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Abstract: The holes and defects in rock materials have a
great impact on the mechanical properties and failure
mechanism of rock, cracks often appear in the form of
flat ellipses in natural rock mass, and the current research
is still insufficient. For this purpose, based on the Particle
Flow Code (PFC) of discrete element particle flow program,
the numerical prefabricated fractured rock samples with
the ratios of the long and short axes of the elliptical frac-
tures being 5, 7.5, 10, 12.5, and 15 were simulated in order
to obtain the strength and failure characteristics, stress
concentration characteristics at tips of numerical rock
samples in uniaxial compression test. The results of the
numerical test simulation show that: (1) When the rock
models with prefabricated elliptical crack were damaged,
the initial cracks occurred at the end of the short axis of the
elliptical crack, and penetrated up and down from the sur-
face of the elliptical crack, the wing cracks occurred at
both ends of the long axis, gradually formed a macro-
crack, and the secondary cracks extended near the wing
crack. (2) With the increase of the ratios a:b of long and
short axes of the elliptical fracture, the strength and elastic
modulus of the numerical rock samples gradually decreased,
Poisson’s ratio gradually increased, and the total number of
micro-cracks in the rockmodels decreased. (3) The numerical
solutions of stress concentration factor k obtained by numer-
ical simulations at the tip of the elliptical crack increased
with the increase in the ratio of a:b; it was highly consistent
with the variation law of the analytical solution of the stress
concentration factor calculated by the theory of flat ellipse.
The stress concentration is an important reason for failure of

rock with elliptical cracks. Study on the crack tip will be very
useful and significant.

Keywords: discrete element, precast crack, stress concen-
tration factor, analytical solution

1 Introduction

Micro-cracks and holes in the rock mass are important to
the crack propagation, macro-mechanical properties, and
failure mechanism of rock. In the aspect of laboratory
test, Wang et al. [1] used acoustic emission and digital
image correlation to study the spatiotemporal evolution
characteristics of crack extension of soft and hard com-
posite laminated rock masses containing double fissures
under uniaxial compression. Wu et al. [2] deeply studied
the fracture law of rock with cavities, and theoretically
studied the rock damage evolution mechanism. Li et al.
[3] studied the deformation characteristics of marble with
different shapes of holes under uniaxial compression.
The research shows that the mechanical properties and
failure process of rock were significantly affected by the
prefabricated cracks of different geometrical shapes (such
as crack angle, crack length, etc.). Chen et al. [4] discussed
the influences of the ratio of the long and short axes of the
elliptical crack model and the dip angle on the stress dis-
tribution area of the rock and the fracture mechanism of
the rock sample. In aspect of theoretical research on mate-
rials with elliptical cracks, Inglis analyzed the stress of an
elliptical void in a flat plate under uniform stress in 1913
[5]. Based on this, Griffith [6] obtained the propagation
mechanism of crack tip from perspective of energy, and
this theory is still used today.

Due to the difficulties of preparing rock samples with
special cracks and the large discreteness of natural rock
samples as shown in the laboratory test, numerical mod-
eling techniques for rock with cracks have been widely
used in rock engineering [7–11].

In recent years, the numerical simulation program
PFC has been favored by many researchers. The numerical
samples with parameters obtained from the laboratory test
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results established in PFC can simulate the interactions of
every particle with finite size and number based on the
discrete element method (DEM) [12]. For rock samples
with special cracks, a numerical model can be easily
established in PFC, and the loading process can be
simulated based on the results obtained in the labora-
tory [13]. In numerical simulation of cracked rock, Yang
et al. [14] studied the strength, deformation, and crack
evolution behavior of sandstone containing a single oval
flaw under uniaxial compression by experiment and
PFC. Zhao et al. [15] studied the mechanical behavior
of rock containing two pre-existing holes by combining
laboratory tests and PFC, and divided the deformation
and failure process of rock mass containing hole defects
into two stages: rock bridge penetration and overall
instability. Liu et al. [16] and Zhou et al. [17] studied
the failure modes of rock-like materials containing two cir-
cular holes, respectively. The crack development between
two cavities and failure mechanism for different geome-
trical configurations were studied in detail using experi-
mental and PFC. These studies were all based on rock
materials with circular cavities, and the reason why
the cracked rock mass is prone to failure has not
been explained from a microscopic point of view.
However, the cracks in natural rock mass are always
narrow and long, and they can simplify as flat ellipses.
Nowadays, the research on rocks with flat elliptical
cracks is still insufficient, thus further research is
urgently needed.

For this purpose, based on the PFC of the discrete
element numerical simulation program, the numerical
marble models were established with different ratios of
long and short axes, and the crack propagation, strength
variations under uniaxial compression were studied, and
specially the numerical solutions in stress field concen-
tration at the tip of elliptical crack were obtained. On the
other hand, the analytical solutions of stress concentra-
tion factor at the tip of elliptical crack with different ratios
of axes based on the theory of flat elliptical crack were
obtained. The numerical solutions were verified by the

analytical solutions to some extent. This research pro-
vided an effective direction for the cracked rock.

2 Numerical model of rock samples

2.1 Intact numerical model

Rock is a combination of mineral grains with a large
number of joints, fissures, and hole defects, and is a
typical heterogeneous medium [18]. So, the DEM is widely
used in the field of rock mechanics. Particle flow code
(PFC), based on discrete-element theory, is suitable for
analyzing the deformation and failure mechanism ofmate-
rials at the micro-scale [19,20].

PFC mainly describes the contact between particles
with contact bond model and parallel bond model, which
can simulate the compressive failure of rock materials
along the normal or tangential direction and well reflect
the failure mode of rock materials. Therefore, a parallel
bonding model was used to establish numerical rock
sample with the size of ϕ 50mm × 100mm based on the
selection of bonding parameters. Tan et al. [21] showed
that when the particle size ratio was 1.66, the value of
particle radius has very little influence on the calculation
results. Therefore, the particle size ratio was set to 1.66 and
the minimum radius of particles was set to 0.3mm. Based
on the macro-mechanical parameters obtained from labora-
tory tests, the corresponding micro-mechanical property
parameters shown in Table 1 were matched by trial-and-
error method [22,23].

The stress–strain curves of uniaxial compression
obtained in laboratory and numerical tests are shown
in good consistency in Figure 1(a). More than that, the
distribution of fracture cracks and even the failure sur-
faces shown in Figure 1(b) also demonstrate the numer-
ical rock sample simulated closely to the natural marble.
Furthermore, in Figure 1(b) red cracks represent micro-
cracks caused by tensile and blue cracks represent

Table 1: Micro-mechanical parameters of numerical rock sample

Parameters Values Parameters Values

Minimum particle size (mm) 0.3 Parallel bond modulus (GPa) 9.9
Particle size ratio 1.66 Parallel bond stiffness ratio 1.6
Density (kg ⋅m−3) 2,700 Parallel bond normal strength (MPa) 29.4
Particle contact modulus (GPa) 9.9 Parallel bond tangential strength (MPa) 34
Particle contact stiffness ratio 1.6 Parallel bond internal friction angle (°) 50
Friction coefficient 0.5 Radius multiplier 1.0
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micro-cracks caused by shear. Two kinds of micro-
cracks could be identified and counted automatically
by PFC.

The mechanical properties obtained by natural marble
and numerical model are shown in Table 2. The results
demonstrated that the numerical rock sample established
in this article had close physical and mechanical properties
to the natural marble sample and can reflect themechanical
response of this marble under uniaxial compression.

2.2 The numerical models with elliptical
cracks

In order to study the influence of different ratios of long
and short axes of prefabricated elliptical cracks on the
mechanical properties and crack propagation laws of the
marble, the length of b was 1 mm, the ratios of a:b were
taken as 5, 7.5, 10, 12.5, and 15. In the other words, the
long semi-axes were set to be 5, 7.5, 10, 12.5, and 15 mm,
respectively. The micro-mechanical parameters followed
Tables 1 and 2. A partial enlarged view of the prefabri-
cated crack is shown in Figure 2, and a “measurement
region” tangent to the elliptical crack was set at the end
of the long axis of the elliptical crack which can measure
the stress state of the particles in the region [25].

3 Propagation of cracks and their
effects on strength

3.1 Effects of the propagation of micro-
cracks

Figure 3 shows four key stages of the micro-crack propa-
gation in numerical uniaxial compression processes of
six numerical samples with elliptical cracks with different
ratios of axes elliptical cracks. The four stages refer to the
different stress states, 70% σc before the peak (σc is the
peak strength), at the peak σc, 45% σc after the peak, and
at the residual stage. These four stages can demonstrate
the processes of micro-cracks initiated, propagated, and
penetrated to form a macro-fracture surface finally. These

Figure 1: Stress–strain curves and damage surfaces of laboratory
[24]: (a) stress–strain curve and (b) damage surfaces.

Table 2: Mechanical parameters of marble and numerical model

Parameters UCS Elastic modulus Poisson’s ratio

Laboratory test 75.11 MPa 18.85 GPa 0.22
Simulation test 75.52 MPa 18.43 GPa 0.23
Error 0.5% 2.2% 4.5%

Figure 2: Partial enlarged view of prefabricated elliptical crack.
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results were realized by the command stream written to
save the states in numerical test every 1,000 time steps
with FISH language in PFC.

Shown in Figure 3(a), for intact numerical rock sample,
the tensile micro-cracks appeared radically at 70% σc before
peak stress. As tensile micro-cracks increased various shear
micro-cracks decreased at the peak stress. At 45% σc after
the peak, the tensile micro-cracks increased sharply and
penetrated, forming an obvious failure surface, and the
shear micro-cracks weremainly distributed near the damage
surface.

For numerical rock samples with elliptical cracks,
tensile micro-cracks, a small amount of shear micro-
cracks initiated near both ends of the short axis of the
elliptical crack. At the peak stress, the initial crack gra-
dually extended, and the tensilemicro-cracks also appeared
in different degrees at both ends of the long axis of the
ellipse, forming wing cracks, the shear micro-cracks spread
near the fracture. At 45% σc after the peak, many secondary
cracks generated along the direction of the wing cracks
propagated, and the five models with elliptical cracks of
rock had obvious fracture surfaces. With the increasing of
the a:b of elliptical crack, the initial cracks expanded more
fully to the upper and the lower surfaces of the model,
and the secondary cracks near the wing cracks increased.
During the failure procedures, tensile micro-cracks were the
main cracks, shear micro-cracks were few in number.

In terms of macroscopic failure, the failure modes of
models with elliptical cracks were similar. The initial
cracks penetrated upward and downward from both
ends of the short axis of the elliptical cracks, the wing
cracks were generated at both the ends of the long axis,
and the secondary cracks were near the wing cracks. The
whole fracture processes were consistent with fracture
behavior in the uniaxial compression test of 0° angle
prefabricated elliptical crack samples in the laboratory
[14,26,27].

3.2 Effects on strength

Figure 4 shows the stress–strain curves of the six numer-
ical rock samples. Before the peak stress, the stress–
strain curve of the intact numerical rock sample was
relatively stable, while the five numerical rock samples
with elliptical cracks showed different degrees of stress
fluctuations, which were mainly caused by the initiation
and propagation of micro-cracks. The numerical rock sam-
ples with elliptical cracks showed progressive deformation

Figure 3: Micro-crack propagation of six numerical samples: (a)
intact model, (b) a:b = 5, (c) a:b = 7.5, (d) a:b = 10, (e) a:b = 12.5,
and (f) a:b = 15.
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followed by brittle failure, and the linear elastic segment of
the stress–strain curve of the numerical rock samples with
elliptical cracks was significantly shortened. At the peak
stress, the peak stress of the intact numerical rock sample
was the highest. With the increase of the axial ratio a:b,
the peak stress gradually decreased, and the reduction
amplitude depended on the axial ratio of the elliptical
crack. When a:b = 15, the strength was only 39.2% of the
intact numerical rock sample. The existence of prefabri-
cated cracks had a great influence on its strength.

Table 3 shows the changes of the uniaxial compres-
sive strength, elastic modulus, and Poisson’s ratio. With
the increase of the ratios of a:b, the elastic modulus of the
numerical rock samples gradually decreased while the
Poisson’s ratio increased. When a:b = 15, compared
with the intact numerical rock sample, the elastic mod-
ulus decreased by 28%, and the Poisson’s ratio increased
by 121.7%. These were caused by the ratios of a:b of the
prefabricated elliptical crack increased, the more the stress
concentrated, the more aggressively the crack propagation.
At the same time, when the deformations of the numerical
rock samples increased gradually, the strength decreased
gradually, and the strength gap between the intact numer-
ical rock sample and the numerical rock samples with ellip-
tical cracks became larger and larger. This was in agreement

with the experimental study on uniaxial compression of
slab marble samples with prefabricated elliptical holes
made by Zhu et al. [28], when the inclination angle of the
elliptical holes was 0°. With the increase of the ratio of the
long and short axes of the elliptical holes, the peak strength
and elastic modulus of the models gradually decreased.

The crack initiation strength σci is the axial stress at
which the crack begins to occur when the specimen is
subjected to uniaxial load. Potyondy and Cundall [29]
defined that when the number of micro-cracks increases to
a certain proportional coefficient (usually 1%) of the number
ofmicro-cracks at the peak strength, the strength at this time
is the crack initiation strength of the rock. The damage
strength σcd corresponds to the unstable propagation stage
of the micro-cracks, and the damage strength σcd of the
models refers to the final failure surface formed. Table 4 lists
the initiation strength, damage strength, number of micro-
cracks at peak strength, as well as the determined initiation
strength and damage strength of the six tests.

The existing research results have found that there is
a certain proportional relationship between the crack
initiation stress and its peak strength in uniaxial loading,
and some scholars believe that the ratio is 0.3–0.5 [30,31],
while others believe that the ratio is 0.7–0.8 [32]. Using
different methods, the ratios founded by different scholars
were quite different. In fact, this ratio has lots to do with
cracks in the rock [33]. As shown in Table 4, the crack initia-
tion strengths of the six groups of tests were distributed
between 54 and 66% of their peak strengths, and gradually
decreased with the increase of the ratios of axes of elliptical
crack. The damage strength decreased with the increase of
the a:b of elliptical crack, and the ratio of damage strength to
peak strength also decreased gradually. Compared with the
intact numerical rock sample, the crack initiation strength
of crack decreased by 18.12% and the damage strength
decreased by 28.23% when a:b = 15. Above all, the larger
the proportion of prefabricated elliptical cracks in the
numerical rock samples, the easier the numerical rock sam-
ples to be damaged, the earlier the micro-cracks appeared,
the more serious the strength deterioration will be.

4 Analysis of stress field at the tip
of cracks

4.1 Flat elliptical crack model

The stress field of the cracked rock mass changes under
the action of the stress environment and the engineering
load, and the stress concentration gradually occurs in the

Figure 4: Stress–strain curves of six numerical models.

Table 3: Physical parameters of six numerical models

Ratios of a:b Intact 5 7.5 10 12.5 15

UCS (MPa) 75.52 52.61 50.21 43.63 36.39 29.53
Elastic
modulus (GPa)

18.43 17.65 16.96 15.72 14.71 13.26

Poisson’s ratio 0.23 0.27 0.32 0.39 0.46 0.49
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crack end region. When the stress concentration reaches
a certain level, it will cause localized deformation pro-
cesses such as initiation, evolution, and overlap of internal
cracks, and gradually deteriorate the mechanical pro-
perties of rock mass, resulting in unstable rock mass
destruction [34]. Jiang et al. [35] also pointed out that
the development process of cracked rock is the result of
stress concentration and continuous release of concen-
trated stress to surrounding elements. Griffith first simpli-
fied the crack to an ellipse, and it is still used as a classical
theory. As shown in Figure 5, the long and short axes of
the elliptical crack are 2a and 2b, respectively, the angle
between the long axis and the axial pressure q is α. Aiming
at the flat elliptical crack, the crack initiation position of
the prefabricated elliptical crack model under uniaxial
compression and the analytical solution expression of
the tangential stress at the hole edge were analyzed.

Using the conformal transformation method, the plane
z outside the elliptical crack is mapped to the inside of the
unit circle on the plane ζ, as shown in Figure 6, where ρ is
the radius of the mapping plane.

Using the complex variable function, the conformal
mapping is obtained:

( ) ( )= = / +z ω ζ R ζ mζ1 , (1)

In formula (1), ( )=ξ ρ iθexp , R = (a + b)/2, m = (a −
b)/(a + b), R andm are real numbers, and R > 0, 0 ≤m ≤ 1.

On the plane ζ, θ turns counterclockwise, and the
maximum point corresponding to the tangential stress
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Figure 5: Mechanical model of flat elliptical crack.
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σθ on the mapping circle is θ0. According to the linear
elasticity theory, the maximum values of tangential stress
θ0 meet following condition [36]:

( )( )

[( ) ]

− −

+ − − =

m α m θ
m θ m α

1 cos 2 sin 2
1 cos 2 2 sin 2 0.

2
0

2
0

(2)

Since the conformal mapping is a one-to-one corre-
spondence, the maximum point θp of the tangential stress
on the edge of the elliptical crack can be determined:

= −θ θtan tanb
ap 0, so the cracking point of the elliptical

crack can be obtained as:

( )

( )

= +

= − −

x R m θ
y R m θ

1 cos
1 sin .

p p

p p
(3)

The analytical solution of the tangential stress around
the elliptical hole can be calculated as follows:

⎡

⎣⎢

( ) ⎤

⎦⎥
=

− + − +

+ −

σ q m m α θ α
m m θ

1 2 cos 2 2 cos 2 2
1 2 cos 2

.θ
2

2 (4)

In particular, when the load is perpendicular to the
long axis of the ellipse, it is the uniaxial compression test
of marble with the prefabricated elliptical crack dis-
cussed in this article. Substituting α = 90° into formulas
(2) and (4), respectively:

( )( )− − − =m m θ1 1 sin 2 0,2
0 (5)

⎡

⎣⎢
⎤

⎦⎥
=

− − +

+ −

σ q m m θ
m m θ

1 2 2 cos 2
1 2 cos 2

.θ
2

2 (6)

Substituting the values of different axial ratios in
this article into formula (3), respectively, the crack initia-
tion position of the numerical rock samples can be
obtained as:

= = = ± =

= ± = ± ⇒ = = ±

θ π θ x a y

θ π θ π x y b

0 or , 0 , 0

2
,

2
0, .

0 p p p

0 p p p
(7)

Calculate the first derivative of θ in formula (6), and
take dσθ/dθ = 0:

( )+ − − =θ m m msin 2 1 0.3 2 (8)

In formula (8), ( ) = + − − <f m m m m 1 03 2 is always
established when the values ofm are in the interval [0, 1].
Accordingly, the tangential stress around the elliptical
hole is obtained as [37]:

( ) ∣

( ) ∣

= =

+

−

= = −

=

=±

σ σ q m
m

σ σ q

3
1
.

θ θ θ π

θ θ θ π

max 0,

min 2

(9)

Formula (9) shows that for the horizontally placed
elliptical cracks, the maximum tangential stress appears
at the endpoint of the short axis, which reasonably
explains the test phenomenon of vertical tensile cracks
in Figure 4 under the action of compression load. More-
over, the stress concentration of short axis end is unre-
lated to m values, while the stress concentration of long
axis end is extremely sensitive to m values (the more
closely m approaches to 1, the more significant the stress
concentration is). The stress concentration factor of ana-
lytical solution is defined as k, which reflects the severity
of the stress concentration phenomenon at the crack tip.
The values of the stress concentration factor k are as
follows:

= =

+

−

k σ
q

m
m

3
1

.θ (10)

In formula (10), σθ is the tangential stress at the end
point of the long axis of the elliptical crack, q is the axial
pressure of the numerical rock samples, and m = (a − b)/
(a + b).

Substituting the different axial ratios in this article
into Equation (10), the stress concentration factors k of
the analytical solutions at the end of the long axis in the
five tests with elliptical cracks are obtained as shown in
Table 5.

4.2 Stress field analysis in PFC

The method of using the numerical solutions obtained by
numerical simulation to check the analytical solutions
obtained by theoretical analysis has been adopted by
many scholars and certain research results were obtained
[38–40]. In PFC, the contacts between particles of marble
can be represented as lines with color difference, which

Figure 6: Diagram of plane projection: (a) plane z and (b) plane ζ.

Table 5: k of analytical solutions of five cracked models

Ratios of a:b of elliptical crack 5 7.5 10 12.5 15
k of analytical solutions 11 16 21 26 31
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indicate the size of contact force between the particles,
thus forming diagrams of force chains. As shown in
Figure 7, four monitoring points were set: the σci of initia-
tion strength, the σcd of damage strength, the σc of peak
strength, and 45% σc after the peak, in order to observe
the changes of the contact forces between the particles
through the diagrams of force chains.

In order to study the stress field concentration at the
end of the long axis of the crack, the tip of elliptical crack
was monitored for stress using the “measurement region”
of PFC (Figure 2). The stress measured by the “measure-
ment region” is the average value of the particles in the
circle, and the stress state in the four directions of xx, yy,
xy, and yx in the overall x–y coordinate system can be
output. Pu et al. [37] believed that although the σxx of
normal stress at the tip of the elliptical crack contributed
to the stress concentration at the tip, the σyy of tangential
stress contributed more to the stress concentration at the
tip, the normal stress at the crack tip can be ignored for the
development of micro-cracks at the tip when the crack
inclination angle is small. The k as the stress concentration
factor of the numerical solution obtained is as follows:

=k
σ
q

.yy (11)

In formula (11), σyy is the stress in the yy direction at
the left end of the long axis of the elliptical crack when the
peak stress was loaded and q is the axial pressure of the
models of marble.

k of numerical solutions of stress concentration factor of
the five cracked models were counted. As the ratios of a:b of
the elliptical crack increased, the values of k increased, as
shown in Table 6.

In order to contrast the trend of k obtained from the
analytical solution and the numerical solution more clearly
and intuitively, the diagram of two sets of k was drawn as
shown in Figure 8.

The stress concentration factor k of analytical solu-
tion obtained using linear elasticity theory was higher
than that obtained using PFC. The trends of the two
groups of k values were highly consistent, and the ana-
lytical solution also showed a linear relationship approxi-
mately. More than this, the slopes of the two groups were

Figure 7: The force chains change of six models: (a) intact model, (b)
a:b = 5, (c) a:b = 7.5, (d) a:b = 10, (e) a:b = 12.5, and (f) a:b = 15.

Table 6: k of numerical solution of five cracked models

Ratios of a:b of elliptical crack 5 7.5 10 12.5 15
k of numerical solutions 7.1 11.4 16.5 21.3 26.4
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almost same, showing an approximately parallel relation-
ship. For rock material the reasons for this difference may
be as follows: the analytical solutions are based on elastic
theory and continuummechanics, and the numerical solu-
tions are based on DEM. The basic theoretical framework
of the two is different, which leads to this diversity.

The above analysis process interpreted the influences
of prefabricated elliptical cracks on the microscopic stress
field and macroscopic strength of the marble models, and
the comparison of the analytical and numerical solutions
of stress concentration factor k showed that the stress con-
centration is an important reason for failure of rock mass
with elliptical cracks. This will provide a new direction of
simulation for materials that are laborious to test in the
laboratory.

5 Conclusions

The stress concentration is an important reason for failure
of rock mass with elliptical cracks. The crack tip should be
paid more attention in natural rock mass.
(1) When the models of marble with prefabricated ellip-

tical crack were destroyed, the initial cracks occurred
and extended at the end of the short axis of the crack,
and the wing cracks occurred at both ends of the long
axis, gradually forming macro-cracks, while the sec-
ondary cracks extended near the wing cracks.

(2) With the increase of the a:b of the long and short axes
of the elliptical crack,the peak strength gradually
decreased, the elastic modulus gradually decreased,

Poisson’s ratio gradually increased, and the total
number of micro-cracks decreased, the crack initia-
tion strength and damage strength also decreased
gradually.

(3) Elliptical cracks with different axial ratios had a sig-
nificant impact on the stress field at the tip. The
greater the axial ratio, the more severe the stress con-
centration at the tip. The analytical solutions of the
stress concentration factor k were obtained from the
flat elliptic model, which were highly consistent with
the numerical solutions of the stress concentration
factor measured by PFC. This will be an effective
way to design and simulate complicated test which
was hard to carry in laboratory for studying the
micro-failure mechanism and macro-fracture process
of the material.
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