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Abstract: This article aims to introduce a new three-para-
meter lifetime distribution called sine power Burr X (SPB-X) dis-
tribution. The proposed distribution is obtained by the sine-G
class of distributions and the power Burr X distribution.
Various properties of the proposed distribution, including explicit
expressions for the quantile function, Bowley skewness, Moors
kurtosis, ordinarymoments, generating function, incomplete and
conditional moments, and some numerical and graphical illus-
trations, are provided. Some various significant reliabilitymetrics
for the SPB-X model, including common reliability functions,
mean residual life function, mean waiting time function, resi-
dual moment, and reversed residual life. Several essential
risk measures for the SPB-X distribution. These risk measures
include the value at risk, the expected shortfall, the tail value
at risk, the tail variance, and the tail variance premium. Four
estimation methods were employed to estimate the model’s
parameters such as maximum likelihood, least squares, max-
imum product spacing, and Bayesian. A simulation study is
conducted to assess the performance of the estimation
methods. Finally, five real data are considered to analyze
the usefulness and flexibility of the proposed model.

Keywords: sine G family, power Burr-X distribution, actuarial
measures, maximum likelihood estimation, Bayesian

1 Introduction

Recent years in the field of applied sciences have been
characterized by the need and magnitude of data that
require analysis. Recently, most statisticians have focused
on developing new families that are a generalization of
existing distributions to obtain a better fit for data mod-
eling. These families of distributions are derived by com-
pounding multiple distributions or incorporating addi-
tional parameters into the baseline model. Recent
research has focused on the generation of families of dis-
tributions by authors. The beta-G family [1], Kumaras-
wamy-G [2], T-X family [3], Type II half logistic-G [4], and
Topp-Leone odd Fréchet-G [5] are included in this classifi-
cation. The families described by trigonometric transfor-
mations have garnered significant interest due to their
applicability and effectiveness in various contexts. These
families offer versatility and flexibility as the parameters
fluctuate with changes in their values, while the periodic
function governs the behavior of the distribution curve.
The combination of diverse functions exhibiting distinct
behaviors enhances the modeling of real-world phe-
nomena, addressing the limitations of previously estab-
lished generalized statistical distributions. The sine-G
family of distributions, introduced in 2015, is recognized
as the pioneering trigonometric family of distributions.

Another method of creating new life distributions by
modifying trigonometric functions to produce new statis-
tical distributions was introduced by Kumar et al. [6]. This
generated family is called the sine G family and has the
following cumulative distribution function (cdf) and prob-
ability density function (pdf) as follows:
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⎞
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respectively, where ( )G x ζ, and ( )g x ζ; represent the cdf and
pdf of the parent distribution, which has the parameter
vector symbolized by ζ . This family offers several advantages,
including the following. (1) It is simple. (2) The two cdfs ( )F x

and ( )G x have the same number of parameters; there are no
additional parameters, avoiding the problem of excessive
parameterization. (3) The trigonometric function allows

( )F x to extend the flexibility of ( )G x , resulting in new flexible
models. Among the trigonometric families of distributions, a
few of them, including Cos-G [7], sine Kumaraswamy-G [8],
sine Topp-Leone-G [9], and Tan-G [10], arcsine exponentiated-
X family [11], among others.

The Burr type X (B-X) distribution was first presented
and examined by Burr [12]. The B-X distribution has wide-
spread use in dependability research, agriculture, biology,
and medicine. In addition, it can accurately depict mechan-
ical strength data and overall lifespan statistics. Several
researchers have examined the B-X distribution, starting
with [13], which explored several features of the two-para-
meter B-X distribution and their relationship with other
distributions. The beta B-X was examined by Surles and
Padgett [14]. Algarni et al. [15] proposed the family of dis-
tributions formed by type I half-logistic B-X, whereas Abo-
nongo et al. [16] discussed cosine Fréchet loss distribution,
whereas Bantan et al. [17] presented the family of distribu-
tions generated by the truncated B-X. Suleiman et al. [18]
studied new odd beta prime-B-X distribution, new trun-
cated Zubair-generalized family studied by Soliman et al.
[19] transmuted B-X distribution studied by Khan et al. [20],
Topp-Leone Weibull generated family studied by Elbatal
et al. [21] odd Burr-B-X distribution studied by Butt and
Khalil [23], odd log-logistic B-X distribution studied by
Usman et al. [24], type I half-logistic B-X distribution pro-
posed by Shrahili et al. [25], Marshall-Olkin exponentiated
B-X distribution investigated by Abdullah et al. [26], expo-
nentiated generalized B-X distribution introduced by Kha-
leel et al. [27], beta Kumaraswamy B-X distribution pre-
sented by Madaki et al. [28], Weibull B-X distribution
studied by Ishaq et al. [29], Marshall-Olkin extended B-X
distribution investigated by Al-Saiari et al. [30], gamma B-X
distribution introduced by Khaleel et al. [31], beta B-X
distribution discussed by Merovci et al. [32], and Kavya-
Manoharan-B-X distribution studied by Hassan et al. [33].
The cdf and pdf of the B-X distribution are provided via

( ) [ ]( )= − >−G x θ α e x; , 1 , 0
θx α

2

and

( ) [ ]( ) ( )= −− − −g x θ α αθ xe e; , 2 1 ,
θx θx α2 1

2 2

where >α 0 and >θ 0 are the shape and scale parameters,
respectively. By including a new parameter, the power
transformation of a random variable can provide a more
adaptable distribution model. The power B-X (PB-X) distri-
bution was constructed in Ref. [22], with an additional
shape parameter λ depending on the transformation pro-
cedure. The cdf and pdf of the PB-X distribution are pro-
vided and presented by

( ) [ ]( )= − >−G x θ λ α e x; , , 1 , 0
θx α

λ 2 (3)

and

( ) [ ]( ) ( )= −− − − −g x θ λ α αλθ x e e; , , 2 1 .
λ θx θx α2 2 1 1

λ λ2 2 (4)

Often, the PB-X distribution is not flexible enough to repre-
sent a variety of lifetime data well. To address this limita-
tion, we propose a novel extension of the PB-X distribution.
Inspired by the sine-G family, the new suggested distribu-
tion is called the sine PB-X (SPB-X) distribution, and it has
the same number of parameters as for the PB-X distribu-
tion. In this study, the following objectives will be the main
focus:
1) Create a flexible distribution that can represent ft-

skewed, right-skewed, decreased, unimodal, heavy-
tailed, and closely to symmetric can be seen in its pdf.
A variety of shapes, such as increasing, J-shaped, and
decreasing patterns, can be seen in its hrf.

2) Compute some important statistical properties of the
suggested distribution, including its quantile function
(QF), Bowley skewness, Moors kurtosis, ordinary
moments, generating function, incomplete and condi-
tional moments, and some numerical and graphical
illustrations.

3) Some significant reliability metrics are calculated for
the SPB-X model, including common reliability func-
tions, mean residual life function, mean waiting time
function, residual moment, and reversed residual life.

4) Several essential risk measures include the value at
risk, the expected shortfall (ES), the tail value at risk
(TVaR), the tail variance (TV), and the tail variance pre-
mium (TVP).

5) Estimate the unknown parameters of the SPB-X distri-
bution using four estimation methods, including
maximum likelihood, least squares, maximum product
spacing (MPS), and Bayesian. To evaluate the efficacy of
these estimators in varying scenarios, perform a
detailed simulation study.

6) As a result of its adaptability, the SPB-X distribution
appears to be a good contender for modeling five data-
sets taken from the real world in contrast to other alter-
natives that are currently available. To illustrate its

2  Ibrahim Elbatal et al.



superiority, this present article examines a variety of
modern statistical models, such as the PB-X, shifting
exponential Weibull exponential (SEWHE), Weibull,
gamma, exponentiated Weibull, sine exponentiated
Weibull exponential (SEWE) and Burr III (BIII)
distributions.

In this study, an idea for an extension of the PB-X
model is presented. The sine-G family serves as a frame-
work for its construction, and the distribution is referred
to as the sine power Burr X (SPB-X) distribution. The sub-
sequent sections of this work are structured as follows. In
Section 2, we present the SPB-X distribution and give visual
representations of its density function. Section 3 examines
the many statistical and mathematical features. Multiple
reliability metrics are established in Section 4. Some theo-
retical and numerical actuarial measures are discussed in
Section 5. Several different methods of estimation for the
unknown parameters are derived in Section 6. A compre-
hensive Monte Carlo simulation investigation is conducted
in Section 7. The utility of the SPB-X distribution is shown
through the analysis of five actual datasets in Section 8.
Ultimately, the conclusions are presented in Section 9.

2 Construction of the SPB-X model

In this article, we combine the sine G family and the PB-X
distribution by inserting (3) in (1) to obtain the cdf of the
SPB-X distribution as follows:

( ) [ ]( )= ⎛
⎝ − ⎞

⎠-
−F x θ λ α

π
e; , , sin

2
1 ,

θx α
SPB X

λ 2 (5)

where > >x θ λ α0, , , 0. The corresponding pdf of the SPB-
X distribution can be constructed by inserting (3) and (4)
into (2) as follows:
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Figure 1 illustrates some pdf curves for the SPB-X dis-
tribution at =θ 0.5 (left panel) and =θ 1.5 (right panel) and
for different numerical values of α and λ. From Figure 1,
we can note that the pdf for the SPB-X distribution can be
left-skewed, right-skewed, decreased, unimodal, and clo-
sely symmetric shapes.

To obtain the explicit expression of the distribution,
we use the generalized binomial theorem and the Taylor
series expansion of the cosine function,
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and

( ) ( )∑− = − ⎛
⎝

− ⎞
⎠

−

=

∞

z
b

i
z1 1

1
.

b

i

i i1

0

(8)

By using (7) and (8), we have
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Figure 1: Plots of the pdf for the SPB-X distribution at =θ 0.5 (left panel) and =θ 1.5 (right panel).
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One possible way to express the expansion of pdf in Eq. (6)
is as follows:

( ) ( ) ( )( )∑=-
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3 Statistical and mathematical
properties of SPB-X model

Several significant statistical and mathematical metrics for
the SPB-X model are presented in this section.

3.1 Quantile function

There are several uses for the QF, including statistical
applications, Monte Carlo techniques, and theoretical
parts. The QF algorithm is used in Monte Carlo simulations
to generate simulated random variables for classical and
novel continuous distributions. It is possible to derive the
pth QF of the SPB-X distribution by inverting the Eq. (5) as
follows:
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Bowley skewness, which was defined in [34], is considered
one of the early skewness measurements that was
offered as

=

⎛
⎝
⎞
⎠ +

⎛
⎝
⎞
⎠ −

⎛
⎝
⎞
⎠

⎛
⎝
⎞
⎠ −

⎛
⎝
⎞
⎠

Q Q Q

Q Q

SK

2

.

3

4

1

4

1

2

3

4

1

4

As an alternative, Moors kurtosis [35], which is derived
from quantiles, is presented by the following equation:
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where ( )⋅Q represents the QF.

Table 1 displays the values of ⎛
⎝
⎞
⎠Q

1

4
, ⎛

⎝
⎞
⎠Q

1

2
, and ⎛

⎝
⎞
⎠Q

3

4
,

which represent the first, second (median), and third per-
centiles, respectively, offering valuable information on the
distribution characteristics of the SPB-X model. The skew-
ness (SK) coefficient quantifies the asymmetry of the dis-
tribution, while the kurtosis (KU) coefficient describes its
peakedness relative to a normal distribution. These mea-
sures are provided for different values of the shape

Table 1: Results of ⎛
⎝
⎞
⎠Q

1

4
, ⎛

⎝
⎞
⎠Q

1

2
, ⎛

⎝
⎞
⎠Q

3

4
, SK, and KU associated with the SPB-X

distribution when =θ 1.5

λ α ⎛
⎝
⎞
⎠Q

1

4

⎛
⎝
⎞
⎠Q

1

2

⎛
⎝
⎞
⎠Q

3

4

SK KU

0.5 1.5 0.1559 0.2913 0.4835 0.1733 1.2573
1.8 0.2000 0.3482 0.5502 0.1537 1.2532
2.0 0.2278 0.3828 0.5899 0.1441 1.2517
2.2 0.2544 0.4150 0.6263 0.1363 1.2507
2.4 0.2797 0.4451 0.6600 0.1300 1.2504
2.6 0.3038 0.4734 0.6914 0.1246 1.2498
2.8 0.3268 0.5002 0.7207 0.1198 1.2497
3.0 0.3489 0.5254 0.7482 0.1160 1.2497
3.2 0.3699 0.5492 0.7741 0.1126 1.2496
3.4 0.3901 0.5720 0.7987 0.1096 1.2496
3.6 0.4094 0.5936 0.8219 0.1069 1.2497
3.8 0.4280 0.6142 0.8440 0.1045 1.2497
4.0 0.4459 0.6340 0.8650 0.1024 1.2498

1.6 1.5 0.5594 0.6801 0.7968 −0.0171 1.2289
1.8 0.6047 0.7191 0.8297 −0.0172 1.2325
2.0 0.6299 0.7407 0.8479 −0.0168 1.2340
2.2 0.6520 0.7597 0.8640 −0.0165 1.2355
2.4 0.6716 0.7765 0.8782 −0.0157 1.2364
2.6 0.6891 0.7916 0.8911 −0.0151 1.2373
2.8 0.7051 0.8053 0.9027 −0.0142 1.2380
3.0 0.7196 0.8178 0.9133 −0.0140 1.2383
3.2 0.7329 0.8293 0.9231 −0.0132 1.2391
3.4 0.7451 0.8398 0.9321 −0.0126 1.2391
3.6 0.7565 0.8496 0.9406 −0.0117 1.2393
3.8 0.7670 0.8587 0.9484 −0.0112 1.2395
4.0 0.7769 0.8673 0.9557 −0.0107 1.2399

2.5 1.5 0.6895 0.7814 0.8647 −0.0488 1.2418
1.8 0.7248 0.8098 0.8874 −0.0454 1.2429
2.0 0.7439 0.8252 0.8998 −0.0434 1.2437
2.2 0.7605 0.8387 0.9107 −0.0415 1.2442
2.4 0.7751 0.8505 0.9203 −0.0398 1.2442
2.6 0.7880 0.8611 0.9288 −0.0382 1.2443
2.8 0.7996 0.8706 0.9366 −0.0365 1.2446
3.0 0.8101 0.8792 0.9436 −0.0353 1.2442
3.2 0.8196 0.8871 0.9501 −0.0338 1.2444
3.4 0.8284 0.8943 0.9560 −0.0327 1.2451
3.6 0.8364 0.9009 0.9615 −0.0309 1.2441
3.8 0.8439 0.9071 0.9667 −0.0302 1.2438
4.0 0.8508 0.9129 0.9714 −0.0291 1.2441
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parameters λ andα, withθ fixed at 1.5. Table 1 illustrates how
variations in α and λ influence the distribution. Increasing
these parameters results in a broader data spread, as
reflected in higher percentile values. The skewness and kur-
tosis values highlight the model’s flexibility in capturing dif-
ferent distributional shapes, making it adaptable to diverse
real-world applications. These findings suggest that by
adjusting λ and α, the SPB-X distribution can be tailored to
exhibit varying degrees of skewness and symmetry,
depending on the specific requirements of the dataset.

3.2 Moments and generating functions

The rth moment of the SPB-X model is calculated as
follows:

( ) ( ) ( )( )∫ ∫∑′ = =
∞

=

∞ ∞
+ − − +μ x f x x αλθ φ x e xd 2 d .
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2
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2 1 1
λ 2

By letting ( )( )= +y j θx1
λ 2, after some algebra, the rth

moment is provided via
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The moment generating function of the SPB-X distribution
may be defined as follows:
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Table 2 presents the numerical values of the first four
moments ( ′μ

1
, ′μ

2
, ′μ

3
, and ′μ

4
), along with variance (σ 2),

standard deviation (σ ), skewness (SK), kurtosis (KU), and
coefficient of variation (CV) for the SPB-X distribution
when =θ 1.5. Table 2 illustrates the effect of varying the
shape parameters λ and α on the distribution characteris-
tics. As α increases for a fixed λ, both the mean and
variance increase, indicating a wider spread of the distri-
bution. SK values reveal how the distribution deviates
from symmetry, transitioning between positive and nega-
tive values, demonstrating the model’s ability to represent
different distribution shapes, symmetric or skewed to the
left or right.

Furthermore, the values of KU indicate the degree of
peakness in the distribution. Higher values correspond to a
leptokurtic distribution (more peaked), whereas lower
values suggest a platykurtic distribution (flatter). CV
reflects the relative dispersion of the data around the
mean, with lower values indicating greater homogeneity
and higher values suggesting greater variability.

In general, these results highlight the flexibility of the
SPB-X distribution and its ability to be customized for dif-
ferent applications by adjusting the shape parameters λ

and α to fit the characteristics of the data under analysis.
Figure 2 shows 3D plots of the moments measurements for
the SPB-X distribution at =θ 2.5.

3.3 Incomplete moments

The sth incomplete moment of the SPB-X distribution is
given by
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where ( ) ∫= − −γ s t x e x, d
t

s x

0

1 is the lower incomplete gamma
function.

3.4 Conditional moments

For the SPB-X model, the conditional moments defined by
( ∣ )>E X X ts . It can be written as follows:
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and ( ) ∫=
∞ − −s t x e xΓ , d
t

s x1 is the upper incomplete gamma
function.

4 Reliability measures

In this section, we suggested various significant reliability
metrics for the SPB-X model, including common reliability
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functions, mean residual life function, mean waiting time
function, residual moment, and reversed residual life.

4.1 Common reliability functions

The common reliability functions of SPB-X distribution are
survival, hazard rate function (hrf), and reversed hrf,
where the survival or reliability function is given by

( ) [ ]( )= − ⎛
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⎠
−F x

π
e1 sin

2
1 .
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λ 2

The hrf is provided via
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and reversed hrf is provided via

Table 2: Numerical outcomes for the first four moments, σ 2, σ , SK, KU, and CV for the SPB-X distribution when =θ 1.5

λ α μ ′
1

μ ′
2

μ ′
3

μ ′
4 σ 2 σ SK KU CV

0.5 1.5 0.3538 0.1973 0.1494 0.1432 0.0721 0.2685 1.4774 6.3418 0.7590
1.8 0.4080 0.2462 0.1958 0.1939 0.0797 0.2823 1.3496 5.8230 0.6919
2.0 0.4410 0.2784 0.2280 0.2301 0.0839 0.2897 1.2846 5.5792 0.6568
2.2 0.4719 0.3102 0.2609 0.2681 0.0876 0.2959 1.2308 5.3877 0.6272
2.4 0.5008 0.3416 0.2944 0.3077 0.0908 0.3013 1.1855 5.2339 0.6018
2.6 0.5280 0.3724 0.3284 0.3486 0.0937 0.3061 1.1469 5.1080 0.5797
2.8 0.5536 0.4027 0.3628 0.3908 0.0962 0.3102 1.1136 5.0031 0.5603
3.0 0.5779 0.4325 0.3974 0.4342 0.0985 0.3139 1.0845 4.9147 0.5431
3.2 0.6010 0.4618 0.4322 0.4786 0.1006 0.3171 1.0589 4.8391 0.5277
3.4 0.6230 0.4905 0.4672 0.5239 0.1024 0.3201 1.0362 4.7739 0.5138
3.6 0.6439 0.5187 0.5023 0.5701 0.1041 0.3227 1.0160 4.7172 0.5012
3.8 0.6639 0.5465 0.5374 0.6170 0.1057 0.3251 0.9978 4.6673 0.4897
4.0 0.6831 0.5737 0.5726 0.6646 0.1071 0.3273 0.9813 4.6233 0.4791

1.6 1.5 0.6771 0.4888 0.3716 0.2953 0.0302 0.1739 −0.0526 2.8624 0.2568
1.8 0.7161 0.5402 0.4259 0.3488 0.0275 0.1658 −0.0674 2.9135 0.2315
2.0 0.7377 0.5702 0.4587 0.3821 0.0260 0.1611 −0.0715 2.9387 0.2184
2.2 0.7568 0.5974 0.4892 0.4137 0.0246 0.1570 −0.0726 2.9587 0.2074
2.4 0.7738 0.6223 0.5176 0.4438 0.0235 0.1533 −0.0719 2.9748 0.1981
2.6 0.7891 0.6451 0.5443 0.4725 0.0225 0.1499 −0.0700 2.9879 0.1900
2.8 0.8029 0.6663 0.5694 0.4998 0.0216 0.1469 −0.0671 2.9987 0.1830
3.0 0.8156 0.6859 0.5931 0.5261 0.0208 0.1442 −0.0637 3.0077 0.1768
3.2 0.8272 0.7043 0.6156 0.5512 0.0201 0.1417 −0.0599 3.0153 0.1713
3.4 0.8379 0.7215 0.6369 0.5753 0.0194 0.1394 −0.0559 3.0218 0.1663
3.6 0.8478 0.7376 0.6572 0.5985 0.0188 0.1372 −0.0532 3.0391 0.1619
3.8 0.8571 0.7529 0.6765 0.6209 0.0183 0.1352 −0.0475 3.0322 0.1578
4.0 0.8657 0.7673 0.6950 0.6424 0.0178 0.1334 −0.0432 3.0364 0.1541

2.5 1.5 0.7728 0.6145 0.5007 0.4168 0.0172 0.1310 −0.3461 3.1244 0.1695
1.8 0.8023 0.6585 0.5516 0.4705 0.0149 0.1220 −0.3347 3.1557 0.1520
2.0 0.8184 0.6834 0.5812 0.5025 0.0137 0.1171 −0.3245 3.1657 0.1431
2.2 0.8323 0.7055 0.6080 0.5319 0.0127 0.1128 −0.3135 3.1704 0.1356
2.4 0.8446 0.7253 0.6324 0.5591 0.0119 0.1092 −0.3021 3.1719 0.1292
2.6 0.8556 0.7433 0.6548 0.5844 0.0112 0.1059 −0.2908 3.1712 0.1238
2.8 0.8655 0.7597 0.6755 0.6081 0.0106 0.1030 −0.2797 3.1691 0.1191
3.0 0.8744 0.7747 0.6948 0.6303 0.0101 0.1005 −0.2690 3.1663 0.1149
3.2 0.8826 0.7885 0.7127 0.6511 0.0096 0.0981 −0.2586 3.1630 0.1112
3.4 0.8900 0.8014 0.7295 0.6708 0.0092 0.0960 −0.2486 3.1594 0.1079
3.6 0.8969 0.8134 0.7452 0.6895 0.0089 0.0941 −0.2391 3.1557 0.1049
3.8 0.9033 0.8246 0.7601 0.7072 0.0085 0.0923 −0.2300 3.1520 0.1022
4.0 0.9093 0.8351 0.7741 0.7241 0.0082 0.0907 −0.2212 3.1484 0.0997
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Figure 2: 3D plots of the moments measurements for the SPB-X distribution at =θ 2.5.
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Figure 3 illustrates some hrf curves for the SPB-X dis-
tribution at =θ 0.5 (left panel) and =θ 1.5 (right panel) and
for different numerical values of α and λ. From Figure 3,
we can note that the hrf for the SPB-X distribution can be
decreased, increased, and J-shaped.

4.2 Mean residual life function

To characterize lifespan distributions, the mean residual
life (MRL) function is of critical significance in the fields of
dependability, survival analysis, actuarial sciences, eco-
nomics, and social sciences. In addition, it is an essential
component in the repair and replacement methods and
provides a comprehensive summary of the residual life
function. The MRL function may be derived for the SPB-X
distribution from the following:
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4.3 Mean inactivity time function

Given that ⩽T ti , the mean waiting time indicates the
meantime that has passed since the Ti hazard. This is also
known as the mean past lifetime (MPL). The random vari-
able of interest in this case is ( ∣ )− ≤t T T ti i , where
=i n1, 2,…, . Given that Ti failed before t, this conditional

random variable displays the time that has passed since
the hazard. The average previous lifespan is provided by

( ) ( ∣ )
( )

( )

( )

( ( )( ) )

( )

( )

∫

∑

= − ≤ = −

= −
+ +

+=

∞

+

υ t E t X X t t
F t

xf x x

t
α

F t θ

φ

γ j θt

j

1
d

1 , 1

1

.

t

i j

i j
λ

λ

0

, 0

,

1

2

2

1
λ λ

1 1

2

4.4 Moment of residual and reversed
residual lifes

The residual life is the duration beyond t before failure
occurs, specified by the conditional random variable

∣− >X t X t . The nth-order moment of the residual life of
the random variable X is expressed as follows:
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Employing (8) and utilizing the binomial expansion of
( )−x t n in the aforementioned calculation yields

0 1 2 3 4 5

0
1

2
3

4

x

hr
f

0 1 2 3 4 5

0
1

2
3

4

x

hr
f

0 1 2 3 4 5

0
1

2
3

4

x

hr
f

0 1 2 3 4 5

0
1

2
3

4

x

hr
f

0 1 2 3 4 5

0
1

2
3

4

x

hr
f

0 1 2 3 4 5

0
1

2
3

4

x

hr
f

� � 0.5��� � 0.3
� � 1.0��� � 0.6
� � 1.5��� � 0.9
� � 2.0��� � 1.2
� � 2.5��� � 1.5
� � 3.0��� � 1.3

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0
2

4
6

8
10

x

hr
f

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0
2

4
6

8
10

x

hr
f

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0
2

4
6

8
10

x

hr
f

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0
2

4
6

8
10

x

hr
f

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0
2

4
6

8
10

x

hr
f

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0
2

4
6

8
10

x

hr
f

� � 0.5��� � 0.3
� � 1.0��� � 0.6
� � 1.5��� � 0.9
� � 2.0��� � 1.2
� � 2.5��� � 1.5
� � 3.0��� � 1.3

Figure 3: Plots of the hrf for the SPB-X distribution at =θ 0.5 (left panel) and =θ 1.5 (right panel).
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On the other hand, the rth moment of the reversed resi-
dual life can be obtained by the following formula:
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By utilizing (8) and employing the binomial expansion of
( )−t x r in the aforementioned formula, we obtain
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5 Actuarial measures

In actuarial practice, evaluating risk exposures is essential
for companies. One of the primary goals of actuarial
science institutes is to forecast market risks within a port-
folio of instruments. Consequently, assessing risk measures
is crucial in purchasing and selling products. In this sec-
tion, we will explore many essential risk measures for the
SPB-X distribution. These risk measures include the value
at risk (VaR), the ES, the TVaR, the TV, and the TVP [47].

5.1 VaR measure

Risk managers often focus on the likelihood of an unfavor-
able result, which can be quantified using VaR at a certain
probability level. The VaR [36] is used to assess risk expo-
sure, thereby determining the capital required to endure
undesirable outcomes. The VaR of the SPB-X distribution is
specified as follows:
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5.2 ES measure

Another significant financial metric is the ES, first articu-
lated by [37,38]. The ES is a metric that provides superior
justification for trading relative to VaR.

∫=
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q
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for < <q0 1 and VaR q define in Eq. (4.1).

5.3 TVaR measure

The TVaR is a crucial risk metric. When an event
occurs over a set probability threshold, TVaR is used
to assess the expected value of the incurred loss. The
TVaR of the SPB-X distribution is explicitly specified as
follows:
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5.4 TV measure

The TV risk measure, as put up by Landsman [39], is sum-
marized as the variance of the loss distribution above a
certain critical threshold. The TV of the SPB-X distribution
may be characterized as follows:
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2 2 (16)
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5.5 TVP measure

The TVP is another important measure that plays an essen-
tial role in insurance sciences and is the mixture of central
tendency and dispersion statistics. The TVP of SPB-X dis-
tribution takes the following form:

( ) ( )= +x ω xTV P TVaR TV ,q q q (18)

where < <ω0 1.
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Key actuarial metrics, such as VaR, ES, Tail TVaR, TV, and
TVP, are summarized in Table 3 for various combinations of λ

and α at a fixed =θ 1.5. Both VaR and ES increase when the
quantile level (q) increases from 0.650 to 0.995, indicating
higher risks at higher confidence levels. TVaR captures
more risk in the tail by also following this increasing trend.
Meanwhile, TV exhibits constancy in severe loss distributions
and stays constant across circumstances. As q and ω grow,
TVP measurements reveal increasing contributions from the
tail, with =ω 0.9 indicating the largest influence.

6 Estimation methods

6.1 Maximum likelihood estimation (MLE)

The MLEs [45,58] is the most widely used method
of parameter estimation. Let x x x, ,…, n1 2 be a random
sample (RS) of size n from the SPB-X distribution;
then the log-likelihood function without constant term is
given by

Table 3: Actuarial measures for =θ 1.5

λ α q VaR ES TVaR TV TVP

==ω 0.5 ==ω 0.75 ==ω 0.9

0.5 0.5 0.650 0.1008 0.0298 0.2774 0.0375 0.2961 0.3055 0.3112
0.700 0.1241 0.0357 0.3049 0.0385 0.3242 0.3338 0.3395
0.750 0.1531 0.0425 0.3383 0.0395 0.3580 0.3679 0.3738
0.800 0.1904 0.0505 0.3801 0.0405 0.4004 0.4105 0.4166
0.850 0.2408 0.0601 0.4354 0.0417 0.4563 0.4668 0.4730
0.900 0.3154 0.0721 0.5155 0.0432 0.5371 0.5479 0.5544
0.950 0.4498 0.0880 0.6567 0.0450 0.6792 0.6904 0.6972
0.975 0.5903 0.0989 0.8018 0.0463 0.8250 0.8365 0.8435
0.990 0.7821 0.1075 0.9976 0.0474 1.0213 1.0332 1.0403
0.995 0.9302 0.1113 1.1476 0.0481 1.1717 1.1837 1.1909

1.2 0.650 0.3211 0.1485 0.5605 0.0536 0.5873 0.6008 0.6088
0.700 0.3601 0.1622 0.5972 0.0531 0.6238 0.6371 0.6450
0.750 0.4054 0.1768 0.6403 0.0526 0.6666 0.6797 0.6876
0.800 0.4597 0.1928 0.6924 0.0521 0.7185 0.7315 0.7393
0.850 0.5285 0.2104 0.7590 0.0516 0.7848 0.7977 0.8055
0.900 0.6237 0.2305 0.8521 0.0510 0.8776 0.8903 0.8980
0.950 0.7835 0.2550 1.0094 0.0504 1.0346 1.0472 1.0548
0.975 0.9409 0.2703 1.1656 0.0499 1.1906 1.2031 1.2106
0.990 1.1473 0.2818 1.3708 0.0498 1.3957 1.4082 1.4156
0.995 1.3025 0.2865 1.5257 0.0496 1.5505 1.5629 1.5703

1.6 0.5 0.650 0.4882 0.2854 0.6440 0.0146 0.6513 0.6549 0.6571
0.700 0.5210 0.3010 0.6672 0.0133 0.6738 0.6772 0.6792
0.750 0.5564 0.3169 0.6929 0.0120 0.6989 0.7019 0.7037
0.800 0.5956 0.3330 0.7223 0.0107 0.7276 0.7303 0.7319
0.850 0.6409 0.3498 0.7571 0.0093 0.7618 0.7641 0.7655
0.900 0.6973 0.3674 0.8018 0.0078 0.8057 0.8077 0.8089
0.950 0.7791 0.3868 0.8689 0.0060 0.8719 0.8735 0.8744
0.975 0.8482 0.3976 0.9272 0.0050 0.9297 0.9309 0.9317
0.990 0.9261 0.4050 0.9946 0.0042 0.9967 0.9977 0.9983
0.995 0.9776 0.4077 1.0409 0.0028 1.0423 1.0430 1.0434

1.2 0.650 0.7012 0.5220 0.8222 0.0089 0.8266 0.8289 0.8302
0.700 0.7268 0.5357 0.8402 0.0082 0.8443 0.8463 0.8475
0.750 0.7541 0.5493 0.8601 0.0074 0.8638 0.8657 0.8668
0.800 0.7844 0.5631 0.8830 0.0066 0.8863 0.8879 0.8889
0.850 0.8193 0.5771 0.9102 0.0058 0.9131 0.9145 0.9154
0.900 0.8629 0.5917 0.9451 0.0051 0.9476 0.9489 0.9497
0.950 0.9266 0.6075 0.9985 0.0039 1.0004 1.0014 1.0020
0.975 0.9812 0.6163 1.0455 0.0032 1.0471 1.0480 1.0484
0.990 1.0439 0.6222 1.1008 0.0027 1.1022 1.1028 1.1033
0.995 1.0861 0.6245 1.1384 0.0028 1.1398 1.1405 1.1409

10  Ibrahim Elbatal et al.
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To obtain the MLEs of parameters, we differentiate (19)
partially with respect to θ λ, , and α and equating them to
zero, we obtain the following three equations:
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and
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Then the maximum likelihood estimates of the parameters
θ λ, , and α denoted by  θ λ, , and α , respectively, are
obtained by solving the aforementioned three equations
simultaneously.

6.2 Least squares estimators (LSEs)

The LSEs [46,48,49] are key in regression and estimation
analysis, with the aim of minimizing the squared differ-
ences between observed and predicted values. In linear
regression, LSE finds the coefficients that best fit the
data. For a RS ( ) ( ) ( )< <⋯<x x x n1 2 from the SPB-X distribu-
tion, the LSE for α θ, , and λ minimizes an objective

function to achieve the best data fit.More precisely, the
LSE minimizes the following objective function:
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This minimization aims to identify the optimal values
of α θ, , and λ, yielding estimates that align the empirical
cumulative distribution function with the theoretical one
based on the ordered sample, resulting in the best possible
fit to the data.

6.3 MPS

MPS estimators are vital in statistical inference, offering
efficient parameter estimates for probability distributions,
especially useful in survival analysis and reliability mod-
eling with censored data. In survival analysis, where not all
failure times in a sample are fully observed, MPS estima-
tors effectively manage such censoring. The method
involves MPS between observed failure times to estimate
distribution parameters. These estimators are recognized
for their robustness against outliers and their strong per-
formance across various distributional assumptions. MPS
estimators are widely used in different fields. Further dis-
cussions on MPS can be found in papers by previous stu-
dies [43,44, 50,51].

The MPS estimators for θ and λ are derived by mini-
mizing the following expression:

( ) ( )= − = +−D F x θ λ α F x θ λ α i n; , , ; , , ; 1,…, 1,i i i 1

where ∑ =D 1i , then the natural logarithm of product spa-
cing function of SPB-X distribution is
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6.4 Bayesian estimation

In this subsection, we utilize the Bayesian estimation
method to estimate the unknown parameters of the SPB-
X distribution. The core concept of the Bayesian approach
is that the model’s parameters are treated as random vari-
ables with a predefined distribution, known as the prior
distribution. When prior knowledge is available, selecting
an appropriate prior is essential. We choose the gamma
conjugate prior for the parameters due to several reasons,
such as its flexibility, noninformative nature, and the
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simplicity, it offers in analytical or computational updates
to the posterior. In addition, its positive domain makes it
well suited for modeling parameters. We implement the
Bayesian inference method to estimate the unknown para-
meters ( )= θ λ αΘ , , . We assume independent gamma
priors for θ, λ, and α. Specifically, θ, λ, and α follow a
Gamma distribution ( )c dΓ ,i i , where ci and di are positive
hyperparameters for =i 1, 2, 3.

The estimates have been derived using the square
error loss function. Therefore, the joint prior density of
the independent parameters is expressed as follows:

( ) ( ) ( ) ( )=π π θ π λ π αΘ

and

( ) = − − − − − −π θ e λ e α eΘ ,
c d θ c d λ c d α1 1 11 1 2 2 3 3 (23)

where > > >θ λ α0, 0, 0. The joint posterior for the para-
meters can be obtained by incorporating the observed cen-
sored samples along with the prior distributions of these
parameters, as shown below:
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(24)

Table 4: RAB, RMSE, and ranked of estimation methods for parameters of SPB-X distribution

== ==θ λ0.5, 0.75 MLE LS MPS Bayeaisan

α n RAB RMSE RAB RMSE RAB RMSE RAB RMSE

1.5 25 α 0.098349 1 0.535404 1 0.008759 4 0.16359 4 0.028028 3 0.525338 2 0.096516 2 0.497735 3
θ 0.087211 1 0.159227 1 −0.05332 4 0.083594 4 0.086144 2 0.14988 2 0.03257 3 0.12008 3
λ 0.014938 3 0.212967 1 0.006078 4 0.130798 4 0.018591 2 0.186292 2 0.063172 1 0.142277 3
∑ Rank 5 3 12 12 7 6 6 9

70 α 0.064606 2 0.517576 1 0.004599 4 0.099651 4 0.01644 3 0.325084 3 0.085276 1 0.398442 2
θ 0.082028 1 0.140715 1 0.006724 4 0.042627 4 0.010017 3 0.090501 3 0.026713 2 0.099203 2
λ −0.01474 3 0.084148 1 −0.00541 4 0.075748 2 −0.01495 4 0.081042 3 0.024655 1 0.081247 2
∑ Rank 6 3 12 10 10 9 4 6

100 α 0.016829 2 0.453821 1 −0.00126 4 0.085145 4 0.015741 3 0.301315 3 0.059674 1 0.389176 2
θ 0.016211 1 0.124052 1 0.003828 4 0.036019 4 0.009168 3 0.084335 3 0.015022 2 0.091723 2
λ −0.01387 3 0.080529 1 −0.00248 4 0.065027 2 −0.0149 4 0.079522 2 0.008973 1 0.071036 3
∑ Rank 6 3 12 10 10 8 4 7

200 α 0.014146 2 0.241456 1 −0.00114 4 0.031091 4 0.014128 3 0.166741 2 0.030725 1 0.128756 3
θ 0.002011 3 0.066863 1 0.000717 4 0.02494 4 0.0082 1 0.051008 3 0.005046 2 0.052854 2
λ −0.0022 3 0.076778 1 −0.00137 4 0.047154 2 −0.00922 4 0.06048 3 0.008912 1 0.068712 2
∑ Rank 8 3 12 10 8 8 4 7

Total rank 11 22 16 11
0.5 25 α 0.337683 1 0.50644 1 0.090933 4 0.146 4 0.336589 2 0.45835 2 0.217261 3 0.258538 3

θ 0.111395 1 0.297497 1 0.036013 4 0.166826 4 0.110824 2 0.265625 2 0.100963 3 0.179842 3
λ −0.05131 4 0.395424 1 −0.03217 4 0.143998 2 −0.05129 3 0.313146 2 −0.00881 1 0.20029 3
∑ Rank 6 3 12 10 7 6 7 9

70 α 0.207274 1 0.26776 2 0.05815 4 0.109132 4 0.206881 2 0.301125 1 0.124303 3 0.1626 3
θ 0.090973 1 0.194696 1 0.034912 4 0.095431 4 0.090931 2 0.192916 2 0.076127 3 0.118987 3
λ −0.045 3 0.284272 1 −0.01976 4 0.120023 2 −0.0452 4 0.220632 2 0.001959 1 0.150957 3
∑ Rank 5 4 12 10 8 5 7 9

100 α 0.192792 2 0.247364 2 −0.01696 4 0.066954 4 0.193514 1 0.261325 1 0.100436 3 0.156027 3
θ 0.089484 2 0.176863 1 −0.03058 4 0.090415 4 0.089562 1 0.176665 2 0.046063 3 0.109306 3
λ −0.04356 4 0.229272 1 0.018205 4 0.072571 1 −0.04056 3 0.202952 2 0.001209 2 0.134832 3
∑ Rank 8 4 12 9 5 5 8 9

200 α 0.149399 1 0.185062 2 −0.00283 4 0.024367 4 0.148784 2 0.188903 1 0.043033 3 0.092727 3
θ 0.080922 1 0.148105 1 −0.0102 4 0.030511 4 0.07918 2 0.13829 2 0.018522 3 0.077706 3
λ −0.03657 4 0.202376 1 −0.00198 4 0.030395 2 −0.03465 3 0.157082 2 0.001143 1 0.10759 3
∑ Rank 6 4 12 10 7 5 7 9

Total rank 10 22 12 16
∑ Total rank 21 44 28 27

12  Ibrahim Elbatal et al.



Since Eq. (24) cannot be solved explicitly, numerical
methods are used. One of the most effective numerical
approaches in Bayesian estimation is the Monte Carlo
Markov chain method. In this case, we propose using the
Metropolis–Hastings algorithm, see the study by
Tierney [59].

7 Simulation

The simulation of four estimation methods deepens our
understanding of statistical techniques, assists in choosing

the most appropriate method, and reveals the strengths
and weaknesses of various approaches in different con-
texts. This section utilizes simulation analysis to compare
the results of three different parameter estimates for the
SPB-X distribution. We carried out simulations by gener-
ating 10,000 RS with sizes of n = 25, 70, 100, and 200 from
the SPB-X distribution, applying various parameter values
( )α θ λ, , = (0.5, 0.5, 0.75), (1.5, 0.5, 0.75), (0.5, 0.5, 2), (1.5, 0.5,
2), (1.5, 2, 2), (3, 1.5, 1.5), (3, 1.5, 3), and (1.5, 4, 2). We com-
puted the root mean square error (RMSE) and relative
absolute bias (RAB) for all estimates, which are essential
metrics to evaluate the performance of different estima-
tors. The simulations were performed using the R

Table 5: RAB, RMSE, and ranked of estimation methods for parameters of SPB-X distribution

== ==θ λ0.5, 2 MLE LS MPS Bayeaisan

α n RAB RMSE RAB RMSE RAB RMSE RAB RMSE

0.5 25 α 0.237293 1 0.481939 1 0.031422 4 0.140239 4 0.236122 2 0.369424 2 0.148007 3 0.178753 3
θ 0.094034 1 0.313662 1 −0.02126 3 0.159829 4 0.079784 2 0.249774 2 0.069063 3 0.122545 4
λ −0.08233 3 0.56169 1 −0.09085 4 0.191695 4 −0.08216 2 0.487931 2 −0.00937 1 0.246092 3
∑ Rank 5 3 11 12 6 6 7 10

70 α 0.135257 2 0.290683 1 0.030646 4 0.086505 4 0.135534 1 0.230553 2 0.071858 3 0.10814 3
θ 0.065682 2 0.188634 1 0.010859 3 0.083362 4 0.065696 1 0.154763 2 0.035749 3 0.081059 4
λ −0.05906 4 0.463898 1 −0.01577 4 0.166698 2 −0.05888 3 0.392399 2 −0.00845 1 0.215204 3
∑ Rank 8 3 11 10 5 6 7 10

100 α 0.108458 1 0.191718 1 −0.02193 4 0.068469 4 0.108304 2 0.181584 2 0.059705 3 0.097331 3
θ 0.059619 1 0.129028 1 −0.00774 4 0.068863 4 0.059537 2 0.126247 2 0.033491 3 0.078193 3
λ −0.05741 4 0.373276 1 0.004215 4 0.0915 1 −0.05714 3 0.345385 2 −0.0071 2 0.204391 3
∑ Rank 6 3 12 9 7 6 8 9

200 α 0.080716 1 0.065794 2 0.002218 4 0.038939 4 0.080353 2 0.12508 1 0.043635 3 0.060712 3
θ 0.053007 1 0.058535 2 −0.00176 4 0.038808 4 0.052625 2 0.096398 1 0.028389 3 0.050202 3
λ −0.04536 4 0.184168 2 0.00109 4 0.040365 1 −0.04513 3 0.292117 1 −0.0061 2 0.179928 3
∑ Rank 6 6 12 9 7 3 8 9

Total rank 12 21 10 17
1.5 25 α −0.05385 4 0.533336 1 −0.02125 4 0.214276 2 −0.03524 3 0.434168 2 0.041754 1 0.420127 3

θ −0.08557 3 0.225968 1 −0.0937 3 0.200131 4 −0.08501 2 0.203626 2 0.005053 1 0.082185 4
λ −0.08693 4 0.416789 1 0.058698 3 0.228875 1 −0.07017 3 0.355903 2 0.002684 2 0.208831 4
∑ Rank 11 3 10 7 8 6 4 11

70 α 0.036452 1 0.153281 2 −0.0086 4 0.115467 4 0.00494 3 0.385402 1 0.034544 2 0.131382 3
θ −0.02989 4 0.151305 2 −0.02655 3 0.12475 2 −0.02898 3 0.163303 1 0.004341 1 0.065997 4
λ −0.01584 2 0.143572 2 −0.01689 4 0.123425 4 −0.01638 3 0.292842 1 0.002335 1 0.129063 3
∑ Rank 7 6 11 10 9 3 4 10

100 α 0.019642 2 0.125253 2 −0.00629 4 0.08095 4 0.00382 3 0.344566 1 0.031589 1 0.123064 3
θ −0.00937 3 0.137042 1 −0.01914 3 0.093568 4 −0.00932 2 0.136492 2 0.003622 1 0.060676 4
λ −0.01138 3 0.12584 2 0.001803 3 0.109926 1 −0.01141 4 0.271943 1 −0.00214 2 0.108031 4
∑ Rank 8 5 10 9 9 4 4 11

200 α 0.017144 2 0.123611 2 −0.00254 4 0.070877 4 0.00276 3 0.300586 1 0.023573 1 0.092434 3
θ 0.008163 2 0.105762 1 −0.01064 3 0.081686 4 0.008167 1 0.089414 2 0.001453 3 0.055692 4
λ −0.01047 3 0.112907 2 −0.00149 4 0.086068 2 −0.01068 4 0.222332 1 −0.0013 1 0.091578 3
∑ Rank 7 5 11 10 8 4 5 10

Total rank 12 21 12 15
∑ Total rank 24 42 22 32
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programming language, and the results, including the RAB
and RMSE values, are summarized in Tables 4–7 for the
MLE, least squares (LS), MPS, and Bayesian estimation
methods. Simulating these four estimation techniques for
the SPB-X distribution’s parameters plays a crucial role in
statistical research and analysis for several key reasons:
• Simulations allow researchers to assess the performance
of various estimation methods under different condi-
tions. By generating synthetic datasets with known prop-
erties, they can evaluate the accuracy, rank, RMSE, and
RAB of each technique.

• Simulations serve as a tool to optimize estimation techni-
ques for the parameters of the SPB-X distribution.

Researchers can adjust the algorithm parameters or experi-
ment with alternative methodologies to determine the most
efficient and accurate approach for specific scenarios.

• Through simulation studies, researchers can systemati-
cally compare multiple estimators for the SPB-X distribu-
tion parameters within a controlled setting. This facilitates
an objective assessment of each method’s advantages and
limitations, guiding the selection of the most suitable esti-
mator for practical use.

Tables 4, 5, 6, and 7 contain RMSE and RAB values, which
are standard metrics used to assess the precision and bias
of the different estimation methods. Lower RMSE values

Table 6: RAB, RMSE, and ranked of estimation methods for parameters of SPB-X distribution

== ==α λ1.5, 2 MLE LS MPS Bayeaisan

θ n RAB RMSE RAB RMSE RAB RMSE RAB RMSE

2 25 α −0.0417 4 0.784902 1 −0.0408 4 0.186499 3 −0.0312 2 0.618933 2 0.0798 1 0.452759 3
θ −0.0379 4 0.36032 1 −0.0102 2 0.286095 2 −0.0377 3 0.274264 3 0.0082 1 0.191702 4
λ 0.038 2 0.756547 1 −0.0094 4 0.203331 4 0.0385 1 0.599379 2 −0.0039 3 0.249373 3
∑ Rank 10 3 10 9 6 7 5 10

70 α −0.0159 4 0.675556 1 0.006 4 0.178961 2 −0.0156 3 0.402374 2 0.052 1 0.323463 3
θ −0.0258 3 0.203099 1 −0.0056 2 0.19451 2 −0.026 4 0.163596 3 0.0068 1 0.110154 4
λ 0.0093 1 0.711175 1 −0.0084 4 0.169255 4 0.0088 2 0.353533 2 0.0037 3 0.213583 3
∑ Rank 8 3 10 8 9 7 5 10

100 α 0.0069 2 0.466559 1 −0.0054 4 0.13176 4 0.0069 2 0.361317 2 0.044 1 0.295145 3
θ −0.0165 4 0.172465 1 0.0039 2 0.168627 2 −0.0163 3 0.135038 3 0.0055 1 0.084145 4
λ 0.0084 1 0.553203 1 0.002 4 0.142907 4 0.0075 2 0.314431 2 0.0035 3 0.204128 3
∑ Rank 7 3 10 10 7 7 5 10

200 α −0.006 3 0.452244 1 0.0043 4 0.128513 2 −0.006 3 0.26335 3 0.0434 1 0.26658 2
θ −0.0094 3 0.109653 1 −0.0027 2 0.107198 2 −0.0095 4 0.093364 3 0.0055 1 0.058806 4
λ 0.0025 1 0.499037 1 −0.0015 4 0.134906 4 0.0021 3 0.237421 2 0.0025 1 0.191229 3
∑ Rank 7 3 10 8 10 8 3 9

Total rank 10 18 18 12
4 25 α 0.0987 1 0.807114 1 −0.0536 3 0.480387 4 0.0206 3 0.603981 2 0.056 2 0.442574 4

θ −0.0464 3 0.90611 1 −0.0071 4 0.443569 1 −0.0467 4 0.68943 2 −0.0088 2 0.46061 3
λ 0.0096 2 0.416854 1 0.0241 4 0.1636 1 0.0057 3 0.402546 2 0.0028 4 0.210831 3
∑ Rank 6 3 11 6 10 6 8 10

70 α 0.015 2 0.405756 2 −0.027 4 0.253711 4 0.0145 3 0.429374 1 0.0523 1 0.359802 3
θ −0.029 4 0.725479 1 −0.0065 4 0.243816 2 −0.0284 3 0.462748 2 −0.0019 1 0.380727 3
λ −0.0079 4 0.396709 1 0.0134 4 0.123397 1 −0.0048 3 0.284519 2 −0.0009 2 0.185777 3
∑ Rank 10 4 12 7 9 5 4 9

100 α 0.014 2 0.327157 2 −0.007 4 0.212561 4 0.0136 3 0.382202 1 0.0466 1 0.314589 3
θ −0.0229 4 0.306385 2 −0.0022 4 0.18737 2 −0.0227 3 0.385213 1 0.0014 1 0.306162 3
λ −0.0074 4 0.155957 2 0.0061 4 0.058291 1 −0.0037 3 0.227913 1 −0.0008 2 0.149529 3
∑ Rank 10 6 12 7 9 3 4 9

200 α 0.0141 2 0.323692 1 −0.0062 4 0.187806 4 0.0124 3 0.28776 2 0.0426 1 0.266214 3
θ −0.0205 4 0.290651 2 −0.0012 4 0.175217 1 −0.0125 3 0.302992 1 −0.0013 2 0.229806 3
λ −0.0013 3 0.13804 2 0.0051 4 0.046913 1 −0.0037 4 0.189102 1 −0.0003 2 0.126885 3
∑ Rank 9 5 12 6 10 4 5 9

Total rank 14 18 14 14
∑ Total rank 24 36 32 26
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suggest more accurate estimates, while lower RAB values
suggest less bias. You can see in the tables how the perfor-
mance of each method changes as the sample size
increases. Typically, as sample sizes increase ( =n 200),
the RMSE and RAB values are expected to decrease,
reflecting improved estimation performance. The ranking
system (1st, 2nd, 3rd, 4rd) shows which method is best
suited for a particular condition. For example, a method
ranked “1st” consistently across different parameter set-
tings and sample sizes would indicate it is the most reliable
estimator in that situation. The total rank column provides an
overall assessment of each method across all conditions. This
helps summarize which estimation method is generally

superior in terms of various sample sizes and parameter
values. A method with consistently low total ranks (closer
to 1) is likely the most robust estimator overall.

The best-performing estimation method can be deter-
mined using the total rank column in the table. The method
with the highest total rank is considered the most effective
in different scenarios. Based on the ranked values pro-
vided in the table, it is clear which method consistently
achieves better performance in terms of RMSE and RAB.
In the case of = =θ λ0.5, 0.75, we observe that the LS
method performs the best, achieving a total rank of 201.
This is the highest value compared to the other estimation
methods, indicating its superior performance in this

Table 7: RAB, RMSE, and ranked of estimation methods for parameters of SPB-X distribution

== ==α θ3, 1.5 MLE LS MPS Bayeaisan

λ n RAB RMSE RAB RMSE RAB RMSE RAB RMSE

1.5 25 α −0.08714 4 −0.00711 1 −0.08685 3 −0.0297 2 1.022988 1 0.247263 4 0.749682 2 0.65512 3
θ −0.0439 3 −0.0164 2 −0.0439 4 −0.00941 1 0.171082 2 0.263046 1 0.142879 3 0.124047 4
λ 0.03102 1 −0.0128 4 0.030965 2 0.011691 3 0.721195 1 0.274253 3 0.431103 2 0.210736 4
∑ Rank 8 7 9 6 4 8 7 11

70 α −0.06098 4 −0.00626 2 −0.06064 3 0.021909 1 0.203063 3 0.164013 4 0.601484 2 0.617428 1
θ −0.03047 4 −0.0035 1 −0.03033 3 −0.00523 2 0.063614 4 0.070686 3 0.099399 1 0.085748 2
λ 0.021379 1 −0.00875 4 0.0211 2 0.005284 3 0.148033 4 0.165576 3 0.292466 1 0.175084 2
∑ Rank 9 7 8 6 11 10 4 5

100 α −0.04945 4 −0.00506 2 −0.0494 3 0.005074 1 0.20064 3 0.153381 4 0.500061 2 0.567637 1
θ −0.02241 3 −0.00337 1 −0.02243 4 −0.00504 2 0.061136 3 0.06013 4 0.078926 1 0.078552 2
λ 0.018067 1 0.001437 4 0.01782 2 0.004198 3 0.127727 4 0.139024 3 0.226073 1 0.167588 2
∑ Rank 8 7 9 6 10 11 4 5

200 α −0.02843 4 −0.00214 1 −0.02818 3 −0.00465 2 0.186027 3 0.148856 4 0.36416 2 0.522604 1
θ −0.01255 4 −0.00153 1 −0.01253 3 −0.0036 2 0.060114 2 0.043521 4 0.055014 3 0.062995 1
λ 0.005953 1 −0.00078 4 0.005789 2 0.004023 3 0.052092 4 0.100627 3 0.147558 2 0.153146 1
∑ Rank 9 6 8 7 9 11 7 3

1.5 Total rank 15 15 20 10
3 25 α −0.05279 3 −0.00454 1 −0.05289 4 −0.01405 2 1.01585 1 0.304876 4 0.685717 2 0.670245 3

θ −0.03089 3 −0.02071 2 −0.03092 4 −0.00838 1 0.281515 2 0.322409 1 0.134832 3 0.123108 4
λ −0.00966 3 −0.01596 4 −0.00953 2 0.00603 1 0.954966 1 0.464819 3 0.569249 2 0.250907 4
∑ Rank 9 7 10 4 4 8 7 11

70 α −0.03685 4 −0.00304 2 −0.03662 3 0.011103 1 0.206847 3 0.111765 4 0.553092 1 0.545158 2
θ −0.01952 4 −0.00439 2 −0.0195 3 −0.00201 1 0.194985 1 0.152068 2 0.093001 3 0.088362 4
λ 0.002145 2 −0.00756 4 0.001838 3 0.002758 1 0.247989 2 0.22598 3 0.397819 1 0.219657 4
∑ Rank 10 8 9 3 6 9 5 10

100 α −0.02922 3 −0.00237 2 −0.02956 4 0.010222 1 0.189243 3 0.102759 4 0.481484 2 0.511498 1
θ −0.01546 4 −0.00407 2 −0.01544 3 0.001072 1 0.156499 1 0.148069 2 0.078632 3 0.075901 4
λ 0.001646 3 −0.00279 4 0.001779 1 0.001779 2 0.142582 4 0.216851 3 0.344835 1 0.220094 2
∑ Rank 10 8 8 4 8 9 6 7

200 α −0.02282 3 −0.00218 2 −0.02284 4 0.009103 1 0.146666 3 0.091199 4 0.367609 2 0.413775 1
θ −0.01258 3 −0.00172 2 −0.01261 4 −0.00091 1 0.152245 1 0.043352 4 0.054523 3 0.055331 2
λ 0.000397 3 0.000944 2 0.000335 4 0.001427 1 0.137847 4 0.159341 3 0.251225 1 0.186038 2
∑ Rank 9 6 12 3 8 11 6 5

Total rank 15 15 19 11
∑ Total rank 30 30 39 21
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scenario. In the case of = =θ λ0.5, 2, we observe that the
Bayesian estimation method performs the best, achieving a
total rank of 221. This is the highest value compared to the
other estimation methods, indicating its superior perfor-
mance in this scenario. In the case of = =α λ1.5, 2, we
observe that the LS method performs the best, achieving
a total rank of 173. This is the highest value compared to the
other estimation methods, indicating its superior perfor-
mance in this scenario.

In all cases, the LS method achieved the highest total
rank, reaching 546, indicating its superior performance.
The Bayesian method followed with a total rank of 494.
However, the MLE method had the lowest performance,
with a total rank of 327, making it the least effective among
the estimation methods compared.

7.1 Approximate confidence intervals (ACIs)

Determining the exact distribution of these estimates
becomes problematic when closed-form MLEs and MPS

for the unknown parameters cannot be obtained.
Therefore, it is not feasible to obtain precise confidence
intervals (CIs) for the parameters. Hence, ACIs are built
using large sample approximation approaches for the
parameters α θ, , and λ to overcome this constraint.

Using the asymptotic normality features of MLEs and
MPS, one may compute the ACIs for ( )= α θ λΘ , , , which are
generated from the observed Fisher information matrix.
For the purpose of approximating the asymptotic varian-
ce–covariance of the MLEs and MPS, the observed infor-
mation matrix is obtained by differentiating the log-like-
lihood function with respect to the unknown parameters.

( ) ⎟⎜=
⎛
⎝

∂
∂ ∂

⎞
⎠⟨ ⟩

I
L

Θ̂
Θ Θ

.

i j

2

Θ̂

(25)

From there, we can obtain the approximate asymptotic
variance–covariance matrix, which is:

( ) ( )= −ϑ I ϑCov ˆ ˆ .
1 (26)

With a mean ofΘ and a variance–covariance matrix of
( )Cov Θ̂ , ( ( ))NΘ̂~ Θ, Cov Θ̂ , the MLEs and MPS parameters are

Table 8: Confidence intervals for parameters of SPB-X distribution

== ==θ λ0.5, 0.75 == ==θ λ2, 0.75

MLE MPS MLE MPS

α n Lower Upper LACI Lower Upper LACI α Lower Upper LACI Lower Upper LACI

1.5 25 α 0.6388 2.6563 2.0175 0.5157 2.5684 2.0527 0.5 0.0699 1.1674 1.0975 0.0416 1.3042 1.3722
θ 0.2435 0.8438 0.6003 0.2617 0.8244 0.5627 0.1030 0.9910 0.8880 0.0566 1.0232 0.9665
λ 0.3444 1.1780 0.8337 0.3998 1.1281 0.7282 0.7828 2.8879 2.1051 0.9352 2.7361 1.8010

70 α 0.6004 2.5934 1.9930 0.8893 2.1600 1.2707 0.0135 1.1217 1.1082 0.1358 0.9997 0.8638
θ 0.2772 0.8048 0.5277 0.3279 0.6821 0.3542 0.1688 0.8969 0.7282 0.2364 0.8293 0.5928
λ 0.5754 0.9024 0.3270 0.5815 0.8961 0.3146 1.0026 2.7611 1.7585 1.1486 2.6159 1.4673

100 α 0.6371 2.4134 1.7762 0.9349 2.1124 1.1775 0.1938 0.9147 0.7208 0.2144 0.8939 0.6794
θ 0.2655 0.7507 0.4852 0.3395 0.6696 0.3301 0.2838 0.7759 0.4921 0.2893 0.7702 0.4809
λ 0.5831 0.8961 0.3130 0.5845 0.8931 0.3086 1.1890 2.5813 1.3923 1.2469 2.5245 1.2776

200 α 1.0498 1.9926 0.9428 1.1970 1.8454 0.6483 0.4385 0.6422 0.2037 0.3080 0.7723 0.4643
θ 0.3700 0.6320 0.2621 0.4044 0.6038 0.1993 0.4242 0.6288 0.2046 0.3445 0.7081 0.3635
λ 0.5979 0.8988 0.3009 0.6253 0.8609 0.2355 1.5951 2.2234 0.6283 1.3652 2.4543 1.0891

0.5 25 α 0.0665 1.2712 1.2047 1.1693 2.8405 1.6712 1.5 0.3859 2.4525 2.0666 0.4039 2.4903 2.0864
θ 0.1593 0.9520 0.7927 0.0462 1.0646 1.0183 0.0223 0.8921 0.8698 0.0672 0.8478 0.7806
λ 0.1095 1.3135 1.2040 0.1024 1.3207 1.2182 1.0837 2.5686 1.4849 1.2186 2.5007 1.2821

70 α 0.1197 1.0875 0.9678 0.0492 1.1577 1.1086 1.2740 1.8353 0.5613 0.5488 2.4660 1.9172
θ 0.1744 0.9165 0.7421 0.1780 0.9129 0.7349 0.1899 0.7802 0.5902 0.1667 0.8043 0.6376
λ 0.1630 1.2695 1.1065 0.2888 1.1434 0.8546 1.6939 2.2428 0.5489 1.3969 2.5376 1.1407

100 α 0.1499 1.0429 0.8930 0.1210 1.0726 0.9516 1.2909 1.7681 0.4772 0.6243 2.3871 1.7628
θ 0.2094 0.8801 0.6708 0.2098 0.8797 0.6699 0.2269 0.7638 0.5369 0.2280 0.7627 0.5347
λ 0.2725 1.1621 0.8896 0.3263 1.1129 0.7866 1.7347 2.2198 0.4852 1.4460 2.5083 1.0623

200 α 0.2428 0.9066 0.6637 0.2341 0.9147 0.6807 1.2887 1.7627 0.4740 0.7085 2.2998 1.5913
θ 0.2612 0.8197 0.5585 0.2799 0.7993 0.5194 0.2969 0.7112 0.4143 0.3290 0.6792 0.3501
λ 0.3296 1.1156 0.7860 0.4204 1.0277 0.6073 1.7616 2.1965 0.4349 1.4875 2.4698 0.9823
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Table 9: Confidence intervals for parameters of SPB-X distribution: = =α λ1.5, 2

== ==α λ1.5, 2 MLE MPS

θ n Lower Upper LACI Lower Upper LACI

2 25 α 0.1006 2.7742 2.6736 0.2748 2.6940 2.4193
θ 1.2337 2.6145 1.3808 1.4078 2.4416 1.0338
λ 0.6007 3.5513 2.9507 0.9118 3.2420 2.3301

70 α 0.1529 2.7994 2.6465 0.7049 2.2795 1.5746
θ 1.5634 2.3334 0.7700 1.6439 2.2519 0.6079
λ 0.6251 3.4119 2.7869 1.3256 2.7097 1.3841

100 α 0.5962 2.4246 1.8285 0.7955 2.2113 1.4158
θ 1.6352 2.2989 0.6636 1.7105 2.2241 0.5136
λ 0.9330 3.1006 2.1676 1.3994 2.6305 1.2312

200 α 0.6048 2.3772 1.7724 0.9811 2.0129 1.0317
θ 1.7694 2.1929 0.4235 1.8019 2.1603 0.3584
λ 1.0269 2.9830 1.9561 1.5389 2.4695 0.9305

4 25 α 0.0929 3.2031 3.1102 0.3280 2.6925 2.3645
θ 2.0762 5.5530 3.4768 2.5125 5.1142 2.6016
λ 1.2031 2.8354 1.6323 1.2227 2.8000 1.5774

70 α 0.7285 2.3166 1.5881 0.6667 2.3477 1.6810
θ 2.4804 5.2877 2.8073 3.0071 4.7654 1.7583
λ 1.2073 2.7611 1.5539 1.4331 2.5478 1.1147

100 α 0.8811 2.1609 1.2798 0.7588 2.2549 1.4961
θ 3.3354 4.4815 1.1461 3.1756 4.6432 1.4677
λ 1.6810 2.2896 0.6086 1.5461 2.4390 0.8929

200 α 0.8880 2.1542 1.2662 0.9434 2.0690 1.1257
θ 3.3715 4.4646 1.0931 3.3643 4.5357 1.1715
λ 1.7269 2.2679 0.5410 1.6222 2.3629 0.7407

Table 10: MLE for parameters of SPB-X and each competitive models: latitude for the Southwest of the rain gauge stations

Estimates StEr KSD PVKS CVM PVCVM AD PVAD

SPB-X α 14.5195 91.8156 0.1684 0.9141 0.0380 0.9417 0.3073 0.9254
θ 0.8207 2.1497
λ 1.0578 2.2285

PB-X α 5.2896 19.5810 0.1709 0.9049 0.0385 0.9391 0.3103 0.9207
θ 0.4440 1.1365
λ 1.8414 2.6215

SEWHE α 2.5621 7.9144 0.1740 0.8932 0.0506 0.9341 0.3817 0.9218
θ 3.1999 5.2423
λ 1.4554 4.0546
β 0.3341 0.1767

W α 8.0720 1.9099 0.1764 0.8834 0.0579 0.8369 0.4090 0.8368
θ 2.0251 0.0800

G α 51.0781 18.4243 0.1703 0.9042 0.03914 0.9352 0.3116 0.9179
θ 0.0374 0.0135

EW α 0.6437 0.4917 0.1709 0.9050 0.0404 0.9391 0.3204 0.9207
θ 3.6794 5.2306
λ 5.3017 19.6086
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roughly distributed according to a multivariate normal
distribution. The ACIs for the unknown parameters can
be expressed as ( )− ε100 1 % for any < <ε0 1.

( ) ( )
⎛
⎝ − + ⎞

⎠ρ ρΘ̂ V ar Θ̂ , Θ̂ V ar Θ̂ .ε ε

2 2

(27)

The ( )− ε1 quantile of the standard normal distribu-
tion ( )N 0, 1 is represented by ρε

2

.
Tables 8 and 9 present confidence intervals for the para-

meters (α θ λ, , ) of the SPB-X distribution using the MLE and
MPS methods for different sample sizes and parameter
values. It shows that as the sample size increases,

Table 11: MLE for parameters of SPB-X and each competitive models: latitude for West of rain gauge stations

Estimates StEr KSD PVKS CVM PVCVM AD PVAD

SPB-X α 2.7126 9.3506 0.1036 0.9978 0.0196 0.9960 0.1702 0.9949
θ 0.2305 0.9371
λ 1.0543 1.9056

PB-X α 1.8090 4.3094 0.1038 0.9976 0.0197 0.9952 0.1703 0.9940
θ 0.1305 0.4589
λ 1.4638 1.7972

SEWHE α 0.7708 2.8499 0.1417 0.9422 0.0329 0.9927 0.2473 0.9913
θ 3.1580 9.7527
λ 0.1476 0.6489
β 0.1821 0.2501

W α 4.0489 0.9208 0.1201 0.9866 0.02484 0.9926 0.1920 0.9928
θ 4.6803 0.3525

G α 12.5199 5.0407 0.1129 0.9932 0.0220 0.9954 0.1884 0.9936
θ 0.3383 0.1390

EW α 0.2487 0.1808 0.1038 0.9968 0.0223 0.9962 0.1817 0.9920
θ 2.9275 3.7318
λ 1.8087 4.4687

Table 12: MLE for parameters of SPB-X and each competitive models: dataset of carbon fibers stress

Estimates StEr KSD PVKS CVM PVCVM AD PVAD

SPB-X α 0.8472 0.4571 0.0784 0.8124 0.0809 0.8604 0.4809 0.8972
θ 0.0878 0.0994
λ 1.8287 0.6911

PB-X α 0.8006 0.3533 0.0809 0.7801 0.0858 0.6861 0.5084 0.7619
θ 0.1009 0.0829
λ 1.9554 0.5340

SEWHE α 4.6250 2.6478 0.0862 0.7112 0.0868 0.8398 0.4921 0.8694
θ 0.4987 0.1811
λ 0.4402 0.2756
β 0.9296 0.2869

SEWE α 0.9319 0.2743 0.0812 0.7771 0.0821 0.7176 0.4811 0.7918
θ 3.3898 0.5825
λ 0.0121 0.0107

BIII α 2.2416 0.1688 0.1941 0.0138 0.7133 0.0076 3.9874 0.0050
θ 5.8443 0.8339

W α 3.4412 0.3309 0.0822 0.7630 0.0836 0.6727 0.4857 0.7607
θ 3.0623 0.1149

G α 7.4880 1.2757 0.1328 0.1947 0.2461 0.1935 1.3107 0.2288
θ 0.3685 0.0649

EW α 0.3094 0.0331 0.0809 0.7795 0.0813 0.6859 0.4847 0.7618
θ 3.9118 1.0682
λ 0.8000 0.3528
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the confidence intervals become narrower, indicating better
precision. The lower limits, upper limits, and the length
average of confidence intervals (LACIs) are computed. The
MPS method generally produces slightly narrower intervals
than MLE, suggesting better accuracy in some cases.

Furthermore, confidence intervals vary according to para-
meter values, with broader intervals observed for =θ 0.5

compared to =θ 2. In general, the table highlights the com-
parative performance of the two estimation methods and the
impact of sample size on the reliability of the estimation.

Table 13: MLE for parameters of SPB-X and each competitive models: dataset of carbon fibers strength

Estimates StEr KSD PVKS CVM PVCVM AD PVAD

SPB-X α 0.8548 0.5113 0.0470 0.9980 0.0238 0.9995 0.2087 0.9981
θ 0.2995 0.2240
λ 1.7155 0.7232

PB-X α 0.8131 0.3847 0.0479 0.9974 0.0259 0.9932 0.2236 0.9870
θ 0.3759 0.1884
λ 1.8324 0.5392

SEWHE α 1.6525 2.5956 0.0477 0.9978 0.0239 0.9990 0.2093 0.9978
θ 1.5192 2.5144
λ 0.5202 1.5503
β 0.5532 1.1950

SEWE α 0.8961 0.4053 0.0478 0.9978 0.0240 0.9959 0.2098 0.9912
θ 3.2901 0.9324
λ 0.1064 0.0914

BIII α 3.2367 0.2923 0.1407 0.1304 0.3344 0.0782 2.1634 0.0588
θ 2.0133 0.2424

W α 3.2489 0.3065 0.1201 0.9866 0.02484 0.9926 0.2920 0.9928
θ 1.6171 0.0629

G α 6.9960 1.1629 0.0884 0.6535 0.1235 0.4824 0.8539 0.4432
θ 0.2074 0.0357

EW α 0.5862 0.0712 0.0479 0.9973 0.0232 0.9932 0.2112 0.9870
θ 3.6666 1.0799
λ 0.8124 0.3846

Table 15: MLE for parameters of SPB-X and each competitive models: insurance dataset

Estimates StEr KSD PVKS CVM PVCVM AD PVAD

SPB-X α 16.8042 0.9714 0.0881 0.9463 0.0505 0.8767 0.3508 0.8949
θ 0.2799 0.2559
λ 1.0771 47.5307

PBX α 0.7679 0.5972 0.0910 0.9319 0.0518 0.8687 0.3551 0.8910
θ 0.4524 0.2740
λ 7.1741 12.1309

SEWE α 0.8713 0.5111 0.0915 0.9291 0.0525 0.8642 0.3583 0.8880
θ 0.3280 0.4747
λ 6.7275 10.9735

BIII α 15.3663 4.8010 0.1442 0.4749 0.1413 0.4190 0.8172 0.4677
θ 2.1054 0.2600

W α 2.0483 0.2612 0.0940 0.8939 0.0534 0.8657 0.3771 0.8701
θ 5.9411 0.5431

G α 4.0985 0.9865 0.0988 0.8954 0.0532 0.8666 0.3898 0.8452
θ 1.2798 0.3277

EW α 0.5570 0.7609 0.0909 0.9319 0.0517 0.8688 0.3549 0.8911
θ 0.9054 0.5482
λ 7.1603 12.0956
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8 Applications

In this section, we present a comprehensive discussion of
various statistical metrics used to evaluate the performance
of different models [57]. Tables 10–15 provide a detailed
comparison of key metrics, including estimates, standard

errors (StEr), Kolmogorov-Smirnov distance (KSD), p-value
for the Kolmogorov-Smirnov test (PVKS), Cramer-von Mises
statistic (CVM), p-value for CVM (PVCVM), Anderson–Darling
(AD) statistic, and p-value for AD (PVAD).

The performance of eachmodel is presented in a detailed
perspective, focusing on various distribution models, such as
the power Burr X (PB-X) proposed by [22], the SEWHE by [42],
Weibull (W) [52], gamma (G) [53], exponentiatedWeibull (EW)
[54], SEWE [42], and BIII [55] distributions.

8.1 Rainfall data analysis across Peninsular
Malaysia

This study analyzed daily rainfall data collected from 50
rain gauge stations in Peninsular Malaysia during the
period 1975–2004. Data were sourced from the Malaysian
Meteorological Department and the Drainage and
Irrigation Department. Following the regional classifica-
tion by Dale (1959), the area was divided into five distinct
rainfall zones: northwest, west, the Port Dickson–Muar

Table 14: Sed Excess of assets over liabilities for investment by insur-
ance companies, and pension funds

Period Value Period Value Period Value

1986 2.151 1997 4.301 2008 15.264
1987 2.208 1998 8.421 2009 4.547
1988 2.170 1999 6.661 2010 3.261
1989 2.707 2000 6.548 2011 3.426
1990 2.014 2001 4.977 2012 6.418
1991 1.698 2002 4.202 2013 7.389
1992 2.512 2003 5.580 2014 6.136
1993 4.857 2004 8.856 2015 5.820
1994 3.509 2005 6.902 2016 3.094
1995 5.066 2006 5.442 2017 8.216
1996 5.413 2007 8.067
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Figure 4: Some basic nonparametric plots for latitude for southwest of rain gauge stations.
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Figure 5: Some basic nonparametric plots for latitude for west of rain gauge stations.

20  Ibrahim Elbatal et al.



coast, southwest, and east (Lim and Azizan [56]). Due to
limited data availability, the ports on the port Dickson–
Muar coast were grouped with the southwest region.

To ensure data reliability, the dataset was meticulously
examined for missing values and homogeneity. Interestingly,
less than 10% of the data was missing. The missing values
were estimated using enhanced spatial weighting techniques
[60], while homogeneity was verified through four robust
statistical tests [61]: the standard normal homogeneity test,

the Buishand range test, the Pettitt test, and the Von Neu-
mann ratio test, as documented in [62].

Our analysis focused on the latitude data from two key
regions, the Southwest and East. The latitude values for the
Southwest region are: 1.47, 1.63, 1.63, 1.76, 1.87, 1.88, 1.92,
2.02, 2.25, 2.27, 2.29, and for the east region: 2.45, 2.59, 3.17,
3.56, 3.78, 3.90, 4.23, 4.76, 4.94, 5.32, 5.97, 6.17. In Tables 10
and 11, we provide an in-depth comparison of various
models using MLE with StEr, KSD, PVKS, CVM, PVCVM,
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Figure 6: Estimated PDFs for the competing models for latitude for southwest of rain gauge stations.
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Figure 7: Estimated CDFs for the competing models for latitude for southwest of rain gauge stations.
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AD, and PVAD. Among the tested distributions, the SPB-X
distribution consistently outperformed others across mul-
tiple metrics, including KSD, PVKS, CVM, PVCVM, AD, and
PVAD, making it the most suitable model for this rainfall
dataset.

Figures 4 and 5 includes the histogram, violin plot, QQ
(quantile-quantile) plot, box plot with stripchart, and TTT

(total time in test) plot of dataset of rain gauge stations
datasets. The estimated PDFs of competing models for the
datasets of rain gauge stations datasets are shown in Figures
6 and 9, while Figures 7 and 10 display the estimated CDFs of
the competitive models. Furthermore, Figures 8 and 11 illus-
trate the PP plots of the competing models. Figures 6–11
demonstrate the fit of our distribution to the actual data.
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Figure 8: The PP plot for the competing models for latitude for southwest of rain gauge stations.
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Figure 9: Estimated PDFs for the competing models for latitude for west of rain gauge stations.
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8.2 Breaking stress of carbon fibers dataset

The breaking stress of carbon fibers dataset contains cru-
cial measurements of the maximum stress that carbon
fibers can endure before fracturing. This dataset is
indispensable for researchers and engineers in the
fields of materials science and engineering. It plays a key

role in investigating the mechanical properties and perfor-
mance of carbon fiber-reinforced composites, widely
used in industries such as aerospace and automotive
manufacturing.

As mentioned by Cordeiro and Lemonte [40], this spe-
cific dataset offers valuable insights into the behavior of
carbon fibers under stress. Below is the dataset:
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Figure 10: Estimated CDFs for the competing models for latitude for west of rain gauge stations.
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Figure 11: The PP plot for the competing models for latitude for west of rain gauge stations.
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{3.15, 1.25, 2.95, 4.38, 2.12, 1.47, 0.39, 2.79, 2.59, 2.05, 2.56, 3.65, 2.74,
1.87, 3.56, 4.42, 3.31, 2.55, 2.03, 3.19, 2.67, 3.22, 2.48, 2.43, 4.70, 3.09,
4.90, 1.61, 3.22, 2.50, 2.93, 3.68, 1.57, 1.80, 2.53, 2.81, 1.84, 2.87, 1.61,
3.11, 2.41, 3.60, 3.75, 3.27, 2.82, 2.35, 2.96, 3.39, 2.55, 0.85, 3.28, 3.11,
2.03, 1.08, 3.27, 2.03, 1.69, 3.39, 2.73, 3.31, 2.88, 4.20, 3.33}.

This dataset allows for deeper analysis into the varia-
bility and resilience of carbon fibers under extreme
stress conditions. Researchers can apply these data to opti-
mize material performance and design more efficient and
durable composites, which are integral to high-stress
environments.

In Table 12, we provide an in-depth comparison of
various models using MLE with StEr, KSD, PVKS, CVM,

PVCVM, AD, and PVAD. Among the tested distributions,
the SPB-X distribution consistently outperformed others
across multiple metrics, including KSD, PVKS, CVM,
PVCVM, AD, and PVAD, making it the most suitable model
for breaking stress of carbon fibers dataset.

Figure 12 includes the histogram, violin plot, QQ plot,
box plot with stripchart, and TTT plot of dataset of
breaking stress of carbon fibers datasets. The estimated
PDFs of competing models for the of dataset of breaking
stress of carbon fibers datasets are shown in Figure 13,
while Figure 14 displays the estimated CDFs of the compe-
titive models. In addition, Figure 15 illustrates the PP plots
of the competing models. Figures 13–15 demonstrate the fit
of our distribution to the actual data.
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Figure 12: Some basic nonparametric plots for dataset of carbon fibers stress.
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Figure 13: Estimated PDFs for the competing models for dataset of carbon fibers stress.
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8.3 Tensile strength of carbon fibers dataset

Tensile strength, typically expressed in Gigapascals (GPa),
measures the maximum stress a single carbon fiber can
withstand before fracturing under tension. This property is
essential in evaluating the performance and reliability of
carbon fiber-reinforced materials, widely applied across
industries such as aerospace, automotive, and sports

equipment manufacturing. An in-depth understanding of
the tensile strength of carbon fibers directly influences the
design and development of more durable and resilient
composite structures.

The dataset used in this study, sourced from Kundu
and Raqab [41], contains tensile strength measurements for
individual carbon fibers, expressed in GPa. The following is
the dataset:
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Figure 14: Estimated CDFs for the competing models for dataset of carbon fibers stress.
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Figure 15: The PP plot for the competing models for dataset of carbon fibers stress.
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Figure 16: Some basic nonparametric plots for dataset of carbon fibers strength.
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Figure 17: The PDF plot of SPB-X distribution for dataset of carbon fibers strength.
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Figure 18: The CDF plot of SPB-X distribution for dataset of carbon fibers strength.
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Figure 19: The PP plot of SPB-X distribution for dataset of carbon fibers strength.

Histogram

Values

D
en

si
ty

0 5 10 15

0.
00

0.
05

0.
10

0.
15

2 6 10 14

Box Plot with Stripchart

−2 0 1 2

2
4

6
8

10
12

14

QQ Plot

Theoretical Quantiles

S
am

pl
e 

Q
ua

nt
ile

s

2
4

6
8

10
12

14

1

Violin Plot

0.0 0.4 0.8
0.

0
0.

2
0.

4
0.

6
0.

8
1.

0

i/n

T
(i/

n)

Figure 20: Some basic nonparametric plots for insurance dataset.
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Figure 21: Estimated PDFs for the competing models for insurance dataset.
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{1.098, 1.253, 0.944, 1.055, 1.586, 1.773, 1.554, 2.012, 1.301, 1.179, 1.884,
0.966, 0.552, 1.179, 1.642, 0.312, 1.426, 1.726, 0.865, 1.063, 0.803, 1.514,
1.270, 2.233, 1.301, 1.240, 1.627, 2.096, 1.533, 1.534, 1.321, 1.801, 1.559,
0.865, 0.979, 2.094, 1.300, 0.865, 1.434, 1.235, 2.585, 1.684, 2.012,
1.048, 1.373, 1.633, 1.697, 0.753, 1.726, 1.754}.

This dataset provides critical insights into the variability
of tensile strength between individual fibers, allowing

engineers and materials scientists to optimize the use
of carbon fibers in high-performance applications. Using
such data, industries can create composites that push the
boundaries of durability and functionality in demanding
environments.

In Table 13, we provide an in-depth comparison of
various models using MLE with StEr, KSD, PVKS, CVM,
PVCVM, AD, and PVAD. Among the tested distributions,
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Figure 22: Estimated CDFs for the competing models for insurance dataset.
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Figure 23: Estimated CDFs for the competing models for insurance dataset.
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the SPB-X distribution consistently outperformed others
across multiple metrics, including KSD, PVKS, CVM,
PVCVM, AD, and PVAD, making it the most suitable model
for the tensile strength of the carbon fibers dataset.

Figure 16 includes the histogram, violin plot, QQ plot,
box plot with stripchart, and TTT plot of dataset of tensile
stress of carbon fibers datasets. The estimated PDFs of
competing models for the of dataset of tensile stress of
carbon fibers datasets are shown in Figure 17, while
Figure 18 displays the estimated CDFs of the competitive
models. In addition, Figure 19 illustrates the PP plots of the
competing models. Figures 17–19 demonstrate the fit of our
distribution to the actual data.

8.4 Insurance dataset

The insurance dataset, which spans the years 1987–2017, dis-
plays the excess of assets over liabilities for investmentsmade
by insurance companies, pension funds, and trusts. The
values are expressed in billions of pounds. The following is
the electronic address that it was obtained from: The link
https://www.ons.gov.uk/ references the aforementioned pro-
duct. The dataset is reported in Table 14.

In Table 15, we provide an in-depth comparison of
various models using MLE with StEr, KSD, PVKS, CVM,
PVCVM, AD, and PVAD. Among the tested distributions,
the SPB-X distribution consistently outperformed others

Table 16: The actuarial metrics VaR, ES, TVaR, and TV values for the insurance dataset

Measure q SPB-X PBX SEWE Measure q SPB-X PBX SEWE

VaR 0.650 5.6930 5.6868 5.6815 TVaR 0.650 8.1786 8.1798 8.1864
0.700 6.0936 6.0942 6.0883 0.700 8.5602 8.5620 8.5707
0.750 6.5548 6.5636 6.5577 0.750 9.0087 9.0100 9.0215
0.800 7.1068 7.1253 7.1199 0.800 9.5554 9.5537 9.5695
0.850 7.8061 7.8351 7.8317 0.850 10.2603 10.2501 10.2728
0.900 8.7813 8.8196 8.8215 0.900 11.2598 11.2275 11.2621
0.910 9.0343 9.0736 9.0772 0.910 11.5214 11.4812 11.5193
0.920 9.3174 9.3569 9.3629 0.920 11.8150 11.7648 11.8070
0.930 9.6388 9.6776 9.6864 0.930 12.1493 12.0863 12.1336
0.940 10.0109 10.0474 10.0598 0.940 12.5376 12.4578 12.5112
0.950 10.4529 10.4843 10.5016 0.950 13.0001 12.8975 12.9586
0.960 10.9973 11.0190 11.0430 0.960 13.5715 13.4364 13.5076
0.970 11.7060 11.7088 11.7426 0.970 14.3173 14.1328 14.2184
0.975 12.1596 12.1465 12.1873 0.975 14.7957 14.5752 14.6705
0.980 12.7200 12.6832 12.7331 0.980 15.3873 15.1177 15.2255
0.985 13.4515 13.3766 13.4396 0.985 16.1607 15.8193 15.9443
0.990 14.5011 14.3577 14.4412 0.990 17.2715 16.8120 16.9634
0.995 16.3499 16.0457 16.1700 0.995 19.2293 18.5203 18.7222
0.999 20.9308 20.0204 20.2655 0.999 24.0749 22.5402 22.8827

ES 0.650 3.6882 3.6717 3.0239 TV 0.650 6.2552 5.9357 6.0739
0.700 3.8454 3.8299 3.1817 0.700 6.2759 5.9001 6.0496
0.750 4.0103 3.9961 3.3478 0.750 6.3207 5.8717 6.0364
0.800 4.1860 4.1735 3.5252 0.800 6.4003 5.8557 6.0379
0.850 4.3774 4.3671 3.7190 0.850 6.5323 5.8534 6.0582
0.900 4.5932 4.5853 3.9378 0.900 6.7623 5.8743 6.1107
0.910 4.6406 4.6332 3.9859 0.910 6.8288 5.8828 6.1274
0.920 4.6898 4.6830 4.0359 0.920 6.9061 5.8936 6.1473
0.930 4.7413 4.7350 4.0881 0.930 6.9969 5.9070 6.1710
0.940 4.7953 4.7895 4.1429 0.940 7.1061 5.9239 6.1998
0.950 4.8525 4.8470 4.2009 0.950 7.2404 5.9453 6.2352
0.960 4.9135 4.9084 4.2628 0.960 7.4118 5.9739 6.2815
0.970 4.9797 4.9748 4.3299 0.970 7.6437 6.0116 6.3398
0.975 5.0153 5.0104 4.3660 0.975 7.7954 6.0358 6.3776
0.980 5.0532 5.0482 4.4043 0.980 8.1037 6.0678 6.4260
0.985 5.0938 5.0886 4.4454 0.985 8.2437 6.1081 6.4876
0.990 5.1385 5.1328 4.4906 0.990 8.6181 6.1666 6.5745
0.995 5.1897 5.1829 4.5421 0.995 9.2927 6.2645 6.7159
0.999 5.2410 5.2322 4.5935 0.999 10.9996 6.4753 7.0392
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across multiple metrics, including KSD, PVKS, CVM,
PVCVM, AD, and PVAD, making it the most suitable model
for insurance dataset.

Figure 20 includes the histogram, violin plot, QQ plot,
box plot with stripchart, and TTT plot of dataset of insur-
ance datasets. The estimated PDFs of competing models for
the of dataset of insurance datasets are shown in Figure 21,
while Figure 22 displays the estimated CDFs of the compe-
titive models. In addition, Figure 23 illustrates the PP plots
of the competing models. Figures 21–23 demonstrate the fit
of our distribution to the actual data.

The actuarial measures VaR, ES, TVaR, TV, and TVP of the
SPB-X, PBX, and SEWE distributions are computed and

compared using the actual dataset in the following. Tables
16 and 17 present the numerical findings.

Figure 24 includes the competing model VaR, ES, TVaR,
and TV plots for the insurance dataset. the competing model
TVP plots for the insurance dataset shown in Figure 25.

We find that for different significance levels q and
different values of ω, the SPB-X model has higher values
for the risk measures VaR, ES, TVaR, TV, and TVP from
Tables 16 and 17 and Figures 24 and 25. This suggests that
compared to the PBX and SEWE distributions, the SPB-X
model has a heavier tail.

From Table 18, it is observed that both estimation
methods produce consistent results with only minor

Table 17: The actuarial metrics TVP values for the insurance dataset

ω q SPB-X PBX SEWE ω q SPB-X PBX SEWE

0.50 0.650 11.3062 11.1476 11.2233 0.90 0.650 13.8083 13.5219 13.6528
0.700 11.6982 11.5121 11.5955 0.700 14.2085 13.8721 14.0153
0.750 12.1690 11.9459 12.0397 0.750 14.6973 14.2946 14.4543
0.800 12.7555 12.4815 12.5884 0.800 15.3156 14.8238 15.0036
0.850 13.5265 13.1768 13.3019 0.850 16.1395 15.5182 15.7251
0.900 14.6410 14.1646 14.3174 0.900 17.3459 16.5143 16.7617
0.910 14.9358 14.4226 14.5830 0.910 17.6674 16.7757 17.0340
0.920 15.2680 14.7116 14.8807 0.920 18.0304 17.0690 17.3396
0.930 15.6478 15.0398 15.2191 0.930 18.4466 17.4026 17.6875
0.940 16.0906 15.4197 15.6110 0.940 18.9331 17.7893 18.0910
0.950 16.6203 15.8702 16.0762 0.950 19.5165 18.2483 18.5702
0.960 17.2774 16.4234 16.6484 0.960 20.2421 18.8129 19.1610
0.970 18.1391 17.1386 17.3882 0.970 21.1966 19.5432 19.9242
0.975 18.6934 17.5931 17.8593 0.975 21.8115 20.0074 20.4103
0.980 19.4391 18.1517 18.4385 0.980 22.6806 20.5788 21.0089
0.985 20.2825 18.8733 19.1881 0.985 23.5800 21.3166 21.7831
0.990 21.5805 19.8953 20.2507 0.990 25.0278 22.3620 22.8805
0.995 23.8756 21.6525 22.0802 0.995 27.5927 24.1583 24.7666
0.999 29.5747 25.7779 26.4023 0.999 33.9745 28.3680 29.2180

0.75 0.650 12.8700 12.6316 12.7418 0.99 0.650 14.3712 14.0561 14.1995
0.700 13.2672 12.9871 13.1079 0.700 14.7734 14.4031 14.5598
0.750 13.7492 13.4138 13.5488 0.750 15.2661 14.8230 14.9976
0.800 14.3556 13.9454 14.0979 0.800 15.8916 15.3508 15.5470
0.850 15.1596 14.6402 14.8164 0.850 16.7274 16.0450 16.2704
0.900 16.3316 15.6332 15.8451 0.900 17.9545 17.0430 17.3116
0.910 16.6431 15.8933 16.1149 0.910 18.2820 17.3052 17.5855
0.920 16.9945 16.1850 16.4175 0.920 18.6520 17.5994 17.8929
0.930 17.3970 16.5166 16.7619 0.930 19.0763 17.9343 18.2429
0.940 17.8672 16.9007 17.1610 0.940 19.5726 18.3224 18.6489
0.950 18.4304 17.3565 17.6350 0.950 20.1681 18.7834 19.1314
0.960 19.1304 17.9168 18.2187 0.960 20.9092 19.3506 19.7263
0.970 20.0500 18.6415 18.9732 0.970 21.8845 20.0843 20.4947
0.975 20.6422 19.1020 19.4537 0.975 22.5131 20.5506 20.9843
0.980 21.4650 19.6686 20.0450 0.980 23.4099 21.1249 21.5873
0.985 22.3434 20.4004 20.8100 0.985 24.3219 21.8663 22.3670
0.990 23.7351 21.4370 21.8943 0.990 25.8034 22.9170 23.4722
0.995 26.1988 23.2187 23.7592 0.995 28.4290 24.7221 25.3710
0.999 32.3246 27.3967 28.1621 0.999 34.9645 28.9508 29.8515
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differences in the estimated parameters. In several data-
sets (Data1, Data3, Data4, and Data5), LSE achieves
slightly smaller KS values and higher p-values compared
to MLE, confirming its robustness in certain contexts.
However, in other cases (Data2), MLE and LSE results
are very close. These findings indicate that while LSE
may have some advantages in terms of goodness-of-fit,
both methods lead to the same empirical conclusion: the
proposed SPB-X distribution provides the best overall fit
to the datasets. Thus, the choice of estimation method
does not alter the validity of the application results
reported in Section 8.
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Figure 24: Competing model VaR, ES, TVaR, and TV plots for the insurance dataset.
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Figure 25: Competing model TVP plots for the insurance dataset.

Table 18: Parameter estimates of the SPB-X distribution using MLE and
LSE for the five datasets, along with KSD and PVKS

Data Method α θ λ KSD PVKS

Data1 MLE 14.5195 0.8207 1.0578 0.1684 0.9141
LSE 19.8840 1.0673 0.7378 0.1415 0.9803

Data2 MLE 2.7126 0.2305 1.0543 0.1036 0.9978
LSE 1.7772 0.1973 1.0428 0.1088 0.9957

Data3 MLE 0.8472 0.0878 1.8287 0.0784 0.8124
LSE 0.5967 0.0255 2.7033 0.0616 0.9635

Data4 MLE 0.8548 0.2995 1.7155 0.0470 0.9980
LSE 1.0035 0.3514 1.5885 0.0386 0.9999

Data5 MLE 16.8042 1.0771 0.2799 0.0881 0.9463
LSE 0.6613 0.0505 1.3798 0.0791 0.9787
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9 Concluding remarks

In this article, we discuss a novel three-parameter lifespan
distribution known as the sine power Burr X (SPB-X) dis-
tribution. The suggested distribution is derived from the
sine-G class of distributions and the power Burr-X distribu-
tion. The suggested distribution encompasses several
features, including explicit formulations for the quantile
function, Bowley skewness, Moors kurtosis, ordinary
moments, generating function, and incomplete and condi-
tional moments, with several numerical and graphical
representations. Several notable reliability measures for
the SPB-X model include standard reliability functions,
mean residual life function, mean waiting time function,
residual moment, and inverted residual life. Several cri-
tical risk metrics for the SPB-X distribution. Risk measure-
ments include the value at risk, projected shortfall, TVaR,
TV, and TVP. Four estimation strategies were used to deter-
mine the model parameters: maximum likelihood, least
squares, MPS, and Bayesian. A simulation study is con-
ducted to evaluate the efficacy of estimating techniques.
Ultimately, five actual datasets are examined to assess
the utility and adaptability of the suggested approach.
The limitation of this article lies in estimating the para-
meters of the SPB-X model using the complete samples
only. This reason opens the door for future studies to study
the estimation of the parameters of the new distribution
using different censored schemes for the censored data.
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