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Abstract: In this paper, we explore some non-static plane
symmetric solutions of Einstein’s field equations (EFEs) that
possess a specific scaling symmetry, known as homothetic
symmetry. This symmetry helps in simplifying EFEs and
reveals important patterns in gravitational systems. Using
a systematic computational method, the Rif tree approach,
we find some new exact solutions for expanding universes
with plane symmetry. We classify these solutions according
to their symmetry properties, finding spacetimes with 4-, 5-,
7-, and 11-dimensional symmetry structures. The physical
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viability is established through energy-momentum tensors,
that reveal solutions describing anisotropic fluids, perfect
fluids, and vacuum configurations. By analyzing energy
conditions, we have identified which of the derived solu-
tions are physically meaningful. The physical interpreta-
tion reveals important connections to some known models,
including anisotropic Bianchi type universes, Kasner solu-
tions, Szekeres inhomogeneities, and colliding plane wave
geometries.

Keywords: exact solutions; spacetime symmetries; homo-
thetic vector fields; plane symmetric spacetime; Rif tree
approach

1 Introduction

In general relativity, spacetimes symmetries are crucial
because they provide deep insights into the physical charac-
teristics of gravitational fields as well as the mathematical
structure of Einstein’s field equations. Among these sym-
metries, the isometries, conformal transformations and the
homothetic vector fields are particularly important. These
symmetries not only help in reducing the complexity of
EFEs, enabling the search for their exact solutions, they
also provide fundamental conservation laws and a greater
understanding of the causal and geometric structure of
spacetime.

A Killing vector field (KVF) is defined as a vector field
n = (1° n', n%, %) satisfying the condition [1]:

L£,8s =0, (L1)

where g, denotes the spacetime metric and £ is the Lie
derivative operator. This condition is linked with the preser-
vation of the metric of spacetime along the flow of the
vector field. Killing vector fields are crucial in describing
conserved quantities, such as energy, and linear and angu-
lar momentum.
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If the metric of spacetime is preserved up to a con-
stant scaling factor along the flow of a vector field # =
(n°, 7', n%, n%), then such a vector field is defined as a homo-
thetic vector field (HVF). These vector fields satisfy the rela-
tion [1]:

£ngab =208y, (1.2)

where «a is some constant. The above condition introduces a
self-similarity or scaling symmetry in spacetime.Ifa = 0,a
HVF reduces to a KVFE. By a proper HVF, we mean a homoth-
etic symmetry defined by Eq. (1.2) with non-zero a. Homoth-
etic symmetries are central to studies involving self-similar
solutions, cosmological models, and gravitational collapse,
where scale invariance plays a key role.

In the broader context of spacetime symmetries, con-
formal vector fields (CVFs) preserve the metric up to a local
scaling factor that depends on the spacetime coordinates.
The CVFs are defined in a similar way by replacing « in
Eq. (1.2) by a function of spacetime coordinates, that is:

L, 8 = 2w (X")ggps 1.3)

where y(x?) is some smooth function. If y is a constant
function, a CVF becomes a HVF and it reduces to a KVF for
w = 0. A CVF that is neither Killing nor homothetic vector
field is known as a proper CVF.

The symmetries of the Ricci and energy-momentum
tensors are defined in a similar way by replacing g, in
Egs. (1.1)-(1.3) by R, and T, respectively.

In addition to these spacetime symmetries, there is
another important symmetry, called Noether symmetry.
For a vector field V = nd, + V“0d,«, its first prolongation is
defined as V1! = V + (DV® — x%Dy)d,.. A Noether symme-
try of the Lagrangian L(s, x% x%) is defined by the vector
filed V if there exists a gauge function F(s, x?) such that [2]:

VWL + (Dgn)L = D,F. 1.4)

Here Dy = d; + X“0,e, and 1 and V* are dependent on
the geodesics parameter s. Moreover, the derivative with
respect to s is denoted by a dot.

Noether symmetries are found to be valuable in the
classification of Lagrangians associated with spacetime met-
rics and for analyzing differential equations. While solving
complicated and nonlinear differential equations, Noether
symmetries assist in the reduction of the number of inde-
pendent variables and the order of higher order differential
equations, and in the linearization of nonlinear differential
equations. Moreover, Noether symmetries are also crucial
from a physical standpoint because they are directly linked
with conservation laws via Noether’s theorem.

There are some significant relations among Noether
symmetries and other spacetime symmetries such as KVFs,
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HVFs and CVFs. For instance, all KVFs admitted by a space-
time metric are included in the collection of Noether sym-
metries of the associated Lagrangian. Similarly, if & denotes
the homothety constant, then V + 2asd, is a Noether sym-
metry of the lagrangian if and only if V is a HVF associated
with the corresponding metric [3]. A Noether symmetry that
is neither a KVF nor it is linked with a HVF is known as
a proper Noether symmetry. For flat Minkowski spacetime,
the set of 15 CVFs constitutes a subset of the collection of 17
Noether symmetries of the associated Lagrangian. However,
for non-flat spacetimes no such general relationship is iden-
tified between CVFs and Noether symmetries.

All the above defined symmetries have been exten-
sively explored in the literature for various spacetimes
[4-20]. However, most of this work has focused on simpler
or static spacetimes due to the ease of their mathematical
treatment and inherent simplicity. As a result, there has
been less research done on non-static spacetimes, which are
more complicated and harder to study. The difficulties of
working with non-static metrics, like their changing nature
and the complexity of solving the related equations, have
made this area less studied.

In addition to the above mentioned references, the
recent literature has highlighted the relevance of symmetry
methods in the fields of cosmology and modified theories
of gravity. Particularly, Noether symmetries are employed
to f(R) and scalar-tensor cosmologies to identify the admis-
sible forms of potentials and couplings, and to derive
exact cosmological solutions describing late-time accelera-
tion [21-26]. Similarly, homothetic and conformal symme-
tries are also investigated in connection with anisotropic
and inhomogeneous models, that provide deeper under-
standing of cosmological evolution and its observational
implications [16]. Moreover, CVFs are explored in gravita-
tional wave spacetimes, where related vacuum solutions
show self-similar properties [27].

In this research, we investigate proper HVFs of non-
static plane symmetric spacetime with the following most
general metric [28].

ds> = — f(t,x) d® + g2(t, x) % + h3(t, x)[dy? + dz?],
(1.5)
where f(t,x) # 0, g(t,x) # 0 and h(t, x) # 0. Our goal is to
extract all the non-static plane symmetric metrics that admit
proper HVFs and to find the associated solutions to the EFEs.
With a focus on anisotropic and perfect fluid sources, which
are significant in many cosmological models and astrophys-
ical scenarios, we discuss the physical implications of these
symmetries.
The motivation behind selecting the metric (1.5) for our
study is that it includes several important and well-studied
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solutions of EFEs. For example, when the metric coefficients
f, g, and h depend only on x, the metric (1.5) signifies a
static plane symmetric spacetime. Such metrics are essential
in various contexts, particularly in deriving the Kasner’s
and Taub solutions of EFEs. Moreover, when f, g, and h
depend only on ¢, the metric (1.5) becomes the Bianchi type
I metric. Bianchi type metrics are significant because they
are homogeneous but not necessarily isotropic, offering key
cosmological models that solve the EFEs, with different solu-
tions based on the choice of scale factors. Additionally, when
f = g = h = f(0), the metric (1.5) simplifies to the Fried-
mann metric, a fundamental model in cosmology. There-
fore, this study naturally covers the classification of all these
metrics in terms of their HVFs, as special cases.

In addition to this, the non-static plane symmetric
metric (1.5) is a perfect model for studying gravitational
waves, anisotropic gravitational fields, and cosmic evolu-
tion because of its symmetry in two spatial dimensions. This
spacetime provides a simplified framework for investigat-
ing the solutions to EFEs since its metric is invariant under
translations and rotations in the plane.

In order to explore the symmetries of a spacetime, one
always needs to solve a system of determining equations
representing these symmetries. The conventional method
used to solve these determining equations is known as
direct integration technique. In this method, the determin-
ing equations are decoupled and integrated directly to find
the explicit form of symmetry vector fields. The process
usually gives rise to a number of cases depending upon the
conditions on the metric functions under which the space-
time under consideration admits the desired symmetries. It
is a quite lengthy and cumbersome technique which may
result in lack of potential spacetime metrics admitting the
required symmetries.

In recent literature, the Rif tree approach has emerged
as a powerful computational tool for analyzing systems of
partial differential equations that govern the existence of
symmetries in spacetimes. This algorithmic method trans-
forms the system of determining equations into an invo-
lutive form, systematically solving them and allowing for
the classification of vector fields such as HVFs. This method
relies on a Maple algorithm (Rif algorithm), which is imple-
mented using the Exterior package in Maple. The process
begins by loading the “Exterior” package. Next, the system
of differential equations defining HVFs is inserted using the
command “sysDEs”. The third step involves applying the
“symmetry, eq := findsymmetry” command, which analyzes
the symmetry equations and identifies the conditions on
the metric functions that allow for HVFs. The algorithm
then displays these conditions. A graphical representation
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of these conditions can be viewed using the “caseplot(eq,
pivots)” command, resulting in a tree shape, called Rif tree.
The branches of the Rif tree illustrate the conditions under
which the spacetime may admit HVFs. Finally, the symme-
try equations are solved under these branch-specific con-
ditions, yielding the explicit form of the HVFs. The novelty
of this approach is that it gives a better classification of
the spacetime through its symmetries. Recently, the Rif tree
approach has been applied in the classification of HVFs and
other symmetries, leading to the discovery of additional
spacetime metrics that were previously unidentified using
the conventional direct integration tecnique [29-34].

In this paper, we focus on finding the HVFs of non-static
plane symmetric spacetimes, using the Rif tree approach.
We aim to identify all the non-static plane symmetric met-
rics for which proper homothetic symmetries exist and
to derive the corresponding solutions to the EFEs for
anisotropic or perfect fluid sources.

2 Homothetic symmetries

We apply the definition of HVFs given in Eq. (1.2) to the
metric (1.5) to derive the following symmetry equations.

fen® + fan' + fn = af, @D
g’ + g n' +gn', = ag, 2.2)
han’ +hy n' + h’, = ah, @3)
hen® +hy n' + h’, = ah, 2.4)
i, —gny =0, 2.5)
fonl, =P =0, 2.6)
f*nS, = =0, @.7)
g'n, + 1 =0, 2.8)
gn, + 1 =0, 2.9)

m, + 1, =0, (2.10)

In order to find the exact form of the HVF 7, we need
to solve the above symmetry equations. For this, the met-
ric coefficients f(t,x)g(t,x) and h(t, x) must be subject to
some constraints. In order to obtain such constraints, we
have analyzed Eqs. (2.1)-(2.10) using the commands of Rif
algorithm, that are already explained in the introduction
section. As a result, the algorithm generates the Rif tree
given in Figure 1 along with its nodes (pivots) as presented
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in (2.11). Each branch of the Rif tree imposes certain restric-
tions on the functions f(t, x)g(t, x) and h(t, x). For example,
in branch 1 both p1 and p2 are non-zero, that is h, # 0
and h,g, — h,g,# 0. We have used these conditions to
solve Egs. (2.1)-(2.10). The same procedure is followed for
the constraints of all 25 branches of the Rif tree. Conse-
quently, we have obtained several metrics with 4,5, 7, and 11-
dimensional homothetic algebras. All these homothetic alge-
bras include the set M; = {d,,d,,yd, — zd,} as a proper
subset, which is the set of minimum KVFs admitted by the
metric (1.5). Moreover, some cases produce only one proper
HVF in addition to the three minimum KVFs, while the other
metrics possess a proper HVF and some additional KVFs.
The results of all 25 branches of the Rif tree are summarized
in Table 1. In every case, the generator V, represents the
proper homothety.

pl=nh,

P2=h.g,—h,8&

p3=hfy—hf,

pd=hh, —hh,

p5 = (R )*h — 2h o h, + R (R

p6 = (R, h g — 20 Rk — BB + 2(R PR
p7 = (h PR — h (R )

p8=h,
PI=g;
p10 = f,
pi
<> =t
p2 »é
<>, = <> =
»3 »9
! <> = <>/ \'= <>
io pil
2 8
EN <> <5/ \'= <>
5 pi2
</ \o= 5 10 11 <>
6 pi2
3 o/ \= < =
4
4 5 12 /=
RN 12 - =
13 14
Figure 1: Rif tree.
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P1=gfy—8&:fs

P12 = g8 — Exut

P13 = —(8) 8. + 28, 8x8.0x — (88

P14 = g188x — (&) Gux + 28,8080 — 28x(8.0)
P15 = (8V 8 — (§:)' 8t

p16 = g,

P17 = fifox = fxSu

P18 = (f ) frax = 2f S fox + (F V[t

p19 = (f.t)zf,ttx = fifsSon = 2fcfocfu + zf.x(f,tt)2
p20 = (f ) fax = (£, fe

p21 = f ¥ 2.11)

3 Solutions of the field equations

By solving the homothetic symmetry equations for non-
static plane symmetric spacetime, we have derived vari-
ous Lorentzian metrics with 4-, 5-, 7- and 11-dimensional
homothetic algebras. Of these Lorentzian metrics, the exact
solutions to the EFEs are given by those metrics that satisfy
the EFEs and have the energy-momentum tensor associated
with some known matter. The EFEs may be used to deter-
mine the energy-momentum tensor T, corresponding to
each of these metrics. Additionally, T, can be used to verify
that these metrics satisfy different energy conditions and to
evaluate the physical realism of the metrics. We follow this
procedure to determine which of the acquired metrics are

»9
pic
<> =
pio pi0
<3/ \= <> =
vis pi7 p2i
7 —
<5/ \= 1 13 <> = <5/ \=
pig 20
CRY o\ AL #
19
19 22 23
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Table 1: Metrics and their homothetic symmetries.

Metric No./Branch no. Metric coefficients Proper HVF
4a f=Const, g=a,t+a, h= %:"ZL(X), Vigy = ‘:"2 0,
1 where a,, a, are non-zero constants and L(x) is any function of x.
= = _ (o) -2 J fie
4b f=ft),g=_Const,h= W +(a, [ f(t)dt + 204) 1 Viay = o 0, + x0,,
2 where f.(t) # 0 o ;é 2a5,0, #0,0; #0
4c f=(ax+ Zaz) o , g =Const., h = (2a3t + 2a,) = Vigy =x0,
2 where a, #0, a5 # 0, 0, # 203 # 205
(a3=2a4)t
4d f=ax+a, g=Const,h=¢e = Viy = 9520,
1
2 where a3 # 2a,,and a; #0
(a3—204)t
4e f=ax+a, g=Const,h=h(t)#e = , Vigy = %()X +y0, + 20,
2 where h,(t) #0and a; # 0
-4
4 = \/2a,x + 2a,, g = Const., h = (ast + 4a,) © Vigy = 50, + Z[Xf(x)dx.,
2 where a3 # 2a; and a; #0,a; #0
203 )
4g f = Const.,, g=Const., h = % +(ax+2a,) " Vi) = 10; + X0,
—
3 where a, # 2a; and a;, a3 # 0
1 — —
4h f = Const,, g = Const., h = - In( :‘:;"Z ), Vigy = W%Tua)at - (%f“?)dx +y0, + 20,
5 where a,, a,, a5 are non-zero
- 1
4i f=Const., g = (ot + 202)1 ot h=(a;x+a,)%, Vi) =10, + (a3x + 05)0,
8 where a; # 0, a5 # 0.
1
4 f=const, g=a,t +2ay, h = h(x) # (a;x + a,) %, Vi =10, +y0, + 20,,
8 where a; #0and h,(x) # 0
1
- - — o — ¢ hix) 20,1
4k f=Const, g = +/20,t + 205, h = (a3x + a,) %, Vigy = 92a 0, + ZUZhi(X)a + 5 —(y0, +20,),
8 wherea; #0,0; #0
4l f=Const,g=ta,h=[(a, —2a,)x]" Vigy =10, +x0,,
8 where a, #0, 0, # Za2 and a, # 20,
_20 _ 205
4m f=(at+a) " - 7‘”“:2‘“231 >, g=Const, h = (a;x +20,) = Viy = X0,
3 l
9 where a3 # 2a, # 205,
5a f=Const, g=a;t+ 0y, h = (0,6 + g e~ ) @t%) Vi =20,
a *) a t
. hy h
1 whereg; #0fori=1,...,4 Vis) = — % [+"z ,,
5b f=Const, g=g(x),h=a,t +a,, Vigy = "‘”"Za + fgg;‘“ax
1 where g,(x) #0and a; #0 Vis) = ﬁdx
5¢ f=ft), g=const, h=ax+a, [f(t)dt, Vigy = fﬁgd‘a +x0,,
2 where f,(t) # 0,0, # 05,0, # 0,0, #0 Vis) = m)a Zz J,
1
1+
- — — (oyt+2a,) @ - [ gtndx
5d f=const, g=gx),h == a1+253 s Vigy = t0, + o0 0y,
1 where g,(x) #0,a, #0,a, #— a3 Vis)y = gma
5e f=const,, g=const., h=a,x + a,t, Vigy =10, + x9,
7 where a, #a, and a, # 0, a, # 0. Vis) =—%6[+0X
_m
5f f=const,, g=const., h = (a;t + 2a, ) e, Vigy =10, + x0,,
7 where a, # 0, a; # 203 Visy =0y
5g f=const., g=const, h=a,t +a,, Vigy = 2529, + x9,,
il
7 where a; #0 Visy =0y
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Table 1: (continued).
Metric No./Branch no. Metric coefficients Proper HVF
2a:
5h f=const, g=a,t,h= (a1t)177'3, Vi =10,
7 where a, # 0, a, # 0 and a, # 2a; Visy = 0y
_o _g
5i f=const, g=(a;t+ 2az)1 o, h=(at+ 202)1 Y R Vg =19,
7 where a, # 0, a;, # 203, 0, # 2a, Visy =0y
f (t)dt
5j f=f(t), g=const,h=ax +a,, Vigy = //{m 0, + %OX
9 where f,(t) # 0and g, # 0 Vis) = ﬁat
2a:
Sk f=f(t), g=const, h = (a,x + 2a;) _"73, Vigy = /;f;;dtd, + X0,
9 where a; # 2as, f,(t) #0, Vigy = ﬁat
2a:
51 f=const,, g=const., h = (a;x + 2a,) 7713, Vigy =t0, +x0,,
10 where a, # 0, a, # 20, Visy = 0;
_ _
5m f=(ax+2a, ) e, g=const, h=(a;x+ 202)1 : Vigy =x0,,
10 where a; # 0, 0, # 203, 0, # 20, Vis) =0,
5n f=const, g=const., h=ax + a,, Viay = t0, + 2520,
1
10 where a; # 0 Vis) =0,
_
50 f=1(a, [ g)dx+2a,)" , g = g(x), h = const. Vigy = £ gg;dx 0, + o, +120,,
18 where g,(x) # 0, a, # 2a; and a; # 0. Visy =0,
2a:
5p f=(ax+2a,) " =, g=const, h = const., Vigy = x0y +y0, + 20,,
24 where @, # 203 and a; # 0. Vis) =0,
7a f=Const, g=a;t +ap, h = Al eosx, Vigy = 2529,
2 1
1 wherea,; #0,0, #0,0; #0 Vigy =0, — a3y0, — 0520,
2_ 2 @
Vo) = éat + (Z Zy + Zaéezhax )ay — y20,
2_ 2 a?
Viy = =20+ yed, + (552 = 5 )0,
7b f=Const,g=a;t,h= alt, Vigy =0,
2
7 where a; # 0, and a, # 0. Visy = 0y
Viey = —ﬁ@x +x9,
Vi = —édx + x0,
_
7c f=const,g=h=(ayt+ Zaz)1 o, Vigy =10,,
7 where a, # 203, 0, # 0 Visy ==y, +x0,
Vie) = =20, + X0,
Vi) = 0,
_o
7d f=h=(ax+2a) =, Viy = X0,
10 g = Const., Vg =y0, +1t0,
where a, # 2a; and a; # 0 Viey =20, + 10,
Vi =9,
7e f=ax+a, g=Const, Vigy = 255229,
1
10 h=ax+a,, Vis) = 0;
where a; # 0. Vig =yo; + 10,

Vigy =20, + 10,
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Table 1: (continued).

Metric No./Branch no. Metric coefficients Proper HVF

1a f = Const,, Vigy = "W:’”Z o,
g=a;t+a,, Vigy =0, — a9, — 0,20,

1 h= e, Vie) = €70 = a0
where a, # 0 Vigy = [%(y2 + 22)e%* + e“’”‘]aZ + [ m(y + 22)e%* + %]6)(
anda, #0 —%6},—%@,

2
— yethXy, — _yerr _ % —ax
V(S) yero, (ayt+0,) O aw(a1t+az)e aJ/’

a1 x 2
— sohXpy — _2&" _ 9% —a,X
Vie) = 20, (ayt+0,) 9y o) %y

2 —
Vo) = ;{ax + (1 2a22€ 2 )dy — yz0,

2
Viny = _iax +yz0, + < = Z%e‘z"“)az

11b f = f(t), g = Const., Vigy = £ ;f;;d‘a +x0,
h=ax+a, [f(tdt, Vis) = ﬂt)() [ ftydto, + yo, + 29,
2 where f,(t) # 0 Vi = [ 22 + 75 ]0 = @ 55209, — 250, — 1450,
anda, #0 V(7)=(M)f‘:—;a,+ [MH]@_%@ h:’;i)dz
Ve, m)[ [ fodt + h‘“)]a +y [ fityded, + [ + fﬁ?d)‘]a — y20,
Vioy = 72 [ [ fityt - h‘;;*)]at +2[ fl)ded, + yzd, + [12; - fﬂ?d}f ]al
Vo) = 7450 = Y0, = Way
Viny = ﬁaz - 20, — awh:t,X) 2
e f = Const., Vigy = "“J'”Za +yo, + 20,
16 g=at+a, Vis) = e‘“d - yf:’; d, + ”1‘+”2 e,
h = Const., Vi) = ye ™0, + gi;‘;a + Me “x,
where a, # 0 Viy) = 26%*0, — Z:;a + ""“’2 €%,
Vig) = 2690, + ;"t;"; o+ "w”"z e,
Vo) = €0, = -0,
Viioy = €79, + 1550,
Vi = 0y
1d f=f0), 9= gi), Vigy = L ;fgd‘ 9, + [ g)dx 0, + y9, + 29,
17 h= const., Vis) = m) 9.+ [ f(tydt 9,,
where f.(t) #0 Viey = (r) o, + [ f(tydt 9,
and g,(x) #0 Vg = /%;d’( 0, + /gf((i))dt 0y,
Vig) = —g(x) O+ [ gldx 9,
Vio) = —gm 0, + [ g(x)dx 9,
Vi) = m o,
Von = 55 O
11e f=a; [glx)dx, g = g(x), h= Const,, Vigy = L Zg;dx 0, +yd, + 20,
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Table 1: (continued).
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Metric No./Branch no. Metric coefficients Proper HVF
18 where a; #0and g,(x) # 0 Vi) = “%";'at - ”‘g};f: 0, + f(x)ento,,
Viey = =250, — 22200, + f(x)e™"0,,
Vioy = 22859, — 259, + f(x)e”a,,
Vig) = _a1;e;x:wfat _ 01;(?)(? 0, + fx)e=ta,,
_ efit a,et
Vior = = Foma %+ “gn %
Vo= — &% 5 _ set
(10) = 7 Fgode T g X
Vay = 9,
1"f f=Const.,, g= g(x), h=Const., Vigy =t0; + fg‘T”d*aX +yd, + 20,
18 where g,(x) # 0 Visy=yo, + tay,
Vie) = 20; + t0,,
Viy = [ g(x)dxd, + — g(n Oy,
Viey = = ;0 + /[ 9¥)dx 0,
Vigy=— ma + [ g(x)dx 0,,
V(10) = at
1
V(11) = ﬁax
Mg f = f(t), g = Const. h = Const., Vigy = /;x;d‘d +x0, + yo, + 20,
23 where f,() #0 Vis) = m)a + /[ f(ttyt 9,
Vie) = ﬂt)a + [ f(tydt o,
Vo) = ma + [ f(t)ydt 9,
Vigy = —yox +x0,,
Vigy = =20, + X0,
_ 1
V(10) = mar
Viny = 04
11h f=ax+a,, g=Const, Vigy = "W”"Z 0, +yo, +10,
24 h = Const., Vs am’ S G — yetito, + Wt eanlg),
where g, # 0 o) =~ fore L 5 — yemuita, + ”“X+"Z Hie-t9,
Voy = ‘mxi;z 0 — 20 + eawtal
__ et _ o=yt ax+a, ,—ait
Vig) = —MM 0, —ze~%'o, + —"71 2e~Mlg,

— t
Vigy=— pp d; +e™io,
— —a,t
Vioy = s a +e Mg,

V(11) - at

physically realistic solutions of EFEs. The metric (1.5) has
four diagonal and one off-diagonal non-vanishing compo-
nents of T, given by:

Iy =

1
Too = = gapa 28/l = 20, = 287 i,

+ fzg(h,x)z - Zfzg,xhh,x] s

1
Ty = _7h [ngh,tx -

f:xgh,t - fg,th,x] ’

[ng hh + fg*(h)* — 2f g°hh,
- fs(h,x)z - zfzfthh,x] s

Tpy=Ty= f3 3 [fggh xx fggh,n - fgzhgﬁ + fzf,xxgh
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+ f,tggh,t - fgzg,th,t + f:tgzg,th + fzf,xgh,x
- ng,xh,x - fzfxgxh]

The energy-momentum tensor T, has different struc-
tures for some known matter sources. For instance, if it is
assumed that the matter source for the metric (1.5) is an
anisotropic fluid, then the components of T ;, are found to be
Too = pf* (.0, Ty = pyg*t.0, Ty = Ty = p RN,

(3D

and Ty, = 0, where p is the density and p, and p, are
pressures in two directions. A perfect fluid is obtained when
py = p. = p.Hence, among the classified metrics, those

for which Tj; = 0 suggest anisotropic or perfect fluids. For
all such metrics, p, Py and p, can be calculated as:
Too T;

p= fz(t,X)’ Py =

1 p, = Ty
g2tx) T R tx)

(3.2)

Out of the metrics obtained during the current study, all
the metrics are anisotropic or perfect fluids with Ty; = 0,
except the metrics 4c — 4f and 4i — 4l However, in case
of the metrics 4c — 4f, the condition T,, > 0 is satisfied,
ensuring that these metrics are physically realistic. For all
other metrics, one can find the physical terms p, p, and p,
using Eq. (3.2), which can be subsequently used to check dif-
ferent energy conditions such as strong (SEC), weak (WEC),
null (NEC) and dominant (DEC) energy conditions.

All the components of T, vanish for the metrics pos-
sessing 11-dimensional homothetic algebra, labeled by 11a —
11h. Consequently, the terms p, p; and p, also vanish for all
these metrics and hence all the energy conditions are iden-
tically satisfied. Each of these metrics represents a vacuum

solution of the EFEs. The metrics 5b and 5¢ give anisotropic
2

. = _ —

@ py = —p and p;, = 0, that
satisfy all energy conditions. The metric 7b represents a per-
fect fluid solution with energy density p = % and pressure

solutions with p =

py=pr.= —tlz. Like the previous two metrics, this metric
also satisfies all the energy conditions.

Some of the derived metrics satisfy certain energy con-
ditions if we further restrict the parameters in the met-
ric coefficients. For example, the metrics 5¢ and 5e are
anisotropic solutions with p = —p, = E(—t[f) and p, = 0.
These models satisfy all energy conditions provided that

@ — a > 0. Similarly, the metric 7b gives a perfect fluid
3(a-a)
(a,t+a,)?
energy conditions if a* — a > 0. For metrics 50 and 5p, both

: ; : _ 2a;(2a;—a,)
pand p, vanish, while p, isfoundtobe p, = 1@ [ g0 26,
_ 2a3(2a3—a,)

and p, = ot 20, respectively. If a;(2a; — a;) > 0, all
energy conditions are satisfied for these two anisotropic
fluid solutions. In Table 2, we give the details of energy
conditions for some other metrics.

solution with p = and py=p, = —§, satisfying all
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4 Physical interpretation and
connection to known models

The classified metrics of the current study include many
physically and geometrically important solutions of the field
equations. For example, the metric labeled by 4a in Table 1
possesses a separable dependence on t and x in the trans-
verse scale factor h(t, x). This metric resembles with the
generalized Bianchi type I spacetimes with spatial inho-
mogeneity and anisotropic expansion. Similarly, the metric
4c admitting a 4-dimensional homothetic algebra exhibits
generalized Kasner-like behavior in a non-comoving frame,
similar to self-similar anisotropic cosmologies. The met-
ric 4d, exhibiting an exponential evolution in the trans-
verse directions is consistent with models that describe
anisotropic inflation. With a square-root spatial character
and a power-law time dependence, the metric 4f suggests
connections to radiative or wave-like solutions. The moetric
4h, that involves a logarithmic coupling of space and time
is structurally comparable to spacetimes occurring in the
scalar field dynamics and colliding plane wave models.

Out of the metrics possessing five homothetic symme-
tries, the first metric labeled by 5a, includes a linear time
scaling and the exponential spatial modulation, that are
the features of the inhomogeneous generalized Szekeres-
type models. The metric 5e¢ has a linear mixing of time
and space in the transverse direction and it captures direc-
tional anisotropy and evolving shear. The metric 5f involves
power-law time dependent scale factor and it resembles
the simplified anisotropic Bianchi type models. The met-
ric 5¢ has spatial uniformity and linear time evolution
in one direction and it corresponds to the plane symmet-
ric analogues of locally rotationally symmetric Bianchi I
spacetimes.

Among the metrics with seven homothetic symme-
tries, the metric labeled by 7a involves an exponential spa-
tial dependence and its homothetic generators involve the
transverse coordinates. It resembles generalized Szekeres-
type geometries. The metric 7b exhibits uniform expan-
sion in all directions, reflecting Milne-like or stiff fluid cos-
mologies. The metric 7¢ exhibits the same time dependency
in both the spatial and transverse parts, it is therefore
consistent with Kasner-type anisotropic models under self-
similarity. The temporal and transverse scale factors of the
metric 7d are spatially dependent, making it consistent with
colliding plane wave geometries. Finally, the metric 7e is
entirely a static metric with linear spatial inhomogeneity
and it offers a symmetric vacuum configuration suitable for
modeling non-evolving systems.
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Table 2: Energy conditions.
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Metric no. Physical terms Energy conditions
54 p = lata)l WEC, NEC and SEC are satisfied if
(ayt+a,
a5(a; +a3) <0and a,(a; +a3) >0
py = —% DEC is satisfied if a5(a; + a5) <0,
p, = —alots) a,(a; + a3) > 0 and (g, + a5)(a; + 2a5) > 0
(a,t+a,)
5f p= a2l WEC, NEC and SEC are satisfied if a(a; — 2a5) > 0
(ayt42a,)
and a;(a; — 2a5) >0
py = _% DEC is satisfied if a5(a; — 2a3) > 0, a,(a; — 2a5) > 0
(a; — 205)(a, — 4a3) >0
__ 2a5(ay—2a5)
Pr= (‘;tlzazé
5k, 51 p= —% WEC is satisfied if (¢, — 2a3)(a; — 6a3) > 0, a5(a; — 203) > 0
(a, — 2a5)(4a; — a;) >0
_ (oy—2a3) icfind i
Py = (ajx+2032)2 NEC and SEC are satisfied if a3(a; — 2a5) > 0
and (a; — 205)(4a; —a;) >0
p, = _% DEC is satisfied if a3(0; — 203) > 0
(0 — 203)(4a; — a;) > 0 and (a; — 205)(8a; — a;) > 0
: _ a? . .
5j, 5n p= _(01X+102)2 An un-physical model with p < 0 and
py=-p satisfying none of the energy conditions
pL=0
3(a,—2a;)* . e .
7c p= (f:;+zgz>)2 WEC and NEC satisfied if a;(a; — 2a5) > 0
=2 —6i . . .
py=pL= _%W SEC is satisfied ifa;(a; — 2a5) > 0
and as(a; — 2a3) > 0
DEC is satisfied ifa;(a; — 2a3) > 0
and (a, — 3a3)(a; — 2a5) >0
Te p=— o WEC and DEC are failed, while NEC and
(ax+a,
—_— 3”2 . .
py = m SEC are satisfied
pPL=-p

Out of the maximally symmetric metrics possessing 11
HVFs, the metric 11a involves exponential spatial depen-
dence and its energy-momentum tensor vanishes. This met-
ric resembles Robinson-Trautman type or plane wave solu-
tions. The metric 110 combines spatially changing trans-
verse scales with integrated time behavior and it is related
to scalar field or wave-like cosmologies under self-similarity.
The exponential symmetry generators acting on transverse
directions for the metric 11c shows that this metric is suit-
able to model shear-free, plane symmetric vacuum fields.
The metric 11g is homogeneous and purely dependent on
time, it is consistent with the Milne limit of flat FLRW cos-
mologies. Lastly, the metric 11h is a spatially homogeneous

and static metric, representing a symmetric configuration
that is relevant for static interior solutions.

To provide a clearer overview, we provide schematic
flow charts in Figures 2 and 3 to illustrate how our derived
metrics correspond to vacuum, and perfect and anisotropic
fluid configurations and how these metrics connect to some
well known models in the literature.

Collectively, our derived results show that the obtained
homothetic symmetries enrich the collection of known sym-
metries for plane symmetric non-static spacetimes and yield
new possibilities for finding the exact solutions of EFEs. The
derived models may also have applications in many current
research areas in relativistic cosmology and gravitation. In
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e

4a - Generalized Bianchi I (anisotroplc))

[40 — Kasner-like (anisotropic cosmology])

4d ~ Anisotropic inflationary model

Metrics with 4 HVFs

4f — Radiative / wave-like solution

Qh ~ Scalar field / Colliding plane wave typej

5a — Szekeres-type (anisotropic)

(51) - Anisotropic (p=al?/(alt+a2)?, pll=-p, pL:O])

Homothetic Symmetry Derived Metrics
(4 & 5 HVFs)

(50 ~ Anisotropic (conditionally physical)]

Gd ~ Anisotropic (parameter restrictionsD

(59 ~ Anisotropic (conditionally physlcal)}

Metrics with 5 HVFs

5f - Anisotropic (restrictions applyU

(59 — LRS Bianchi I analogue (amsotropic))

[51( ~ Anisotropic (restrictions applyD

51 — Anisotropic (restrictions apply))

(50 ~ Anisotropic (p=0, p.L#0, cond. physical)

[51: ~ Anisotropic (p=0, pL#0, cond. physical))

Figure 2: Schematic flow chart for metrics with 4 and 5 HVFs.

(75‘ ~ Generalized Szekeres-type (amsotroplc))

7b = Perfect fluid (p=3/t?, p=-1/t*)

(7c — Kasner-type anisotropic (restrictlons))

Metrics with 7 HVFs

(w ~ Colliding plane wave type (amsotroplc)}

Homothetic Symmetry Derived Metric:
(7 & 11 HVFs)

)

7e — Static symmetric vacuum

11a = Vacuum solution

11b — Vacuum solution

11c — Vacuum solution

/

11d = Vacuum solution

Metrics with 11 HVFs
(Maximally Symmetric)

\

11e = Vacuum solution
11f = Vacuum solution

(Ug — Vacuum solution (Milne-like FLRW limlt))

(llh — Vacuum solution (static inlerior])

Figure 3: Schematic flow chart for metrics with 7 and 11 HVFs.

anisotropic cosmological models, the spacetimes with pla-

nar symmetry provide important geometries for studying
anisotropy and inhomogeneity, that play a pivotal role in
Bianchi-type universes and in explaining possible devia-
tions from isotropy in the cosmic microwave background.

These solutions may further serve as toy models for the
early universe, where anisotropic effects could have influ-
enced pre-inflationary or inflationary dynamics. Moreover,
non-static plane symmetric models are relevant in the study
of gravitational collapse and black hole interiors, where
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anisotropic pressures and imperfect fluids naturally arise.
In this way, the homothetic symmetries obtained in the
present study may contribute to understanding self-similar
structures that appear both in cosmology and in compact
object models.

Anisotropic solutions of EFEs are of significant astro-
physical importance. In compact stars, anisotropy can
appear due to very high densities, phase transitions, super-
fluid states, or the presence of electromagnetic fields. Such
anisotropic pressures influence the stability, mass-radius
relation, and surface redshift of stellar configurations, mak-
ing them more realistic than isotropic models. Beyond stel-
lar interiors, anisotropic fluids are also relevant in exotic
matter scenarios, including dark energy models and non-
standard cosmological fluids. Therefore, the anisotropic
plane symmetric solutions obtained in this work may pro-
vide useful toy models to explore situations where local
anisotropy plays a fundamental role in the gravitational
dynamics.

5 Conclusions

In this paper, we have explored how symmetries in space-
times, particularly HVFs, can help us to solve the Einstein’s
complex field equations more easily. These symmetries act
like scaling rules that preserve the structure of spacetime
while allowing it to evolve, making them a powerful tool for
studying dynamic gravitational systems.

Using an advanced computational method, the Rif tree
approach, we have classified a variety of exact solutions for
non-static plane-symmetric spacetimes with 4-, 5-, 7-, and
11-dimensional homothetic algebras. Some of the obtained
solutions describe universes filled with matter or radia-
tion, while others represent vacuum regions. In addition,
we have explored the physical and geometrical significance
of many of the derived metrics by comparing their struc-
ture with some known solutions of EFEs. Several metrics
were identified as generalized versions of Kasner, Szek-
eres, Bianchi type I, Milne-type, and Robinson-Trautman
spacetimes. These results contribute new exact solutions
and deepen the understanding of homothetic symmetry in
modeling anisotropic, inhomogeneous, and self-similar cos-
mological geometries.
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