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Abstract: By collecting engineered cementitious composite
(ECC) uniaxial tensile experimental research data, aiming
at the multiple cracking characteristics of the strain hard-
ening stage of the ECC stress–strain curve, a theoretical
model describing the constitutive relationship of the ECC
uniaxial tensile stress–strain – the multiple cracking saw-
tooth model – is proposed. Several model parameters were
obtained with the fitting analysis of many ECC uniaxial ten-
sile stress–strain curves. The application conditions and
influencing factors of the three-order multi-crack “saw-
tooth” model of polyvinyl alcohol (PVA)-ECC and polyethy-
lene (PE)-ECC and the four-order multi-crack “sawtooth”
model of PVA-ECC are studied. The result shows that the
higher the fiber reinforcement index, the better the tensile
properties of ECC. The fiber reinforcement index is linearly
correlated with the initial crack stress and ultimate tensile
stress of PVA-ECC and with the ultimate tensile stress and
ultimate tensile strain of PE-ECC. The characteristic points of
PVA-ECC in the multi-crack cracking stage are as follows: the
greater the initial cracking strain, the smaller the ultimate
tensile strain, showing an exponential correlation; The greater
the initial cracking stress is, the greater the ultimate tensile
stress is, and the two are linearly correlated.

Keywords: engineered cementitious composites, strain hard-
ening,multiple cracking constitutivemodel, stress–strain curve

1 Introduction

Li and Leung [1,2] first proposed the basic design concept of
engineered cementitious composite (ECC) using microme-
chanics and fracture mechanics as the basic principles. ECC
are materials with ductility and tensile strain capacity,
generally more than 3% [3–5]. Over the years, Li’s team
has conducted much research on ECC’s processing [6–8],
mechanical properties [9–11], durability [12–15], etc., with
outstanding results. ECCs’ application prospects are broad;
they have been used to repair concrete structures [16], to
build link slabs for bridge decks [17,18], as well as other
projects [19–23].

ECC is an extraordinary example of concrete material
design based on mechanical principles. Making full use of
multiple cracking, ECC obtains a cement-based composite
material similar to the strain-hardening behavior of metal
materials, as shown in Figure 1 [24]. It subverts the brittle
characteristics of the mechanical properties of traditional
cement concrete.

Aveston and Kelly [25] has made pioneering research
on the phenomenon of multiple cracking in fiber-rein-
forced cementitious composites, and it is pointed out that
when the matrix of continuous fiber-reinforced composite
fails under lower strain than that of fiber, the matrix will
crack many times as long as the fiber tensile property is
strong enough to bear the additional load. Now, scholars
use the micromechanics method [26–28], discrete element
method [29–32], and finite element method [33] to establish
different models to describe the tensile behavior of ECCs.
Besides, there is also the use of mathematical methods to
describe the ECC uniaxial tensile stress–strain relationship.
Li [34] proposed a three-linear model of the ECC uniaxial
tensile stress–strain curve, as shown in Figure 2a. In stage
I, ECC is linear elastic deformation, no cracks appear, and
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the end of this stage is before the first crack appears. Stage
Ⅱ and stage Ⅲ are multiple cracking stages, the slopes of
the two stages are different, and the end of the multiple
cracking stages is when the ultimate stress is reached.
Kanda et al. [35] proposed a bilinear uniaxial tensile con-
stitutive model. Moreover, based on the bilinear model,
Guo et al. [16] proposed a new bilinear constitutive equa-
tion for ECC uniaxial tension using the nominal initial crack
stress point and the nominal maximum tensile stress point
as the control points. This overcomes the problem of exces-
sive or insufficient margin when calculating the bearing
capacity of the classic bilinear model.

Muhammer et al. [36] studied the effects of W/B ratio
and mineral additives on the fiber-matrix synergy in poly-
vinyl alcohol (PVA)-ECC, Tawfek et al. [37] studied the
effects of fiber orientation and distribution on the mechan-
ical properties of ECC, and Do et al. [38] discussed the
potential of ECC to replace cement mortar in traditional iron
cement. Mahmoudi et al. [39] studied polyethylene (PE)-ECC
specimens’ residual compression and tensile properties after

exposure under high-temperature conditions. In the above
research process, it is found that the stress–strain curves of
ECC show the characteristics of strain hardening under uni-
axial tension.

Wu et al. [40] conducted uniaxial tensile tests on Ultra-
High Strength and High Ductility Cementitious Composite
(UHS-HDCC) specimens to evaluate the strain hardening
properties of UHS-HDCC. The results show that all UHS-
HDCC specimens exhibit significant strain-hardening beha-
vior after initial cracking, accompanied by multiple cracks.
With the increase of GGBS content and the decrease of SF
content, the degree of saturated cracking of UHS-HDCC
increases. Figure 3 shows the tensile stress–strain curve
and crack cracking mode of UHS-HDCC with 30% GGBS
and 10% SF. It can be observed from the diagram that a
large number of saturated and approximately parallel
cracks are generated in the tensile area of the sample.

Wu et al. [41] studied the tensile stress–strain curves
and multiple cracking characteristics of UHS-HDCCs incor-
porating pure ultra-high molecular weight PE fiber and
modified behavior and remarkable tensile strain capacity.
The crack pattern of fibers when subjected to increasing
tensile load is illustrated in Figure 4. It is found that all
UHS-HDCC mixtures exhibit strain hardening. The dog-bone
specimen is marked by multiple narrow cracks observed in
the tensile region.

This article presents a mathematics-based sawtooth
constitutive model to capture the variability of the tensile
behavior of ECCs. In the strain hardening section, a saw-
tooth wave function and a piecewise function are superim-
posed to form a new function to represent the fluctuation of
the sawtooth section of the strain hardening section. The
model is validated by comparing it with experimental results.
The constitutive relation of ECC tensile properties was studied
by fitting the model parameters. In addition, the character-
istic points in the stress–strain curve representing the begin-
ning of the strain-hardening stage are analyzed.

Figure 1: Comparison of uniaxial tensile stress–strain curves of ECC,
brittle cement-based matrix, and conventional FRCC [24].

Figure 2: Constitutive model to describe ECC tensile behavior: (a) three-linear model [34], (b) classic bilinear model [35], and (c) bilinear model [16].
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On September 10, 2023, in the Elsevier library data-
base, the keyword ECC was entered in the Find articles
with terms, and 37,868 scientific literature about ECC was
retrieved. In the first 10 SCI articles [42–51], ECC tensile
stress–strain curves align with the sawtooth model. For
example, selecting the literature [42,44,46,50] randomly, it
can be seen from Figure 6 that its ECC tensile stress–strain
curves are all sawtooth, where Figure 6(a) is Figure 8(h) of
ref. [42], Figure 6(b) is Figure 5(a) of ref. [44], Figure 6(c) is
the third graph of Figure 8 of ref. [46], and Figure 6(d) is
Figure 3 of ref. [50], which is enough to prove that the
mathematical model of the tensile stress–strain curve of
the ECC material can be summarized into the sawtooth
model.

2 Modeling approach

2.1 Multiple cracking sawtooth model

In ECC’s multiple cracking models, there are many “saw
teeth” in the strain-hardened section. Generating serra-
tions is an essential feature of multiple cracking: cracking
includes the appearance of new cracks and the expansion
of existing cracks. Many literature data charts show that
the number of early teeth is often higher in the strain
hardening section, and the growth rate is faster. While
the later period is less, the growth rate is slower, and
even negative growth may occur, so the strain hardening

Figure 3: The tensile stress–strain curve and crack cracking mode of UHS-HDCC (S10G30) [40]: (a) the tensile stress–strain curves of UHS-HDCC
(S10G30), (b) the crack pattern of UHS-HDCC tensile plane (S10G30).

Figure 4: The tensile stress–strain curves and multiple cracking characteristics of UHS-HDCCs with pristine PE fibers and modified fibers [41]: (a)
pristine PE fiber, (b) PDA-PE fiber, and (c) SiO2-PDA-PE fiber.
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section model should be established in two segments, as
shown in Figure 7a.

There are two assumptions:

(1) The stress–strain curve of ECC uniaxial tension is
assumed to be linearly elastic before the first crack
occurs before the stress reaches the initial cracking

Figure 6: ECC tensile stress–strain sawtooth diagram in the literature [42,44,46,50].

Figure 5: ECC-related literature search results.
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stress. The curve in the first stage only needs to estab-
lish the relationship between the elastic modulus Ec

and the cracking stress.
(2) The strain hardening stage is assumed to be a sawtooth

period function A whose peak value will change. The
function formula is:
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According to the above model and mechanical prin-
ciple, the constitutive equation is as follows:
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Among them, A1 and A2 are sawtooth wave functions,
and parameters a, b, c, and f are related to the fiber volume
dosage, fiber type, and the mixing ratio of the matrix mate-
rial. < ≤ε ε ε ε,fc 1 0 0 is the strain when the composite mate-
rial reaches the ultimate tensile stress.
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σfc and σ ,u respectively, refer to the initial cracking
stress, the stress at the end of the hardened section I,
and the ultimate tensile stress. ε ε ε, ,fc 1 u and εnu refer to
the initial cracking strain, the strain at the end of the har-
dened section I, the strain when the ultimate tensile stress
is reached, and the ultimate strain, respectively.

Parameter a determines the difference between the
peaks and valleys of the sawtooth section function (referred
to as the amplitude), and b is related to the difference
between the segmental stress in the sawtooth segment and
the difference between the peaks and valleys and the seg-
ment length. The formulas are shown in (8) and (9):
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The strain softening section refers to the descending sec-
tion formula of the concrete uniaxial compressive stress–
strain curve. The parameter c is proposed. The smaller the
parameter c value, the smoother the strain softening section,
indicating the better the material’s ductility. Here, f repre-
sents the frequency of the sawtooth in the strain-hardening
section. The larger the f, the denser the sawtooth, and vice
versa, the sparser sawtooth.

Parameter d represents the strain hardening section I
proportion in multiple cracking stages. This parameter is
related to calculating the relative stress increments of the
two hardening sections. The relationship is:
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Figure 7: Multiple cracking sawtooth model: (a) four-segment (two-segment hardening), (b) three-segment (one-segment hardening).
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Figure 8: Curve fitting of PVA-ECC four-segment multiple cracking sawtooth model: (a) 1, (b) 2, (c) 3, (d) 4, (e) 5, (f) 6, (g) 7, (h) 8, (i) 9, (j) 10, (k) 11, (l) 12,
(m) 13, (n) 14, and (o) 15.
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When a1 = a2 = a, b1 = b2 = b, and f1 = f2 are in the four-
stage multiple cracking sawtooth model, a three-segment
multiple cracking sawtooth model will appear. The linear
elastic stage and strain softening stage of the three-seg-
ment multiple sawtooth model are consistent with the first
and fourth segments of the four-segment multiple saw-
tooth models, as shown in Figure 5b. Among them, σfc

and σu refer to initial cracking stress and ultimate tensile
stress, respectively. εfc, εu, and εnu refer to the initial
cracking strain, the strain when the ultimate tensile stress
is reached, and the ultimate strain, respectively. At this
time, for this particular situation, set f = 20, the hardening
section has only two undetermined parameters, a and b,
and the following relationships exist:
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According to the above model and mechanics prin-
ciple, the constitutive relationship is as follows:

( ) = ≤σ ε E ε ε ε, ,c fc (15)

( ) ( )= + + − ≤ ≤σ ε σ
A

a
b ε ε ε ε ε, ,1 1 fc u

(16)

( ) =
⎛
⎝ − ⎞

⎠ +
< <σ ε σ

c

ε ε ε

1

, .

ε

ε

ε

ε

ε

ε

u 2 u nu

u

u u

(17)

2.2 Model data collection

In order to make the theoretical model of the ECC uniaxial
tensile stress–strain curve universal, this article randomly
collects dozens of domestic and foreign literature on the
tensile properties of high ductility cement-based compo-
sites for research. In the PVA-ECC literature, the raw mate-
rials, mix ratio, and other conditions are as follows:

(1) The cement is P.O 42.5R or P.O 52.5R, the fine aggre-
gate is fine sand, the filler is grade I fly ash, and the water-
reducing agent is polycarboxylate superplasticizer.

(2) The water–binder ratio is mainly between 0.27 and
0.38, and the cement–sand ratio is mainly between 1:0.8 and
3:0.35. The fly ash content is 0, 5, 10, 50, 60, 70, 75, and 80%.

(3) The mechanical indexes of the starting point of
multi-crack cracking of compositematerials are initial crack strain
range: 0.05–0.55%, initial crack stress range: 1.41–4.68MPa, ultimate
tensile strain range: 0.51–7.17%, and ultimate tensile stress range:
1.86–5.82MPa.

In the PE-ECC literature, raw materials, mix ratio, and
other conditions are as follows:

(1) Cement is P.O 42.5R or P.O 52.5R, fine aggregate is fine
sand, the filler is a grade I fly ash, slag, limestone, or silica
fume, and water reducer is polycarboxylate superplasticizer.

(2) The water–binder ratio is concentrated between
0.135 and 0.32, the ash–sand ratio is concentrated between
2:1 and 1.5:1, the fly ash content is between 0 and 10%, the
slag content is 0 or 50%, the silica fume content is 0 or 10%,
and the limestone content is 0–6%.

(3) The mechanical indexes of the initiation point of multi-
crack cracking of composite materials are as follows: initial
crack strain range: 0.12–0.46%, initial crack stress range:
1.53–12.09MPa, ultimate tensile strain range: 2.20–13.32%,
and ultimate tensile stress range: 3.58–17.75MPa.

2.3 Model data processing and induction

The “normalization method” analyzes multiple fitting para-
meters and establishes ECC’s tensile stress–strain constitu-
tive relationship. Establish a relative stress–relative strain
curve; the relative stress is equal to the ratio of the stress to
the maximum stress, and the relative strain is equal to the
ratio of the strain to the strain when the specimen reaches the
maximum stress. The relevant parameters are adjusted to:

′ = ×a a σ ,u (18)

′ =b
b

σ
,

u

(19)

′ = ×f f ε .u (20)

The method of multi-factor combination is used to
study the factors that affect ECC tensile performance indi-
cators. Combining fiber type, aspect ratio, and fiber content
and exploring whether it has a constitutive relationship
with ECC’s initial cracking stress, initial cracking strain,
ultimate tensile stress, and ultimate tensile strain. If it
exists, explore whether the parameters of the constitutive
equation have a clear mechanical meaning. In addition,
through a large amount of experimental data, it is explored
whether there is an inherent relationship between the
initial cracking stress, initial cracking strain, ultimate ten-
sile stress, and ultimate tensile strain of ECC. If it exists, put
forward the constitutive equation.
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3 PVA-ECC uniaxial tensile
stress–strain constitutive
relationship

3.1 Four-segment multiple cracking
sawtooth model fitting and
parameter law

Five articles [16,52–55] with similar matrix material ratios
were selected for the four-segment multiple cracking saw-
tooth model for fitting analysis. The fitting situation is
shown in Figure 8.

The fitting parameters are shown in Table 1. Among
the 15 data, there are 11 data where ′a

1
is more significant

than ′a
2
; that is, the difference between the peaks and val-

leys of the early sawtooth section in the PVA-ECC uniaxial
tensile stress–strain curve is smaller than the difference
between the peaks and valleys of the late sawtooth section.
The value of ′a

1
is concentrated between 17 and 35, and the

value of ′a 2 is concentrated between 12 and 31. In 12 data,
′b
1
is more significant than ′b

2
, and in 3 data, ′b

1
is less than

′b
2
. The value of ′b

1
is concentrated between 0 and 0.25, and

the value of ′b
2
is concentrated between −0.09 and 0.14. The

value of d is concentrated between 0.3 and 0.6.
These three parameters work together to express the

increase of the hardened segment. The three parameters
have a more extensive range, so the three parameters are
considered together. In the three data, the stress increment
ΔⅠ of hardening section I is smaller than the stress increment
ΔⅡ of hardening section II. When the four-segment multiple
cracking sawtooth model is used to fit the PVA-ECC uniaxial

tensile stress–strain curve, the stress increment of hardened
section I is often more significant than that of hardened
section II. In addition, four sets of data have a negative ΔⅡ.
PVA-ECC with high fly ash content reaches the ultimate ten-
sile stress earlier in uniaxial tension, but it can still maintain
a higher stress level in a more extended strain change.

In 15 data sets, ′f
1
is more significant than ′f

2
in all the

group segments. It expresses that the sawtooth segment is
denser in the early stage and sparser in the later stage. The
value of ′f

1
is concentrated between 20 and 32, and the

value of ′f
2
is concentrated between 5.5 and 20.

In summary, using the four-segment multiple cracking
sawtooth model to fit the PVA-ECC uniaxial tensile stress–
strain curve, it can be found that the overall stress of har-
dened section I increasesmore, and the sawtooth is denser. In
contrast, the overall stress of hardened section II increases
less and more sparse and jagged.

3.2 Three-segment multiple cracking
sawtooth model fitting and
parameter law

Four articles [53,56–58] with similar matrix material ratios
were selected for the three-segment multiple cracking saw-
tooth model for fitting analysis. The fitting situation is
shown in Figure 9.

The fitting parameters are shown in Table 2. In the curve
fitted by the three-segment multiple cracking sawtooth model,
the value of a′ is concentrated between 20 and 45. This is larger
than ′a

1
and ′a

2
in the four-segment multiple cracking model. It

Table 1: Fitting parameters of PVA-ECC uniaxial tension four-segment multiple sawtooth model

Vf (%) FA (%) a ′
1

a ′
2

b ′
1

b ′
2

c′ d f ′

1

f ′

2

ΔⅠ ΔⅡ

1 [52] 1 0 29.11 34.93 1.54 0.46 10 0.238 25.83 18.7 0.302 0.247
2 [53] 1.5 0 17.86 14.89 −0.11 0.14 30 0.405 27.17 5.56 −0.03 0.167
3 1.5 0 18.01 17.83 0.11 0.10 44 0.514 26.87 7.10 0.159 0.089
4 1.5 10 35.52 17.76 0.00 0.24 7 0.454 29.37 9.78 0.028 0.121
5 1.5 10 38.69 19.35 0.25 0.12 150 0.575 21.26 8.63 0.190 0.083
6 [54] 1.5 75 23.14 18.51 0.07 0.01 1,000 0.468 30.34 19.08 0.203 0.045
7 1.5 75 23.48 31.31 0.01 0.07 60 0.332 31.27 9.30 0.056 0.190
8 [55] 1.7 50 14.44 28.88 0.23 −0.01 4 0.528 19.99 13.43 0.457 −0.056
9 1.7 70 17.12 10.06 0.21 −0.09 6 0.361 20.91 13.33 0.446 −0.228
10 1.7 80 19.60 23.52 0.11 −0.04 5 0.571 10.43 8.33 0.274 −0.054
11 [16] 2 60 14.31 14.15 0.28 0.09 70 0.302 28.04 18.19 0.237 0.129
12 2 60 17.09 14.95 0.11 0.02 85 0.470 27.29 20.21 0.243 0.046
13 2 60 17.96 12.83 0.10 0.03 350 0.198 31.88 17.10 0.152 0.122
14 2 60 18.34 12.84 0.12 −0.07 190 0.621 33.27 27.25 0.326 −0.071
15 2 60 13.34 17.78 0.27 0.04 300 0.267 22.87 15.30 0.260 0.055
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Figure 9: Curve fitting of PVA-ECC three-segment multiple cracking sawtooth model: (a) 16, (b) 17, (c) 18, (d) 19, (e) 20, (f) 21, (g) 22, (h) 23, (i) 24, (j) 25,
(k) 26, (l) 27, (m) 28, (n) 29, (o) 30, (p) 31, (q) 32, and (r) 33.
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shows that under low fly ash content, with the increase of
fiber content, the peak and trough fluctuation of the PVA-ECC
strain hardening zigzag section will become smaller. The
value of b′ is concentrated between 0.03 and 0.11. The dis-
persion of parameter b′ is not as large as that of the four-
stage multiple cracking sawtooth model parameter b′, which
means that at low fly ash content, with the increase of fiber
content increase, the ratio of the increased stress to the ulti-
mate tensile stress after uniaxial tension reaches the initial
cracking stress of PVA-ECC is more stable. When the matrix
material ratio is the same, the higher the fiber content, the
more stable the strain-hardening section.

In the case of a particular matrix material mix ratio,
the fiber increment increases the relative stress increment
significantly, which is also in line with the macroscopic
mechanical performance phenomenon. Under different
fiber content, the initial cracking stress of the composite
material does not change much. Because the matrix mate-
rial mainly bears the stress in the linear elastic stage, the
increase in fiber content significantly improves the tensile
properties of the composite material, making the differ-
ence between the ultimate tensile stress and the initial
cracking stress more considerable. In addition, limited
data show that when the fiber content is constant and
the other mixing ratios of the matrix materials remain
unchanged, the effect of the increase in fly ash content
on the relative stress increase is not apparent.

In the same set of experiments (data No. 16-23), the
amount of fly ash can affect the model’s parameters under

the same conditions as other mix ratios. The performance
is that the higher the amount of fly ash, the larger the
model parameters a and f values. That is the smaller the
fluctuation of the sawtooth section, the more the number
of sawtooth. Fly ash particles are primarily smooth and sphe-
rical, and other mixing ratios of the matrix material remain
unchanged. Increasing the amount of fly ash canmake the ECC
material structure more uniform and improve the matrix–
fiber interface transition zone. However, the increase in the
amount of fly ash will reduce the matrix strength, so the initial
cracking stress is reduced, and the matrix–fiber bonding force
τ is reduced. When τ decreases, the proportion of fiber
breakage during strain hardening decreases, the proportion
of fiber withdrawal increases, and the proportion of fibers
that are not broken or incompletely pulled out decreases.

For PVA-ECC, the applicable range of the three-stage
multi-crack sawtooth model is as follows: the fiber content
is more significant than 1.5%, and the fly ash content is not
more than 10%. The higher the fiber content, the better the
tensile properties of ECC. The fundamental reason is the
increase in the number of fibers. When the ultimate bearing
capacity is reached, the more fibers that bear the load, the
better the tensile performance. The difference between
the three-segment multiple cracking sawtooth model and
the four-segment multiple cracking sawtooth model is
that the amplitude of the ECC uniaxial tensile strain hard-
ening section is stable, and there is no significant differ-
ence in saw tooth density and relative stress increment.

From the fitting of the four-stage multiple cracking
model, it can be seen that in hardened section I, the pro-
portion of fiber that is pulled off is more significant than
the proportion of fiber pulled out, while in hardened sec-
tion II, the proportion of fiber pulled off is smaller com-
pared with ones pulled out. Under low fly ash content,
when the fiber content reaches a particular critical value,
such as PVA fiber content greater than 1.5%, during the ECC
uniaxial tensile strain hardening process, the ratio of fiber
breaking and pulling out is relative. It is stable so that the
amplitude, increment, and density of the sawtooth in the
entire strain hardening section are not apparent, so it is
suitable for the three-segment multiple sawtooth models.

3.3 The effect of fiber reinforcement index
on uniaxial tensile properties of PVA-ECC

Fiber Reinforcing Index V
L

Df

f

f

is another critical parameter
in the theoretical fiber reinforcement system, related to the
aspect ratio of the fiber and the fiber content. Five sets of
PVA-ECC uniaxial tensile data with very similar matrix

Table 2: Fitting parameters of PVA-ECC uniaxial tension three-segment
multiple sawtooth model

Vf (%) FA (%) a′ b′ c′ f′ Δ

16 [53] 1.75 10 39.45 0.06 100 24.78 0.085
17 1.75 10 43.84 0.09 120 23.30 0.127
18 1.75 10 45.26 0.10 80 24.71 0.217
19 1.75 5 25.91 0.11 100 22.04 0.099
20 1.75 5 23.49 0.12 105 23.44 0.137
21 1.75 5 24.14 0.11 80 24.06 0.143
22 1.75 0 17.07 0.02 60 22.07 0.191
23 1.75 0 20.19 0.07 190 21.82 0.262
24 [56] 2 10 23.40 0.08 100 20.51 0.341
25 2 10 25.58 0.07 105 20.48 0.317
26 [57] 2 5 70.40 0.04 115 20.45 0.278
27 2 5 63.32 0.02 40 20.40 0.177
28 [58] 2 0 36.74 0.07 30 20.76 0.269
29 2 0 33.57 0.08 30 20.37 0.386
30 2 0 30.43 0.09 40 20.48 0.310
31 2 0 25.95 0.08 9 20.45 0.341
32 2 0 27.09 0.06 40 20.27 0.288
33 2 0 26.17 0.06 50 20.41 0.302
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materials and different fiber reinforcement indexes are
used for data analysis, as shown in Figure 10.

Figure 10 shows the influence of the fiber-reinforcing

indexV
L

Df

f

f

on the tensile properties of PVA-ECCs, which include
σfc, σ ,u and εu; increase with the fiber reinforcing index, and
the relationship can be expressed by the following equations:

= + × =σ
L

D
V R1.38887 0.38241 , 0.997,fc

f

f

f

2 (21)

= + × =σ
L

D
V R1.45 0.51415 , 0.995,u

f

f

f

2 (22)

( )

( )

= + × − × +
− × + =

ε F F

F R

0.01 2.13 2.54 ln 1

1.16 ln 1 , 0.957.

u I I

2

I

2

(23)

Using Eqs. (21), (22), and (23), inverse calculations are
performed to convert the tensile properties accordingly and
standard deviation and average standard deviation are
obtained. The calculation results are shown in Table 3. It

can be seen from Table 3 that the average standard devia-
tion of PVA-ECC tensile properties calculated using Eqs. (21)
and (22) is low, the equation fitting effect is better, and the
average standard deviation can be controlled within ±6%.

3.4 Theoretical analysis of characteristic
points of ECC uniaxial tensile
stress–strain relationship based on
experimental data

Studying the relationship between the initial cracking
stress, initial cracking strain, ultimate tensile stress, and
ultimate tensile strain of ECC uniaxial tension plays a vital
role in the subsequent use of finite element software or
self-edited software for ECC uniaxial tension simulation.
Because these four mechanical properties indicate the
starting and ending points of the multiple cracking stages in
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Figure 10: The relationship between uniaxial tensile properties of PVA-ECC and fiber reinforcement index: (a) initial cracking stress, (b) ultimate strain,
and (c) ultimate stress.

Table 3: Conversion of PVA-ECC uniaxial tensile properties and relative error

No.
V

L

D
f

f

f

Initial cracking
stress (MPa)

Converted initial
cracking stress (MPa)

Ultimate
stress (MPa)

Converted ultimate
stress (MPa)

Ultimate
strain (%)

Converted ultimate
strain (%)

35–1 [53] 3.85 3.20 2.86(10.52%) 3.27 3.43(−4.74%) 1.11 1.30(−17.32%)
35–2 3.85 2.47 2.86(−15.59%) 3.02 3.43(−13.59%) 1.09 1.30(−19.09%)
35–3 3.85 2.77 2.86(−3.18%) 3.02 3.43(−13.67%) 0.93 1.30(−39.80%)
36–1 [59] 4.10 3.04 2.96(2.59%) 3.55 3.56(−0.13%) 2.07 1.52(29.60%)
36–2 4.10 3.03 2.96(2.34%) 3.63 3.56(1.87%) 2.09 1.52(29.60%)
37–1 [53] 4.62 3.24 3.15(2.67%) 3.54 3.82(−7.92%) 2.07 2.00(3.21%)
37–2 4.62 3.29 3.15(4.02%) 3.76 3.82(−1.62%) 2.10 2.00(4.77%)
37–3 4.62 3.26 3.15(−8.01%) 3.74 3.82(−2.12%) 1.71 2.00(−17.14%)
38–1 [53] 5.38 3.44 3.45(−0.35%) 3.95 4.22(−6.92%) 2.62 2.78(−19.68%)
38–2 5.38 3.41 3.45(−1.05%) 4.38 4.22(3.77%) 2.66 2.78(−8.58%)
38–3 5.38 3.57 3.45(3.32%) 4.53 4.22(6.80%) 2.61 2.78(−15.49%)
39–1 [56] 6.00 3.33 3.68(−10.73%) 4.68 4.53(3.08%) 3.54 3.45(2.56%)
39–2 6.00 3.70 3.68(0.46%) 5.12 4.53(11.37%) 3.58 3.45(3.67%)
Standard
deviation

±4.99% ±5.97% ±16.20%
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the ECC uniaxial tensile stress–strain curve. Four mechanical
properties of 46 sets of PVA-ECC uniaxial tensile specimens
[16,53–58,60] were studied. The contents were the relationship
between ultimate tensile strain and initial cracking strain and

the relationship between ultimate tensile stress and initial
cracking stress (Figure 11).

Experimental data are shown in Table 4. The constitu-
tive equations of PVA-ECC ultimate tensile stress–initial
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Figure 11: ECC uniaxial tensile stress–strain relationship characteristics: (a) limit stress – initial cracking stress, (b) limit strain – initial cracking strain.

Table 4: Uniaxial tensile properties of PVA-ECC

Data
number

Initial
cracking
strength
(MPa)

Initial
cracking
strain (%)

Ultimate
strength
(MPa)

Ultimate
strain (%)

Data
number

Initial
cracking
strength
(MPa)

Initial
cracking
strain (%)

Ultimate
strength
(MPa)

Ultimate
strain (%)

1 [53] 0.55 3.49 3.59 0.77 24 [54] 0.07 3.38 4.63 4.70
2 0.26 3.24 3.54 2.07 25 0.15 2.94 3.91 4.46
3 0.30 3.29 3.76 2.10 26 0.11 3.26 4.07 3.26
4 0.16 2.92 3.74 1.71 27 [55] 0.18 1.74 3.05 4.33
5 0.43 3.44 3.95 2.32 28 0.18 1.61 2.08 5.90
6 0.35 3.41 4.38 2.56 29 0.14 1.70 1.97 4.16
7 0.44 3.57 4.53 2.41 30 0.09 1.41 1.86 4.32
8 0.16 4.09 5.18 1.75 31 [60] 0.06 3.14 3.55 2.07
9 0.24 3.71 4.70 1.64 32 0.05 3.14 3.63 2.09
10 0.25 3.78 4.61 1.69 33 0.05 3.27 3.75 2.91
11 0.45 2.60 2.79 0.88 34 [16] 0.11 3.59 5.66 2.33
12 0.19 2.58 2.98 2.92 35 0.25 3.10 4.27 4.42
13 0.28 2.44 3.24 2.31 36 0.26 3.71 5.13 5.34
14 0.26 2.88 3.06 2.31 37 0.12 2.72 3.67 4.18
15 0.24 3.02 3.55 1.21 38 0.05 3.04 4.45 2.94
16 0.20 3.03 3.69 1.11 39 [57] 0.15 3.43 4.69 6.92
17 0.25 3.01 3.87 1.39 40 0.14 4.68 5.63 7.17
18 0.12 3.12 3.41 1.76 41 [58] 0.13 4.17 5.65 3.89
19 0.13 3.17 3.62 2.69 42 0.08 3.49 5.59 5.07
20 0.21 3.21 4.04 2.62 43 0.07 3.50 5.07 3.42
21 0.21 1.81 2.06 0.51 44 0.09 3.12 4.72 4.17
22 [56] 0.08 3.33 4.68 3.54 45 0.06 3.13 4.52 4.60
23 0.08 3.70 5.12 3.58 46 0.09 4.01 5.82 4.75
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Figure 12: Curve fitting of PE-ECC three-segment multiple cracking sawtooth model: (a) 40, (b) 41, (c) 42, (d) 43, (e) 44, (f) 45, (g) 46, (h) 47, (i) 48, (j) 49,
(k) 50, (l) 51, (m) 52, and (n) 53.
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cracking stress and ultimate tensile strain–initial cracking
strain are proposed:

= = > =σ σ R R1.2887 , 0.988 0.216,u fc

2

0.001

2 (24)

= = > =−ε e R R4.258 , 0.25 0.216.
ε

u

2.462 2

0.001

2
fc (25)

In the PVA-ECC uniaxial tensile test, the greater the
initial cracking strain of the specimen, the smaller the ulti-
mate tensile strain. The initial cracking strain of the spe-
cimen with a more considerable ultimate tensile strain is
maintained at a low level, generally at most 0.2%. The ulti-
mate tensile stress of PVA-ECC is linearly related to the
initial cracking stress. The greater the initial cracking stress
of the specimen, the greater the ultimate tensile stress.

4 PE-ECC uniaxial tensile
stress–strain constitutive
relationship

4.1 Three-segment multiple cracking
sawtooth model fitting and
parameter law

This article selects 11 groups of paper data [61–63] with
similar mix ratios of matrix materials and different fiber
content and fiber aspect ratios for model fitting. It is found
that all data can be fitted by a three-stage multi-crack
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Figure 12: (Continued)
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“sawtooth” model. Considering that the fiber content con-
tains a mix ratio of not more than 1.5%, the f in the three-
stage model becomes adjustable. The fitting situation is
shown in Figure 12:

The following conclusions can be drawn from Table 5
and Figure 13:

From Figure 13a and c, when the aspect ratio of PE
fiber is constant, a′ increases with the increase of fiber
content. The smaller the fluctuation of the serrated section
of the PE-ECC strain hardening section, the more stable the
fluctuation section. The value of a′ is concentrated between
25 and 33, which is more stable than the fitting parameter

Table 5: Fitting parameters of PE-ECC uniaxial tensile three-stage multi-crack ‘sawtooth’ model

Data number Lf (mm) Df (μm) Lf/Df Vf (%) a′ b′ c f′ Δ

40 [61] 12 24 500 1.50 27.93 0.13 0.04 11.17 0.250
41 12 24 500 1.75 30.66 0.08 3.50 21.55 0.251
42 12 24 500 2 31.86 0.04 6.00 20.99 0.274
43 18 24 750 1.50 26.07 0.04 5.00 12.97 0.204
44 18 24 750 1.75 28.41 0.04 60.00 21.30 0.258
45 18 24 750 2 30.01 0.04 9.00 20.90 0.273
46 18 20 900 1.50 25.24 0.04 5.50 20.82 0.183
47 18 20 900 1.75 31.49 0.05 10.00 21.46 0.339
48 18 20 900 2 37.38 0.06 60.00 20.55 0.440
49 [62] 12 20 600 2 10.97 0.01 50.00 24.71 0.210
50 12 20 600 2 28.47 0.05 40.00 20.27 0.529
51 [63] 12.7 38 334 2 32.19 0.09 5.00 12.27 0.478
52 12.7 38 334 2 33.87 0.09 8.00 16.46 0.490
53 12.7 38 334 2 30.55 0.07 13.00 15.69 0.395
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Figure 13: PE-ECC uniaxial tensile data fitting parameter distribution diagram: (a) the fitting parameter a of the model, (b) the fitting parameter c of
the model, (c) relationship between fitting parameter a and fiber content, and (d) relationship between relative stress increment△ and fiber content.
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a′ of the PVA-ECC three-stage multi-slit cracking “sawtooth”
model.

The frequency f′ of the PE-ECC serrated segment is
concentrated between 15 and 22, which is more stable
than that of the PVA-ECC serrated segment, which is con-
centrated between 8 and 27.

From Tables 1 and 2, and Figure 13b, the strain soft-
ening segment parameter c in the uniaxial tensile stress–
strain curve of PE-ECC is more minor, while the strain
softening segment parameter c of PVA-ECC is more consid-
erable, indicating that compared with PVA-ECC, PE-ECC has
better ductility after reaching the strain softening point.
PVA fiber has good hydrophilicity and interfacial bonding
force between PVA fiber and cement matrix. The reason is
that the non-circular and irregular cross-section of PVA
fiber helps to expand the bonding surface between fiber
and cement matrix. The molecular structure of PVA fiber is
(–CH2–CHOH–)n, and its –C–OH group can form a strong
hydrogen bridge with the –OH group in cement hydrate.
The PE fiber is hydrophobic, which decreases the fiber–
matrix performance bond, and the fiber is not easy to
break during the pull-out process.

In addition, the differences in physical andmechanical prop-
erties between PVA fiber and PE fiber are shown in Table 6.

It can be seen from Table 6 that the mechanical prop-
erties of PE fiber are better than those of PVA fiber, and the

density of PE fiber is small. When the fiber volume content,
fiber length, and fiber diameter are the same, the fiber
number of PE fiber is more significant than that of PVA
fiber. The ultimate bearing capacity of ECC depends on the
number of fibers that have not quit the work at the max-
imum defect position and the tensile properties of the fibers.
When the fiber volume content is the same, the tensile
properties of PE-ECC are better than those of PVA-ECC.

Table 6: Physical and mechanical properties of PVA fiber and PE fiber

Fiber type Length (mm) Diameter (μm) Density (g·cm−3) Elastic modulus (GPa) Tensile strength (MPa)

PVA 8, 12 38–40 1.30 40–42.8 1,000–1,600
PE 12, 18 20, 24 0.97–0.98 100–120 2,700

Table 7: Fiber reinforcement index and PE-ECC uniaxial tensile performance index

Data
number

Lf (mm) Df (μm) Lf/Df Vf (%) Fiber enhancement
index

Initial cracking
strength (MPa)

Ultimate tensile
strength (MPa)

Ultimate tensile
strain (%)

54 [61] 12 24 500 1.50 7.5 8.15 10.29 2.2
55 12 24 500 1.75 8.75 8.15 10.68 3.52
56 12 24 500 2 10 9.54 12.06 5.11
57 12 24 500 2.25 11.25 11.02 13.56 6.4
58 12 24 500 2.50 12.5 11.16 13.73 6.56
59 12 24 500 3 15 11.3 14.42 6.6
60 18 24 750 1.50 11.25 11.6 13.79 5.57
61 18 24 750 1.75 13.13 9.64 14.55 6.7
62 18 24 750 2 15 9.19 16.46 7.66
63 18 24 750 2.25 16.88 12.09 17.75 7.78
64 18 20 900 1.25 11.25 9.41 12.23 4.74
65 18 20 900 1.50 13.5 11.66 14.61 5.85
66 18 20 900 1.75 15.75 9.88 14.33 6.11
67 18 20 900 2 18 10.01 17.4 7.56
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Figure 14: PE fiber aspect ratio and fiber content and PE-ECC uniaxial
tensile initial crack stress diagram.
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From Figure 13d, when the aspect ratio of PE fiber is
constant, the relative stress increment Δ increases with the
increase in fiber content. The ratio of initial crack stress to
ultimate tensile stress decreases.

4.2 The effects of aspect ratio and fiber
reinforcement index on the uniaxial
tensile properties of PE-ECC were studied

This articles selects 14 groups of paper data [61] with the
same mix ratio of matrix materials and fiber content and

fiber aspect ratio for data analysis. The effects of dif-
ferent fiber reinforcement indexes on the initial crack
strain, ultimate tensile stress, and ultimate tensile strain
of PE-ECC uniaxial tension are analyzed, as shown in
Table 7.

Figures 14–16 data show the influence of PE fiber
aspect ratio and PE fiber content on the tensile properties
of PE-ECC. When the fiber content increased from 1.5 to
2.0%, the ultimate tensile stress of PE-12-24, PE-18-24, and
PE-18-20 increased by 17, 23 and 22%, respectively. Under
the same fiber content (such as 2%), when the aspect ratio
is 500,750 and 900, respectively, the peak stress is 12.06,
16.46, and 17.86MPa, respectively; that is, the fiber aspect
ratio increases by 50 and 80%, and the peak stress increases
by 36 and 48%, respectively. The following conclusions can
be drawn:
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Figure 16: The relationship between the length–diameter ratio and fiber
content of PE fiber and the ultimate tensile strain of PE-ECC under uni-
axial tension.
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Figure 17: Relationship between ultimate tensile stress and PE fiber
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reinforcement index.

500 600 700 800 900
5
6
7
8
9

10
11
12
13
14
15
16
17
18

 Vf=1.5%
 Vf=1.75%
 Vf=2.0%
 Vf=2.25%

Lf / Df

U
lti

m
at

e 
te

ns
ile

 s
tr

es
s/

M
Pa

Figure 15: PE fiber aspect ratio and fiber content and PE-ECC uniaxial
tensile ultimate tensile stress diagram.
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1) When the aspect ratio of PE fiber is constant, the
initial crack stress, ultimate tensile stress, and ultimate
tensile strain of PE-ECC increase with the increase of fiber
content.

2) When the content of PE fiber is constant, the initial
crack stress, ultimate tensile stress, and ultimate tensile
strain of PE-ECC increase with the increase of aspect ratio.

The origin is used for data fitting, and the linear or ln
function formula is used for fitting. The fitting situation is
shown in Figures 17 and 18.

Based on the experimental data, the constitutive equa-
tions of the ultimate tensile stress–fiber reinforcement index
and ultimate tensile strain–fiber reinforcement index are
proposed:

= + × =σ
L

D
V R5.24522 0.68106 ,   0.878,u

f

f

f

2 (26)

= + × =ε
L

D
V R0.06852 0.45283 ,   0.767.u

f

f

f

2 (27)

Both formulas (26) and (27) are linear functions, and the
intercepts of the two formulas represent the ultimate tensile
stress and ultimate tensile strain of the matrix material
without fiber incorporation, respectively. The matrix mate-
rial used in the original article [61] is ultra-high-perfor-
mance concrete (UHPC). It can be seen from the relevant
research literature [64–66] that the intercept design of the
constitutive equation is reasonable.

Using Eqs. (26) and (27) for inverse calculation, it is concluded
that the corresponding tensile properties are calculated by fitting
formula, and the relative error and average relative error are
calculated. The calculation results are shown in Table 8.

It can be seen from Table 8 that the fitting formula is
used to calculate the uniaxial tensile properties of PE-ECC
inversely. The relative error of the converted ultimate ten-
sile stress is ±4.09%, and the relative error of the converted
ultimate tensile strain is ±13.81%.

5 Prospect of ECC strain hardening
and multi-crack sawtooth
constitutive model

This study proposes a multi-parameter ECC strain hard-
ening and multi-crack sawtooth constitutive model.
However, precise adjustment of parameters becomes
especially critical when applying this model in practice. To
further optimize the ECC model in subsequent research and
deepen the understanding of the interactions between these
parameters and their comprehensive impact on model per-
formance, this section uses the data in Table 1 to perform
Principal Component Analysis (PCA) on parameters such as

′a
1
, ′a

2
, ′b

1
, ′b

2
, c′, d, ′f

1
, ′f

2
, ΔⅠ, ΔⅡ. The PCA results reveal the

following key findings:

5.1 Variance explanation ratio

The goal of PCA is to reduce dimensions while capturing
the most critical variability within the data. The analysis

Table 8: PE-ECC conversion tensile properties and relative error

Data
number

Lf/Df Vf (%) Fiber enhancement
index

Conversion ultimate
tensile strength (MPa)

Relative
error (%)

Conversion ultimate
tensile strain (%)

Relative
error (%)

1 500 1.50 7.5 10.35 −0.61 3.46 −57.49
2 500 1.75 8.75 11.20 −4.91 4.03 −14.51
3 500 2 10 12.06 0.03 4.60 15.24
4 500 2.25 11.25 12.91 4.81 5.16 19.33
5 500 2.50 12.5 13.76 −0.21 5.73 12.67
6 500 3 15 15.46 −7.22 6.86 −3.95
7 750 1.50 11.25 12.91 6.40 5.16 7.31
8 750 1.75 13.13 14.18 2.51 6.01 10.27
9 750 2 15 15.46 6.07 6.86 10.43
10 750 2.25 16.88 16.74 5.70 7.71 0.90
11 900 1.25 11.25 12.91 −5.54 5.16 −8.92
12 900 1.50 13.5 14.44 1.17 6.18 −5.67
13 900 1.75 15.75 15.97 −11.46 7.20 −17.85
14 900 2 18 17.50 −0.60 8.22 −8.72
Average — — — — ±4.09 — ±13.81
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shows that the first principal component (PC1) explains
36.52% of the variance, indicating it captures the primary
variability within the data. This suggests that PC1 may
reflect the main response mechanism of ECC materials to
strain hardening and multi-crack formation during the
tensile process. For example, parameters strongly corre-
lated with PC1 (such as ′b

2
, ΔⅠ, ΔⅡ) may be closely related

to the material’s crack propagation speed, crack width
growth, or changes in crack spacing, which are key factors
determining the material’s toughness and ductility.

The second principal component (PC2) explains an addi-
tional 18.12% of the variance, providing further insights into the
behavior of ECC materials, possibly related to changes in the
microstructure of thematerial or the diversity of crack patterns.

5.2 Cumulative variance explanation

The first two principal components cumulatively explain
54.64% of the variance, while the first three explain 71.27%.
This reveals complex but identifiable interaction patterns
between model parameters. The increasing trend of cumu-
lative variance explanation indicates that while single para-
meters may struggle to fully capture the complex behaviors
of ECC materials, a comprehensive understanding of mate-
rial responses can be effectively revealed by integrating the
impacts of multiple parameters. Moreover, this suggests the
existence of a core set of parameters within the material
model that, when combined, can offer a holistic under-
standing of material behavior.

5.3 Principal component loadings and
variable correlations

A more detailed analysis shows that PC1 is strongly positively
correlated with ′b

2
, ΔⅠ, ΔⅡ, indicating these parameters play a

pivotal role in the model. Figure 19 provides an intuitive way to
understand the relationship between each variable and the prin-
cipal components. For instance, the direction and length of vectors
for parameters strongly correlated with PC1 ( ′b

2
, ΔⅠ, ΔⅡ) not only

highlight the importance of these parameters for ECC material
behavior but also reveal their relationships with other para-
meters in the material constitutive model. This visualization
aids researchers in understanding which parameters are key
when adjusting themodel and how adjusting these parameters
can improve the model’s predictive accuracy and applicability.

This in-depth analysis also helps identify parameters that
may require special attention in experimental design. For
example, experiments that control these key parameters could
more accurately verify the consistency between model predic-
tions and actual observations, thereby optimizingmodel design.

In future research, these insights could be utilized to
streamline the model by removing parameters that contribute
less to the model’s predictive capability. Such simplification
can not only reduce computational costs but also enhance
the model’s applicability and universality. Additionally, further
experimental data validation is needed to enhance the model’s
accuracy and robustness.

6 Conclusion

By collecting the literature data on ECC uniaxial tension, the
law of its stress–strain curvewas studied, and a new theoretical
model of ECC uniaxial tension stress–strain constitutive rela-
tionship-multiple cracking sawtooth model was established.

Uniaxial tensile stress–strain curve for PVA-ECC is
divided into two types: a four-segment multiple-cracking
sawtooth model and a three-segment multiple-cracking
sawtooth model. The four-segment multiple cracking saw-
tooth model is general. The relative stress increment of
hardened section I is greater than that of hardened section
II, and the sawtooth is denser. The applicable conditions of
the three-segment multiple cracking sawtooth models are
as follows: at low fly ash content, the PVA fiber content is
more significant than 1.5%.

For the uniaxial tensile stress–strain curve of PE-ECC, only
the three-stagemulti-crack “sawtooth”model is used for fitting.
The minimum content of PE fiber in the literature is 1.5%, and
the stable single-hardening section can still be maintained. The
fiber type has a significant effect on the mechanical behavior

Figure 19: Correlation circle plot.

Strain hardening and multiple cracking of ECC under uniaxial tension  19



of ECC under uniaxial tension. When the matrix material and
volume content are the same, the tensile properties of PE-ECC
are better than those of PVA-ECC.

When the aspect ratio of PE fiber is constant, the initial
crack stress, ultimate tensile stress and ultimate tensile
strain of PE-ECC increase with the increase of fiber content.
When the content of PE fiber is constant, the initial crack
stress, ultimate tensile stress, and ultimate tensile strain of
PE-ECC increase with the increase of aspect ratio.

The larger the fiber reinforcement index, the better
the tensile performance of ECC. The fiber reinforcement
index is linearly related to the initial crack stress and ulti-
mate tensile stress of PVA-ECC, and the fiber reinforcement
index is linearly related to the ultimate tensile stress and
ultimate tensile strain of PE-ECC.

The characteristic points of PVA-ECC in the multi-slit
cracking stage have the following laws: the greater the
initial cracking strain, the smaller the ultimate tensile
strain, which is exponentially related; the greater the
initial cracking stress, the greater the ultimate tensile
stress, which is linearly related.

Principal component analysis (PCA) was carried out on
the parameters in Table 1, and the main parameters were
found out, which provided a new method and new idea for
the subsequent research of ECC strain hardening and
multi-crack sawtooth constitutive model.
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