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Abstract: A convex-like one-dimensional holey phononic
crystal (PnC) strip with multiple wide band gaps but
simple construction is investigated. By dint of the unique
folding topology constituted by deformable L-shaped
connectors and rigid lumps, the wide band gaps can exist
with a compact spatial size. Moreover, the geometrical
parameters are tunable in a large range. A maximum
band gap of up to 63% is achievable. These salient merits
outweigh the already published counterparts, enabling the
proposed PnC strip to be a more promising candidate for
engineering applications. Therefore, we are convinced that
such a folding strategy of unit cells provides a practicable
direction for the further structural design of PnC devices.
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1 Introduction

Phononic crystals (PnCs) that can alter the propagation of
acoustic/elastic waves have attracted great attention [1–4].
The reported fascinating applications include waveguide
[5–7], sound/vibration isolation and cloaking [8–10], acoustic
subwavelength imaging [11], acoustic-optic coupling [12,13],
etc. By now, abundant PnCs have been considered in the
literature, with different mechanisms [14–16], 1D-to-3D peri-
odicity [17,18], and various topologies [19,20]. Many effective
methods have been introduced into the design of PnCs like
popular topology optimization [19–21]. However, it is still a
salient issue how to establish topologies to meet practical
application demands. For example, PnCs can be designed

as the supporting beams or the substrate of MEMS to alleviate
or isolate elastic waves (MHz) induced by noise interference
from the workplace or energy loss via supports and anchors
[22,23]. Yet, the highly integrated MEMS imposed strict limits
on the compatibility between band gaps and volume. On the
other hand, because of technological constraints and costs
when going to the microscale, robustness and machinability
should be considered to avoid complex and impractical
topologies.

One-dimensional (1D) PnC strips can save more space
than their two-dimensional (2D) and three-dimensional
(3D) counterparts, making them more suitable for low-
space applications like MEMS. Moreover, because of their
simplicity in both geometry structure and band structure,
the 1D PnC strips are ideal carriers to verify new physical
phenomena [24–26], new computational methods [27–29],
and new materials [30,31]. Generally, according to the
structural characteristics, 1D PnC strips can be divided
into two types: holey PnC strips [24,32–38] and pillared
PnC strips [39–47]. Comparatively, pillared PnC strips are
more likely to induce wide band gaps and undoubtedly get
more spotlight. Nevertheless, tall, heavy and hard pillars
are always indispensable to provide strong local resonance
for the generation of large band gaps. It has been revealed
that a large band gap exists only when the ratio of the pillar
height to substrate thickness reaches about 10 [39]. Even
worse, the numerous pillars and layers of two differentmate-
rials brought challenges in terms of space, fabrication, and
stability. Referring to the holey PnC strips, nucleation of
band gaps mainly relies on the Bragg scattering mechanism,
which requires the geometry sizes to becommensurate with
the wavelength. Thus, conventional holey PnC strips can
hardly open large band gaps while keeping a small size,
which greatly confines their applications. Up to now, many
imaginative PnC strips have been proposed for cutting-edge
physical research, but only a few can reconcile the theore-
tical properties and practicability.

In this paper, we propose an original convex-like 1D
holey PnC strip. In a unit cell, four lumps are centrifugally
connected by four L-shaped connectors. Unlike the con-
ventional holey strips, the L-shaped connectors set up a
folding topology, which elongates the wave propagation
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path but remains a compact geometry. Thorough research
on band gaps has been conducted. The results are exactly
what we expect: multiple wide band gaps exist in such a
simple constitutionwhile keeping a small size, with a large
tunable range of geometrical parameters. All these traits
are beneficial to improve feasibility, applicability, and
reliability, making the proposed PnC strip a potential can-
didate for low-space applications. Finally, transmission
spectra have been calculated to evaluate its ability in sup-
pressing vibration.

The rest of this paper is arranged as follows. First, the
geometrical constitution, theoretical basis, andmainmetrics
are presented in Section 2. Second, the band structures and
underlying mechanisms, the relationship between band
gaps and geometrical parameters, and transmission spectra
are discussed in Section 3. Finally, some conclusions are
drawn in Section 4.

2 PnC strip model and theoretical
basis

Here, we intended to reveal the essential traits of the
proposed PnC, thus normalized parameters are applied
throughout the theoretical analysis and numerical compu-
tation. With the benefits of normalization, the discussion is
nearly geometry, material, and frequency agnostic instead
of being confined to specific geometrical parameters, par-
ticular materials, and limited frequency ranges. Such treat-
ment is widely used in theoretical analysis and numerical
computation to capture the key issues. Furthermore, one
can also conveniently determine geometrical and material
parameters according to the actual requirements.

Figure 1 shows the sketch of the proposed holey PnC
strip, in which a unit cell consists of four bulky lumps
and four slender L-shaped connectors. The structure can
be determined by four independent geometrical para-
meters (b, c, d or other derivatives, and h). In the fol-
lowing discussion, these parameters are substituted by
dimensionless variables, namely, be normalized against
the lattice constant a (set as 1 unit size).

The fundamental motion equation of elastic waves
can be expressed by
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where cijkl is the elastic tensor, xj (j = 1, 2, 3) represent the
coordinates x, y, and z, respectively, ui is the displace-
ment, and ω denotes the circular frequency.

According to the Bloch theorem, the displacements
must satisfy the following form:

( ) ( )= − ⋅u r ũ re ,k ri (2)

where k is the Bloch wave vector, r is the position vector,
and ũ is a periodical function with the same periodicity as
the crystal lattice.

The involving calculations of band structures, essen-
tially eigenvalues of partial differential equations, are
implemented using commercial software COMSOL. The
Bloch theorem is realized by applying Floquet periodic
boundary conditions on the boundaries of a unit cell
along with the corresponding directions. Dispersion rela-
tions can be obtained by sweeping the wave vector k
along the edges of the first irreducible Brillouin zone.
Since the topology includes four independent geome-
trical parameters, COMSOL modeling has been trans-
formed into MATLAB script to perform the nested loops,
significantly improving the computing efficiency.

The kinetic energetic ratio describing the polarization
of elastic waves is defined as
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where V is the volume. In the following discussion, this
kind of information is helpful to understand the nuclea-
tion of the band gap. Moreover, it is also very important
for the 1D PnC strip since it is sensitive to the polarization
of elastic waves.

As the most important metric to evaluate the perfor-
mance of PnCs, the band gaps are measured by a dimen-
sionless parameter, viz., the ratio between the width and
center frequency. BG% = 2(ftop − fbot)/(ftop + fbot), where
fbot and ftop are the edges of band gaps. Generally, a
higher BG% value is preferable.

Figure 1: Sketch of the convex-like holey PnC strip with a unique
folding topology provided by the constitution of bulky lumps and
slender L-shaped connectors.
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3 Results and discussion

3.1 Band structures

Figure 2 shows the band structure of the proposed PnC
strip with geometrical parameters (b/a, c/a, d/a, h/a) =
(0.82, 0.22, 0.65, 0.15), in which the normalizedwavenumber

(ka/2π) and normalized frequency (ωa/2πct) are applied to
abstract the dispersion relations. As the definition stated, the
band structure is material and lattice constant a agnostic,
and only depends on the combination of (b/a, c/a, d/a, h/a).
The chosen material for numerical examples in this work is
single crystal silicon. Its material parameters are the mass
density ρ = 2320 kg·m−3, the elastic constants c11 = 165.7 GPa,

Figure 2: (a) Band structure of the convex-like holey PnC strip with geometrical parameters (b/a, c/a, d/a, h/a) = (0.82, 0.22, 0.65, 0.15).
Color denotes the kinetic energetic ratio ei (i = x, y, z), describing the polarization of elastic waves. (a–c) correspond to x, y, and z
polarizations respectively. (d–w) Identified eigenmodes corresponding to the bands in the band structure.
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c12 = 64.1 GPa and c44 = 79.6 GPa, and transverse and long-
itudinal speeds ct = 5,840m·s−1 and cl = 8,433m·s−1, respec-
tively. The y and x coordinates of the strip are consistent
with the [010] direction of a (100)-oriented silicon wafer.

The band structure has been repeated three times
with different kinetic energetic ratios ei (i = x, y, z), which
is embodied by color. In virtue of such information, one
can easily distinguish the polarization belonging of each
band. At a glance, three band gaps are visible, whose nor-
malized frequency spans are 0.173–0.220, 0.310–0.340, and
0.342–0.550, corresponding to BG% of 24%, 9.2%, and
47%, respectively. The latter two band gaps are separated
by a quasi-flat band, and its group velocity is close to zero.

To understand the nucleating mechanisms of band
gaps, the eigenmodes of the first 20 bands at ka/2π = 0.25
are also demonstrated in Figure 2 (d–w). Γ and X at the
ends are equal to 0 and 0.5, respectively. Four basic bands
are starting from ω = 0 in the 1D PnC strip, which can be
further classified as four different types: the x-bending
mode (Bx0), y-bending mode (By0), z-bending mode (Bz0),
and torsional mode (T0). The other bands are higher-order
derivatives of these four basic modes. For simplifying the
discussion, these modes can be further divided into in-
plane modes (including Bx- and By-modes) and out-of-
plane modes (including Bz- and T-modes). Each band in
the band structure is labeled. By comparing the boundary
eigenmodes of band gaps, it can be concluded that the
mismatch of the displacement distribution between the
consecutive bands forms a band gap. A steeper mismatch
is conducive to inducing a larger band gap.

Basically, band gaps of the holey PnCs are mainly
induced by the Bragg scattering mechanism, which sti-
pulates the proportionality between the geometrical size
and wavelength. In other words, it is challenging to open
a large band gap with a small size. Unlike the conven-
tional holey structures, the unique folding topology in
this work enables the elongation of propagating path
while remaining a limited size. It is effective to circum-
vent the limitation of Bragg band gaps on geometrical
dimensions. On the other hand, in the eigenmodes, espe-
cially in the bending modes, the lumps act as rigid bodies
while L-shaped connectors act as deformable bodies. The
big difference in bending stiffness can also sustain the local
resonance mechanism. Specifically, the large mismatch of
localized vibration energy in distinct resonant modes can
also enhance the reflectivity of waves. Based on the above
analysis, we deduce that the nucleation of themultiple wide
band gaps roots in the combination of Bragg scattering
mechanism and local resonance mechanism.

L-Shaped connectors play an important role in the high-
performance band gaps. As for the mechanical behaviors of

L-shaped connectors, refs [48,49] give an in-depth theore-
tical analysis. In a nutshell, the behaviors of L-shaped struc-
tures include axial motion, in-plane bending, out-of-plane
bending, and torsional motion. Both theoretical equations
and numerical analysis confirm that these motions can be
well decoupled into in-plane and out-of-plane motions,
which is in good consistency with the classification of eigen-
modes in Figure 2. For the in-plane modes (Bx- and By-
modes), the motion of the L-shaped connectors is a coupling
of axial extension and in-plane bending. As for the out-of-
plane modes (Bz- and T-modes), the motion of the L-shaped
connectors is a coupling of out-of-plane bending and tor-
sional motion.

3.2 Comparison with counterparts

To illustrate the advantages of the proposed PnC strip, a
comparison of the band structures with three previously
published strips is shown in Figure 3, including I-like
strip [32], improved I-like strip [33], and cross-like strip
[34]. The chosen material and computational method are
identical. Color uniformly represents the kinetic energy
ratio ez. By contrast, Figure 3 reveals some interesting reg-
ularities. First, although Figure 4(a) and (b) are similar
I-like strips, the band gap of improved I-like strip from
hexagonal lattice is much wider and lower than the stan-
dard counterpart from a square lattice. Second, the strips
in Figure 3(c) and (d) have much more additional free
boundaries than those in Figure 3(a) and (b), which is
helpful to arouse the low-frequency wave modes. Third,
the thicknesses in Figure 3(c) and (d) are only h/a = 0.2
and h/a = 0.15, whereas much larger h/a = 0.75 and h/a =
0.43 in Figure 3(a) and (b). Finally, Figure 3(d) has advan-
tages of multiple broad band gaps, lower frequency band
gap, and a much smaller size than the previous PnC strips.

3.3 Geometrical optimization for largest
band gaps

Then, geometrical optimization aiming to probe the lar-
gest value of BG% has been conducted. In general, the
topology involving multiple geometrical parameters is
preferable, which can offer more possibilities to tune
band gaps. In the proposed convex-like PnC strip, four
independent parameters need to be considered. Here, we
use a combination of b, c, w, and h, where w = a − 2t. The
reason to choose w rather than others is that we want to
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Figure 3: Comparison on band structures of (a) I-like strip with (r/a, h/a) = (0.36, 0.75), (b) improved I-like strip with (a/d, r/d, h/d) = (31/2,
0.45, 0.75), (c) cross-like strip with (b/a, c/a, d/a, h/a) = (0.625, 0.25, 0.65, 0.2), and (d) the proposed convex-like PnC strip with (b/a, c/a,
d/a, h/a) = (0.82, 0.22, 0.65, 0.15).

Figure 4: The combined effect of in-plane geometrical parameters (b/a, c/a, and w/a) on band gaps, where BG% is represented by color.
Out-of-plane geometrical parameter h/a = 0.15. (b) Ten slices extracted from (a), each slice demonstrates the influence of b/a and c/a on
the band gaps for a given w/a.

72  Jun Jin et al.



vary the crucial width of L-shaped connectors t gradually
smaller and make this variation accord with the positive
direction of the z-axis (gradually larger). Moreover, these
four geometrical parameters are further categorized as in-
plane (b, c, and w) and out-of-plane parameters (thick-
ness h). The out-of-plane parameter can only influence
the out-of-plane modes (Bz- and T-modes), while the in-
plane parameters can affect all modes significantly. As a
result, the best strategy to make the band gaps as wide as
possible is to prevent the out-of-plane modes from split-
ting the band gaps or minimize the effect if the interfer-
ence is inevitable. Specifically, the effect of the in-plane

parameters (b, c, and w) is considered first by the nested
loop to adjust the overall band structure, and then the
out-of-plane parameter h is varied to relocate the special
bands.

The joint effect of b/a, c/a, and w/a on band gaps are
integrated into Figure 4(a), in which BG% is shown by
color. The out-of-plane parameter h/a fixes at 0.15 during
the iterative calculation. One can easily have an insight
into the influence of each parameter and then their
optimal combinations. Furthermore, ten slices along the
parameter w/a extracted from Figure 4(a) are shown in
Figure 4(b), each slice demonstrates the dependence of

Figure 5: Variation of band gaps versus the out-of-plane geometrical parameter h/a, where w/a varies from 0.87 to 0.95. b/a and c/a are
optimum values corresponding to each w/a attained from Figure 4. The blue left y-axis and red right y-axis represent the position of band
gaps and the corresponding maximum BG%, respectively. (a) w/a = 0.87, (b) w/a = 0.88, (c) w/a = 0.89, (d) w/a = 0.90, (e) w/a = 0.91,
(f) w/a = 0.92, (g) w/a = 0.93, (h) w/a = 0.94, and (i) w/a = 0.95.
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band gaps on b/a and c/a for a given w/a, by which one
can understand the variation tendency quantitatively and
intuitively. From Figure 4(a), the first and perhaps most
remarkable feature is that wide band gaps exist with a
broad tunable range of parameters. Two big red kernels
denoting the broad band gaps (BG% ≥ 35%) can be reached
in two large regions. More specifically in Figure 4(b), with
the increase of w/a from 0.86 to 0.95, the BG% of the first
kernel peaks at intermediate values and then decreases
gradually until vanishing. However, for another one,
kernel forms and spreads, and BG% increases accordingly
with the increase of w/a. The widest band gap obtained
has BG% = 47%.

Figure 6: Effect of h/a on the band structure with (b/a, c/a, d/a) = (0.82, 0.22, 0.65). Color denotes the kinetic energy ratio ez. (a) h/a = 0.10;
(b) h/a = 0.15; (c) h/a = 0.20; (d) h/a = 0.30; and (e) h/a = 0.40.

Table 1: The effect of t/a on the largest BG% and the supporting
parameters

t/a ftop fbot BG% (b/a, c/a, d/a) h/a

0.070 0.566 0.356 45.49 (0.82, 0.22, 0.64) 0.15
0.065 0.550 0.342 46.63 (0.82, 0.22, 0.65) 0.15
0.060 0.522 0.325 46.37 (0.82, 0.20, 0.68) 0.15
0.055 0.492 0.311 44.93 (0.80, 0.18, 0.71) 0.15
0.050 0.449 0.288 43.47 (0.78, 0.14, 0.76) 0.15
0.045 0.434 0.286 41.24 (0.76, 0.14, 0.77) 0.15
0.040 0.286 0.407 35,17 (0.72, 0.12, 0.80) 0.15
0.035 0.550 0.951 53.38 (0.60, 0.42, 0.51) 0.40
0.030 0.528 0.961 58.08 (0.60, 0.42, 0.52) 0.38
0.025 0.486 0.934 63.10 (0.62, 0.42, 0.53) 0.40

Figure 7: Band structures of t/a = (a) 0.065, (b) 0.055, (c) 0.045, (d) 0.035, and (e) 0.025. Color denotes the kinetic energy ratio ez.
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Next, Figure 5 gives the effect of the out-of-plane
parameter h/a on band gaps, under different w/a values.
The blue left y-axis shows the position of band gaps, and
the red right y-axis is the maximum BG%. While w/a
varies from 0.87 to 0.95, the chosen b/a and c/a are
optimum values corresponding to each w/a attained from
Figure 4. It should be mentioned that the ranges of vertical
axes are different. The variation trends of band gaps in
Figure 5 echo the features manifested by Figure 4. Obviously,
the band structure has a sudden change when w/a varies
from 0.92 to 0.93, which can be attributed to the different
nucleating ways of band gaps. It corresponds to the two
red kernels in Figure 4. The optimum h/a remains constant
at 0.15 when w/a ≤0.92. However, the optimum h/amoves
to about 0.4 when w/a > 0.92.

As a supplement, to present the effect of h/a more
vividly, the variation of band structure has also been
directly illustrated in Figure 6. Evidently, when the
value of h/a ≤ 0.4, the thickness h just affects Bz-modes
and T-modes. It further verifies the earlier discussion.
The reason for this is because the parameter h has a

monotonic relationship with both the z-bending stiff-
ness and torsion stiffness, but is tangential to the in-
plane bending stiffness.

The combination of Figures 4 and 5 provides the
maximum of BG% and the corresponding optimal para-
meters. In other words, a thorough investigation based
on geometrical optimization has been implemented. Among
these geometrical parameters, the width of L-shaped con-
nectors t is worth special attention since it is the smallest
feature size limiting the fabrication and it is crucial on the
lump-connector system. Table 1 summarizes the effect of t/a
on the largest BG% and the supporting parameters. The
largest BG% can be obtained when t/a is close to the limit,
but considering the possible manufacturing inaccuracy and
fabrication limitations, it is better not to keep the t/a too
small.

Figure 7 compares the band structures of t/a = 0.065,
0.055, 0.045, 0.035, and 0.025. With the decrease of t/a,
the difference of bending stiffness between the deform-
able L-shaped connectors and rigid lumps increases,
which results in the restructuring of band structures

Figure 8: (a) Sketch of the setup for the transmission spectra. (b) Band structure. (c)–(e) Achieved transmission spectra under different
excitations.
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and the new optimal combination of geometry para-
meters. In Figure 7(e), the mismatch of mechanical prop-
erties of L-shaped connectors and rigid lumps reaches a
very extreme level. The in-plane bands (blue color) have
been greatly suppressed in low frequencies due to the
heavy lumps.

3.4 Transmission coefficient

The transmission coefficient is another important consid-
eration, which can corroborate the band gaps achieved by
the infinite theoretical model and characterize the attenua-
tion of a finite periodic structure on elastic waves. The sche-
matic setting for the simulation of transmission spectra is
shown in Figure 8(a). The polarized line sources include x-,
y-, z-, and mixed polarization, which is very useful for
simulating practical applications. The cross-sectional probe
is deployed behind five periods. Perfectly match layers
(PML) have been arranged at the ends to alleviate the reflec-
tions of outgoing waves [50].

The calculated transmission spectra for line sources
with different directions are presented in Figure 8(c)–(e),
where (c) for x- and y-polarized displacements, (d) for
z-polarized displacement, and (e) for a mix-polarized dis-
placement. Compared to Figure 8(b), the attenuating
ranges match well with the band gaps. However, several
points need to be highlighted. First, a peak “A” supposed
to be nonexistent appears atωa/2πct ≈ 0.35 in Figure 8(c).
It corresponds to the z-directional modal shape Bz4 excited
by the x-polarized line source. Second, there is a subtle
discrepancy between the band structure and transmission
spectra on the upper edge frequencies of band gaps. It
might be because some modes are deaf modes that are
immune to the applied polarized line sources.

4 Conclusion

In this work, we proposed an original convex-like 1D
holey PnC strip. Its potential application background
might be the control of the propagation of acoustic or
elastic waves in high-integration devices like MEMS. A
comprehensive investigation of band gaps based on the
geometrical optimization has been performed by using
the finite element method. The production mechanisms
are analyzed in virtue of the energy method. Compared
with the conventional counterparts, the superiority lies in
its simplicity, smaller size, and multiple large band gaps

that can exist over a wide range of parameters. The
unique folding topology constituted by L-shaped connec-
tors provides a practicable solution for the limitations of
conventional PnCs. We are convinced that these topics
are conducive to further structural designs and novel
applications of PnC devices.
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