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Abstract: Towards the end of the 20th century, statisticians
were keen to create new distribution families that would
meet the rapid advancements in modeling and application
domains while also getting around constraints on certain
distributions. In this study, a new family is proposed for
adding one parameter to a continuous distribution by using
countable mixture of PE distribution. Some attributes such
as the probability density function extreme stability, and
the hazard rate function of the new family are provided.
As a member of the purpose family, a Weibull distribution
illustration is presented. Poisson exponential Weibull (PE-
W) characteristics such as compound, moments, skewness,
kurtosis, and others are derived. Using both complete and
censored data sets as well as simulated experiments, the
maximum likelihood estimation of PE-W parameters was
examined. Further, to illustrate the value of the PE-W dis-
tribution compared to other commonly used distributions,
an analysis is carried out on actual and censored data sets
that represent the breaking stress of carbon fibers and liver
(lung) cancer.
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1 Introduction

One of the significant research issues that is still very much
alive in statistics is the topic of creating and expanding fam-
ilies of probability continuous distributions. A number of
factors contribute to this, including the need for new prob-
abilistic distributions to better describe each phenomenon
as the amount of data available for analysis grows at an
accelerating rate and the ease with which the computational
and analytical tools found in programming software like R,
Maple, and Mathematica can handle the challenges asso-
ciated with computing special functions in these extended
distributions. For example, Marshall and Olkin [1], AL-
Hussaini and Gharib [2], AL-Hussaini and Ghitany [3], Alza-
atreh et al. [4], Guitany et al. [5], Cordeiro and de Castro [6],
Bourguignon et al. [7], Brito et al. [8], Gharib et al. [9], and
Chipepa et al. [10]. These new models offer increased useful-
ness and flexibility. These categories of applications include
financial and insurance applications, as well as applica-
tions in hydrology, engineering, economics, and medicine
see Alsadat et al. [11], Dina et al. [12], Ahmed et al. [13] and
Aljohani [14].

The Poisson distribution is frequently used to model
count data sets. Nevertheless, overdispersed data sets can-
not be handled by the Poisson distribution. When the vari-
ation is greater than the mean, overdispersion is present.
In order to provide alternate models for highly distributed
count data, some researchers have created mixed Poisson
distributions. In order to provide alternative models for
over dispersed count data, numerous researchers have cre-
ated mixed-Poisson distributions, such as Mahmoudi and
Zakerzadeh [15], Bereta et al. [16], Bhati et al. [17], Miao
et al. [18], Altun [19, 20]. Fazal and Bashir [21] obtained
The Poisson exponential (PE) distribution which is a perfect
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modification of the Poisson distribution and the Lindley
distribution, and it is utilized to model biological and traffic
data sets.

In this paper, we have provided the new family of count-
able mixes with the PE distribution. This family possesses
a stability property, meaning that if the procedure is used
twice, no new results are obtained. In addition, one member
of this family provides an illustration of the Weibull survival
function. Researchers such as Estela et al. [22], Ana Percon-
tini et al. [23], Cordeiro and Lemonte [24], Muhammad Bilal
et al. [25], Kumaraswamy and Bhatra Charyulu [26], and
Adam Braima et al. [27] have extended the Weibull distri-
bution because of its significance in modeling and applied
fields.

This paper discusses a new family based on the PE
with generalized failure rate function. Section 3 presents
the new distribution Poisson exponential Weibull (PE-W)
model and its properties. Section 4 outlines an PE-W (y, 6, 1)
characteristics as, compounding, moment generating func-
tion (MGF), mean residual life (MRL) and mean inactivity
time (MIT). Section 5 contains the estimating PE-W param-
eters. Section 6 evaluates the performance of maximum
likelihood using Monte Carlo simulations. In Section 7 the
methodology is illustrated in a real data set. There are a few
closing remarks given in Section 8.

2 The PE family

In this section, we propose a new family of PE distribution.
We derive survival function (SF), density and hazard rate
functions of the new family.

Suppose that f(x) istheSFand for j=1,2,... ,.Xx € R,
the components f]-(x) are given hy:

Fx)=F(x),j=12,..,-0 <X < o.
then,
Gx) = Y m;F(x), W)
j=1

where, f(x) is the SF of a random variable (RV), z; > 0,

j
o0

forj = 1,2,... and Y 7;=1, In this case, G(x) is called
j=1

countable mixture. !

The use of mixtures to obtain flexible families of densi-
ties has a long history, especially in the univariate case. The
advantages of the mixture’s mechanism are diverse. The
new classes of distributions obtained by mixing are more
flexible than the original, over dispersed with tails larger
than the original distribution and often providing better fits
see Fisher [28] Teicher [29].
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If we consider 7; is to be the PE distribution with
parameter (6), where

" (1+0)

To model counting data, the PE distribution combines
Poisson and exponential distributions. Then the compound
(mixture) distribution G(x) of F (%) is:

_ b _ i & 0 -
GX) = | FX)| = FJ(X)
Zelrol =2 ey
© = j
Fx)
=60
Z [1+9 ’
Jj=1
. e [fw) _ Fo _ Fw
using the fact, El [1479] = oFo = 9+F(X),then
= 0FX® 3
G(X)_0+F(x)’9>0’ 0 <X< oo 3

where, F(x) is the cumulative distribution function (CDF)
of X.
And probability density function (PDF):

= 4G =-4oF -1
800 = ——-G(X) = = OF(X)[0 + F()]

_0f®[0+1] _ 0f®)|[0+1]

4
(0+F®)"  (0+F®)

The corresponding hazard rate function (HRF), which
is the expected failure rate of an item at a given age, used
in survival analysis to assess the likelihood of survival over
time and given by:

_® _ f® 0(9+1)]_ [0(0+1)]
rx) = ¢ = [ = h(x) 9+fw | &)

f(x)

0 + F(x)

Clearly, limr(x) = (0 + 1) limh(x) and limr(x) = 6 lim
h(X) x—0 x—0 X—00 X—00

OF(x)

0+F(x) s PE

Theorem 1: The parametric family of G(x) =
extreme stable.

Proof Let X;,i = 1,2,...,n to be independent identically
distributed (i.i.d), N is independent of the X;’s with PE dis-
tribution and if:

Uy = min(xy,X,, ..., Xy),

Vy = max(Xy,X,, ..., Xy),
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then
G(x) = Pr(Uy > X) = Pr(x; > X;, X, > Xy, ..., Xy > Xy)

< 0 OF(x)
= F =
PO G o = o1 P

—00 < X < 00,

Hence Uy is PE minimum stable, and

Hx) =Pr(Vy <x) =Pr(x; <x,X, <Xp,...,Xy < Xy)

@ 0 OF(x)
= F n = = ’
,12:1 ® (1+6) 0 + F(x)
so that, B
= _ OF®
H(X)_9+F(X)’ 00 < X< 0.

Hence Vj, is PE maximum stable, therefore, the family
of PE distributions with E(X) is PE extreme stable.

An illustrative example of this class is provided where
F is the SF of the Weibull distribution, which is one of
the most well-known distributions for life data analysis
and modeling in applied, medical, and engineering sci-
ences, as well as reliability applications to simulate failure
times.

3 PE-W model

A RV X is given the Weibull distribution, represented as
X ~ W(A4, y), if its SF and PDF are as follows:

Fx)=e™ Ay, x>0,4,y>0,

and

fR) =yix" ™™ x>0,4,y >0.

where, A is the scale parameter and y is the shape
parameter.
The corresponding HRF takes the following form:

hx) =yAx'1, x>0,4,7>0.

Clearly, that the h(x) has three different forms: constant
when y = 1and decreasing (increases) wheny <1(y > 1).
The PE-W distribution’s SF and PDF have the following
forms:
fe= ™ 0

6@ = 1+0—e™ ~ 1+ e (1+0)° ©

where, 0, 1 are scale parameters and y the shape parameter,
and
yO(1+6)Ax~Hrex4

)
(—1+e¥4(1+0))°

&x) =
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Figure 1: Decreasing PE-W PDF for values y, A and 6.
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Figure 2: Unimodal PE-W PDF for values y, A and 6.

Clearly, Xligg(x) =0 for y > 0 and )l(i_l:(I)Ig(X) =0 for
y > 1L

A selection of parameter values for the PE-W distri-
bution’s PDF plots are shown in Figures 1 and 2.

Figures 1 and 2: show that the g(x) given by Eq. (7) for
the selected values of y, 4 and 6. In Figure 1, y < 1 showing
that g(x) is decreasing. In Figure 2, y > 1 showing that g(x)
is increasing-decreasing.

The corresponding HRF of PE-W distribution is:

X Ax1+y (14 6) A

—1+e¥4(140) ®

r(x) =

Clearly, Xl}g r(x) = oo for y > 1 and }1{1_%1 rx) =0 for
y >1

The HRF plots of the PE-W distribution with a range of
parameters values are displayed in Figures 3 and 4.

Figures 3 and 4: show that the r(x) given by Eq. (8) for
the selected values of y, 4 and 6. In Figure 3, y < 1 showing
that r(x) is decreasing. In Figure 4, y > 1showing that r(x) is
increasing-decreasing.
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Figure 3: Decreasing PE-W HRF for values y, A and 6.
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Figure 4: Unimodal PE-W HRF for values y, A and 6.

4 PE-W (y, 0, 1) characteristics

4.1 Compounding

Let G(x/) be the conditional SF of a continuous RV X given
a continuous RV f. Let f follows a distribution with the PDF
m(p). A distribution with the SF:

(o)

G(x) = /E(Xﬂ)m(ﬁ)dﬁ, —00 <X < 00

—o0

is called a compound distribution with mixing density
m(f). One helpful method for obtaining a new class of
distributions in terms of preexisting ones is the compound
distribution. The following theorem demonstrates that the
PE-W distribution can be generated through the application
of the following theorem.
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Theorem 2: Let, G(xB) = exp(f[e™ —1] — Ax’) and B
have the PDF m(f) = 0e=%f. Then, the PE-W (4, y,0) distri-
bution characterizes the compound distribution of X.:

Proof

(5]

G = / G(xp)m(p)ap

0

Gx) = 6/ exp(—p[1—e* +0])dp

e~ 0
Tl-eM 40 -1+ (1+06)e™

This is the SF of the PE-W (4, y, 0) distribution.

4.2 The rth moment and quantiles of PE-W
model

For the PE-W (y, 8, A) distribution, the rth moment E(x"), r >
1, is:

ry — r=1, _ r—1 0
E(x)—r/x G(x)dx—r/x —_1+exu(1+0)dx
0 0

_AX}’

T‘9 r—1
5] ¥ i e 1+ 0)
0

Let,y = Ax” then

E (x") _ ro ey

. /vy ¢°
(1+0)M(’/V)‘1{y l—e‘Y/(1-+-0)dy

B = (1+96) m(r/‘ N / Z ZYW ERCh

n=0 m=0

X %(e—y/(ua))’"dy

Z( -"

o+ 9)’"“MW ==

M

% n+(r/ y)—le—myd — ro
/Y y (1 + 0)m+1yﬂ(r/ },)_1

el

(1)n _rtny
DI

n=0 m=0

where I'[] is gamma function.
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The PE-W model’s gth quantile is:

ot0 = (e[ 350 24])

Specifically, the PE-W model’s median is:

median(x) = <log [210++91] ) "

0<q<1,

As a result, we can use metrics based on certain quar-
tiles to examine the structure of the PE-W model.

To demonstrate how the scale parameter 8 and shape
parameters y and A affect the new distribution’s skewness
and kurtosis, we look at quantile-based metrics. The tradi-
tional kurtosis measure’s drawbacks are widely recognized.
This measure becomes uninformative just when it should
be because it is infinite for many heavy-tailed distributions.
The lack of traditional kurtosis for a large number of gen-
eralized distributions was, in fact, the driving force behind
our decision to employ quantile-based metrics. According to
Kenney & Keeping [30] and Moors kurtosis [31] the Skewness
(Sk) and kurtosis (Ku) are:

o = Q(3/4) —20(1/2) +Q(1/4)
0(3/4) - 0Q(1/4)
ru = 7/8) = Q(5/8) — Q(3/8) +Q(1/8)
Q(6/8) — 0(2/8) :

5 illustrates how the Sk and Ku depend on the parame-
ters by displaying the Bowley skewness and Moors kurtosis
for several values of the parameters.

Figure 5: Shows how the scale § and the shape factors y
and A affect the skewness and kurtosis of the PE-W distribu-
tion. In figure (5.a), Skewness decreases with increasing 6,
suggesting that higher 6 lead to more symmetric distribu-
tions. In figure (5.b), kurtosis decreases with increasing y in
all configurations, indicating that the distributions become
less heavy-tailed as the coupling strength increases.

4.3 MGF and MRL of PE-W (y, 0, 1)
distribution

The MGF for the PE-W (y, 6, 1) distribution is:

o =14y px’ 4
M(t)z/etxy9(1+9)/lx e z
A (-1+e74(1+9))

=y9(1+9)/1/e”‘
0

X—1+yele
(—1+e¥4(1+0))°
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Figure (5.a): Displays the PE-W distribution’s Sk as a function of a (6) for
specific values of A and @ (for certain values of y, A).

04 —1+yetx 1 ix
=7 / —14+e94(140)) (1-e*/(1+9))

: 1 _ < _g v
using the fact, 7(1—(“’ J60) _m12=o( X /(1+9))
then
M yeﬁ iy —1+yetxe—xV/1
O=0+0)) G=c™/(1+0)
0
x 3 (e (1+0) "
ml=0
using the facts, e®* = k1z=:o (‘;‘1)!“ and e ¥4 = kZZ::O (A:;!)kz, then
_ _y04 ¥V VvV V. kz(tX)k1
wo=15 [ LE X3 [0
k1=0 k2=0 m1=0 m2=0 0
k2
g e 10) "
Let,y = Ax’ then,
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Figure (5.b): Displays the Ku of the PE-W distribution as a function of a
(0) for specific values of A and @ (for certain values of y, 4).

(=DRe(t)kt
=0 m1=0 m2=0 kl'kz!(l + 9)"!1+m2+1

X/y<%>+k2(e_y)ml+m2dy
0

(=D
=0 m2=0 kl'kzv(1+ 9)"!1+m2+1

Kity+k2y

1+ k2+ y](m1+m2) v

s

For the random variable X > 0, the MRL is defined by:
[s9)

1 / G(x)dx
G(t) :

HO =EX—tx>t]==

_1+0—e b fe ¥
T g 146 —e

t

dax

Let,y = Ax” then
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_ 146 — e—/ltV (7 1/ 7-1)
HO =" geie (11 0)y a1l / y
t
ey

X1z ev/(1+ 9)

_1+0- e 0
Ge= " (14 0)yaVr
o [s9) o0 n
x [ 3 3 st e/ (1+6))"ay

¢ n=0 m=0 n.
_1+0—e
- Qe

o (=1 0
nl (14 9)’"“7/,1(1/ r=1)

oo
X2
n=0 m=0

><‘/yn+1/ y—le—mydy —

140 —e

Qe—lﬂ

(=" 0
X
,;ng nl(1+0) Ly, AW r-1)
I+ny

X m'rl“[n + ;,mt].

4.4 MIT of PE-W (y, 0, 1) distribution

The MIT function, additionally known as the mean previous
lifetime and the average wait time functions, is a popular
reliability metric that finds usage in reliability theory, actu-
arial research, and survival analysis. Let X be a random vari-
able that changes over time and has a distribution function
of G.For t > 0, the role of X at MIT is:

140 —e M
(1+0)(1—e*)

-1 _
MIT = 6.0 / G,(x)dx =
0

t

x/( 1—e
1

0 _—mr/(1+9)>dx'

Let,y = Ax” then
1+0—e?
MIT =
yAUD(1+0)(1—e )
x/ 3 350D (e (140"
n=0 m=0
1+0—e?

>3

T AW (1+0)(1-e ) S 2l
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t
X /yn+(1/ y—l)e—mydy
0

140 —e M o (- 0
= ee—/lﬂ ZZ n! 1+9 m+1 j(l/y l)

n=0 m=0

_by Ly 1 1
Xm rm r Fn+; —Fn+;,mt

5 Estimating PE-W parameters

The estimate of the unknown parameters of the PE-W model
is investigated using the maximum likelihood method. The
maximum likelihood estimators (MLEs) provide straightfor-
ward approximations with the desired features that are
useful for building confidence intervals in finite samples.
Analyzing or numerical methods can be used to address the
MLES’ normal approximation.

Consider a data set of size n consisting of m uncensored
observations d,, ..., d,, and n — m censored observations
€, --- » €n_m- For simplifying the notations, we shall denote
all the observations by ¢, ..., t, with censoring indicators

n

6; = 1fort; = d;and0fort; = e, Wehavem = Y ;. For

i=1
the PE-W (y, 0, A) distribution, the likelihood function is:

e}

5
| o+ ) At

=1 (—1+ef (1+6))

o 1-6;
x i —
l—l +(1+0)et ]

then the log-likelihood function is

n(tin7,0,4)

H{g

yO(1+0) At et

(—1+ et (1+ 9))2

0
+(1=6)log|— 2
(1-4) g[—1+ (1+9)e‘tf]

We take the first derivative of ln(ti, 7,0, A) with 4,7,
and 6 and equate to zero respectively.

n
In(t,7,0,4) = ) {6; log
i=1
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oln _ ool _ ool

EY) ay o0 %

For unknown parameters, the ML estimator gener-
ated above cannot be solved exactly. Therefore, using non-
linear optimization algorithms, such the Newton-Raphson
algorithm, to numerically optimize the aforementioned like-
lihood function is more practical.

We employ the Bayesian information criterion (BIC;
Schwarz, [32]) BIC =1In(t;, 7,6, 4) — gln(n), Akiake infor-
mation criterion (AIC; Akaike, [33] and Bozdogan, [34])
AIC=In(t;,y,0,4) —2k and Consistent Akiake informa-
tion criterion (CAIC; Schwarz, [32]) CAIC = 2in(t;, 7,0, 4) —

Zk" for model selection, where k is the number of param-
eters in the model and n is the sample size. The model with
higher AIC, BIC and CAIC is the one that better fits the data.

5.1 Confidence interval

The parameter MLEs have no closed form solutions.
Consequently, the MLE lacks an identifiable distribution.
The confidence intervals (CIs) for the three parameters
can be determined via the normal approximation for
the large-sample for the MLE. An estimate of the vari-
ance—covariance matrix of the MLE of the model param-
eters is needed to compute these ranges. Estimates can
be seen in the observed Fisher’s information matrix I (6)
below.

Ly L, Iy
L(0) =—{L, I, I
Ioy Ig, Igg
where,Iﬁlﬂ2 aﬁaﬁ P, Py = 4,7, 0.

On request, the authors can provide the components
of the aforementioned matrix. If the regularity condi-
tions for the parameters are satisfied, the asymptotic joint
distribution of (Af/,é, /T), as n — oo, is known to be a
multivariate normal distribution with mean (y, 8, A) and
variance-covariance 1;1(9). The ML estimators that corre-
spond to unknown parameters that might be present in
the elements of the matrix IF‘l(G) can be utilized to sub-
stitute them. Consequently, for the parameters A,y and 6
respectively, the 100(1 — ) % asymptotic equi-tailed CIs are
given by

7+ Zy o\ Var(y), 0 £ 2, ,V/var(0), A + Z, ,\/var(4)

We conduct simulation research to produce complete
random samples from the model in order to achieve
the visualization of the nicety of the MLEs of 4, vy,
and 6.
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Table 1: The PE-W (y, 6, A) parameter (Par), initial (Ini), MLE, bias, and MSE values.
n Par Ini. MLE Bias MSE Ini. MLE Bias MSE
y 0.5 0.2395 —0.2605 0.0682 0.5 0.2671 —0.2328 0.0546
50 (% 1.5 1.4988 —0.0012 0.0019 0.5 0.4976 —0.0024 0.0006
A 15 1.5457 0.0457 0.0296 0.5 0.5102 0.0102 0.0022
y 0.5 0.2432 —0.2568 0.0662 0.5 0.2661 —0.2339 0.0549
100 0 1.5 1.5003 0.0003 0.0010 0.5 0.4986 —0.0014 0.0003
A 1.5 1.5223 0.0223 0.0162 0.5 0.5059 0.0059 0.0015
¥ 0.5 0.2391 —0.2609 0.0682 0.5 0.2678 —0.2322 0.0540
200 [ 1.5 1.4957 —0.0043 0.0006 0.5 0.5015 0.0015 0.0002
A 1.5 1.5271 0.0271 0.0078 0.5 0.5015 0.0015 0.0007
y 0.5 0.2427 —0.2573 0.0663 0.5 0.2644 —0.2356 0.0556
300 0 1.5 1.4999 —0.0001 0.0003 0.5 0.4990 —0.0009 0.0001
A 1.5 1.4935 —0.0065 0.0041 0.5 0.5057 0.0057 0.0006
n Par Ini. MLE Bias MSE Ini. MLE Bias MSE
y 17 0.3151 —1.3849 1.9189 13 0.3862 —0.9138 0.8351
50 [ 15 1.4877 —0.0123 0.0026 0.5 0.4956 —0.0044 0.0006
A 0.5 0.5256 0.0256 0.0064 1.5 1.5233 0.0233 0.0290
y 1.7 0.3075 —1.3924 1.9390 1.3 0.3851 —0.9149 0.8371
100 6 1.5 1.5029 0.0029 0.0011 0.5 0.5010 0.0010 0.0005
A 0.5 0.5026 0.0026 0.0015 1.5 1.5057 0.0057 0.0154
y 17 0.3068 —1.3932 1.9412 13 0.3859 —0.9140 0.8354
200 [ 15 1.5024 0.0024 0.0006 0.5 0.5012 0.0012 0.0002
A 0.5 0.5007 0.0007 0.0009 1.5 1.5036 0.0036 0.0070
y 17 0.3038 —1.3962 1.9496 1.3 0.3858 —0.9142 0.8358
300 0 1.5 1.5058 0.0058 0.0004 0.5 0.4996 —0.0004 0.0001
A 0.5 0.4939 —0.0060 0.0008 1.5 1.5038 0.0038 0.0042

6 Simulation research

The effectiveness of the MLEs for PE-W characteristics is
investigated using a simulated exercise. To evaluate their
performance, the MLEs are used to calculate their average
and mean squared errors (MSEs). One can generate 10,000
samples of the PE-W distribution using the Mathematica
program with different sample sizes (n = 50, 100, 200, 300)
and Q=(y, 6, 4)=(0.076, 0.479, 1.102) and (0.0765, 0.496,
0.1027). The MSE and mean estimation values are shown
in Table 1. In this table, as the sample size increases, the
MSE decreases. Estimating the PE-W distribution’s model
parameters is a flawless use of the MLE technique.

7 Applications

7.1 Censored data
Example 1: Liver cancer
Attia et al. [35] collected data from Egypt’s El Minia Cancer

Center that represented 51 individuals with liver cancer
(measured in days) (see Figure 6 and Table 2).

(a) 39 uncensored observations at 10, 14, 14, 14, 14, 14, 15,
17, 18, 20, 20, 20, 20, 20, 23, 23, 24, 26, 30, 30, 31, 40, 49,
51, 52, 60, 61, 67, 71, 74, 75, 87, 96, 105, 107, 107, 107, 116,
150.

(b) 12 censored observations at 30, 30, 30, 30, 30, 60, 150,
150, 150, 150, 150, 185.

For the Liver Cancer data, we observe that the PE-W
model’s AIC, BIC, and CAIC are greater than those of the com-
parable MOEW and Weibull distributions, indicating that
the PE-W model fits the data more closely. Furthermore, the
parameters y, 8 and A have the approximate 95 % two-sided
confidence intervals [1.070, 1.134], [0.7031, 1.828] and [0.001,
0.185], respectively.

The likelihood ratio test (LRT) is used to assess the
null hypothesis H, (the data follow the Weibull distribu-
tion). A= —2[In(t;, 7, A)-In(¢;, 7,0, 1)1 is a likelihood ratio
statistic that has roughly a chi-square distribution with two
degrees of freedom under H,,. With regard to the liver can-
cer data, we employed the likelihood ratio test (LRT) statistic
to evaluate the hypothesis H: the data follow the Weibull
distribution versus H;: the data follow the PEW distribution.

under H, thus x;; = 2[—208.211 — (=311.172)]
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Figure 6: Plots for liver cancer data.
=205.922 > y2 s = 3.84.

Consequently, the null hypothesis cannot be accepted;
that is, the LRT rejects the notion that the Weibull model is
appropriate.

Assume that 6,,6,,...,06, are the censoring indica-
tors and t,t,,...,t, are the ordered survival periods.
The product-limit estimator, sometimes referred to as the
Kaplan-Meier estimator (KME) (Kaplan and Meier [36]),

1S:
G,(t) = H {1— %},t> 0.

£t st n—i+1
i=1,...,n

The fitted PE-W survival function’s points are visu-
ally quite close to the 450 line, suggesting a very good fit

Theoretical Quantiles

when compared to the fitted MOEW and Weibull survival
functions.

Figure 7 displays the calculated hazard rate function for
PE-W distribution

Example 2: Lung cancer data

Lagakos & Williams [37] and Lee & Wolfe [38] collected
the data, this reflects the 61 lung cancer patients receiving
cyclophosphamide treatment (in weeks) (see Figure 8 and
Table 3).
(@) 33 uncensored observations:
0.43, 2.86, 3.14, 3.14, 3.43, 3.43, 3.71, 3.86, 6.14, 6.86,
9.00, 9.43, 10.71, 10.86, 11.14, 13.00, 14.43, 15.71, 18.43,
18.57, 20.71, 29.14, 29.71, 40.57, 48.57, 49.43, 53.86, 61.86,
66.57, 68.71, 68.96, 72.86, 72.86
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Figure (6.b): KME versus the fitted MOEW and Weibull survival functions in a p-p plot.

Table 2: An analysis examining the censored data’s MLEs, In, model selection for PE-W, Marshal-Olkin extend Weibull (MOEW) and Weibull models.

Estimates Statistics
Models 4 o A In AIC BIC CAIC
PE-W 1.1021 1.2663 0.00557 —208.21 —-214.211 —214.109 —214.722
MOEW 0.6033 9.8791 0.0759 —210.469 —216.469 —216.367 —216.980
Weibull 0.0805 71.605 —-311.172 —315.172 —315.104 —315.422
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Figure 7: Based on the liver cancer data, the estimated HRF of PE-W(a, £,

0) distribution.
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Figure 8: Plots for lung cancer data.
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(b) 28 censored observations:
0.14, 0.14, 0.29, 0.43, 0.57, 0.57, 1.86, 3.00, 3.00, 3.29,
3.29, 6.00, 6.00, 6.14, 8.71, 10.57, 11.86, 15.57, 16.57, 17.29,
18.71, 21.29, 23.86, 26.00, 27.57, 32.14, 33.14, 47.29.

For the Lung Cancer Data, comparing the AIC, BIC, and
CAIC of the equivalent MOEW and Weibull distributions,
we find that the PE-W model has higher values., indicating
that the PE-W model fits the data more closely. Further-
more, the parameters y,6 and A have approximate 95 %
two-sided confidence intervals [0.847, 1.443], [0.0109, 1.097]
and [0.0009, 0.0225], respectively.

Further, using the likelihood ratio test (LRT) statistic, we
assess the following hypotheses: H: the data are Weibull

Kernel density Violin plot
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Table 3: An analysis examining the censored data’s MLEs and Statistics for PE-W, MOEW and Weibull distributions.
Estimates Statistics
Models y 0 A In AIC BIC CAIC
PE-W 1.145 1.595 0.01177 —147.91 —153.91 —154.08 —154.33
MOEW 0.4762 20.2657 0.3807 —149.34 —155.343 —155.59 —155.764
Weibull 0.6573 0.0845 —152.93 —156.91 —157.04 —157.14




DE GRUYTER

distributed; and H;: the data are PE-W distributed. Under
H, thus X;; = 2[-147.91 — (—149.34)] = 10.039 > ;(12'0'05 =
3.84, consequently, the null hypothesis cannot be accepted,;
that is, the Weibull model’s applicability is rejected by the
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LRT.

Assume that the ordered survival periods are =

t,t,....t, and the related censoring indicators are —
01,09, ... , 0. The KME is:
0.024
G, (t) = H {1—5‘“},t>0.
! <t n—i+1
i=1,...,n

The fitted PE-W survival function’s points are visu-
ally quite close to the 450 line, suggesting a very good fit
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Figure 10: Plots for glass fibers data.
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Table 4: An analysis examining the censored data’s MLEs and statistics for PE-W, MOEW and Weibull distributions.

Estimates Statistics
Models y o A In AIC BIC CAIC
PE-W 0.0588 68.508 5.7942 —15.239 —21.239 —21.453 —21.646
MOEW 7.3402 0.0068 0.3326 —22.815 —28.815 —29.029 —29.221
Weibull 13.152 0.0006 —73.547 —71.546 —77.690 —71.747

when compared to the fitted MOEW and Weibull survival
functions.

Figure 9 displays the calculated hazard rate function for
the PE-W distributions.

7.2 Complete data

Example 3: Glass fibers data

We will study a complete data set by Smith and Naylor [39], It
involves 63 observations that show the glass fibers’ strength
(see Figure 10 and Table 4).

0.55, 0.74, 0.77, 0.81, 0.84, 0.93, 1.04, 1.11, 1.13, 1.24, 1.25,
1.27,1.28, 1.29, 1.30, 1.36, 1.39, 1.42, 1.48, 1.48, 1.49, 1.49, 1.50,
1.50, 1. 51, 1.52, 1.53, 1.54, 1.55, 1.55, 1.58, 1.59, 1.60, 1.61, 1.61,
1.61, 1.61, 1.62, 1.62, 1.63, 1.64, 1.66, 1.66, 1.66, 1.67, 1.68, 1.68,
1.69, 1.70, 1.70, 1.73, 1.76, 1.76, 1.77, 1.78, 1.81, 1.82, 1.84 1.84,
1.89,2.00, 2.01, 2.24

For the glass fibers data, the corresponding MOEW and
Weibull distributions’ AIC, BIC, and CAIC are fewer than
those of the PE-W model, which indicates that the PE-W
model fits the data more closely. Furthermore, the param-
eters y, 6 and A have the approximate 95 % two-sided con-
fidence intervals [5.672, 5.917], [66.69, 70.33] and [0.0001,
0.2577], respectively.

0.3F B

01f 1

X

Figure 11: The HRF estimate of PE-W(y, €, ) distribution based on the
glass fibers data.

Using the likelihood ratio test (LRT) statistic, we evalu-
ated each hypothesis by comparing the data to the Weibull
distribution (H,) and the PE-W distribution (H,).

With regard to the liver cancer data, using the likeli-
hood ratio test (LRT) statistic, we evaluated each hypoth-
esis by comparing the data to the Weibull distribution
(Hy) and the PE-W distribution (H;). Under H,; thus
X1 =2[-15.238 — (—73.547)] = 116.618 > ;(12_0_05 = 3.84, con-
sequently, the null hypothesis cannot be accepted; that is,
the Weibull model is not acceptable, according to the LRT.

Figure 11 displays the calculated hazard rate function
for the PE-W distribution.

8 Conclusions

In this paper, a new family is proposed for adding one
parameter to a continuous distribution by using countable
mixture of PE distribution. The added parameters provide
additional flexibility for fitting diverse shapes of data. Some
of the properties of the new family are derived. A detailed
study is provided for the particular case when the extended
distribution is the Weibull distribution. The derived prop-
erties include: PDF, its shape, HRF, moments, and MLE. We
note that for PE-W distribution, the model selections BIC,
AIC and CAIC are higher than the corresponding BIC, AIC
and CAIC of the MOEW, and Weibull distributions. Also, the
fitted PE-W survival function indicates strong linear rela-
tionship between the empirical and fitted survival functions
compared with the fitted MOEW and Weibull survival func-
tions. All these results lead us to select the PE-W distribution
as the best distribution for the given data.
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