is sufficient to deter-

mine all the characteristics of the model, such as the demand for affiliation, the

strength of externalities, equilibrium demand, and critical-mass levels.

3.2 Externalities

There are two externalities, one from side A to side B, the other from sideB to sideA.

As in expression (2) for one-sided networks, we define the strength of an externality

as the logarithmic derivative of G-demand to the network size, but now on the other

side:

𝛾AB =
𝜕GA
𝜕NB

⋅
NB

GA
(6a)

𝛾BA =
𝜕GB
𝜕NA

⋅
NA

GB
(6b)

where 𝛾AB stands for the strength of the externality from side B to side A and 𝛾BA
for that from side A to side B.

As in the case of one-sided networks, the strength of the externalities plays an

important role in the occurrence of critical mass. As shown below, now it is not

necessary that the individual one-way externalities 𝛾AB and 𝛾BA be stronger than 1.

Instead, the necessary condition is that the product of the strengths Γ = 𝛾AB ⋅ 𝛾BA
is higher than 1. This is quite intuitive. In one-sided networks the externality is exer-

cised by a single group of customers upon the group itself; in two-sided platforms

one of the externalities is exercised by one group on the other groupwhile the other

externality is exercised back by the other group on the first. Therefore, it is not

surprising that what matters for two-sided platforms is what we call the roundtrip

externality Γ (the externality exercised by each group on the group itself).

For many two-sided platforms the externalities are asymmetric – that is, the

externality from one side to the other is stronger than that from the other side back

to the first. This is among the reasons why the attention of competition economists

was drawn to the phenomenon of two-sided platforms. The asymmetry of externali-

tiesmay give rise to skewed-pricing practices, a conduct that inmany circumstances

may be anticompetitive or inefficient, but that may well be welfare-enhancing in

two-sided markets.

If the strength of one of the externalities is smaller than 1, while the other is

larger, the roundtrip externality may well be stronger than 1, giving rise to the pos-

sibility of critical mass. If, on the other hand, one of the externalities is negative, the

roundtrip externality is always negative and there can be no critical mass. For the
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occurrence of critical mass, the positive encouragement between the sides must be

mutual.

Although two-sided platforms are usually defined as platforms serving cus-

tomer groups with positive externalities, there are many platforms that are gener-

ally considered as two-sided, but for which one of the externalities is positive while

the other is negative. For example, for ad-supported content providers more eye-

balls make the platform more attractive to advertisers, but more advertisements

make the platform less attractive to eyeballs. As a consequence, for such platforms

there can be no critical mass.11

3.3 Fulfilled-Expectations Equilibrium Demand

As in the case of one-sided networks, the ex-post demands resulting from expres-

sions (5) may be different from the ex-ante expected platform sizes that were fed

into them. If so, there are participants regretting the choice they made. Only if the

ex-post demands coincide with the corresponding ex-ante expected platform sizes,

is there a steady-state equilibrium. The difference is that now the coincidence must

be cross-side – that is, the ex-post demand for one side must coincide with the ex-

ante platform size expected by the other side. Thus, the equilibria are not where

demand curves cross the diagonal (as in Figure 1), but where they cross each other

(as in Figure 3).

Again, the equilibria obtained in this way are fulfilled-expectations equilibria.

Participants expect a platform size on the other side, then base their decision to

join or to stay out on that size, and if the expected sizes happen to come true, their

expectations are fulfilled.12 In Figure 3 there are three such equilibria: one at the

origin O, the second at intermediate platform sizes at C, and the third at mature

platform sizes at E.

As before, we define fulfillment ratios as the degree to which expectations are

fulfilled. Now there are two such ratios: one for expectations by participants on side

A of the platform size on sideB:𝜑AB = GB
(
PB,NA

)
∕NB, the other for expectations by

participants on side B of the platform size on side A: 𝜑BA = GA
(
PA,NB

)
∕NA. Again,

for ratios below 1 demands fall short of expectations; for ratios above 1 demands

11 Ad-supported content providers may still face startup problems similar to that of critical mass,

but different in nature and not driven by the two-sided externalities we discuss here. They may be

attributable to direct network effects, or to economies of scale or scope on the supply side.

12 As in the case of one-sided networks, the fulfilled-expectations equilibria are Nash equilibria

of a one-shot game between the potential affilliates, now of both sides, whose choices are to join or

not to join, and whose payoffs are their willingness-to-pay minus the access price if they join, and

zero if they do not join.
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exceed expectations; and for ratios equal to 1 expectations are fulfilled and there is

equilibrium.

Algebraically, the fulfilled-expectations equilibrium demand (FEED) functions

are obtained as before, by setting theG-functions equal to the ex-antenetwork sizes:

DA = GA
(
PA,NB

)
= NA (7a)

DB = GB
(
PB,NA

)
= NB (7b)

and solving for the unknown NA and NB given PA and PB. This leads to the FEED-

functions FA
(
PA, PB

)
and FB

(
PA, PB

)
which depend on prices only. Again, the FEED-

functions may result multi-valued, as is the case in Figure 3 with three equilibria

for a single pair of prices.

As before, the equations can also be solved for the prices as unknowns given

the platform sizes. This delivers a combination of prices depending on platform

sizes which are inverse to the FEED-functions. In that case, the prices can be under-

stood as the maximum price that marginal participants are willing to pay given the

platform size on the other side. As before, while the FEED-curves themselves can

be multi-valued, the inverse functions are not.

3.4 Price Elasticities of Equilibrium Demand

Theprice elasticities of theF-functions (𝜀) canbe obtained in the samewayas before

– by substituting FA and FB for NA and NB in Equations (6) and total differentiation

to prices. After recognizing that for the FEED-functions the fulfillment ratios are

equal to 1, the final result is that the elasticities of the FEED-functions can bewritten

in terms of the elasticities (𝜀̃) of the G-functions as:13

𝜀AA =
𝜀̃AA

1− Γ (8aa)

𝜀AB = 𝛾AB ⋅
𝜀̃BB

1− Γ = 𝛾AB ⋅ 𝜀BB (8ab)

𝜀BA = 𝛾BA ⋅
𝜀̃AA

1− Γ = 𝛾BA ⋅ 𝜀AA (8ba)

𝜀BB =
𝜀̃BB

1− Γ (8bb)

Since the price elasticities of the G-functions are negative by definition, those

of the FEED-functions are negative if the roundtrip externality is weak (Γ < 1) and

positive if it is strong (Γ > 1). The former case is the normal situation of downward

13 For a more elaborate derivation, see ten Kate and Niels (2019).
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sloping demand functions, where the network effects make demand more elastic.

In the latter case both demands are upward sloping in both prices. The fact that

the demands on different sides move hand in hand reflects the complementarity

between the groups of participants on the two sides.

3.5 Off-Equilibrium Forces

At off-equilibrium points in the two-dimensional space of platform sizes, there are

forces at work that drive the platform size up or down. Actual participants who

regret their decision to join tend to leave and potential participants who regret

their decision to stay out tend to join. The situation is similar to that in one-sided

networks, but now there are two forces: one for each side. See Figure 4.

There are two types of off-equilibrium points: the inside type and the outside

type. The inside is the area between the two demand curves, the outside is the area

on the same side of both curves. The inside can be divided into the lower, middle

and upper insides, the outside into the upper left and lower right outsides. In inside

areas, both forces work in the same direction. In the lower inside, they drive the

platform sizes down, in the middle inside they drive them up (as at point T) and

in the upper inside they drive them down again. In outside areas, forces work in

opposite directions: one size is driven up, the other is driven down (as at points S

and U).

The strength of off-equilibrium forces is not easy to quantify. A first approx-

imation would be the degree of unfulfillment of expectations times the network

size – that is,
(
1− 𝜑AB

)
NB or

(
1− 𝜑AB

)
NB. However, it is not only the number of

Figure 4: Off-equilibrium forces.
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regretting participants that matters, but also howmuch they regret their decisions.

Thus, assuming that the strength is adequately measured by degrees of unfulfill-

ment is too simple. An alternative approximation would be squared unfulfillment

ratios. In any event, as explained below, the strength of the forces does not play a

role in the comparative-statics version of the model.

3.6 Inverse Equilibrium Demand

Solving Equations (6), not for the unknown network sizes given a pair of prices,

but for the unknown prices given a pair of network sizes, delivers the inverse equi-

librium demand functions in which prices depend on network sizes. Because the

G-functions are decreasing in price and increasing in platform size on the other

side, it is easy to show that the inverse demand functions are single-valued.

Here, we did not find away to illustrate everything in a single two-dimensional

graph, but we can describe in words what the price functions of inverse equilib-

rium demand look like in a two-sided setting. For this purpose, we first reproduce

Figure 3, but for access prices equal to zero. See Figure 5.

The graph stands for the two-dimensional floor of abscissae (the two platform

sizes) for the two ordinates of prices (the inverse demand functions) above that

floor. The prices are the maximum prices that marginal participants are willing to

pay given the platform sizes.

Themiddle inside for free access iswider than themiddle inside for the positive

prices of Figure 3. In this area the price functions of inverse demand assume posi-

tive values. In all other areas at least one of the pricesmust be negative to attract the

Figure 5: Free access demand.
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required number of participants. In the lower and upper insides both prices must

be negative; in the outsides one of the prices is negative while the other is positive.

For each point of the middle inside, there is a pair of positive access prices

for which the platform is in equilibrium. For example, at point T there is a positive

price for access on sideA forwhich theG-demand curve for sideA goes through that

point, and a positive price for access on side B for which the G-demand curve for

side B goes through the point. These are the prices of the inverse demand functions.

The two G-functions also intersect at point V . Point T is the critical mass for the

corresponding pair of prices; point V is the mature equilibrium.

There are also points in the green area where the curves do not intersect but

touch each other (as at point U). The line YZ of such touch points divides the green

area into a lower and an upper part. In the lower part, the equilibria are unstable

and constitute critical-mass points, while in the upper part the equilibria are sta-

ble and mature. We call the division YZ the critical-mass border. This critical-mass

border is the two-sided analogue of point F in Figure 2.

The inverse equilibrium demand functions have no saddle points. They are not

like the back of a horse, but like the back of a giraffe. From one side of the animal to

the other side, the functions are bell-shaped, as with a horse, but from tail to neck

they are increasing. For side A the giraffe is heading to the upper-left; for side B

it is heading to the lower-right. The line on the top of the back is the critical-mass

border.

3.7 Off-Equilibrium Dynamics

Off-equilibrium dynamics addresses the following question: Where will the plat-

form go on its own if it is released at an off-equilibrium point? Will it fall back to

the equilibrium at the origin? Or will it move up to the mature equilibrium at point

E? Another question is: What will be the adjustment speed and trajectory?

For one-sided networks the questions of where the platform will go and what

the adjustment trajectory will be are easy to answer (we refer back to Figure 2).

If the off-equilibrium demand falls short of the actual network size, the network

implodes to the origin; if it exceeds the actual network size, the network explodes

to the mature equilibrium. In both cases, there is a one-dimensional path in a one-

dimensional space, so the adjustment trajectory is the line between the starting

point and the destination. The only remaining question is that of the adjustment

speed.

For two-sided platforms, the situation is more complex. If the platform is

released in one of the insides, it is clear where the platform will go. In the lower

inside it falls back to the origin, in themiddle and upper insides it goes to themature

equilibrium. However, if released in an outside, all depends onwhere exactly in the
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outside that is. One size is drivenupwhile the other is drivendownand it is not clear

which of these two forceswill prevail. Themore to the right and the higher, themore

likely it is that the platform explodes; the more to the left and the lower, the more

likely that it implodes. The core information of the demand model is insufficient to

determine adjustment speeds and trajectories. One would also require knowledge

about the strength of the off-equilibrium forces and about the resistance to those

forces.

Themain factors that cause resistance to adjustment are a lack of knowledge of

platform services on behalf of candidate joiners, and a lack of reversibility of par-

ticipation decisions for candidate leavers. Those who never joined may be poorly

informed about the services of the platform, and may want to learn before joining.

Thosewho are already on boardmay losemoneywhen they leave. Both factorsmay

differ between the sides and may also vary with platform sizes.14

3.8 Stability of the Equilibria and Critical Mass

Proposition Critical mass for a two-sided platform for a pair of access prices is

the combination of platform sizes that constitute the unstable fulfilled-expectations

equilibrium for that pair of prices.

Defining critical mass for two-sided platforms in this way, there is a single com-

bination of platform sizes that qualifies for critical mass for each pair of prices,

unless prices are so high that demand curves do not intersect (in that case, there is

no critical mass) or if density functions are multimodal (in that case, there may be

more than a single critical mass). This definition is a straightforward extension to

two-sided platforms of the way critical mass is defined for one-sided networks. In

the latter critical mass is defined as the network size that constitutes the unstable

fulfilled-expectations equilibrium for the corresponding price.

Altogether, a necessary and sufficient condition for the occurrence of critical

mass for a pair of prices is the existence of a combination of platform sizes where

fulfillment ratios and the roundtrip externality are equal to 1 and upward slop-

ing in platform sizes. Fulfillment ratios equal to 1 guarantee equilibrium and the

upward sloping roundtrip externality guarantees instability. It should be noted that,

at mature equilibria, both fulfillment ratios and the roundtrip externality are also

equal to 1, but there they are downward sloping in platform sizes.

14 For amore extensive discussion of customer inertia in this context, see Evans and Schmalensee

(2010).
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4 Comparison with the Definition of Critical Mass

by Evans and Schmalensee

4.1 The Equivalence of the Models

The model of Evans and Schmalensee (2010) is structurally the same as our model,

but it is dynamic and phrased in a different language. In our model, users are het-

erogeneous in their willingness-to-pay, which stands for the maximum price that

users on one side are ready to pay, given the platform size on the other side. In

the model of Evans and Schmalensee, users are heterogeneous in what they call

resistance to participation, which stands for the minimum size the platform must

have on one side for users on the other side to enter at their access price.15 Our

willingness-to-pay is increasing in the platform size on the other side, while their

resistance to participation is increasing in the price on the other side. These func-

tions are inverse to each other, and their existence is guaranteed by the increasing

nature of the functions.

In both models, the demands for affiliation (or for platform services) are

determined by the density functions of the user distributions according to their

willingness-to-pay or to their resistance to participation respectively. It is easy to

show that the two types of density can be converted into each other, delivering the

same demand functions. Thus, the models are structurally equivalent, at least in

their comparative-statics versions.

The only difference is that the model of Evans and Schmalensee is presented

as a dynamic model by giving platform sizes (though not prices) a time parameter.

In principle, that introduces the possibility to model what happens to the platform

if it is released at an off-equilibrium point, and Evans and Schmalensee suggest

that their model is capable to calculate adjustment trajectories. In fact, their critical

mass frontier is such a trajectory. However, the informational core of their model

is equivalent to that of our model, and it is insufficient to calculate adjustment

trajectories.

4.2 The Viability of Platforms

Evans and Schmalensee classify platforms into three types: viable platforms, poten-

tially viable platforms and unviable platforms. Platforms are viable if they do not

15 Evans and Schmalensee simply label this resistance to participation without an explanation of

what it stands for, but from their formulae it becomes clear what they have in mind.
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need any pushing at all. Released at the origin of the platform-size space, they

explode to a mature equilibrium. Potentially viable platforms need pushing up to

what they call the critical mass frontier. Released before the frontier, platforms

implode; released beyond the frontier, they explode. For unviable platforms there

is no frontier. Released anywhere, they implode.

To illustrate their classification, they use figures similar to our Figure 3, in

which the demand for platform affiliation on one side is a function of the actual

platform size on the other side for a given combination of access prices. See Figure 6.

In the left figure, demand curves for participation do not intersect; there is

no equilibrium, and off-equilibrium forces drive the platform back to the origin. It

stands for unviability. In the middle figure the curves intersect at positive platform

sizes, and starting from the origin it is the off-equilibrium forces that drive the plat-

form there. This illustrates viability. In the right figure, the curves intersect twice. At

platform sizes between the curves below the first intersection, the off-equilibrium

forces drive the platform back to the origin; at platform sizes between the first and

the second intersection, they drive the platform up to the second intersection. The

first intersection is an unstable equilibrium. The figure stands for the potentially

viable platform.

It should be noted, however, that this platform typification is price dependent.

A platform may be potentially viable for a specific pair of prices and unviable

for another pair. More specifically, most platforms will be unviable for very high

prices but can become potentially viable for sufficiently low prices. Thus, for a plat-

form developer the question is not whether its platform is viable or unviable, but

whether it is viable at prices that cover costs, a question that is much more difficult

to answer.

A further shortcoming of the figures is that, in all of them, demands take off at

the origin. This is unrealistic. Assuming that at positive prices participants require a

Figure 6: Platform viability.
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Figure 7: The critical mass frontier

of Evans and Schmalensee.

positive platform size on the other side to join, the demands will take off at positive

platform sizes, not at the origin, like we showed in our Figure 3. That excludes the

possibility of what Evans and Schmalensee called viable platforms altogether. Only

in the trivial case of prices equal to zero could there be such platforms.

4.3 The Critical Mass Frontier of Evans and Schmalensee

Evans and Schmalensee define critical mass for a pair of prices, not as the corre-

sponding unstable fulfilled-expectations equilibrium, but as a frontier in the two-

dimensional space of platform sizes, containing the unstable equilibriumas a single

point. Thus, according to Evans and Schmalensee, critical mass is not a single pair

of platform sizes but a one-dimensional frontier in the two-dimensional space.16 To

seewhat theymean, consider Figure 7,which is again of the same format as Figure 3.

The question is again where the platform will go if released at an off-

equilibrium point. Will it fall back to the origin or will go up to the mature equi-

librium point E? The critical mass frontier proposed by Evans and Schmalensee is

where the two possibilities divide. Defined in this way, the critical mass frontier is

the set of off-equilibrium points whose adjustment trajectory leads exactly to the

unstable equilibrium.17

16 See also Evans and Schmalensee (2016), at p. 76.

17 It should be noted that this frontier is very different from our critical-mass border in Figure 5.

The critical-mass border in Figure 5 is composed of equilibrium combinations of platform sizes
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From a theoretical perspective, the critical mass frontier proposed by Evans

and Schmalensee is conceptually correct but, as we set out in Section 3, the knowl-

edge required to determine an adjustment trajectory goes beyond the core informa-

tion of themodel. To determine the criticalmass frontier of Evans and Schmalensee,

full knowledge is required, not only of the density functions, but also of the strength

of the off-equilibrium forces and of the resistance to those forces That is why we

prefer our definition of critical mass for two-sided platforms.

5 Information and Platform Development

Aplatformdeveloper starting from scratchwill adopt some formof deliberate strat-

egy to push up the platform sizes, rather than leave the outcome to the whims of

the off-equilibrium forces. The developer has a variety of instruments at its dis-

posal, including the prices on both sides. During the startup phase, it may make

sense for the developer to keep prices low or even to subsidize participation. By

doing so, platform sizes are not pushed up to critical-mass levels, but critical mass

levels are pulled down to platform sizes. Thus, the development trajectory is not

a one-dimensional path in a two-dimensional space of platform sizes, but a one-

dimensional path in the four-dimensional space of platform sizes and prices.

Along the road, the platform developer will acquire knowledge on how partic-

ipants react to changes in prices and platform sizes, on the off-equilibrium forces,

and perhaps also on the inertia regarding adjustment. However, this knowledge

will mainly be for the immediate neighborhood of the development path, not for

the areas further away from it. Therefore, the typical platform developer does not

know whether its platform is potentially viable at the prices chosen or at any other

pair of prices.

To know whether there is a level of critical mass from which the platform can

grow on its own force to a mature equilibrium at a pair of prices chosen, the plat-

form developer must have more than just local knowledge of the core information

of the model. To know how far away critical mass still is, the developer must have

global knowledge of the core information up to the level of critical mass. To know

where the mature equilibrium is located, the developer must have global informa-

tion up to much higher levels. The latter information is necessary to knowwhether

the platform is viable at prices covering costs, and is particularly important when

there are economies of scale on the supply side.

for different prices. The critical-mass frontier of Evans and Schmalensee is a set of off-equilibrium

points for a given pair of prices.
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6 Final Observations

Criticalmass for a two-sided platform is a combination of platform sizes that trigger

a self-sustained growth. As such, critical mass depends on prices. The higher the

prices, the larger the platform sizes that constitute critical mass. However, for a

given pair of prices, there is usually a continuum of combinations of platform sizes

from which the platform grows if released to the off-equilibrium forces. Evans and

Schmalensee (2010) define critical mass for two-sided platforms as a frontier in the

two-dimensional space of platform sizes fromwhere the platform grows on its own.

We prefer to define critical mass as the single combination of platform sizes

that constitute the unstable fulfilled-expectations equilibrium in the demand for

affiliation at a given pair of access prices. Our definition is the straightforward

extension to two-sided platforms of the way critical mass is defined for one-sided

networks. Moreover, it properly embodies the idea of local instability, inherent in

the concept of critical mass.

To define critical mass for two-sided platforms with mathematical rigor, we

developed a demand model for the services of a two-sided platform and propose a

measure for the strength of the externalities. We showed that it is the strength of

what we call the roundtrip externality (a measure for the mutual encouragement

between the sides) that determines the occurrence of critical mass.
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