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Abstract:

Pantograph equation is a delay differential equation (DDE) arising in electrodynamics. This paper studies the
pantograph equation with two delays. The existence, uniqueness, stability and convergence results for DDEs are
presented. The series solution of the proposed equation is obtained by using Daftardar-Gejji and Jafari method
and given in terms of a special function. This new special function has several properties and relations with
other functions. Further, we generalize the proposed equation to fractional-order case and obtain its solution.
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1 Introduction

Ordinary differential equations (ODE) are widely used by researchers to model various phenomena arising in
Science and Technology. However, it is observed that such equations cannot model the actual behavior of the
system. Since the ordinary derivative is a local operator, it cannot model the memory and hereditary properties
in the real-life models. Such phenomena can be modeled in a more accurate way by introducing some nonlocal
component, e.g. delay in it.

The delay differential equations (DDEs) are the equations where the rate of change of certain quantity de-
pends on the value of that quantity at previous time [1]. The DDE models are proved very useful while modeling
natural systems [2, 3]. The analysis of DDE is more difficult than that of ODE. The characteristic equation corre-
sponding to DDE is a transcendental equation unlike a polynomial in case of ODE. Some first-order nonlinear
DDEs may exhibit chaotic oscillations [4].

The DDE

Y (x) = ay(x) + by(gx), 1)

is a famous equation called pantograph equation arising in electrodynamics. The pantograph [5, 6] is a device
used in electric trains to collect electric current from the overload lines. The equation was modeled by Ockendon
and Tayler [7] in 1971. The analytical solution of pantograph eq. (1) and its asymptotic properties are discussed
by Kato [8]. Liu [9] used trapezium rule to find numerical solution of eq. (1). The DM is used by Bhalekar and
Patade [10] to find analytical series solution of eq. (1). The convergence of the series solution is discussed and
the properties of the novel special function defined in terms of the series are also discussed by these authors.
Iserles [11] presented generalization of pantograph equation namely

y' (1) = Ay(t) + By(qt) + Cy'(qt) (2)

Bellen, Guglielmi and Torelli [12] studied the stability properties of -methods for eq. (2). The eq. (2) in complex
plane is described in [13]. Koto [14] discussed the stability of Runge-Kutta methods for the eq. (2).
Yet another generalization namely multi-pantograph equation

1
Y6 =y + )y ®)

i=1

is proposed by Liu and Li [15]. Adomian decomposition method and variational iteration method are used
to solve some particular cases of eq. (3) in [16] and [17] respectively. Runge-Kutta methods are used to solve
Sachin Bhalekar is the corresponding author.

© 2017 Walter de Gruyter GmbH, Berlin/Boston.
This content is free.


http://rivervalleytechnologies.com/products/

Automatically generated rough PDF by ProofCheck from River Valley Technologies Ltd

= Patade and Bhalekar DEGRUYTER

this equation numerically by Li and Liu [18]. The approximate solution of eq. (3) with variable coefficients is
presented in [19] in terms of Taylor polynomials. However, the solution of eq. (3) is not given in the literature
in terms of a special function.

Our aim in this paper is to analyze the pantograph equation

y'(x) = ay(x) + by(px) + cy(gx) 4)

with incommensurate delays. We use Daftardar-Gejji and Jafari method (DJM) to obtain series solution of eq.
(4). We define the new special function using this series and analyze its properties. The paper is organized
as below: Basic definition and results given in Section 2.1. The iterative scheme DJM is discussed in Section
2.2. Existence, uniqueness and convergence results are described in Section 2.3. Section 3 deals with stability
analysis. The solution of pantograph equation is given in Section 4. Analysis of special function generated
from this solution is given in Section 5. The equation is generalized to fractional-order case in Section 6. The
conclusions are summarized in Section 7.

2 Preliminaries

2.1 Basicdefinitions and results

We recall some basic definitions and results from [20], [21] and [22] which will be used in this paper.

Definition 1.
The upper and lower incomplete gamma functions are defined as

F(n,x):/ t"le~tdt and
X

X
'y(n,x):/ t"=le=tdt respectively.
0

Various properties of incomplete gamma functions are discussed in [20].

Definition 2.
Kummer’s confluent hyper-geometric functions, F, (a; c; x)andU (a; c; x)are defined as below

Fia;cx) = Z EZ;" +0,—1,—2,---and
L T 1Fi@@cx) 3 1_C1F1(1+a—c;2—c;x)
UGen = e (r<c)r(1 Ya-o T(@)I(2—0) ) ’

- <argx < Tt

Definition 3.
The generalized Laguerre polynomials are defined as
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Definition 4.
A real functionf (x), x > 0, is said to be in space C,, « € R, if there exists a real number p(> «), such thatf (x) =
xPf; (x) where f; (x) € C[0, o).

Definition 5.
A real functionf (x), x > 0, is said to be in spaceC", m € N U {0}, if f"™) € C,,.
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Definition 6.
Letf € C, and a > —1, then the (left-sided) Riemann-Liouville integral of ordery, u > 0is given by

t
I"f(t) = T;)/o (t— 1) (T)dT, t>o0.

Definition 7.
The (left sided) Caputo fractional derivative of f,f € C™,,m € N U {0}, is defined as:
dm
D”f(t) = dt_mf(t)' H=m
dm
— m—

Note thatfor0 <m —1<a<mand > —1

rB+1)
o _ 1B — _ 1\Bta
I*(x = b) r(ﬁ+ac+1)(x DFTE,

(I“Df) (t)

m—1 tk
ft - ka“O(mH.
=0

Theorem 8.
Rudin [23] Suppose{f,, }is a sequence of functions defined onE, and suppose that there exists M,, € Rsuch that

il <M, onE, n=1,23".

Then_ f,,converges uniformly onEif ), M,,converges.

2.2 Daftardar-Gejji and Jafari method

A new iterative method (DJM) was introduced by Daftardar-Gejji and Jafari [24] in 2006 for solving nonlin-
ear functional equations. The DJM has been used to solve a variety of equations such as fractional differen-
tial equations [25], partial differential equations [26], boundary value problems [27, 28], evolution equations
[29] and system of nonlinear functional equations [30]. The method is successfully employed to solve Newell-
Whitehead-Segel equation, Fishers equation [31, 32], fractional-order logistic equation [33] and some nonlinear
dynamical systems [34] also. Recently DJM has been used to generate new numerical methods [35-38] for solv-
ing differential equations. In this section we describe DJM which is very useful for solving the equations of the
form

u=f+Lu +Nwu), (5)

where f is a given function, L and N are linear and nonlinear operators respectively. DJM provides the solution
to eq. (5) in the form of series

u=Yy u. (6)

Since L is linear

i=

L(Z ul-) = L. @)
=0 i=0

The nonlinear operator N in eq. (5) is decomposed by Daftardar-Gejji and Jafari as below:

i=

N(iui) = N + Z{N (;u]) —N(Euj)}

i=0 1 j=0
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where

G, = N(uy) and

)

Using egs (6), (7) and (8) in eq. (5), we get

gl

Lli :f+

o

-
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L) + ) G;. ©)
i=0
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Il
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From eq. (9), the DJM series terms are generated as below:

uy = f,

Uper = L) +G, m=0,1,2--.

The k-term approximate solution is given by

for suitable integer k.
Convergence of DJM is given in following results.

Theorem 9.
Bhalekar and Daftardar-Gejji [39] If NisC*)in a neighborhood of yoand||N ™ (yo)|| < L, for anynand for some realL >
oand|ly;| <M < i,i=1,2,- then the serieszzozo G,,is absolutely convergent toNand moreover,

G, < LM"e""Y(e—1), n=1,2--.

Theorem 10.
Bhalekar and Daftardar-Gejji [39] IfNisC™and|[N™ (y,)|| < M < e, Vn, then the seriesy , " G,is absolutely
convergent toN.

2.3 Existence, uniqueness and convergence

In this section we generalize theorems described in [40]. The equation

y'(x) =f(xyx),ypx),y@Gx)),

is a particular case of time-dependent DDE

Y@ =fy@),y(x—1,(0),y(x—1,(x))) with 7(x) =(1—-p)x, T,(x)=(1-gx.

Theorem 11.
(Local existence) Consider the equation

y/(.X') = f(x/]/(x)/y(x_T1(x))/]/(x_"fz(x)))/ XOSX<Xf,
y(xg) Yo, (10)

and assume that the functionf (x, u, v, w)is continuous onA C [x,, Xf) X R™ x R™ x R™and locally Lipschitz continuous
with respect to u, v and w. Moreover, assume that the delay functiont,(x) > 0, T,(x) > 0is continuous in[xo,xf),
T,(x0) = 0, T,(xy) = 0and, for somed > 0, x — T,(X) > Xo, X — T,(X) > x,in the interval (xy, x, + 1. Then the problem
(10) has a unique solution in[x,, x, + 6)for somed > Oand this solution depends continuously on the initial data.
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Theorem 12.
(Global existence) Under the hypothesis of Theorem Theorem 11, if the unique maximal solution of (10) is bounded,
then it exist on the entire interval[x,, Xf).

Now, we present convergence result motivated from Bhalekar and Patade [41] for DJM solution.

Theorem 13.
Let f be a continuous function defined on a four-dimensional rectangleR = {(x, Y1, Y, y3)I0 < x < b, -5 <y, <

O0,—u <y, S u,—n <ys < prand| f (X, Y1, Y2, ¥3) IS M, Y(X,y1,Y2,¥3) € R. Suppose that f satisfies Lipschitz type
condition| f (x,Y1, Yo, Y3) —f (x,uy,uy,us) |< Ly | y; —uy | +Ly | Yy — 1ty | +Ls | Y5 —u3 |. Then the DJM series solution
of the initial value problem (IVP),

Y ) =f(y@),ypx),yq0), y(0) =1, 0<p<1,0<g<1, (11
converges uniformly in the interval [0,b].00

proof.
The equivalent integral equation of eq. (11) is

yx) =1 +/ f Ly, yph),y(gt)) dt.
0

Using DIM, we get
Yox) = 1,
n = /xf(t,yo(f),yo(pt>,yo(v/t>)df-
=>ly(x) | < ]\/OIx.

b b
Since p,q € (0,1), ,; > bandé > b.
=y (px)| < Mpx, Vxelo,b].

Further,

Yo (x) / (f (K, y1 () +yo(D), y1(pt) + yo(pt), y1(qt) + yo(qt))
0

/ (Ly 1y2) | +Ly | 92 (1) | +Ly | 7y (gD) 1) dt
0

IA

=] Y, (x) |

2
M (L + Lyp + L3q) o

IA

xz
M (L +L,+Ls) Pk

IA

x2
Mp?® (L; + Lyp + Lsyq) o XEI[0D]

2

IA

=y, (px) |

X
M(L1+L2+L3)§

IA

IA

xZ
and |y,(gx) | Mg? (L; + Lyp + Lsgq) o Y€ [0,b]

2

X
M (L + L, +Ls) 3T

IN

Similarly,

3

X
Y500 | < M (Ly + Lop + Lyg) (Ly + Lop® + Lsg®) 5

2x3
M (L, + L, + L) 3

IA
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In general
n—1 ) . xn
1Y) | < M (Li+ Loy + Log/) —
]:1
n—1 x"
< M(L{+L,+Ls) prt n=1,273--.
Taking summation overn, we get
= M M
< ———————elathatlax 4 (1 - —) x € [0,b],
nzzoy” - (Li+L,+Ly) (Ly + L, + Ly) (0,6
< Le(lﬂ“'[ﬁ‘”ﬂ)b +1-— L .
- (Ly+L,+Ly) (Ly + Ly + L)

By using TheoremTheorem 8, we can conclude that the DJM series solution of eq. (11) converges uniformly in the interval
[0,b].

3 Stability analysis

Now, we consider a particular case of nonlinear eq. (11) namely pantograph equation

Y (x) = ay(x) + by(px) + cy(gx). (12)

The following result gives sufficient condition for asymptotic stability of zero solution of eq. (12) by using
technique of upper bounds.

Theorem 14.
If (a + b + c) < Othen zero solution of eq. (12) is asymptotically stable.

Proof
Define
— 2
z(x) = Orgtag;y (x).
Now,
1 , _ 1d )
57 x) = Eﬁ(y (x))
= yx)y (%)

= yx)(ay(x) + by(px) + cy(gx))
ay®(x) + by (x)y(px) + cy(x)y(gx)

< (a+b+o)z(x)
=z(x) < Z(O)ez(a+b+c)x
thm yix) = 0, if @+b+c)<o0.
This concludes the proof.00
Definition 15.
Consider the time-dependent DDE,
Y'(x) =gWx),y(x — 1,(x)),y(x — T,(x))), (13)

whereg : RxRxR — R. The flow¢, (x,)is a solutiony (x)of eq. (13) with initial conditiony (x) = x,, x < 0. The pointy*is
called equilibrium solution of eq. (13) ifg(y*,y*,y*) = 0. (a) If, for anye > 0, there existdé > Osuch that|x, — y*| < 6 =
I (xo) —y*| < €,then the system (13) is stable (in the Lyapunov sense) at the equilibriumy* .(b) If the system (13) is stable
aty*and moreover, lim |¢,(x,) — y*| = Othen the system (13) is said to be asymptotically stable aty*.
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The following results are analogous to the results in [42].

Theorem 16.
Assume that the equilibrium solutiony* of the equation

Y =gWx),ylx —17),y(x — 13)), T = T1(%), T5 = To(xg)
is stable and
gy (x), y(x — T1(x)),y(x — To(x))) — g (x),y(x — T (x1)), Yy (x — T, (X)) < €11x — x4 + €]x — x3],

for somee,, €, > Oandx,x,,x, € [xy,%, + C),C is a positive constant, then there existsX¥ > Osuch that the equilibrium
solutiony*of eq. (13) is stable on finite time interval[x,, X).

Corollary 17.
If the real parts of all roots of A — a — be™* ™ — ce™*72 = Oare negative, wherea = d,f,b = d,f,c = dsfevaluated at

equilibrium. Then there existe., X(> x,), such that whene, < €., €, < €., the solution y* = 0 of eq. (13) is stable on
finite time interval [x,, X).

4 The pantograph equation and its solution

Consider the pantograph equation involving two delays,

y'(x) = ay(x) + by(px) + cy(qx), y(0) =1, (14)

where0<1,0<g<l,aeR,beRandceR.
Integrating eq. (14), we get

yx) =1+ / (ay(t) + by (pt) + cy(qt)) dt
0

which is of the form eq. (5). Applying DIM, we obtain

Yo(x) = 1,
y(x) = / (ay, () + by, (pt) + cy,(qt)) dt
0
X
= (a+b+c)ﬁ,
B = / (ay, () + by, (pb) + cy, (qD)) dt
0

X
= / (a@a+b+ot+ba+b+o)tp+cla+b+c)tg)dt
X2

= (a+b+c)(u+bp+cq)2|,

y3(x) = / (ay, (1) + by, (pt) + cy,(qt)) dt
3

= (a+b+c)a+bg+cq)a+bp?+cq )3',

nn—

Yp(x) = —'n a+bp]+cq] n=12,3--
:0

.. The DJM solution of eq. (14) is
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y(x) Yo (x) +y,(x) +1,(x) + -+
X x?
1+(u+b+c)—+(u+b+c)(a+bp+cq)§+

n=1

Tl
n!

ﬁ (a+bp +cd). (15)
: :0

From this solution eq. (15) of eq. (14) we propose a novel special function

%(a,b,c,p,q,x):l+2i—ﬂ a+bp]+cqf (16)
n=1 j=0

5 Analysis

Theorem 18.
Ifo < p < 1,0 < g < 1, then the power series

R(a,b,c,p,q,x) =1+ Zz—n (a+0bp +cql) (17)
n=1"" j=0

has infinite radius of convergence.

proof.
Suppose

1=
:n—n a+bp +cq), n=1,2-
=0

IfRis radius of convergence of eq. (17) then by using ratio test [43]

n . .
Ly || (nil)! [T (a+bp +cq)
R > g, %H]ﬁ:—ol (a+bpj+cqf)
_ . a bpn
B (TR CES VAR T
1
zﬁ = 0 (v0<p<L0<g<).

Thus the series has infinite radius of convergence.O

Corollary 19.
The power series eq. (16) is absolutely convergent for all x, if0 < p < 1,0 < g < land hence it is uniformly convergent
on any compact interval onR.

Proof of the following theorem is trivial.

Theorem 20.
Foro<p<1,0<g<1,aeR,beR,ce Randm € NU {0}, we have
d
@ ——R@bcpgrmx) = 1" (aRk@bcpqr"x) +bR @b cpg1"px)
+cR(a,b,c,p, q,rqu))
dm o0 xn m —
and (b) 2@, be,pgx) = Z wom 1_[ a+bp +cg).
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Theorem 21.
(Addition Theorem) For0 < p < 1,0<g< 1,a € R, b € R, c € Randr € N U {0}, we have
o0 xr
R@b,cp,qx+y) =) —R@bcpqy)
r=0 "
proof.
We have
B [eS) (x +y)1’l n—1 ) )
R@,b,c,p,q,x+y) = 1+ n; — ]]l (a+bp +cq))
© n xr yn—r n—1 ) )
_ ol i+ cdl
1+;; p (n_r)!g(oHrbp +cq).
Define
n—1 ) .
n(a+bp]+cqf) =1 for n=0.
=0
to ~R(a,b, opqx+y) = Z:io Z:O:r 3;_" (Z—_r)! ITJY':O1 (a + bpj + qu)
(e ) r (%) n—r —1 . .
= S G S, e T (a+ )+ ).
to Using Theorem 20(b), we have
oo xr
‘%(albrclp/q/x +y) = Z F‘%(r)(a/b/crprq/y)-
r=0 "
O
Theorem 22.

Foro <p<1,0<qg<1,a>0b>=0andc > Othe functionZ (a,b, c,p, q, x)satisfies the following inequality
e < R(a,b,c,p,q,x) < @Y, 0 < x < oo

proof.
Since0 <p <1,0<g<1,a>0,b>0andc > 0, we have

n—1
[Ta+bp/ +cg) < @+b+o)"
j=0

x™ = . . x"(@+b+c)"
=>—||@+bp+cq) < vatvror - i
b !
Taking summation over n, we get
R@,b,c,p,q,x) < @O0 <x < oo, (18)
Similarly, we have
n—1 . )
a" < n(a+bp] +cq)
=0
=>e™ < H@abc,pqx), 0<x<oo. (19)

From eqs (18) and (19), we get
e < R(a,b,c,p,q,x) < elTTIHOY, 0 <x < oo,

Result is illustrated in Figure 1. for the valuesa =2,b=3,c =4,p = % and g = %
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eBX

20 R(a,b,c,p,q,x)
e (a+b+c) x

I 1 L Loy
0.1 0.2 0.3 04

Figure 1 Bounds on R(a,b,c,p,q,x) for the values a=2,b=3,c=4,p=1/2a=2,b=3,c=4,p=1/2 and q=1/3.q=1/3.

Theorem 23.
et et _ . j i
/o R(a,b,c,p,qettdt = 1+Z(1+n) 1:!a+bp]+cq).
proof.
Consider
oo oo o) tn n—1
/ e 'R (a,b,c,p,q e ydt = / et (1 + Z — (a+bp + cqf))
0 0 n=1 ]:0
oo o) 1 oo n—1 ) )
= / e~tdt + Z = e~ttndt H (a+bp +cq)
0 =1 Jo j=0
> 1 T(n+1) 1=
= J
1+n;”! TESIE ]l_[ (a+bp +cq)
00 n—1
= 1+ (a+bp +cq)
L ]
Od
Theorem 24.
oo © n xk n—1
/ e % (a,b,c,p g t)dt =T(1,x) (1 + Z Z o (a+bp + cq]))
x n=1k=0 " j=0
proof.
Consider
oo oo o) I’l—l + b + J
/ et R@a,b,c,p,q,tHdt = / e t+Zn (a pf Cq)/ e~tndt
X X 11=1]
o n n=-l a+b +cq
= e +ZZHPJ—‘7)F(11+1 x)
n=1k ]
~ o =l (a4 bp +ogf) Fak
= et Z . n! e Z k!
n=1j=0 k=0
o n xk n—1
= T(Lx) |1+ ZZF (a+bp +cql)
n=lk=0 " j=0
O

10

DEGRUYTER
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Theorem 25.
x oo n—1
/ et Ra,b,c,pq,dt = 1+ Z (a+0bp +cql)
0 n=1j=0
00 n n—1
-I'(L,x)[ 1+ ZZ l_[ a+bp +cql) )
n:lk:o =0
proof.
Consider

x °°”1(a+bp]+cqf)
e tRa,b,c,p g t)dt = / e~tdt + / et dt
/0 p.q : Z l_[

n=1 j=0 0

n=t (2 + bp/ + cqf)

= 1 x+in

y(n+1,x)
n=1j=0
o n—1 + by + i n .k
= 1oty (a ;;J! cq),(l _XZ%>
n=1j=0 k=0
oo n—1
= 1+Zn(a+bp/+cqf)
n=1j=0

—I(1,%) (1 +3 Y S Ty +cq7))

5.1 Therelation between % (4, b, c,p, g, x) and Kummer’s confluent hypergeometric function

Theorem 26.
x co oo n+m) n—1
/ et R, bc,p,q )dt = 1+1"(1,x)(z Z PICEEM [T(a+bp +cq')
0 n=1m=0 j=0
_g?(a/bzc/p/q/x))
proof.
Consider

X ettt n=l . .
/ _t+Z/ n(a+bp]+cqf)

j=0

1— —X+ZMn(a+bp1+cq1)

n! j=0

Z (ny (n, x> e T n (a+bp +cql)

X
/ e 'R (a,b,c,p,q,t)dt
0

11
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= 1—¢" +Z<7(nf)),)n (a+bp +cq)

ix_
n!
_ i n- x” e Fi(1;n+1;x)) 1=

TR n(a+bp7+cqf)
: =0

—e*%R(a,b,c,p,q,x)

(a+bp +cq)

g,:l

—.

[eS) n n—1
= 1+4+TI(1,x) (Z %1131(1;71 + 1;x) n (a + bpf + qu)
n=1"" j=0

—R(a,b,c,p,q,x))

x(n+m n—1

1+1I(1, x)(z Z T D n a+bp +cql)

n=1m=0 j=0

_‘%(a/ brclp/ q/x)) .

Using properties of incomplete gamma functions described in [20], we have following Corollaries.O

Corollary 27.
X
/ et R a,b,c,p,q)dt = 1+ Z 1F (m;n +1; —x) n (a+bp +cf)
0 j=0
_r(lrx)%(a/blclp/qrx)-
Corollary 28.
x o ( 1>m(n) x(n+m) -
—t = J J
/O e 'R (a,b,c,p,q,t)dt 1+7;m . alml(n+ Dy n a+bp +cql)
—I'(1,x)%a,b,c,p,q,x).
Theorem 29.
oo —t o) xn—l
/x e "R(a,b,c,p,q t)dt = T(1,x)+ nxl'(1,x) V; CTEETGEEI)
Fi(G1+mx) o F1(1=—m;1—n;x)
Ira+mn)I'(d —n) I'i1 —n)
n—1
1—[ (a+bp) +cd) + e (%(a,b,cpqx) —1).
j=0
proof.
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Consider

o ° —ft"dt n= . .
/ et R(a,b,c,p,q,Hdt = / et + Z Jx n (a+bp +cq)
X

j=0

= Zr(n+1x)n(a+bpj+cqj)

]:0
) n,x\ n—1
= T(1,x) + Z (nr(n,xr)l'wt x"e) n (a+bp +cq/)
n=1 : j=0
T
= TI'(1,x)+ Z T, ch;') n (a+bp +c)

2);—1;! (a+bp +cq)

e _xU11 n—1 . .
= 0+ ) EET I (a4 cq)

e* (% (a,b,c,p,q,x)—1)
= T(1,x) +xT(1,x) Z

e 1

- 1!

U1+ mnx)

n (a+bp +cq) +e* (R@b,c,pqx) —1)

j=0

o) xn—l
= T+ 71, x) n; (= D)lsin((1 + m)71)

( Fi(;,1+n;x) xanI(l—n;l—n;x)>

TA+mI(1—n) T'(1—n)
n—1
H (a+bp +cq) +e* (R@b,cpqx) —1).
=0

Proof of following Corollaries are immediate from the properties of incomplete gamma functions [20].

Corollary 30.
o u — —mx)
/x e 'R@,b,c,p,q,t)dt = T(1,x)+T(1, x)Z (n—l)! g(a+bp7 +cq7)
e (%(a,b,c,p,q,x) - 1) .
Corollary 31.
oo o 1
—t _
/x e "R, b,c,p,q,t)dt = T(,x)+ nl(1,x) nZi - DS T 70
Fi(1—m1—mn;x) on Fi(14+mx)
I'(1—n) I'1—n)I'(1+n)
1_[ (a+bp +cq/) + e (R@,b,c,pqx)—1).
j=0
Corollary 32.
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Using properties of incomplete gamma functions and generalized Laguerre polynomial, we have following expression
for [ e=tR(a,b,c,p,q,t)dt :

= e XL ()

@ 710 +3T(1,0 ) Z 1—[ (2 + 0+ ) i 11

n=1m=0 ]:

e* (% (a,b,c,p,q,x)—1)

(if) (1, x) +xI'(1,x) i i i A

. . x
(ﬂ+bp]+cq])ﬁ

(i) y(1,%) +xT(1,x) Z Z ﬂ( 1) (m+ )(a+bpf +cql)

+e* (%(a,b,c,P,q,x) - 1)

n=1m=0 j=0
n—1
e . X _
Fi(=myn + 1;%) Y +e* (R@a,b,c,p,q,x)—1),

whereL\\"is generalized Laguerre polynomial.
Theorem 33.

x_t oo n+ln—1 j )L”'y(n+m+1x) -

e @(a,b,c,p,q,At)dt:’y(l,x)+/\Z (a+bpf +cq) T( — )",
0 n=1m=0 j=0
proof.
We have

X
/ e 'R (a,b,c,p,q,At)dt
0

oo n—1 b
1—e*X+Zﬂ (a+ p]Hq)/ et dt

n=1j

> =l (a+bp +cq
W)Zu

n=1j=0

y(n+1,Ax).

By using the property Gautschi et al. [44] y(n,Ax) = A" Y 7(”:”’!”'3“) (1 =)™, we get

x co n+ln—1 AN 1,
/ et R (a,b,c,p,q,At)dt = y(1,x) + A Z (a+bp +cf) — W( —A)™M,
0 n=1m=0 j=0 mn:
O
Theorem 34.
oo oo n+ln—1 )Ln T 1
/ e‘t%(a,b,c,p,q,/\t)dt:F(l,x)+AZ a+bp7 +c7 'w( 1-A)".
X n=1m=0 ]:0 m
proof.
o © 1=l (a+bp +cql)
e tR(a,b,c,p,q,At)dt = —/ e~ tA)"dt
/ & ol x
> =l (a+bp +cq
= T(1,x) + ZH (a p] q)r(n+1,Ax).

n=1 j=0
By using the property Gautschi et al. [44]T(n,Ax) = A"y F(L’,”'x)(l —A)™ , we obtain

n+ln

et R (a,b,c,p,q,At)dt =T(1,x) + A - (a+0b +cq/
/x p.q > l_[ p

n=1m=0 j=0

);’:I‘(n+m+1 x)( Ly,

m!
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6 Generalizations to fractional-order DDE

Consider the fractional DDE with proportional delay

D§y(x) = ay(x) + by(px) + cy(gx), y(0) =1, (20)

where0 <0 <1,0<p<1,0<g<1l,a€R,beRandc e R. Equivalently

y(x) =1+ 1%y (x) + by (px) + cy(gx)).
The DJM solution of eq. (20) is

[ee]

yx) =1+ Z (om+1 n a+bpY +cqv). (21)

We denote the series in eq. (21) by

o) xan n—1

— - aj of
Ry(a,b,c,p,qx) 1+Z (m_'_l)ll(a+bp +cq).

Theorem 35.
If0 < g < 1, then the power series

o0

_ B Y 4 gt
R, (a,b,c,p,qx) 1+Z (zxn+1 l:! a+bpY +cqv),

is convergent for all finite values of x.

proof.
Result follows immediately by ratio test.0

7 Conclusions

In this paper, we have obtained a new special function arising from pantograph equation with two delays.
The solution is obtained by applying the iterative scheme namely DJM. The existence, uniqueness, stability
and convergence results for the time-dependent DDE are presented in this paper. The new special function
exhibits different properties and relations with other functions. The generalization to fractional-order case is
also presented. We hope that the researchers will get motivated from this work and work on more properties
of this new special function.
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