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Abstract: Traditional methods for the optimization design
of the air spring are based on the deterministic assump-
tion that the parameters are fixed. However, uncertainties
widely exist during the manufacturing stage of the air
spring. To model the uncertainties in air springs, evidence
theory is introduced. For the response analysis of the air
spring system under evidence theory, an evidence theory-
based polynomial chaos method, called the sparse grid
quadrature-based arbitrary orthogonal polynomial (SGQ-
AOP) method, is proposed. In the SGQ-AOP method, the
response of the air spring is approximated by AOP expan-
sion, and the sparse grid quadrature is introduced to cal-
culate the expansion coefficient. For optimization of the air
spring, a reliability-based optimization model is estab-
lished under evidence theory. To improve the efficiency
of optimization, the SGQ-AOP method is used to establish
the surrogate model for the response of the air spring. The
proposed response analysis and the optimization method
were employed to optimize an air spring with epistemic
uncertainties, and its effectiveness has been demonstrated
by comparing it with the traditional evidence theory-based
AOP method.

Keywords: evidence theory, arbitrary orthogonal poly-
nomial, sparse grid quadrature, optimization, air spring

1 Introduction

Air springs have a wide range of applications in suspen-
sion systems for railway vehicles, commercial, and per-
sonal cars [1–3]. Figure 1 shows an air spring of a railway
locomotive. Compared to other suspension systems, the
advantages of the air spring mainly include low natural
frequency, excellent vibration isolation performance in
high-frequency, and low rate of force transmission [4].
By the control of the intake valves, the working height
and ride comfort under different ride conditions can be
adjusted in an adaptable way, which makes the air spring
attractive to luxurious vehicles.

In the application of an air spring for engineering, its
optimal stiffness varies for different kinds of vehicles. In
addition, the strain of the spring material should be mini-
mized to improve the fatigue life of the air spring [5].
Thus, there is an increasing demand for the optimization
design of the air spring. Traditional response analysis
and optimization methods for the design of an air spring
are deterministic approaches in which the parameters are
considered to be fixed [6,7]. However, uncertainties due
to manufacturing and other factors inevitably exist in
practice. It is shown in ref. [8] that the change of material
parameters has a great effect on the stiffness of the air
spring system. Without considering these uncertainties,
the optimal results obtained by using deterministic methods
may be unreliable. Therefore, for the design of an air spring,
it is desirable to develop the response and optimization
methods considering the effect of uncertainties.

To model the uncertainty, different kinds of uncer-
tainty quantification theories have been developed. The
most widely used technique for uncertainty quantification
is the probability theory [9–11]. When the probabilistic
model is used to deal with uncertainties, the probability
density function (PDF) of the uncertain parameter should
be obtained. However, the data to determine the PDF
are always unavailable in practice. To model the uncer-
tain parameter without sufficient probabilistic informa-
tion, some other uncertainty quantification techniques
have been developed, such as evidence theory [12,13],
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fuzzy theory [14,15], P-box theory [16], interval analysis
[17,18], etc. Evidence theory is treated as an appropriate
complement to probability theory in uncertainty problem
analysis when the distribution of the uncertain variables is
roughly regarded as several finite intervals [19]. In evi-
dence theory, the uncertain parameter is defined as several
intervals and its associated basic probability assignments
(BPA). Under different situations, evidence theory can be
equivalent to special probability uncertain or interval uncer-
tain problems. When the number of focal elements tends to
infinity or 1, the evidence parameters can be equal to the
probability or interval parameter. Furthermore, evidence
theory can handle conflicting information from experts. In
comparison to the other modeling techniques, the evidence
theory is a more flexible framework. Due to these typical
properties, evidence theory has been applied in structural
uncertainty analysis extensively in recent years [20–22].

Compared to the optimization of an air springwith deter-
ministic parameters, the evidence theory-based response
analysis and optimization of the air spring is more challen-
ging. Under evidence theory, the extreme value analysis
should be implemented over each focal element, which is a
time-consuming process. In recent years, lots of research has
been dedicated to reduce the computational cost related to
evidence theory-based uncertainty analysis. One typical
method is to use the interval perturbation method to obtain
the extreme value in each focal element [23–25]. Bai et al.
employed the perturbation method to obtain the approxi-
mate response bounds for each focal element [23]. By using
the perturbation method, the response of the structure
under evidence theory can be efficiently obtained. Shengwen
et al. proposed an evidence theory-based finite element-sta-
tistical energy analysis method for mid-frequency analysis of
the structure–acoustic system, in which the second pertur-
bation method is used to calculate the response in each
focal element [24]. Chen et al. extended the evidence

theory and the perturbation technique for the prediction
of an exterior acoustic field with epistemic uncertainties
[25]. Compared to Monte Carlo simulation, the interval
perturbation method can greatly improve computational
efficiency. However, the computational cost of the interval
perturbation method still suffers from the large computa-
tional burden, as the perturbation analysis needs to be
repeated for each focal element. Another popular method
for evidence theory-based uncertainty analysis is the surro-
gate modeling method, such as the polynomial chaos
method. Originally, global surrogate models have been
introduced for evidence-theory-based uncertainty analysis
[26,27]. Subsequently, the Jacobi polynomial expansion [28]
and Gegenbauer series expansion [29] have been applied in
evidence theory to deal with the structural–acoustic problems.
Chong [30] proposed an evidence theorymodel that combined
the Legendre-type polynomial with the Clenshaw–Curtis point
to improve the optimization efficiency of complex mechanical
problems. Recently, Shengwen et al. investigated the influence
of polynomial basis types on the accuracy of the orthogonal
polynomial expansion surrogate model. It is shown that the
computational accuracy can be improved efficiently by appro-
priately selecting the type of the polynomial basis [31]. Based
on the above research, the evidence-theory-based arbitrary
orthogonal polynomial (AOP) method has been proposed
and applied to the structure–acoustic systems for uncertainty
analysis with epistemic uncertainties [31].

In an overview, there is an increasing demand in the
optimization design of an air spring, but the development
of numerical methods for the optimization of the air
spring is still at the early stage, and some problems still
remain unsolved. First, the response and optimization
model for the air spring system with epistemic uncertain-
ties have not been established. It is shown in ref. [3] that
the response of the air spring system is very sensitive to
some input parameters, such as the material properties of

Figure 1: Air spring of railway locomotive.
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the cord, the cord angle. Without considering these uncer-
tainties, the results obtained by using the deterministic
optimization method may be unreliable. Thus, it is desir-
able to develop an optimization model for the air spring
system considering epistemic uncertainties. Second, though
the AOP method shows good convergence properties for
evidence-theory-based uncertainty analysis, the computa-
tional burden of AOP by using Gauss quadrature will
increase exponentially with the number of variables. The
air spring system always involves many uncertain para-
meters, and the computational burden for finite element
analysis of the air spring is relatively large. Thus, it is neces-
sary to improve the computational efficiency of AOP for
uncertainty quantification under evidence theory.

The aim of this article is to develop an efficient
response analysis and optimization method for the air
spring system with epistemic uncertainties. The evidence
theory is introduced to model the uncertain parameters in
an air spring. For response analysis of the air spring
system with evidence variables, a sparse grid quadra-
ture-based arbitrary orthogonal polynomial (SGQ-AOP)
method is proposed by introducing the evidence theory-
based AOP and the sparse quadrature technique. In par-
ticular, the evidence theory-based AOP expansion [31] is
introduced to approximate the response of the air spring
system, and the sparse quadrature is used to calculate the
expansion coefficient of the AOP expansion. For optimiza-
tion of the air spring system under evidence theory, the
proposed sparse quadrature-based AOP expansion is used
to establish the surrogate model for the response of the air
spring system. Based on the surrogate model, the optimal
result can be efficiently obtained by using the genetic algo-
rithm. The response analysis and optimization of an air
spring system with epistemic uncertainties have been
introduced to investigate the proposed method.

2 Evidence theory-based
uncertainty analysis by using
polynomial expansion and
sparse grid quadrature

In this section, the fundamental evidence theory is briefly
introduced. To reduce the computational cost of the tradi-
tional evidence theory-based polynomial chaos method, a
new method called the SGQ-AOP method is proposed. The
main difference between the SGQ-AOP method and the
traditional evidence theory-based polynomial chaos method

is that the sparse grid quadrature is used to calculate the
expansion coefficient of the polynomial chaos expansion,
instead of Gaussian quadrature.

2.1 Fundamentals of evidence theory

In evidence theory, an event space can be defined by a
mathematical triplet ( )mΩ, Θ, where Ω denotes the uni-
versal set; Θ is a countable collection of subsets of Ω,
which is also called as FD; and m is the BPA, which
satisfied the following three axioms [10]:
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where ( )m A is the BPA for the subset A of Θ, and the
subset A satisfying ( ) >m A 0 is called as the focal element
of the evidence space.

As the precise probability distribution in each focal
element is not available, an interval that includes the Bel
and Pl is employed to represent the uncertainty of prob-
ability as follows:
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In the above equation, the belief measure ( )BBel is the
summation of BPA in the proposition, which is totally
included in propositions, while the plausibility measure

( )BPl is obtained by summing the BPA of events that are
totally or partially included in event B. According to the evi-
dence theory [29], each uncertain variable can be represented
bymore than one interval. For example, an uncertain variable
U represented by evidence theory can be formulated as

{( ) ( ) ( )}=U U m U m U m, , ... , , , ... , , ,i i l l1
I

1
I I (3)

where the interval ( )=U i l1, 2, ... ,i
I is the ith focal element

of U, l is the total number of focal elements and mi is the
BPA ofUi

I. These intervals can be overlapping, contiguous,
or have gaps. The BPA is typically derived from the experi-
mentation or expert opinion, indicating how likely the
uncertain input falls within the specified interval Ui

I.
For multiple variables problem [ ]= ⋯U U UU , , , k1 2 ,

the formation of joint BPA is similar to the solution of
joint PDF in probability theory. The joint FD of variables
U can be formulated as the Cartesian product of each
focal element of total uncertain variables, which can be
expressed as
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Here, Usk is the joint focal element of each of the joint
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l

i
l

,k meaning the focal element of
Ui, and Ns is the total number of each focal element. The
joint BPA of Usk can be calculated by
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According to the above definition, the specific distri-
bution of each focal element is not required. Even if the
data are not sufficient to construct the precise PDF of an
uncertain variable, the uncertain model can still be estab-
lished without assumption.

Considering a function ( )=y f U , the belief and plau-
sibility of y can be calculated as
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In the above equations, ys
l
k
can be calculated through
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The ySk
and ySk

are the minimum and maximum

values of ys
l
k
, respectively.

According to ref. [23], the mean value and variance of
evidence variables can be defined as follows:
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Therefore, by using the evidence theory model, the sta-
tistic property of ywill be an interval rather than a fixed value.

2.2 The SGQ-AOP method for evidence
theory-based uncertainty analysis

2.2.1 AOP expansion

The AOP expansion for the approximation of a function
can be expressed as follows:

( ) ( )∑=
=

Y x yφ x ,
i

N

i i
0

(12)

where N is the retained order, yi represents the expan-
sion coefficient, and ( )φ ξi denotes the polynomial basis
of order i, which satisfied the following orthogonality
relation:

〈 ( ) ( )〉 =φ ξ φ ξ h δ, ,i j i ij (13)

where 〈 ( )〉=h φ ξi i
2 and 〈 〉⋅ ⋅, denotes the inner product,

which can be expressed as

〈 ( ) ( )〉 ( ) ( ) ( )∫=
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φ ξ φ ξ φ ξ φ ξ w ξ ξ, d .i j i j (14)

In the above equation, ( )w ξ is the weight function,
which can be an arbitrary continuous or discrete func-
tion, such as the piecewise function. The free choice of
the weight function of polynomial basis is the main
advantage of AOP expansion.

Suppose ( )w ξ is a positive measure supported on an

interval such that all moments ( )∫=
�

μ ξ w ξ ξdk k exist

and are finite. Then, there always exists a set of ortho-
gonal polynomials that satisfy the following relations
[32]:
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where ak and ( )= …b k 1, 2,k of the AOP expansion can be
determined by
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In the above equations, the coefficient b0 is arbitrary

and set by convention such that ( )∫=b w x xd0 .

Based on the orthogonality of the polynomial basis, yi
in equation (1) can be calculated as [32]
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The integral in the above equation can be calculated
by the Gaussian quadrature as follows [32]:

( ) ( ) ( ) ( ) (( )∫ ∑= =
=

y
h

Y x φ x ρ x x
h

Y x φ x w1 d 1 ˆ ˆ ˆ ,i
i

i
i i

m

i i i i

Ω 1
(19)

82  Feng Kong et al.



where x̂i and ŵi are the Gaussian nodes and the Gaussian
weights, respectively; m is the total number of Gaussian
nodes; and x̂i and ŵi can be obtained from the eigenvalue
decomposition of the Jacobi matrix assembled with ai and
bi. Particularly, the Jacobi matrix Jn can be expressed
as [32]
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In particular, if ( )= …λ λ λV J V diag , , ,n n
T

1 2 and =V V IT ,
where I is the ×n n dimension identity matrix. Then, the
desired x̂i and ŵi can be determined by

= = = …x λ w b v iˆ , ˆ , 1, 2, ,i i i i0 ,1
2 (21)

where vi,1 is the first component of the ith column vector
of V.

For a function with multiple evidence variables, the
AOP expansion can be expressed as
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where

( ) ( ) ( )= ×⋯×φ φ U φ UU .i i i i L,..., 1L L1 1 (23)

In the above equations, n is the retained order of AOP
expansion, ⋯fi i, , L1 is the expansion coefficient to be esti-
mated, and ( ) ( )=φ U k L1, 2, ... ,i kk

is the polynomial basis

related toUk. Theoretically, an arbitrary polynomial basis
can be used to construct the AOP expansion for the
approximation of the response of the unified evidence
uncertain model of three uncertain problems. However,
the choice of the polynomial basis can have a great effect
on the accuracy of the polynomial chaos method for
random and epistemic uncertainty analysis [31]. According
to ref. [31], the weight function of optimal polynomial
basis can be determined according to the BPA of evidence
variables as follows:

( ) ( ) ( ) ( )∑= / −
=

f ξ δ ξ m B U L˜ ,ξ
j

j j j j
1

(24)

where Bj is the jth focal elements of ξ , and Lj and Uj are
the lower and upper bounds of Bj. By the above treat-
ment, a transformed PDF for each evidence variable can
be obtained.

In traditional AOP, the expansion coefficients in equa-
tion (22) are calculated by
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where …U Uˆ , , ˆj jL1 denote the Gaussian nodes of evidence
variables, respectively; = ∏ =w wˆ ˆj j k

L
j,..., 1L k1 denotes the Gaussian

weight; ( )=M j L1, 2, ... ,j denotes the number of Gaussian
nodes related to the jth variable; and Ûjk and ŵjkdenote
the jkth Gaussian node and weight related to the kth vari-
able, respectively. The detailed procedure to determine Ûjk
and ŵjk can be found in ref. [31].

It can be found from equation (25) that the total
number of Gaussian points to determine the coefficient

is = ∏ =N Mk
L

k1 . Obviously, the total number of Gaussian
points will increase exponentially with the increasing
number of uncertain parameters, which may lead to tre-
mendous computational costs. In order to improve the
computational efficiency of the moment-based poly-
nomial chaos expansion for interval and random ana-
lysis, the sparse grid quadrature will be introduced to
calculate the expansion coefficient.

2.2.2 Sparse grid quadrature

The sparse quadrature is based on the Smolyak algo-
rithm, which has been widely used in the fields of numer-
ical integration and interpolation and image processing.
In this section, the basic principles of sparse quadrature
for calculating the expansion coefficient will be deduced.

A continuous function ( )F x defined on [ ]∈ −x 1, 1 can
be approximated as ( ) ∈Q F l L,l

1 . Similarly, the L-dimen-
sional problem can be defined as ( )( )⊗⋯⊗Q Q Fl l

1 1
d1

by the
tensor product. According to the nested hierarchical basis
principle of the Smolyak algorithm, the difference format
of the approximated function is [33]

( ) ( )( ) ( )= − =−Δ F Q Q F Q F, 0.k k k
1 1

1
1

0
1 (26)

Furthermore, for a L-dimension problem, the approxi-
mated function with the order-l of the Smolyak algorithm
can be contrasted as

( ) ( )( )
∣ ∣

∑= ⊗ ⋯⊗
≤ + −

Q F Δ Δ F ,L

k l L
k k1

1

1 1
L1 (27)

where ⊗ expresses the operation of the tensor product
and ∣ ∣k denotes the sum of the multidimensional indica-
tors (∣ ∣ = ∑ =k ki

d
i1 ). By the operation of the tensor product,

equation (27) can be expressed as
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Therefore, the integration points in the square grids
can be defined as
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The number of the integration points based on the
sparse grid method is estimated by
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The corresponding coefficient of the weights is
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2.3 The procedure of the SGQ-AOP method
for response analysis under evidence
variables

The core idea of the SGQ-AOP method is to use the sparse
quadrature to calculate the expansion coefficient of the
evidence theory-based polynomial chaos expansion. The
main steps of the SGQ-AOP method are as follows:
(1) Determine the weight function for each evidence

variable according to equation (24).
(2) Construct the polynomial basis for each evidence

variable by equations (15)–(17).
(3) Obtain the integration points of the sparse grid quad-

rature according to equation (29).
(4) Calculate the expansion coefficient.

3 Reliability-based optimization of
the air spring under evidence
theory

The strain of air spring has a great effect on the fatigue
life of air spring. To improve the fatigue life of the air
spring, the strain of the air spring should be optimized.
Particularly, the purpose of the optimization of an air
spring system is to reduce its potential strain. Therefore,
the objective function of the air spring system with an
evidence variable can be described as

( ( ))u d Amin Exp , ,
d (32)

where [ ]= …d d dd , , , R1 2 represents design variables, A is
an evidence vector, and Exp(u(d, A)) denotes the mean
value of the response. According to equations (10) and
(11), the objective function is an interval. If the maximal
potential value of Exp(u(d,A)) satisfies the engineering
requirements, the other values will also satisfy the engi-
neering requirements. Therefore, the maximal potential
value of Exp(u(d,A)) can be selected as the objective func-
tion. Namely, the objective function shown in equation(33)
can be expressed as

( ( ))u d Amin Exp , .
d

max (33)

The air spring system is a shock absorber in which
the vibration performances (such as the stiffness) should
be considered. These performances can be constrained by
reliability conditions. The reliabilities are probabilities of
performances satisfying design requirements. Therefore,
the reliability constraint conditions can be expressed as

( ( ) )≤ ≥ =g η h Hd AProb , 0 , 1, 2, ... , ,h h (34)

where gh(d,A) (h = 1,2,…,H) is the hth limit-state function
that stands for the performance of a structural–acoustic
system, and ηh is the hth target reliability. When ηh = 1,
the reliability constraint conditions transformed to a
deterministic constraint.

Based on equations (34) and (35), the reliability-
based optimization model of the spring system under
evidence theory can be expressed as

( ( ))

( ( ) )≤ ≥ =

≤ ≤

u

g η h H

d A

d A
d̲ d d̄

min Exp , ,

s.t. Prob , 0 , 1, 2, ... , ,
.
h h

d
max

(35)

The objective function and the reliability constraint
conditions can be efficiently evaluated by the SGQ-AOP
method proposed in Section 2.

4 Numerical examples

4.1 Finite element model of an air spring

Figure 2 shows the finite element model of an air spring,
and the calculation utilizes the Newton–Raphson method.
The air spring action is divided into many load-increment
steps. Then, an approximate equation is established at
the end of each loaded-increment step. The acceptable
solution of certain load-increment is reached after many
rounds of iterations. This analysis is calculated in the
ABAQUS/Explicit module. There are 24183 CAX4R
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elements and 1512 SFMAX1 elements in the whole FE
model. By using ABAQUS, the stiffness of the air spring
can be obtained. More details related to the calculation can
be found in ref. [1]. The computational time to calculate
the stiffness of the FE model is about 972 s. All computa-
tional results are obtained on a computer with 3.20 GHz
Intel(R) Core (TM) CPU i9-10700K.

4.2 Response analysis of the air spring with
epistemic uncertainties

To investigate the effectiveness of the SGQ-AOPmodel for
response analysis of the air spring with epistemic uncer-
tainties, Yang’s modulus E of the cord, the cross section S
of cord, the cord angle θ, and the material parameters of
rubber (including C01 and C10 of the Mooney–Rivlin

model) are assumed as evidence variables. The BPA
structures of E, S, θ, C01, and C10 are listed in Table 1.

The proposed method is used to calculate the mean
and variance of stiffness of the air spring. For comparison,
the traditional AOP [29] is also introduced to calculate the
response of the air spring. The retained order of the SGQ-
AOP and the traditional AOP method is 4. The reference
solution is obtained through the high-order Legendre
polynomial expansion [29]. The results obtained by dif-
ferent methods are shown in Figures 3 and 4.

From Figures 3 and 4, it can be found that the results
obtained by the SGQ-The AOP and the traditional AOP are
very close to the reference results. It indicates that both
SGQ-AOP and the traditional AOP method can achieve
high accuracy for response analysis of the air spring with
evidence variables. The relative error of the SGQ-AOP
method is slightly higher than that of AOP, and the main
reason is that a larger number of polynomial bases are
retained in AOP. However, increasing the number of poly-
nomial bases will lead to a larger computational burden. The
computational times of the SGQ-AOP and AOP methods are

×7.65 105 and ×3.21 10 s6 . Therefore, compared with the
traditional AOP, the proposed SGQ-AOP method can greatly
improve computational efficiency.

4.3 An optimization model for an air spring
with epistemic uncertainties

In practice, the cord angle θ and the cross section S of the
cord are usually used as design variables to optimize the

Figure 2: The FE model of an air spring.
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Figure 3: Bounds of the mean value of vertical stiffness of the air spring.
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performance of the air spring system. This is mainly
because θ and S have a great effect on the mechanical
properties of the air spring. Therefore, θ and S will be used
as design variables in this numerical example. The range
of θ is 25–35°, while the range of S is 4–6mm2. The objec-
tive of the optimization is the expectation of the strain. A
vertical amplitude =h 10 mm is applied on the air spring.
The initial pressure of the air spring is 0.6MPa. The stiffness of
the air spring is constrained. In particular, the vertical stiffness
of the air spring should satisfy ⋅ ≤ ≤− K90 kN mm v

1

⋅ −110 kN mm 1, while the lateral stiffness of the air spring
should satisfy ⋅ ≤ ≤ ⋅− −K135 kN mm 150 kN mmv

1 1. Based
on the above discussion, the optimization model can be
described as

( ) ( )

( ) ( )

( ( ))

≤ ≤

≥ ≥

≤ ≤ ≤ ≤

θ S
u θ S

K θ S K θ S
K θ S K θ S

θ S

A
A A

A A

Find , ,
minimize Exp , , ,
subject to ¯ , , 110; ¯ , , 150,

̲ , , 90; ̲ , , 135,
25 35; 4 6.

v l

v l

max

(36)

The SGQ-AOPmethod is used to obtain the result of the
optimization model shown in equation (37). The detailed
procedure of optimization by using the SGQ-AOP method
can be found in Section 3. The initial value of the design
variable is θ = 35 and S = 6 mm2. Once the surrogate model
is established by using SQ-IRMAPC, different kinds of opti-
mization methods can be used to find the optimal solution,
such as the gradient-based methods [34,35] and gradient-
free optimization strategies (Genetic Algorithm, GA [36]).

Generally, the gradient-based methods can achieve higher
efficiency than GA, but are more complicated in the formu-
lation. The surrogate model of the response of air spring is a
simple function, thus the computational cost of optimiza-
tion by using GA is relatively small. For simplicity, GA is
employed to find the optimal solution in this paper. The
cord angle and the cross section of the cord after optimiza-
tion are θ = 31.2 and S = 6mm2, respectively. Before optimi-
zation, the maximum strain of the rubber of the air spring is
0.83MPA, while the maximum strain of the rubber of the air
spring is only 0.56MPa after optimization. Therefore, the
maximum strain of the rubber can be effectively reduced
by using the optimization method.

In order to compare the optimization results obtained
without considering uncertainties, a deterministic opti-
mization model is introduced as follows:

( ) ( )

( )

≤ ≤ ≤ ≤

≤ ≤ ≤ ≤

θ S
u θ S

K θ S K θ S
θ S

Find , ,
minimize , ,
subject to 90 , 110; 135 , 150,
25 35; 4 6.

v l
(37)

The SGQ-AOP method is used to construct the surrogate
model of the response of air spring. The initial value of the
design variable is also set as θ = 35 and S = 6mm2. The Genetic
Algorithm is introduced to the optimization of the air spring
system. The cord angel and the cross section of the cord after
optimization is θ = 29.5 and S = 6mm2, respectively.

Assume that E, C01, and C10 are evidence variables;
then, the maximum values of the stiffness of the air
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Figure 4: Bounds of the standard deviation of vertical stiffness of the air spring.
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spring under different optimization results are obtained
and listed in Table 2.

It can be found in Table 2 that the maximum vertical
stiffness is 114 kN·mm−1, which does not satisfy the con-
straints in equation (37). It indicates that the optimal
results obtained without considering uncertainties may
fail to satisfy the constraints. For comparison, after opti-
mization by using the proposed method, the constraints
are well satisfied. Therefore, the uncertainties should be
considered for the optimization design of the air spring
with epistemic uncertainties. Without considering these
uncertainties, the optimal result obtained by using the
deterministic optimization method may be unreliable.

5 Conclusion

In this article, the evidence theory is introduced to deal
with the uncertainties in the air spring. To efficiently cal-
culate the response of an air spring system with evidence
variables, a new evidence theory-based polynomial chaos
method, called the SGQ-AOP method, is proposed. In the
SGQ-AOP method, the arbitrary orthogonal polynomial is
used to approximate the response of interest, and the
expansion coefficient of AOP is calculated by using the

sparse grid quadrature. For optimization of the air spring
system with uncertainties, a reliability-based optimization
model under evidence theory is developed. The SGQ-AOP
method is used to construct the surrogate model for the
response of the air spring. Based on the surrogate model,
the optimal results can be efficiently obtained by using the
genetic algorithm. The proposed response analysis and the
optimization method have been applied to the optimiza-
tion design of an air spring with epistemic uncertainties.
The main conclusions are the following:
(1) Compared to the traditional evidence theory-based

arbitrary orthogonal polynomial method that is based
on the Gaussian quadrature, the evidence theory-
based arbitrary orthogonal polynomial method by
using the sparse grid quadrature can greatly improve
the computational efficiency.

(2) By using the reliability-based optimization method,
the constraints can be well satisfied after optimiza-
tion. However, without considering the uncertainties,
the optimal results obtained by using the deter-
ministic optimization method may not satisfy the
constraints under uncertainties. Therefore, for opti-
mization of the air spring with epistemic uncertain-
ties, it is necessary to consider the uncertainties in
the air spring system.
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Table 1: BPA structures of each uncertain parameter

E (MPa) S (mm2) θ (°) C01 C10

Focal element BPA Focal element BPA Focal element BPA Focal element BPA Focal element BPA

[1700, 1800] 0.1 [5.2, 5.6] 0.1 [28,33] 1 [0.2, 0.8] 1 [0.02, 0.08] 1
[1,800, 1,950] 0.5 [5.6, 6.0] 0.4
[1,950, 2,100] 0.3 [6.0, 6.4] 0.4
[2,100, 2,300] 0.2 [6.4, 6.8] 0.1

Table 2: Optimal results obtained by using different optimization
methods

Type Optimal results Maximum of
vertical stiffness
(kN·mm−1)Θ S (mm2)

Nondeterministic
optimization (proposed)

31.2 6 109

Deterministic
optimization
(traditional)

29.5 6 114
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