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Abstract: Two-component foaming polymer (TFPU) grouting
material is increasingly used in civil engineering. Its com-
pressive strength is key to achieving the desired enhancing
effect. The constitutive model of TFPU grouting material is
a theoretical basis to evaluate the strength performance,
which, however, is not fully understood. Here the uniaxial
compression experiment of TFPU samples of different densi-
ties (0.11–0.53 g·cm−3) was conducted. Based on the stress–
strain curves, the damage evolution equation of each sample
was obtained by function fitting, followed by the establish-
ment of statistical damage constitutive model. The model
was simplified to a universal function with density as the
argument. Results show that the stress–strain curves contain
the initial compression stage, linear elastic stage, yield stage,
yield plateau stage, and strain hardening stage regardless of
the varied density. The variation laws of the damage with
strain conform to the form of first-order decay exponential
function. The theoretical stress–strain curves are in good

agreement with the experimental ones, indicating that
the statistical damage constitutive model can well reflect
the mechanical behavior of TFPU grouting material. With
this constitutive model, the mechanical properties of TFPU
grouting material can be obtained according to the density
alone, which is more convenient for practical engineering
applications.

Keywords: polymer grouting material, uniaxial compres-
sion, statistical damage constitutive model

1 Introduction

Grouting has been the most widely used enhancement in
civil engineering [1]. The traditional grouting materials
often refer to the mixtures of cement, sand, and water
that can provide strength after hardening [2,3]. Currently,
the two-component foaming polymer (TFPU) grouting
material is more increasingly used in grouting projects
as replacement of cement-based grouts [4–6]. As the pro-
duct of polymerization reaction between the isocyanate
and polyol [7], TFPU grouting material has been charac-
terized as low density, fast setting, large expansion force,
strong permeability resistance, strong durability, and
eco-friendly [7–10], by virtue of which, it has found
applications in the consolidation of the loose soil mass
[5,10], the rehabilitation of the settled infrastructures
[4,6,11], the reinforcement of the fractured rock [12,13],
and the leakage prevention of dams or underground
buildings [14–16].

Figure 1 shows the representative applications of TFPU
groutingmaterial in practice. In practical engineering, TFPU
grouting material produces a large expansion force that can
raise the settled roadbeds [17], underground pipelines [11],
and other infrastructures [6]. Besides, TFPU grouting mate-
rial bears the vertical load that origins from the weight of
the soil and engineering structures above it all the time [18].
The strength performance of TFPU grouting material is the
key to achieving long-term reinforcement [4,5,11]. Under
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external load, the low-strength TFPU grouting material is
prone to compression deformation or even fail [7], which
may cause the reinforced infrastructures to fail again. To
date, the experimental studies on the mechanical behavior
of TFPU grouting materials under uniaxial compression
[7,19] or cyclic loading and unloading [20,21] have been
conducted, and the effects of high temperature [22] and
chemical corrosion environment [8] on the compressive
strength have also been investigated, which provide the
theoretical base for evaluating the strength performance
of TFPU grouting material used in practical engineering.

The constitutive model of TFPU grouting material is
the most important theoretical basis for evaluating its
mechanical behavior under compression, which, how-
ever, is not fully understood yet. Previous studies have
pointed out that the stress–strain curves of TFPU grouting
material and polyurethane foams are similar in shape
[7,8,23,24], indicating the similar mechanical behavior
under uniaxial compression; therefore, the constitutive
models of polyurethane foams can be used to study the
mechanical properties of TFPU grouting materials. The
constitutive models of polyurethane foams, such as
the Gibson–Ashby equation [25], Gent-Thomas model
[26], Kontou model [27], and Keivan model [28], require
the full understanding of the micromorphology character-
istics, which is difficult to achieve. The scanning electron
microscope (SEM) observation results of the microstruc-
ture of polyurethane only contain the local information
that may be less representative [7,8]. The phenomenolog-
ical constitutive models that focus on reflecting the stress–
strain curves of polyurethane foamswithmathematical equa-
tions have also been proposed [22,29,30]. For example, the
function represented by the series or parallel connections of a
group of springs and dampers has been proposed to describe
the stress–strain curves of polyurethane foams [22]. The
equation forms of the constitutive models of polyurethane
foams are often complicated and they contain undetermined
parameters that can only be specified according to the experi-
mental results [26,30]. It is impossible to directly use these

constitutive models to evaluate the compressive strength of
the practically used TFPU grouting materials.

The statistical damage constitutive model is another
typical constitutive model for civil engineering materials
[31–35]. Based on the damage mechanics theory, the
failure of the material is caused by the failure of micro-
units that make up it, and the amount proportion of the
failed micro-units is defined as damage [33,36]. Assuming
that the probability density function of the strength of the
micro-units conforms to the Weibull function form, the
equation reflecting the variation laws of damage with
strain can be obtained, followed by the derivation of the
statistical damage constitutive model [33]. After assigning
the unknown parameters in the statistical damage model,
the theoretical stress–strain curves that are in good agree-
ment with the experimental ones can be obtained [33].
Previous researchers have proposed the statistical damage
constitutive models of rock [31,32,35], concrete [33,34],
and soil-concrete contact interface [37], and authors have
also established a statistical damage constitutive model for
TFPU grouting materials [8]. However, it was found that the
statistical damage constitutive model of TFPU grouting
material cannot describe the stress–strain curve after yield
[8], indicating that the damage evolution equation pro-
posed based on the Weibull distribution hypothesis cannot
reflect the damaging process of TFPU grouting material.

In this study, the TFPU samples with different den-
sities were prepared for conducting the uniaxial compres-
sion experiment. Based on the experimentally obtained
stress–strain curves, the damage evolution equation of
the TFPU samples was obtained through the function
fitting way rather than using the Weibull distribution
hypothesis, followed by the establishment of the statis-
tical damage constitutive model. The statistical damage
constitutive model was further simplified to a universal
function with the density as the only independent variable.
With the established constitutive model, the mechanical
behavior of the TFPU grouting material can be predicted
well according to the density only, which is acceptable for
practical engineering. Studies here provide a new perspective
to establish the constitutive models for not only TFPU
grouting material but also other engineering materials.

2 Experimental study

2.1 Raw materials and sample preparation

The main raw materials for preparing TFPU samples
are commercially available isocyanate and polyol. The
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Figure 1: Representative applications of the TFPU grouting materials
in civil engineering: (a) roadbed rehabilitation and (b) pipeline
voids repairing.
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material properties of isocyanate and polyol are shown in
Table 1. When preparing the samples, the mass ratio of
isocyanate to polyol was designed as 1:1.

The chemical reaction between the isocyanate and
polyol occurs so fast that it is impossible to mix them
fully with the conventional mechanical stirring method
[38]. Herein the high-pressure airflow grouting method
was used to fabricate the TFPU samples (as shown in
Figure 2) [7,39]. With this method, the raw materials
would be atomized into micro drops with the significantly
increased specific surface areas, and thus mixed together
fully [40]. The injection time of the two raw materials
lasted for 10–40 s for fabricating the TFPU samples with
different densities (about 0.10–0.54 g·cm−3) [7]. The high-
pressure airflow grouting equipment for preparing the
TFPU samples is developed by our research group and

it has been widely used in practical engineering. The
mixing ratio and air pressure have been preset by con-
trolling the grouting equipment. The raw materials, their
mixing ratio, and the high-pressure airflow grouting equip-
ment are identical to those used in the practical grouting
projects [4,6,16,17]. The previous field inspection results of
the polymer grouting effect indicate that the two raw mate-
rials can completely react when using this mixing ratio and
grouting method [6].

The samples were cured in the environment at a tem-
perature of 20°C and humidity of 40% for 24 h before
remolding, and then, the dense layer on the surfaces of
the samples was removed by polishing to minimize the
influence of the dense layer on the testing results and
improve the flatness of the end faces.

2.2 Experimental process

After having removed the surface dense layer, the real
density of each sample was tested and then the micro-
morphology was characterized using a field emission
SEM system, followed by the X-ray diffraction (XRD)
and Fourier transform infrared (FTIR) characterizations.
The uniaxial compression experiment was conducted
using an electro-hydraulic servo universal testing system.
The strain control loading method was used to apply load
and the strain rate was 0.3 mm·min−1 to simulate the
static loading [7]. Before load, some lubricant was used
to reduce the surface friction between the TFPU sample
and the test machine.

2.3 Experimental results

The SEM images of the microscopic morphology of TFPU
samples with different densities are shown in Figure 3. It
can be seen that at the microscopic scale, TFPU grouting
materials are porous mediums made of a large number of
closed micro-foams, and the shape of the section of the
micro-foams is round or oval. The average equivalent
diameter of the micro-foams in these TFPU grouting
materials is in the range of 60–110 μm, and it declines
gradually with the increasing density. More discussions
about the microstructure characteristics of the micro-
foams are included in the authors’ previous study [7].

From Figure 3, it can also be seen that with the
increasing density, the volume of the pure solid matrix
between neighboring micro-foams (highlighted in red)

Table 1: The material properties of isocyanates and polyols

Properties Materials

Isocyanates Polyols

Appearance Brown liquid Transparent liquid
Viscosity (mPa·s) 150–250 200–400
Density (g·cm−3) 1.22–1.25 1.04–1.06
–NCO (%) 30.5–32.0 —
APHA — <50
Acidity (%) <0.03 —
pH — 5–7
Hydrolyzed chlorine (%) <0.2 —
Hydroxyl value (mgKOH·g−1) — 325–345
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Figure 2: The preparation and curing processes of the TFPU samples.
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increases gradually. As the density increases to 0.46 g·cm−3,
the solid matrix can even separate more than four micro-
foams. For the TFPU grouting materials with a relatively
lower density, the micro-foams undergo a lower surface
tension so that they can expand to a larger size, and the
micro-foams squeeze to each other to reduce the total sur-
face energy as minimum as possible [41]. Along with the
increased density, the amount of the generated pure poly-
urethane per unit volume increases, and thus the limitation
on the free expansion of micro-foams is enhanced, which
can reduce the squeezing interaction between them [7,41].
Therefore, more pure polyurethane is retained.

Figure 4(a) shows the XRD patterns of the TFPU
grouting material. The powder diffractograms exhibit
broad peaks at 2θ angles of about 8°, 11°, and 19°, indi-
cating some degree of crystallinity. The intense peaks at
2θ of 11° and 19° represent the crystallinity characteristic
of typical polyurethane with 1:1 mass ratio of polyol and
isocyanate. These peaks are assigned to the scattering
from TFPU chains with regular interplanar spacing [42].

Figure 4(b) is the IR spectrum of TFPU grouting material.
It can be seen that the absorption peak of –NCO group
almost disappears at 2,279 cm−1 and the peaks repre-
senting –NH, C–H, and –C]O stretching vibration exist,
indicating the formation of carbamate. Besides, the pre-
sence of absorption peaks at 3,300, 3,120, and 1,600 cm−1

indicates that the TFPU contains benzene ring, the peak
at 500 cm−1 is the characteristic peak of MDI, and the
peak near 1,110 cm−1 is the stretching vibration peak of
ether bond [43].

Stress–strain curves can reflect the mechanical beha-
vior of the tested materials [44]. Figure 5 shows the repre-
sentative stress–strain curves of the tested TFPU samples
with two different densities (0.21 and 0.40 g·cm−3), and
the stress–strain curves of the TFPU samples with other
different densities are included in Figure S1.

From Figure 5 and Figure S1, it can be found that the
stress–strain curves contain five different stages regard-
less of the density, implying that varied density brings
little influence on the variation laws of stress with strain.

pure solid 
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Figure 3: The micromorphology of the TFPU grouting materials with a density of: (a) 0.15, (b) 0.21, (c) 0.24, (d) 0.38, (e) 0.40, and
(f) 0.46 g·cm−3.
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Figure 4: (a) XRD patterns and (b) Infrared spectrum of the TFPU.
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For the polymer grouting materials, due to the collapsing
of the originally existing cracks and opening foams under
compression, there exists initial compression stage (Stage
I) on the stress–strain curves [44]. Afterwards, the axial
stress increases almost linearly with the increasing strain
(Stage II), followed by the yielding stage (Stage III). When
having reached the yield strength, as the strain further
increases, the axial stress will remain almost constant,
which is known as the yield plateau stage (Stage IV). After
the yield plateau stage, with the further increase in the
strain, the axial stress starts to increase again. This stage
is defined as the strain hardening stage (Stage V) [45,46].
Under uniaxial compression, the TFPU grouting materials
usually undergo the strain hardening [7,8], and it is
thought to be due to the compaction of the samples.

Figure 5 and Figure S1 show that the stress–strain
curves of the TFPU samples are similar to those of the
hyperelastic materials [47], but TFPU grouting material
cannot be classified as the hyperelastic materials. Previous
studies on the mechanical behavior of TFPU grouting
material under cyclic loading have pointed out that even
in the elastic stage, the unloading curve does not coincide
with the loading curve, and that the deformation cannot be
completely restored after unloading, and that the average
elastic modulus declines with the number of the cycles [21].
Researchers have claimed that TFPU grouting material per-
forms with both viscoelastic and viscoplastic properties
[20,21]. In the author’s another study [7], it was found that
the yielding and failure of the TFPU samples are not only
caused by the compression deformation of micro-foams but
also by cracks propagation.

Figure 5 and Figure S1 also show that with the
increasing density, the yield strength of the TFPU sam-
ples increase gradually. This is because the mechanical
properties of TFPU grouting materials are mainly affected
by the mechanical behavior of the micro-foams [25,48].
When the density increases, the average diameter of the

micro-foams declines, and the average thickness of walls
of micro-foams increases (as shown in Figure 3), which
indicates the stronger adsorption interactions between
the atomic chains [49] and the enhanced stiffness [48],
and thus the average strength of the micro-foams is
enhanced. With the same amount of deformation, the
strain energy accumulated in the TFPU grouting mate-
rials of relatively higher density will increase, the main
reason for the enhanced mechanical properties [3]. In
addition, Figure 5 and Figure S1 also show that the
stress–strain curves of TFPU samples with a relatively
lower density are smooth, but those of the samples with
a higher density contain the stress declining that is
caused by the coalescence and penetration of cracks.
This indicates that the brittleness of the TFPU grouting
materials increases with the increase in the density. How-
ever, compared with rock or concrete [3,36], the brittle-
ness of the TFPU grouting materials is negligible.

3 Establishment of the statistical
damage constitutive model

At present, both the anisotropic damage model [50,51]
and the isotropic damage model [33,36] have been pro-
posed to study the damage issue of solid materials. For
the anisotropic damage model that describes the dama-
ging process of solid materials containing the unevenly
distributed micro-cracks, the propagation direction of
micro-cracks should be considered, and thus the damage
variables are defined as tensors. Researchers have claimed
that with the anisotropic damage model, the damaging
characteristics of solid materials such as metals and alloy
materials can be well described [52–54]. For the multi-
phase materials, such as concrete, rock, and soil, the dis-
tribution of micro-cracks is much more disordered and the
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Figure 5: The representative stress–strain curves of the TFPU grouting materials with two different densities: (a) 0.2 ± 0.03 g·cm−3 and
(b) 0.4 ± 0.03 g·cm−3. The stress and strain defined are nominal stress and engineering strain, respectively.
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propagation direction of micro-cracks is hard to predict.
Therefore, it is often assumed that the damage is isotropic,
that is, the distribution characteristics of the micro-cracks
are assumed to conform to the statistical distribution law
[33,36]. TFPU samples are foamed porous material and
the damaging process depends on the size and shape of
the numerous micro-foams [20]. It has been found that the
size and shape characteristics of the micro-foams can be
described with the statistical distribution theory [7]. There-
fore, the isotropic damage model is used in this study. The
damage mechanics theory has pointed out that the failure
of material is caused by the failure of micro-units that the
material is made up of. The damaged micro-units will lose
their bearing capacity gradually and the external load is
mainly sustained by the remaining unfailed ones. From
this perspective, the schematic diagram of the equivalent
axial stress of the TFPU grouting material under the
external load can be simplified as in Figure 6.

For the TFPU samples under uniaxial compression,
according to the Lemaitre strain equivalence hypothesis
[55], the mathematical relationship between the nominal
stress (σ) and effective stress (σ1) can be represented as
the following:

=⋅ ⋅σ A σ A ,1 1 (1)

where A and A1 represent the cross-sectional area of the
entire and the undamaged part of the samples, respectively.

Here E is defined as the elastic modulus of TFPU, that
is, the slope of the stress–strain curve at the linear elastic
stage, and E1 is defined as the ratio of stress to strain at
any point of the stress–strain curves. It can be seen from
Figures 5 and S1 that in the linear elastic stage, E1 and E
have almost the same value, and after yielding, E1 will be
lower than E. If the undamaged part is taken as the
research individual, Hooke’s law is always valid, namely:

{ } [ ] { }= ⋅σ E ε ,1 (2)

where { }σ1 , [ ]E , and { }ε are the effective stress vector, the
elastic modulus matrix, and the strain vector, respectively.

Under uniaxial compression, the two principal stresses
perpendicular to the loading direction are equal to 0, which
makes the second and third invariants of the stress tensor
equal to 0, and thus, equation (2) can be simplified as the
following [56]:

= ⋅σ E ε.1 (3)

According to the Lemaitre strain equivalence hypoth-
esis [55], the strain caused by nominal stress on damaged
materials is equivalent to that caused by effective stress
on nondestructive materials:

=

σ
E

σ
E

.1

1
(4)

According to the damage mechanics, here the damage
variable (D) can be defined as follows:

= −D E
E

1 .1 (5)

By substituting equations (4) and (5) in equation (3),
the following equation can be obtained:

( )= ⋅ ⋅ −σ E ε D1 . (6)

Previous studies on the statistical damage constitu-
tive models for rock, concrete, and contact surfaces assume
that the probability density of the strength of the micro-
units follows the Weibull distribution function [31–34],
based on which the damage equation can be obtained by
integration, and then the equations describing the stress–
strain curves of the materials can be obtained according to
equation (6). Here the damage evolution equation of the
TFPU grouting materials was obtained using a different
method.

According to equation (6), D of the TFPU grouting
materials with different densities can be represented
with the following equation:

= −

⋅

D σ
E ε

1 . (7)

Equation (7) implies that D of the TFPU samples
during the whole compression process can be directly
calculated according to the stress–strain curves. Figure 7
shows the variation laws of the calculated D of TFPU sam-
ples with different densities (0.21 and 0.40 g·cm−3) with

Figure 6: The schematic diagram of the axial stress of TFPU grouting
material under compression.
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axial strain. The calculation results of D of other tested
TFPU samples are included in Figure S2. When D was
calculated, E was defined as the slope of the linear elastic
stage (Stage II) of the stress–strain curves.

As can be seen from Figure 7, when the strain of the
tested samples is small, the variation in D calculated from
the stress–strain curves is disordered (represented by the
magenta circles), and even show a decreasing trend. This
is not consistent with the fact that the damage of the
materials under load should be increasing. By comparing
Figures 5 and 7, it can be noticed that the irregular varia-
tion stage of D corresponds to the initial compression
stage of the stress–strain curves. The initial compression
stage is caused by the collapse of the opening foams or
the closure of the original cracks rather than the damage
of the micro-units [44], which is equivalent to improving
the compactness of the samples. Besides, the mechanical
behavior of the samples in initial compression stage does
not satisfy the Lemaitre strain equivalence hypothesis
and Hooke’s law hypothesis. Therefore, in this stage,
the calculated D is not correct. In order to describe the
evolution laws of D using mathematical equations, the
irregular variation stage of Dwas ignored in the following
discussion. This is acceptable because the axial strain at
the end of the initial compression stage is small (less than
about 0.03, Figure 5 and Figure S1).

Figure 7 shows that after the initial compression stage,
D varies continuously and regularly. With the increasing
strain, D increases gradually from about 0, indicating the
continuously accumulated damage in the samples [8], and
then remains almost unchanged after reaching a certain
value. The plateau phase of the damage-strain curves cor-
responds to the yield plateau stage (Stage VI) and strain
hardening stage (Stage V) of the stress–strain curves. The
plateau phase of the damage-strain curves indicates that
when the yield strength has been reached, even if strain
hardening occurs, no further damage or rupture surface is
formed in the TFPU groutingmaterials. Figure 7 and Figure S2

also show that at the plateau stage of the damage-strain
curves, D of different TFPU samples are different, and they
are with the values of 0.81–0.94. This indicates that more
than 80% of the micro-units have been damaged. Although
D did not reach 1.0, most of the micro-units in the materials
have been damaged. The above analysis results are consis-
tent with the stress–strain curve presented in Figure 5.

( )= ⋅ − / +D a ε b cexp . (8)

Figure 7 and Figure S2 also show that the variation
laws of the damage with strain conform to the form of
first-order decay exponential function multiplied by a
negative parameter [57], and the specific form is shown
in equation (8). This function was adopted because it has
the same form as the one obtained based on the assump-
tion that the probability density of the strength of the
micro-units of the TFPU grouting materials follows the
two-parameter Weibull function [8]. As can be seen
from Figure 7, when D was fitted by equation (8) (repre-
sented by the blue dotted lines), the goodness of fit (R2)
was close to 1.0, indicating the feasibility of using equa-
tion (8) to describe the variation laws of damage of the
TFPU samples. Based on the fitting function presented in
Figure 7, one can also see that for these two samples,
when the theoretical D is equal to 0, the corresponding
axial strain is about 0.018 and 0.033, respectively. The
axial strain is close to 0 when the theoretical D is 0. From
this perspective, it can be considered that the damage in
the TFPU samples starts to increase from the beginning of
the compression.

Currently, both the deterministic optimization method
and uncertain optimization method have been used in cor-
recting the undetermined parameters. Bayesian Statistics is
a kind of uncertain optimization method for building a
probabilistic characterization of the calibration process by
using the Markov Chain Monte Carlo theory, and it has been
widely used in the reliability analysis and evaluation of
materials’ performance [58,59]. Besides, the deterministic

Figure 7: The variation laws of damage (D) of the TFPU grouting materials with different densities with strain under uniaxial compression:
(a) 0.21 g·cm−3, and (b) 0.40 g·cm−3. Themagenta circles and dots represent the calculated D, and the blue dotted lines represent the fitting results.
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optimization method that aims to obtain the best matching
between model prediction data and measured one has also
been used in the parameter corrections. Here based on the
stress–strain curves, the values of the parameter a, para-
meter b, and parameter c in equation (8) were specified
through function fitting with the least square method, one
of the most commonly used deterministic optimization
method because it simplifies the process of parameter cor-
rection. The values of these three parameters are included
in Table S1. Substituting equation (8) in equation (6) pro-
vides the damage constitutive model of TFPU grouting
materials. Because the assumptions of the statistical strength
theory are involved in the definition of D, the damage con-
stitutive model is called the statistical damage constitutive
model. The statistical damage constitutive model of the
polymer grouting materials can be represented as equa-
tion (9).

[ ( ) ]= ⋅ ⋅ − ⋅ − / −σ E ε a ε b c1 exp . (9)

4 Discussions

The feasibility of the statistical damage constitutive models
established here should be illustrated. Figure 7 shows the
experimental stress–strain curves and the theoretical ones
drawn according to equation (9) of TFPU grouting materials
with different densities.

From Figure 8 and Figure S3, it can be seen that for
the TFPU grouting materials, equation (9) can well describe
the variation laws of the axial stress with the strain. The
theoretical stress–strain curves drawn based on equation
(9) are in good agreement with the experimental ones. The
theoretical stress–strain curves obtained by equation (9)
mainly contain the stress growth stage, stress plateau stage,
and strain hardening stage. No initial compression stage can
be observed on the theoretical stress–strain curves, and the
difference between the theoretical axial stress and experi-
mental ones in the strain hardening stage is large, but equa-
tion (9) is of significance for practical polymer grouting pro-
jects. This is because, in practical engineering, the large
deformation of the TFPU grouting materials can result in
the failure of the reinforced infrastructures [4,6,11]; there-
fore, the strain-hardening behavior of the TFPU grouting
materials is negligible when discussing their strength per-
formance. Equation (9) is applicable to describe the variation
laws of the stress of the TFPU grouting materials before the
strain-hardening stage. When the theoretical axial stress
reaches the yield strength, the corresponding strain is almost
equal to the experimental value, and the relative differences
between the theoretical yield strength and the experimental
one are lower than about 2%. From this perspective, the
statistical damage constitutive models established here are
reasonable and feasible.

As a comparison, the theoretical stress–strain curves
obtained according to the Gibson model [25] and Avalle

Figure 8: The experimental and theoretical stress–strain curves of the TFPU grouting materials with different densities: (a) 0.15 g·cm−3,
(b) 0.21 g·cm−3, (c) 0.38 g·cm−3, and (d) 0.40 g·cm−3. The theoretical ones were drawn according to equation (9).
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model [29], the two representative constitutive models
for polyurethane materials, were also drawn in Figure 9.
The equation forms of the Gibson model and Avalle model
are shown in equations (10) and (11), respectively. The
Levenberg–Marquadt optimization algorithm method
was used to iterate to convergence to identify the
optimal values of the undetermined parameters in the
Gibson model and Avalle model (as shown in Tables S2
and S3, respectively).
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⎨
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From Figure 9, it can be found that as a piecewise

function, Gibson model does reflect the stress increasing
stage, stress plateau stage, and strain-hardening stage of
the stress–strain curves of the TFPU grouting materials,
but with poor accuracy, especially in the yield plateau
stage. There is a large deviation between the experimental
stress–strain curves and the ones obtained according to
Gibson model. For these two representative TFPU samples,
the maximum relative differences between the theoretical
and experimental stress in the yield plateau stage are
around 26.1 and 15.2%, respectively. The Avalle model is
more accurate than the Gibson model and equation (9) in
reflecting the mechanical behavior of the polymer grouting
materials under compression. It can be seen that the
stress–strain curves drawn according to Avalle model are
almost identical with the experiment ones in all stages.
Although the Avalle model has a higher accuracy, equa-
tion (9) has stronger applicability. This is because the
equation form of the Avalle model is more complicated
and the undetermined parameters have no clear physical
meaning, whereas the parameter a and parameter b in
equation (9) reflect the homogeneity and brittleness of
the polymer grouting materials, respectively [8]. On the

other hand, the values of the unknown parameters in
the Avalle model vary irregularly with the density (as
shown in Table S2), whereas the variation laws of para-
meter a, parameter b, and parameter cwith the density can
be easily described using the mathematical functions (as
shown in Figure 10); therefore, it is possible to simplify the
statistical damage constitutive model as a function with
density as argument.

As shown in Figure 10, for the TFPU grouting mate-
rials with the density range of 0.11–0.53 g·cm−3, with the
increasing density, the parameter a and parameter c
varies within the range of −1.196 to −1.045 and from
0.802 to 0.921, respectively, and the parameter b increases
linearly from 0.074 to 0.120. Parameter a and parameter c
can be simply considered as constants with the values of
−1.13 and 0.863, respectively, and the variation in para-
meter b can be represented by equation (12).

= × +b ρ0.089 0.07. (12)

As for the parameter E in equation (9), its variation
laws with the density can be represented by power func-
tion [7], as shown in Figure 11. The function obtained by
fitting is shown in equation (13)

= ×E ρ840.8 .1.755 (13)

To this point, the statistical damage constitutive
model can be written as a function with the density as
the argument, as shown in equation (14).

( ) {[ (

( )) ]}

= = × ⋅ ⋅ + ⋅ −

/ × + −

σ f ρ ε ρ ε ε
ρ

, 840.8 1 1.13 exp
0.089 0.07 0.86 .

1.755
(14)

Equation (14) shows that for the polymer grouting
material used in practical engineering with the definite
density, the theoretical stress–strain curve under uni-
axial compression can be obtained without knowing
any other information, which is of great significance for
evaluating its mechanical behavior.

Figure 9: The experimental and theoretical stress–strain curves of the TFPU grouting materials with different densities: (a) 0.21 g·cm−3 and
(b) 0.40 g·cm−3. The theoretical ones were drawn according to equations (10) and (11).
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Figure 12 and Figure S4 present the comparison
between the experimental stress–strain curves of TFPU

grouting materials with the theoretical ones drawn
according to equation (14). The experimental data pre-
sented in Figure 12(c) and (d) were not used in the func-
tion fitting of equations (12) and (13), and they are only
used for comparison. From Figure 12, it can be seen that
although there exist differences between the experi-
mental stress–strain curves and the theoretical stress–
strain curves, the simplified statistical damage constitu-
tive model (equation [14]) can reflect the variation laws
of axial stress of the polymer grouting materials, espe-
cially those before the strain hardening. For these four
representative TFPU samples, the relative difference
between the theoretical yield strain and the experimen-
tally tested one is about lower than 5%, and the relative
difference between the theoretical yield strength and the
experimental yield strength is about 0.9–8.1%. Because

Figure 10: The variation laws of the undetermined parameters: (a) a, (b) b, and (c) c, in equation (9) with density.

Figure 11: The variation laws of the elastic modulus (E) of TFPU
grouting materials with density.

Figure 12: The comparison between the stress–strain curves of TFPU grouting materials obtained by equation (14) with the experimental
ones. The densities of the TFPU grouting materials are: (a) 0.21 g·cm−3, (b) 0.40 g·cm−3, (c) 0.26 g·cm−3. and (d) 0.36 g·cm−3.
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the lattice distortion in strain hardening stage and ani-
sotropy of TFPU were not considered in the establish-
ment of the model, the deviation between the theoretical
curve and the experimental curve is within an allowable
range. However, with this simplified statistical damage
constitutive model, the mechanical properties of the TFPU
grouting material used in practical engineering can be
easily predicated and evaluated based on the density,
which is more convenient for engineering applications.

5 Conclusion

In this study, based on the uniaxial compression experi-
ment results of the TFPU grouting materials, the damage
evolution equation was obtained with the function fitting
method, followed by the establishment of the statistical
damage constitutive model. The applicability and feasi-
bility of the established model was discussed. The con-
clusions are drawn as follows:
1. Under uniaxial compression, the stress–strain curves

of the TFPU grouting materials with the density range
of 0.11–0.53 g·cm−3 primarily contain the initial com-
pression stage, linear elastic stage, yield stage, yield
plateau stage, and the strain hardening stage. The
varied density brings little influence on the variation
laws of stress with strain.

2. According to the stress–strain curves and the damage
evolution equation that was derived based on the
Lemaitre strain equivalence hypothesis and linear elas-
ticity hypothesis, the damage-strain curves of the TFPU
grouting materials can be obtained. The damage-strain
curves conform to the form of first-order decay expo-
nential function, of which the specific form can be
obtained by function fitting, and the goodness of fit is
greater than 0.96.

3. The statistical damage constitutive model for TFPU
grouting material can be established based on the
damage evolution equation and it can be further sim-
plified to a universal function with the density as the
argument. The corresponding theoretical stress–strain
curves are in good agreement with the experimental
ones. This model can reflect the mechanical behavior
of TFPU grouting material well. With this constitutive
model, the mechanical properties of the TFPU grouting
materials adopted in practical engineering can be
directly obtained according to their designed density
alone, which is more convenient and easier for engi-
neering applications.
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