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Modeling and theoretical description of
magnetic hybrid materials—bridging from
meso- to macro-scales

Abstract: Magnetic gels and elastomers consist of magnetic or magnetizable colloidal
particles embedded in an elastic polymeric matrix. Outstanding properties of these
materials comprise reversible changes in theirmechanical stiffness ormagnetostrictive
distortions under the influence of externalmagnetic fields. To understand such types of
overall material behavior from a theoretical point of view, it is essential to characterize
the substances starting from the discrete colloidal particle level. It turns out that the
macroscopic material response depends sensitively on the mesoscopic particle
arrangement. We have utilized and developed several theoretical approaches to this
end, allowing us both to reproduce experimental observations and to make theoretical
predictions. Our hope is that both these paths help to further stimulate the interest in
these fascinating materials.
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1 Introduction

The magnetic hybrid materials that we concentrate on in the following are referred to
by various different terms, among them ferrogels, magnetosensitive elastomers, and
magnetorheological elastomers. They consist of magnetic or magnetizable particles,
typically of colloidal size, that are embedded in a permanently crosslinked, elastic,
polymeric medium, possibly swollen by a solvent [1–8]. The particles are too large to
migrate through their surrounding elastic environment so that their positions remain
permanently fixed. For simplicity, we refer to these materials as magnetic gels and
elastomers.
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Mainly two different types of practical realizations of magnetic gels and elas-
tomers can be distinguished. In the first ones, the spatial particle configurations are
unstructured and basically isotropic [9–14]. The second ones contain anisotropic,
frequently chain-like arrangements of the discrete particles [10, 14–17]. These ag-
gregates can be generated by applying strong, homogeneous, external magnetic
fields during the production process, while the particles are still free to move. In
response to the directed magnetization, the anisotropic aggregates form. When in
this state the elastic medium is built around the particles, their positions are locked
in and the anisotropic structures and aggregates get stored permanently in the
materials.

It is the magnetoelastic coupling arising from the combination of the two com-
ponents, namely the magnetic or magnetizable particles and the elastic polymeric
surrounding medium that leads to the fascinating characteristics of these materials.
Two particularly outstanding features are the changes in global shape and in the
overall mechanical stiffness that can be induced reversibly, from outside, on demand,
and while the materials are used by applying homogeneous external magnetic fields.
Magnetically inducing changes in shape is calledmagnetostriction,whilemagnetically
achieving modifications of the mechanical properties is referred to as magneto-
rheological effect.

Various theoretical studies were performed on systems containing regular
lattice-type and more random spatial arrangements of the particles, as well as
anisotropic and chain-like aggregates. These investigations have demonstrated that
the positioning of the embedded particles relative to each other qualitatively in-
fluences the overall behavior, that is, for instance, whether a sample elongates or
contracts along the axis of an applied magnetic field, or whether its mechanical
stiffness under a certain type of deformation increases or decreases [18–25].
Accordingly, to understand the macroscopic behavior of these materials, it is of
central importance to study their overall properties based on the particle in-
teractions occurring on the mesoscopic scale. This is the major objective of our
work.

Following this scope, we first need to develop appropriate tools to describe the
interactions between the particles on the mesoscopic level. Especially, this refers to
those interactions mediated by the elastic environment, which will be themain subject
of Section 2. Afterward, we can link the mesoscopic characteristics to the overall ma-
terial behavior. In this context, we address magnetostrictive and magnetorheological
effects in Section 3. Along similar lines, a statistical approach that we developed is
overviewed in Section 4. Still one step further, we identified relations between the
particle configuration and the overall nonlinear stress–strain behavior, which is out-
lined in Section 5. Finally, we include a list of several possible additional extensions of
our considerations in Section 6.
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2 Behavior of particulate inclusions in elastic
environments on the mesoscopic scale

As a starting point, we need to understand how discrete individual particles behave in
magnetic gels and elastomers when they are enclosed by the surrounding elastic me-
dium. External magnetic field gradients impose forces on magnetic or magnetizable
inclusions, while magnetic fields may impose torques or induce pairwise magnetic in-
teractions between the particles. In all these cases, the particles push against the sur-
rounding elastic medium and distort it. Elastic distortions are usually long-ranged.
Therefore, the configurations of the other particles are affected by the changes in the
surrounding elastic medium. More precisely, the other inclusions are displaced and
rotated. Since the particles are typically much stiffer than the elastic surroundings, they
counteract deformations of their own body shape. This additionally influences the state
of distortion of the elastic environment, which in turn through the long-ranged character
affects the configuration of all other particles. Therefore, the corresponding interactions
between the particles mediated by the elastic surroundings significantly and mutually
couple the positions and orientations of all particles to each other.

We considered explicitly the situation of a homogeneous, isotropic, infinitely
extended and linearly elastic medium in which magnetizable, rigid and spherical
particles are embedded under no-slip surface conditions. Within this framework, we
derived explicit analytical expressions for the coupled displacements and rotations of
all particleswhen they are subject to imposed forces and torques [26, 27]. The scheme of
solution corresponds to an expansion in the inverse distance between the particles,
whichwe have completed up to including the sixth order [28]. Our characterizationwas
further extended to the overdamped dynamics of well-separated discrete particles in
viscoelastic environments [29].

Figure 1 shows a set of three magnetizable particles embedded within a soft elastic
gel in an experimental system. Rotating a nearly saturating external magnetic field
within the plane of the particle configuration and magnetizing the particles accord-
ingly, themagnetic interactions between them are altered. Consequently, the distances
between the spherical inclusions change. As demonstrated, corresponding experi-
mentally measured data points agree very well with our theoretical predictions [26].
There was one simultaneous overall fit parameter, the elastic shear modulus of the
elastic environment namely. In this way, the suitability of the approach for micro-
mechanical measurements was demonstrated. Together with dynamic extensions [29],
our theoretical framework can further facilitate the interpretation of micro- and
nanorheological measurements [30].

In a related context, we showed that two nearby particles under strong mutual

magnetic attraction can overcome the counteraction of the elastic medium between

them and jump into virtual contact [31]. This magnetomechanical collapse is reversible

upon decreasing the mutual magnetic attraction. Under oblique or perpendicular

Theoretical description of magnetic gels and elastomers 1531



magnetic fields, longer linear chains of magnetic particles in very soft magnetic gels
showed a characteristic buckling type of distortion with multiple buckles along their
contour [32]. Apart from that, in extension of a previous work on the stochastic motion
of a particle through an extremely shear-thinning environment [33], we characterized
the stochastic motion through shear-thickening surroundings while additionally
driven, for instance, by a constant magnetic field gradient [34] 1. Beyond the passive
motion of individual spherical particles, we analyzed the diffusive behavior of more
irregularly-shaped passive objects in fluid environments [35], and the consequences of
additional self-propulsion in clusters of magnetic dipolar particles [36]. These con-
siderations will be important when in the future the driven or active transport near or
through biologicalmembranes [37–39]will be investigatedmore intensely, for instance
motivated by the use ofmagnetic particles as drug carriers. The distortions arising from
thermophoretic effects while heating a particle in a surrounding elastic gel were
analyzed as well [40], an aspect that might be relevant during hyperthermic cancer

Figure 1: Interplay on the mesoscopic scale between the magnetic interactions of discrete particles
and the resulting deformations of a surrounding elastic environment. (a) Far away fromany boundary,
three magnetizable nickel particles of diameters 208.5 ± 2.3 μmwere embedded in a very soft elastic
gel. An external magnetic field that magnetizes the particles was rotated clockwise in the particle
plane, starting from the orientation of the black arrow. (b)–(d) Changes in the distances between the
particles result from themodifiedmagnetic interactions because of the field rotation. Data points and
error bars represent the experimental measurements, the (red) lines follow from our theory with the
shaded areas marking the associated uncertainty regime. From fitting the theory to the experimental
data points, the shearmodulus of the elastic gel was determined to be 76.3± 11.7 Pa. Reprintedfigure
with permission from Ref. [26]. Copyright 2016 by the American Physical Society (DOI:10.1103/
PhysRevLett.117.238003).

1 In both studies [33, 34] the stochastic driving forces are rather thought to be imposed from outside
with constant absolute value of their averaged squared amplitude than of thermal origin.
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treatment. Finally, we also studied to lowest order the interactions mediated between
discrete particles by a surrounding elastic medium nearby a rigid either free-slip or no-
slip surface bounding the enclosing elastic environment [41].

3 From the mesoscopic particle configuration to
overall magnetostrictive and magnetorheological
effects

Next, to bridge from themesoscopic positioning of the particles relatively to each other
to the overall, possibly macroscopic behavior of the whole system, we concentrated on
two different effects characteristic for magnetic gels and elastomers. First, these are
magnetostrictive effects, that is, overall distortions when the systems are magnetized
by a homogeneous external magnetic field. Second, we refer to magnetorheological
effects, implying as a function of the applied magnetic field reversible changes in the
global mechanical stiffness.

Concerning our investigations on magnetostriction, we followed the same theo-
retical path as outlined in Section 2. However, instead of considering an infinitely
extended system, we now assumed the particles to be embedded in a linearly elastic
finite-sized sphere. When the particles are magnetized, leading to each particle car-
rying for simplicity an identical dipole moment, they distort the surrounding elastic
material through the resulting pairwise magnetic attraction or repulsion between
them.We additionally included the interactions between the particles mediated by the
distortions of their elastic environment to lowest order. Superimposing the contribu-
tions of all magnetized inclusions, we calculated the overall deformation of the system
[42]. The underlyingmathematical expressions are analytical and therefore contain the
basically infinite amount of degrees of freedom involved in the distortion of the elastic
sphere.

It turned out that the nature of the global deformation is strongly connected to the
internal particle arrangement. For example, we evaluated simple cubic, body- and
face-centered cubic, and rectangular regular lattice configurations of about one
thousand particles with different homogeneous orientations of the magnetization.
Whether the sphere elongates or contracts along the magnetization direction depends
significantly on the mutual particle positioning, on the orientation of the magnetiza-
tion axis, and on the value of the Poisson ratio quantifying the compressibility of the
elastic material [42]. For randomized particle configurations, we found a tendency of
elongation along the magnetization, in agreement with corresponding experimental
observations [11, 43].

In order to address the magnetorheological effect, that is, resulting changes in the
overall mechanical stiffness upon changes in the magnetization, we resorted to
reduced dipole-spring models [44–49]. Each particle is represented by a sphere that

Theoretical description of magnetic gels and elastomers 1533



again carries the same magnetic dipole moment at its center. To generate an elastic
network, the spheres are linked by elastic springs. In this way, the complex elastic
composite material is mapped to a discretized magnetoelastic network. The procedure
allows to effectively numerically determine equilibrium ground states for different
magnitudes of magnetization. For each ground state, the different mechanical moduli
quantifying the stress necessary to achieve a certain type of deformation can be
calculated in the framework of linear response.

It turned out that whether under weak induced magnetic interactions the mechan-
ical moduli increase or decrease strongly depends on the particle configuration and on
the orientation of the magnetization direction. We evaluated various different regular
lattices and also randomized particle configurations [45, 47]. Also particle arrangements
extracted from real experimental samples by X-ray tomographic means were evaluated
[45, 46, 48]. Upon strong magnetization, we found an internal restructuring to set in.
During this process, against the elastic restoring forces of the springs, particles collapse
toward each other into virtual contact and form chain-like aggregates. We found this
effect to be accompanied by a significant increase in the mechanical stiffness, see
Figure 2, in qualitative agreement with corresponding experimental observations [13].
The dynamic moduli, quantifying the storage and loss parts of the dynamic response of
the systems, were evaluated as a function of the magnetization and for different particle
arrangements as well [47, 48].

〈 〉 〈 〉

〈 〉 〈 〉

Figure 2: Dipole-spring approach to magnetic gels or elastomers describing the associated
magnetorheological effect. (a) Corresponding side view, with the darker (blue) dots indicating
magnetizable particles, the positions and volumes of which were extracted from a real experimental
sample. Lighter (gray) dots mark additional interstitial network points of the elastic mesh of springs.
The springs are not indicated for clarity. Here l0 is a typical length scale set by the particle size. (b)
When the system is strongly magnetized, by eye one can identify anisotropic structures arising along
the axis of magnetization M. (c) We averaged the moduli Ezz, associated with elongations or
contractions along the magnetization direction, and Gzy, connected to shears with M in the shear
plane but displacements perpendicular to M, over several different numerical realizations of the
elastic mesh of springs between the particles. For weak (homogeneous) magnetizations, the moduli
tend to slightly decrease. They strongly increase when the magnetically-induced internal
restructuring becomes significant. M0 sets the unit of magnetization. The system in (b) was
magnetized to |M| = 7M0. Reproduced from Ref. [48]. © IOP Publishing. Reproducedwith permission.
All rights reserved (DOI:10.1088/1361-648X/aaaeaa).
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As an extension, we evaluated the overdamped particle dynamics using dipole-
spring systems [46, 49]. First, in qualitative agreement with corresponding experi-
mental observations [50, 51], an increase of the eigenfrequencies of the systems was
found for increasingmagnetization [46]. However, second, it came as a bit of a surprise
that, in spite of the overdamped nature, we could identify a shock-wave type of dy-
namics when a straight chain-like system contracts or elongates after switching on or
off strong magnetic attractions between the particles [49]. The wave fronts separate
high- and low-density regions.

Apart from that, it turned out that the investigated dipole-spring models prove
similarly useful in the characterization of other types of complex elastic composite
materials, particularly electrorheological elastomers [52, 53]. In the future, they may
also play a certain role in explicitly linkingmesoscopic theoretical characterizations to
macroscopic theories [54–58]. To provide such a link in a first step [59], we have
calculated from a simple homogeneous mesoscopic model picture the material co-
efficients of the static part of a macroscopic hydrodynamic theory [60] for anisotropic
magnetic gels. In this way, we confirmed and illustrated the nature of the terms in the
macroscopic approach and provided explicit expressions of the associated material
parameters as functions of the mesoscopic properties.

4 Statistical particle-scale characterization and
overall material properties

Another way to link the properties of the system from the level of the individual
particles to the overall material behavior is given by statistical theories. To this end, we
developed a classical density functional theory to describe the magnetorheological
effect of a system of elastically linked particles. The statistical approach naturally
includes thermal fluctuations in the individual particle positions.

In principle, density functional theory is exact in characterizing equilibrium sys-
tems [61, 62]. When solving for the equilibrium state, a particle-scale profile for the
noise-averaged density distribution is obtained, related to the probability of finding a
particle at a certain position in space. Nevertheless, approximations are often needed
in reality to handle the mutual interactions between the particles.

To be able to apply the framework of classical density functional theory to elastic
compositematerials, we first had to clarify a central conceptual issue [63, 64]. Classical
density functional theory was developed to describe liquid states. In the statistical
characterizations of monodisperse liquids, the particles can effectively be treated as
identical or indistinguishable, the latter at least from an averaging perspective. The
situation is genuinely different for a given sample of an elastic composite material like
a magnetic gel or elastomer. There, the colloidal particles are trapped by the sur-
rounding elasticmatrix and their positions relative to each other arefixed permanently.
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This renders the particles distinguishable. From another perspective, when mapping
the situation to simple dipole-spring networks, see Section 3, the elastic springs be-
tween the particles are permanent and neither cut nor reconnected over time. There-
fore, each particle is permanently linked to a given set of specific other particles and
solely elastically interacts with this subset. Consequently, againwe can distinguish the
particles by their relative positioning within this elastic interaction network. The so-
lution was to map these discrete elastic spring interactions that distinguish between
individual particles to effective potential interactions that do not distinguish between
individual particles but lead to the same appearance of the system [63, 64].

So far, we have considered one-dimensional [63] and two-dimensional [64] particle
arrangements using effective potential interactions. Changes in the system behavior
upon magnetization were evaluated for attractive and repulsive magnetic particle in-
teractions, respectively. We evaluated the associated density profiles and the mag-
netorheological effect, that is, the changes in the elastic moduli of the overall systems
upon magnetization. For moderate amplitudes of magnetization, we found a decrease
in the compressive elasticmodulus in the one-dimensional configuration undermutual
magnetic attraction of the particles [63]. Vice versa, the compressive and shear elastic
moduli typically increased under mutual magnetic repulsion in the two-dimensional
arrangements [64]. An exception are dense two-dimensional configurations, in which
themagnetic repulsion can add to evade hard steric interactions between the particles.
Moreover, as expected, we observed a positive magnetostrictive effect for the overall
planar system under internal magnetic repulsion, that is, an increase in the system size
[64]. For the one-dimensional configurations, we accounted for an additional
embedding in a surrounding elastic environment by introducing an additional external
anchoring potential [63], leading to the observations depicted in Figure 3.

All of our results were tested against Monte-Carlo simulations based on the
effective potentials mentioned above and on genuine elastic spring interactions [63,
64]. We found good agreement in the parameter regimes that we concentrated on, see
Figure 3. The extension from one- to two-dimensional configurations significantly
reduced peculiar fluctuation effects that appeared in the one-dimensional arrange-
ment. Further extensions to three-dimensional configurations will certainly allow for a
more explicit comparison with actual experimental observations, possibly by using
experimentallymeasured pair distribution functions for the particle arrangement as an
input [65].

5 Linking the particle scale to the overall nonlinear
stress–strain behavior

To establish a bridge from the particulate structures inmagnetic gels and elastomers to
their overall nonlinear stress–strain behavior, we turned to corresponding simulation
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approaches [66, 67]. For this purpose, we considered rigid, finite-sized, spherical
magnetic particles that carry permanent magnetic dipoles at their centers. These
particles form chain-like aggregates with interparticle gaps of finite distance and are
embedded under no-slip surface conditions into an elastic environment. The latter was
discretized into a tetrahedral mesh, the elastic distortions of each tetrahedron being
quantified by a nearly-incompressible nonlinear elastic deformation energy of the Neo-
Hookean type2. Resulting systems contained several mutually shifted chain-like ag-
gregates; see Figure 4(a) for a typical example system. We numerically clamped the
systems at their faces where the chains start and end. Thenwe stretched the systems by
small successive increments, allowing for an equilibration in each step of additional
elongation. During this procedure, we recorded the overall forces necessary to achieve
a certain amount of stretching. Figure 4(b) shows a resulting nonlinear force–strain
curve averaged over 20 realizations of the systems.

Figure 3: Statistical approach to magnetic gels and elastomers and to themagnetorheological effect
via density functional theory, here for a one-dimensional model system of particles embedded in an
elastic environment. (a) The density profileρ(x) of themagnetic particles identifies their location, with
d the particle diameter. Since thermal fluctuations are included, the individual peaks have finite
width. We first mapped the situation to a dipole-spring system (“real springs”), while the springs
were then replaced by effective potential interactions (“pseudo-springs”). Monte-Carlo simulations
(“MC”) confirm the results of the density functional theory (“DFT”). (b) Rescaled changesΔK/K0 of the
compressive elastic modulus of the one-dimensional particle configuration as a function of
increasing rescaled quadratic magnitude of the magnetic moments (m/m0)

2 of the individual
particles. The attractivemagnetic particle interactions here lead to a decrease in the elastic modulus.
Reproduced from Ref. [63]. © IOP Publishing. Reproduced with permission. All rights reserved
(DOI:10.1088/1361-648X/aa73bd).

2 There is a misplaced bracket in the expression for the elastic deformation energy density corre-
sponding to the nearly-incompressible Neo-Hookean hyperelastic model as listed in Eq. (S1) of the
supplementarymaterial of Ref. [66] and in Eq. (1) of Ref. [67]. The first term should read (μ/2 Tr {Ft⋅F} −3)
[instead of μ/2(Tr {Ft⋅F} −3)]. This is a pure typo and has been treated correctly in the simulations.
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Our results reveal a pronounced nonlinear stress–strain behavior [66, 67], see the
black curve in Figure 4(b). This behavior emerges from the interplay between the
nonlinear magnetic particle interactions and the elastic properties of the surrounding
medium. At low magnitudes of imposed strain, the magnetic particles are close to each
other along the chains and any stretching needs to work against the resulting strong
magnetic attraction. This leads to the initial steep increase of the curve. At a certain
threshold and at the weakest point of all chains, the stretching force is strong enough to
increase the gap between two particles and to match the magnetic attraction in
magnitude. Once this barrier is mastered, the gap between the particles suddenly in-
creases by a larger amount, because the magnetic attraction decreases with the further
increasing distance between the particles. This leads to a drop of the force–strain curve.
In fact the plateau emerging at intermediate strains in Figure 4(b) represents many
successive such drops resulting from corresponding events throughout the system, until
all chains are disintegrated.

Moreover, in the situation considered in Figure 4, the magnetic dipole of each
particle is free to reorient relatively to the particle frame. Thus, when particles are
separated fromeach other along the stretching axis, but lateral particles approach each
other, the magnetic moments will flip to minimize the overall magnetic interaction
energy. This effect additionally contributes to the appearance of the curves and to a big
extent causes the trough that follows the plateau in Figure 4(b). Finally, when all
aggregates are disintegrated at large strains, mainly the elastic medium is stretched
further, which leads to a comparatively regular behavior.

Figure 4: Nonlinear stress–strain behavior of numerical systems representing anisotropic magnetic
gels or elastomers that contain chain-like particle aggregates. (a) Here, the particles carry permanent
dipole moments indicated by the bar magnets that can freely rotate relatively to the particle frames.
The surrounding elastic medium embeds the particles under no-slip surface conditions and is
discretized into an elastic tetrahedral mesh. (b) Numerically clamping the systems at their faces,
stretching them along the chain axes, and plotting the necessary rescaled stretching force Fx/F0
averaged over several numerical realizations as a function of elongationΔL/L0, pronounced nonlinear
behavior emerges. This behavior results from the intrinsic coupling between magnetic and elastic
properties. Applying a perpendicular magnetic field of rescaled magnitude By/B0, the pronounced
intermediate nonlinearity can be altered and even be removed approximately. Reprinted from
Ref. [66], with the permission of AIP Publishing (https://doi.org/10.1063/1.4934698).
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From these considerations, it also becomesplausible that thenonlinear stress–strain
behavior can be tuned by external magnetic fields, as for the colored curves in
Figure 4(b). Strong perpendicularmagnetic fields can even switch off the nonlinearity by
inducing a perpendicular orientation of the magnetic moments from the start, see the
light curve in Figure 4(b).

In addition to that, we also analyzed the situation for permanent magnetic dipole
moments being anchored to the particle frames [67]. All magnetic moments initially
point into the same direction along the chain axes, or they point into opposite di-
rections for different chains. Overall, the effects resulting from the stretching and
disintegration of the chains against their internalmagnetic cohesion are still at work, in
contrast to their unhindered flipping of magnetic moments.

From a more macroscopic point of view, the overall nonlinear response is remi-
niscent of the nonlinear stress–strain behavior of nematic liquid-crystalline mono-
domain elastomers [68, 69]. There, likewise, reorientation affects couple to elastic
deformations and lead to the overall nonlinear stress–strain response of the systems.

6 Conclusions

In summary, we utilized and developed various theoretical tools and approaches to
characterize the behavior of magnetic gels and elastomers on the mesoscopic scale of
the individual magnetic or magnetizable particles embedded in the permanent elastic
polymeric environment, and to connect the corresponding properties to the overall
system behavior. Among our approaches were analytical calculations within the
framework of linear elasticity theory, discretized dipole-spring models, classical
density functional theory, and simulations of the nonlinear system behavior. We
concentrated on the evaluation of interactions between the particles mediated by the
elastic environment, resulting overall magnetostrictive and magnetorheological ef-
fects, that is, magnetically induced overall distortions and changes in the overall
mechanical features of the systems, respectively, as well as overall nonlinear stress–
strain properties. Several new types of behaviorwere revealed or quantified in thisway.

Nevertheless, our work opens the way for several extensions in the future. On the
particle scale, our analytical descriptions can be widened to characterize the in-
teractions mediated by the elastic environment between elongated particles [70].
Furthermore, quantifying particle approaches from finite separation to very close lo-
cations still represent a major challenge [31, 71]. Similarly, extensions to maintain the
volume of the overall system in the dipole-spring approaches under significant internal
restructuring [47, 48] are desirable. Concerning our density functional theories [63, 64],
the step towards three-dimensional particle configurations represents a natural next
level. Eventually, so far our investigations on the nonlinear stress–strain behavior [66,
67] form a theoretical prediction, and we would be fascinated by corresponding
experimental realizations.
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Overall, we concentrated on characterizations on the mesoscopic scale and con-
nections to the macroscopic material behavior. However, substantiating the meso-
scopic models by scale connections [72] from still more microscopic analyses [73, 74]
represents another important direction. Some of the methods developed in the theo-
retical characterization of magnetic gels and elastomers may also be helpful to
investigate related problems in other types of elastic materials, for instance transport
through possibly charged polymeric pores [75] or changes in adhesive properties
through modified elastic moduli [76]. Finally, we point to another field of growing
current interest concerning colloidal composite systems, namely active micro-
swimmers in suspension [3, 77]. Many aspects of the descriptions developed in the
present context will also be useful to study details within this related field, particularly
when magnetically steerable elastic composite microswimmers are addressed [78].
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