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Abstract:We assess the thermal resilience of key quantum
resources-(ℓ1)-norm coherence (Q), quantum discord (D),
logarithmic negativity (�� ), Bell nonlocality (� ), and
quantum steering (�)-in a bipartite Lipkin–Meshkov–Glick
(LMG) spin system subject to competing Dzyaloshinskii–
Moriya (DM) interactions and Zeeman splitting. By varying
temperature (T ), spin–spin coupling (λ), magnetic field
strength (B0), and DM amplitude (Dz), we reveal a clear hier-
archy of thermal stability: coherence and discord remain
robust well beyond the temperatures at which nonlocality
(� ), steering (�), and bipartite entanglement (�� ) undergo
successive thermal collapse. Stronger spin–spin coupling λ

and nonzero DM strength ≥D 0z not only amplify overall
quantum correlations but also elevate the critical tempera-
tures Tc for the survival of each resource. In contrast, a large
B0 polarizes the spins into paramagnetic states, thereby sup-
pressing all quantum features at fixedT . Notably, high ampli-
tude of DM interactions preserves residual coherence and
discord even in the high-temperature limit ( )≫T Tc . These

results establish practical operating thresholds for LMG-
based quantum technologies in thermal environments and
highlight Dz as a powerful tuning parameter for engineering
thermally robust quantum resources.

Keywords: Lipkin–Meshkov–Glick model, quantum coher-
ence, quantum discord, quantum steering, Bell nonlocality,
DM interaction

1 Introduction

Quantum coherence, emerging from the superposition of
quantum states, serves as the foundation for all nonclas-
sical phenomena, quantified by the off-diagonal elements
of the density matrix within a specified basis [1,2]. This
coherence is formalized through a resource-theoretic fra-
mework, where the l1-norm acts as a well-established
measure [2]. Hierarchically, coherence underpins entan-
glement, a stronger form of correlations characterized by
nonlocal state collapse upon subsystem measurement.
Entanglement can be measured by entanglement of forma-
tion [3], concurrence [4], negativity [5], and resource
theories that constrain its manipulation under local opera-
tions [6,7]. Quantum discord, capture correlations inacces-
sible to classical observers [8,9]. Quantum discord diverges
from entanglement in mixed states, highlighting its distinct
role in quantum information processing [10–12].

Nonlocality, validated through Bell inequality viola-
tions in photonic [13] and superconducting circuits [14],
challenges classical realism by rejecting local hidden
variable models [15]. However, its relationship with entan-
glement is nuanced, illustrating their ambiguous corre-
spondence [16,17]. Steering [18–20], an asymmetric
phenomenon in which one party remotely manipulates
another’s state through local measurements, further stra-
tifies these correlations [19,21,22]. The coexistence of coher-
ence, entanglement, Bell nonlocality, quantum discord,
and quantum steering resists unambiguous distinction
even in bipartite systems. The lack of connections between
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these measures, combined with the inherent difficulty of
separating entangled and separable states – implies that
optimizing one resource does not inherently amplify
others. This necessitates a multimeasure approach, as dis-
tinct correlations dominate in specific parameter regimes.
Within the bipartite Lipkin–Meshkov–Glick (LMG) frame-
work, we map their hierarchical relationships, identifying
critical thresholds where spin–spin coupling (λ), aniso-
tropy δ, Dzyaloshinskii–Moriya (DM) interaction (Dz),
external magnetic field B0, and thermal fluctuations (T )
dictate the prominence of specific correlations for practical
quantum protocols. The LMG model [23–25], an exactly
solvable system, originated in nuclear physics to describe
shape phase transitions through collective spin interac-
tions. The model is used, initially for testing nuclear
many-body approximations like Hartree–Fock and random
phase approximations (RPA) [26–29], and was later recog-
nized as a geometric analog of a quantum top in a magnetic
field [30,31] and enabling description of diverse systems:
double-well potentials, and infinite-range spin systems [32].
This duality propelled its adoption across disciplines. In the
condensed matter, it models macroscopic single molecular
magnets [33,34] and transitions in Bose–Einstein conden-
sates [35].

In the field of quantum information science, the LMG
model has served as a prominent platform for investi-
gating quantum correlations, particularly in the context
of quantum phase transitions (QPTs). Extensive studies
have been conducted on two-spin entanglement [36–39],
entanglement entropy [40,41], and multipartite entan-
glement [42–44], alongside analyses of multipartite non-
locality [45], quantum discord [46,47], and quantum
correlations [48]. Furthermore, critical phenomena in the
�� �( ) model have been thoroughly examined using
measures such as fidelity susceptibility [49,50], quantum
Fisher information [51], and dynamical indicators
including the Loschmidt echo and fidelity [52]. The LMG
model is also employed as the working medium in
quantum Otto engines based on a two-site configuration,
subjected to external magnetic fields and symmetric cross-
interactions [53]. It is also worth highlighting that the
LMG model has garnered considerable attention not only
from a theoretical standpoint but also in terms of potential
experimental realizations. Proposals have been made
to implement the model using Bose–Einstein condensates
in double-well potentials [54], cavity-based quantum
optical systems [55,56], and circuit quantum electrody-
namics (circuit QED) platforms [57]. More recently, signifi-
cant progress has been achieved in simulating �� �( )

dynamics with all-to-all interactions in trapped-ion
setups [58,59], nitrogen-vacancy center ensembles [60],

and superconducting qubit networks [61], where the dyna-
mical phase transition has been experimentally demon-
strated [61].

We investigate the intricate dynamics of quantum
resources: ℓ1-norm coherence Q, quantum discord (D),
logarithmic negativity (�� ), Bell nonlocality (� ), and
quantum steering (�), within the �� � model, focusing
on their behavior under the influence of thermal noise,
external magnetic fields, DM interaction, and variations
in system parameters.

This paper is organized as follows. Section 2 introduces
the used quantifiers, including coherence, discord, entan-
glement, Bell nonlocality, and steering. Section 3 investi-
gates the Hamiltonian structure and the thermal density
matrix of the bipartite LMG system. In Section 4, the inter-
play between system parameters and key measures
dynamics is investigated, with theoretical insights sup-
ported by numerical simulations. Finally, Section 5 sum-
marizes key findings, discusses implications for emerging
quantum technologies, and outlines promising avenues for
future research.

2 Quantum resources

This section investigates quantum resources within the
bipartite LMG model. Entanglement is measured using
the LN, while quantum discord evaluates nonclassical cor-
relations that extend beyond entanglement. Bell nonlocality
is identified through violations of the Clauser–Horne–
Shimony–Holt (CHSH) inequality, and quantum steering is
assessed via the Cavalcanti–Jones–Wiseman–Reid steering
criterion [62]. These metrics are examined as functions of
temperatureT , spin–spin coupling strength λ, DM interaction
parameter Dz, and Zeeman splitting B0.

2.1 l1-norm of coherence function

Quantum coherence is an important feature derived from
the principle of superposition in quantum physics. A well-
established framework for quantifying coherence, has
been extensively developed in recent studies [1,2]. This
theory determines the set of incoherent states � that are
diagonal in a taken basis {∣ ⟩}j :

� ∣ ⟩⟨ ∣∑∈ ⇔ =γ γ γ j j .

j

j (1)

Incoherent operations that transform incoherent states
into other incoherent states are known as free operations.
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Detecting and quantifying quantum coherence plays a vital
role in enabling quantum correlations and facilitating
information processing in the quantum system. In this
sense, Baumgratz et al. [2] introduced the l1-norm of coher-
ence as a metric for measuring coherence, which is defined
as follows:

( ) ∣⟨ ∣ ∣ ⟩∣ ∣ ∣ ∣ ∣∑ ∑ ∑= = −
≠

Q ρ ρ ρ ρi j ,

i j i,j

ij

i

ii (2)

with ρ representing the density matrix in the system under
consideration.

2.2 Quantum discord function

Quantum discord (QD) [8] provides a rigorous measure of
nonclassical correlations that persist even in separable
quantum states. For a bipartite system, QD is operationally
defined as the discrepancy between total quantum mutual
information 	( )ϱ and classical correlations 
( )ϱ :

� 	 
( ) ( ) ( )= −ϱ ϱ ϱ , (3)

where 	( )ϱ represents the quantum mutual information
quantifies total correlations giving by

	( ) ( ) ( ) ( )= + −S S Sϱ ϱ ϱ ϱ ,A B (4)

and 
( )ϱ represents the classical correlations obtained via
measurement optimization:


( ) ( ) ( )
{ }

∑= − ∣S p Sϱ ϱ min ϱ .A
i

i A i
Πi

B (5)

Here, ( ) ( )= −S ϱ Tr ϱ log ϱ
2

denotes the von Neumann entropy,
( )= ∕∣ pϱ Tr Π ϱΠA i B i

B
i
B

i represents post-measurement states
on subsystem A with probability ( )=p Tr Π ϱi i

B , and { }Πi
B

forms a complete set of orthogonal projectors on subsystem
B. Rewriting QD through conditional entropy minimization
[63,64] yields:

�( ) [ ( ∣{ }) ( ) ( )]
{ }

= + −S S Sϱ min ϱ Π ϱ ϱ .B
i

B
ΠB

i (6)

The computational complexity of this minimization
restricts analytical solutions to specific state classes. For
the bipartite X-state, the density matrix adopts the struc-
tured form:

=

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

ρ

ρ ρ

ρ ρ

ρ ρ

ρ ρ

0 0

0 0

0 * 0

* 0 0

,X

11 14

22 23

23 33

14 44

(7)

where the diagonal elements ρii represent classical state
populations, while the off-diagonal terms ρ

14
and ρ

23
govern

quantum coherence. For such X-states, quantum discord (QD)
can be expressed in a closed form [10,64] as follows:

�( ) { }=ρ d dmin , ,X 1 2 (8)

with correlation measures:

( ) ∑= + + +
=

d F ρ ρ λ λ wlog ,j

n

n n j11 33

1

4

2
(9)

where { }λn are eigenvalues of ρX , and the measurement-
dependent terms:

( )=w F ξ ,1 (10)

( ) ∑= − + −
=

w F ρ ρ ρ ρlog ,

n
nn nn2 11 33

1

4

2
(11)

employ the binary entropy function:

( ) ( ) ( )= − − − −F ξ ξ ξ ξ ξlog 1 log 1 .
2 2

(12)

The critical parameter ξ encapsulates the competition
between off-diagonal terms ∣ ∣ ∣ ∣+ρ ρ

14 23
and the considered

state populations +ρ ρ
33 44

:

( [ ( )] (∣ ∣ ∣ ∣) )= − + + + +ξ ρ ρ ρ ρ
1

2
1 2 4 1 .

33 44

2

14 23

2 (13)

2.3 LN function

LN serves as a practical entanglement quantifier due to its
computational simplicity and operational interpretation
[5,7]. For a bipartite system described by the density matrix
ρ, LN is defined as follows [5]:

( ) ‖ ‖=ρ ρLN log ,T
2 1

B (14)

where ρTB denotes the partial transpose of ρ with respect to
subsystem B, and ‖ ‖⋅ 1 represents the trace norm. This norm,
equivalent to the sum of singular values, is computed as
‖ ‖ ( )=ξ ξ ξTr1

† for any operator ξ . The connection between
LN and the negativitymeasure�( )ρ is established through [5]:

�( )
‖ ‖

=
−

ρ
ρ 1

2
,

T
1

B

(15)

which quantifies the degree of positive partial transpose
violation [65]. Equivalently, negativity can be expressed
using the eigenvalues { }νi of ρTB:

�( )
∣ ∣∑=

−
ρ

ν ν

2
,

i

i i (16)

where negative eigenvalues ( <ν 0i ) directly signal entan-
glement. By combining these expressions, LN becomes:

�( ) ( ( ) )= +ρ ρLN log 2 1 .
2

(17)
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Entanglement, as quantified by ( )ρLN , reflects the funda-
mental quantum inseparability of subsystems: ( ) =ρLN 0,
corresponds to fully separable states describable through
local operations and classical communication, while

( ) >ρLN 0 certifies genuine quantum correlations.

2.4 Bell nonlocality function

To assess the nonlocality in our system, one can use the
Bell inequality violation [66–69]. Bell nonlocality provides
a stricter criterion for quantumness through experimen-
tally testable inequalities. Here, we employ the CHSH
inequality for any system of two qubits [68]

∣ ( )∣ ≤ρBTr 2,CHSH (18)

where BCHSH denotes the Bell operator defined as follows:

( ) ( )= →′ ⋅ → ⊗ → − →′ ⋅ → + → ⋅ → ⊗ → + →′ ⋅ →
x σ y y σ x σ y y σB .CHSH (19)

In order to achieve the maximal value for the BCHSH in the
bipartite state ρ, we optimize over the unit vectors
→ →′ →
x x y, , , and →′Y which refer to the measurements on sub-
parties X and Y , respectively. It follows that [68]

�( )∣ ( )=ρB ρmax Tr 2 ,
B

CHSH

CHSH

(20)

where �( ) { }= + ≤<ρ α αmax 2,l m l m with αm (m = 1, 2, 3)
represent the eigenvalues of the operator 
 = ⊤T T .
Here, [ ( )]( ) = ⊗T ρ σ σTri j i j, is the correlation matrix.
Accordingly, the violation of inequality (18) can be quanti-
fied using a new formula for Bell’s operator ( )B ρ , which is
given by

�( ) ( ( ) )≡ −B ρ ρmax 1,0 , (21)

( )≤ ≤B ρ0 1 as long as �( ) ≤ρ 2. ( ) =B ρ 1 for a maximal
violation of the inequality, and ( ) =B ρ 0 means that the
states considered admit the local hidden variable theory.
For any state of the form X as given in Eq. (7), the quantity
�( )ρX is expressed as follows:

�( ) { }

{ (∣ ∣ ∣ ∣ ) (∣ ∣ ∣ ∣)

( ) }

= + +
= + −

+ − − +

ρ α α α α

ρ ρ ρ ρ

ρ ρ ρ ρ

max ,

max 8 , 4

.

X 1 2 2 3

14

2

23

2

14 23

2

11 22 33 44

2

(22)

2.5 Quantum steering function

The notion of steering, an extension of the Einstein–
Podolsky–Rosen paradox, was introduced by Schrödinger
[18]. Quantum states that exhibit steering offer key

advantages in various applications, including secure
quantum teleportation [70], device-independent quantum
cryptography [71], and randomness certification [72]. A
fundamental approach to identifying and quantifying
steering, particularly in two-qubit systems, is the three-
setting linear steering inequality [62,73]. This formulation
assumes that both Alice and Bob can conduct three distinct
measurements on their respective subsystems. The
inequality is formulated as follows [73]:

( )∑ ⊗ ≤
=

X Y ρ
1

3
Tr 1.

n

n n

1

3

(23)

Here, the operators = ⋅X x σn n and = ⋅Y y σn n act respec-
tively on qubits X and Y , where, �∈x y,n n

3 symbolize the
unit vectors, with the set { }y y y, ,

1 2 3
forming an orthonormal

basis, while ( )=σ σ σ σ, ,1 2 3 represents the Pauli operators.
When inequality (23) is violated, it indicates that the state ρ

exhibits steerability, with the extent of the violation serving
as a measure of this property [73]. Specifically, the inequal-
ity’s maximum violation is written as follows:

( ) ( )
{ }

∑=
⎧
⎨
⎩

⊗
⎫
⎬
⎭=

S ρ X Y ρmax
1

3
Tr ,

X Y n

n n
,

1

3

n n

(24)

which quantifies the degree of steering present in the system.
The steerability ( )S ρ is then determined as follows [73]:

( )
( )

⎜ ⎟= ⎛
⎝

−
−

⎞
⎠

S ρ
F ρ

max 0,
1

3 1
, (25)

where

( ) = + +F ρ w w w ,1

2

2

2

3

2 (26)

such that { }w w w, ,1 2 3 are the singular values of the matrix
[ ]=T Tnm , with T representing the correlation matrix. The

elements of T are defined as [ ( )]= ⊗T σ σTr ρnm n m , where
σk (k = 1, 2, 3) denotes the Pauli operators.

3 LMG model

The LMG model [23–25] represents a fully connected system
of spin-1/2 particles, characterized by infinite-range interac-
tions and a tunable anisotropy parameter δ in the xy plane.
The ensemble is subjected to a uniform transverse magnetic
field B0 aligned along the z-axis. The competition between
collective spin–spin interactions and the external magnetic
field gives rise to QPTs, which can be of first or second order
depending on the control parameters [36,37,74]. The critical
properties of the LMG model have been extensively analyzed
using quantum information-theoretic approaches, including
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finite-size scaling analyses [75,76]. Originally proposed in the
context of nuclear many-body theory, the model has since
become a cornerstone in the study of collective quantum phe-
nomena, providing a fertile ground for investigating symmetry
breaking, quantum criticality, and nonclassical correlations in
many-body systems. The Hamiltonian governing the aniso-
tropic version of the LMG model is given by [23,53,77]:

( )= − + −H
λ

N
S δS B S ,x y z0

2 2
0

(27)

where λ is the coupling constant, N denotes the total
number of spins, and = ∑ ∕=S σ 2ν i

N
i
ν

1 are the collective spin
operators for { }∈ν x y z, , , with σi

ν being the Pauli matrices
acting on the ith spin. The normalization factor ∕N1

ensures that the energy per spin remains finite in the ther-
modynamic limit.

Owing to its inherent symmetries and infinite-range
interactions, the LMG model has emerged as a paradigmatic
testbed in quantum information science, underpinning stu-
dies of entanglement scaling, quantum coherence, and the
intricate hierarchy of many-body correlations. Notably,
experimental breakthroughs have begun to bridge theory
and practice: superconducting quantum circuits have demon-
strated spontaneous symmetry breaking alongside the gen-
eration of multipartite entanglement [78], while neutral-atom
quantum processors have accurately reconstructed LMG
ground-state properties via variational algorithms [79]. Com-
plementing these advances, recent quantum-computational
investigations have further illuminated LMG physics: the
ground-state energy of a two-spin system was computed on
the IBM quantum experience [77], the energy spectrum of
systems up to four spins was resolved [80], a suite of hybrid
quantum-classical simulation strategies of the LMGmodel has
been formulated [81–83]. In this article, we consider the
bipartite LMG model (N = 2), where the Hamiltonian (27)
writes as follows:

( ( ) ) ( )= − + + + − +H
λ

σ σ δσ σ δ I
B

σ σˆ

4
1

2
.

x x y y z z
1 2 1 2 4

0

1 2
(28)

The parameter λ governs the strength of the spin–spin inter-
action, while δ introduces anisotropy. The term ( )+δ I1

λ

4 4

contributes a constant energy shift to the spectrum without
influencing the system’s dynamics. In this work, we investi-
gate an extended version of the LMG model incorporating an
antisymmetric DM interaction, described by the following
Hamiltonian:

( ( ) ) ( )

( )

= − + + + − +

+
⎯→

→ ∧ →

H
λ

σ σ δσ σ δ I
B

σ σ

D
σ σ

4
1

2

2
.

x x y y z z
1 2 1 2 4

0

1 2

1 2

(29)

TheDM interaction, characterized by the vector ( )
⎯→ =D D D D, ,x y z ,

represents an antisymmetric exchange coupling that origi-
nates from spin–orbit interactions in magnetic systems
lacking inversion symmetry. This mechanism introduces
chirality into the spin dynamics, favoring twisted or helical
spin configurations within noncentrosymmetric crystal lat-
tices [84]. Beyond its role in classical magnetism, the DM
interaction has drawn considerable attention in quantum
information science, particularly for its impact on the beha-
vior of quantum correlations in low-dimensional systems.
Notably, several studies have investigated the influence
of DM interaction on the dynamics of quantum resources,
such as entanglement, discord, and coherence in bipartite
Heisenberg XXZ models [85–87]. These analyses reveal that
the DM-induced spin–orbit coupling can act as a tunable
source of quantum correlations, even in thermally noisy
environments. Assuming the DM interaction is aligned
with the z-axis ( ( ))

⎯→ =D D0, 0, z , the Hamiltonian (29) writes
as follows:

( ( ) ) ( )

( )

= − + + + − +

+ −

H
λ

σ σ δσ σ δ I
B

σ σ

D
σ σ σ σ

ˆ

4
1

2

2
.

x x y y z z

z x y y x

1 2 1 2 4

0

1 2

1 2 1 2

(30)

Thus, the matrix representation of H in the computational
basis of product states ∣ ⟩ ∣ ⟩⊗i j1 2

( =i j, 0, 1) is given by:

( ) ( )

( ) ( )

( ) ( )

( ) ( )

=

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

− + − − −

− + − + +

− + − − +

− − − + +

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

H

λ
δ B

λ
δ

λ
δ

λ
δ iD

λ
δ iD

λ
δ

λ
δ

λ
δ B

ˆ

4
1 0 0

4
1

0
4

1
4

1 0

0
4

1
4

1 0

4
1 0 0

4
1

.

z

z

0

0

(31)
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The eigenvalues Λi ( =i 1, 2, 3, 4) and the corresponding
eigenvectors ∣ ⟩χ

Λi
of Ĥ are provided as follows:

( )

∣ ⟩

( ) ∣ ∣

∣ ⟩

∣ ∣

∣ ⟩

( )

( )

= −
+

−

=
− −

− +

+
+

+
−

+
−

λ δ μ

χ
B μ

λ δ

Λ
1

4 4
,

4

1 1

00

1

1

11 ,

B μ

λ δ

B μ

λ δ

1

Λ

0

4

1

2

4

1

2

1
0

0

(32)

( )

∣ ⟩

( ) ∣ ∣

∣ ⟩

∣ ∣

∣ ⟩

( )

( )

= −
+

+

=
− +

− +

+
+

−
−

−
−

λ δ μ

χ
B μ

λ δ

Λ
1

4 4
,

4

1 1

00

1

1

11 ,

B μ

λ δ

B μ

λ δ

2

Λ

0

4

1

2

4

1

2

2
0

0

(33)

( )

∣ ⟩

( ( )) ∣ ∣

∣ ⟩

∣ ∣

∣ ⟩

( )

( )

= −
+

−

=
−

− + +

+
+

− +

− +

λ δ κ

χ
iκ

D iλ δ

Λ
1

4 4
,

4 1 1

01

1

1

10 ,

z
κ

D iλ δ

κ

D iλ δ

3

Λ

4 1

2

4 1

2

z

z

3 (34)

( )

∣ ⟩

( ( )) ∣ ∣

∣ ⟩

∣ ∣

∣ ⟩

( )

( )

= −
+

+

=
− + +

+
+

− +

− +

λ δ κ

χ
iκ

D iλ δ

Λ
1

4 4
,

4 1 1

01

1

1

10 ,

z
κ

D iλ δ

κ

D iλ δ

4

Λ

4 1

2

4 1

2

z

z

4 (35)

where ( )≔ − +μ δ λ B1 162 2
0

2 and ( )≔ + +κ δ λ D1 16 z
2 2 2 .

At zero temperature ( =T 0), the behavior of all quantum
resources is fully governed by the Hamiltonian’s ground state,
corresponding to the lowest eigenvalue (Λ1 or Λ3) depending
on the competition between Zeeman splitting (B0) and DM
interaction (Dz). For weak external fields (B0), the interplay
of symmetric spin–spin coupling (λ) and antisymmetric
DM interaction (Dz) stabilizes the eigenstate ∣ ⟩χ

Λ3
, where

( )= + +κ δ λ D1 16 z
2 2 2 governs spin–orbit-induced chirality,

enhancing quantum coherence and entanglement. In con-
trast, for high strengths of the field B0, the Zeeman effect
dominates, polarizing the system into separable eigenstates
(e.g., ∣ ⟩00 ) and suppressing all nonclassical correlations,
marking a quantum-to-classical crossover into a paramag-
netic regime. The distinct behaviors of quantum resources
at low B0 and classical separability at high B0 highlight
the tunability of quantum properties through external

parameters, with the ground state acting as the linchpin for
zero-temperature quantum resource engineering. At finite
temperatures, the density matrix ( )ρ T is determined by the
Gibbs ensemble:

�
�( ) [ ]= =

− ∕
− ∕ρ T

e
e, with Tr ,

H k T
H k T

ˆ

ˆ
B

B (36)

where Ĥ is the system Hamiltonian and kB the Boltzmann
constant (set to unity, =k 1B , for dimensionless analysis). In
the computational basis {∣ ⟩ ∣ ⟩ ∣ ⟩ ∣ ⟩ ∣ ⟩⊗ ⊗ ⊗0 0 , 0 1 , 11 2 1 2 1

∣ ⟩ ∣ ⟩ ∣ ⟩ }⊗0 , 1 12 1 2 , the thermal state ( )ρ T assumes an X -struc-
ture:

( ) =

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

ρ T

ρ ρ

ρ ρ

ρ ρ

ρ ρ

0 0

0 0

0 * 0

* 0 0

,

11 14

22 23

23 33

14 44

(37)

with matrix elements parameterized by spin–spin coupling
λ, DM interaction Dz, Zeeman field B0, and anisotropy δ:

�

�

�

�

�

( )

[( ) ]

( )

( )

( )

( )

( )

=
⎡

⎣
⎢ +

⎤

⎦
⎥

= −
−

=

=
+ −

= =

= =
⎡

⎣
⎢− +

⎤

⎦
⎥

+

+

+

+

+

ρ
e B

μ

μ

T

ρ
δ λe

μ

μ

T

ρ
e κ

T

ρ
δ λ iD e

κ

κ

T

ρ ρ ρ ρ

ρ ρ ρ
e B

μ

μ

T

4 sinh

cosh
4

,

1
sinh

4
,

cosh
4

,

1 4
sinh

4
,

* , ,

,

4 sinh

cosh
4

,

μ

T

z

μ

T

11

0 4

14

22

23

32 23 33 22

41 14 44

0 4

δ λ

T

δ λ

T

δ λ

T

δ λ

T

δ λ

T

1

4

1

4

1

4

1

4

1

4

where the partition function � and interaction para-
meters μ κ, are defined as follows:

�
( )

= ⎛
⎝ + ⎞

⎠
+

e
μ

T

κ

T
2 cosh

4
cosh

4
,

δ λ

T

1

4 (38)

( ) [( ) ]

[( ) ] ( )

≡ + −

≡ + +

μ B δ λ

κ δ λ D

4 1 ,

1 4 .z

0
2 2

2 2

(39)

The parameter μ governs field-anisotropy competition,
while κ encodes spin–orbit coupling effects from Dz.
After we explore the anisotropic LMG model ( =δ 0.5) to
explore the interplay between spin–spin couplings, DM
interaction, and external magnetic fields under thermal
fluctuations. The parameter B0 is tuned across ≤ ≤B0 30 ,
a regime chosen to identify critical thresholds where
magnetic polarization suppresses anisotropic quantum
correlations.
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4 Results and discussion

This section examines how critical parameters, spin–spin
coupling strength (λ), external magnetic field (B0), DM
interaction (Dz), and temperature (T ), govern the dyna-
mical evolution of quantum coherence and correlations
in a two-qubit LMG system.

4.1 The impact of spin–spin coupling
strength λ

We illustrate in Figure 1, the influence of the coupling
strength, λ, on the key quantifiers. These include the
l1-norm of quantum coherence ( ( ))Q ρ T , quantum discord

( ( ))D ρ T , LN ( ( ))ρ TLN , Bell nonlocality ( ( ))B ρ T , and
quantum steering ( ( ))S ρ T . All quantifiers are evaluated
as functions of temperature T , with the remaining para-
meters fixed at =δ 0.5, =B 0.40 , and =D 1z , ensuring a con-
sistent anisotropic and magnetically biased environment.

By varying the spin–spin coupling strength λ, we char-
acterize the thermal resilience of each quantum resource.
As evidenced in Figure 1(a)–(e), all measures universally
attain their maximum value of 1 at =T 0, revealing that the
quantumness of ground state is not affected by the thermal
noise. This maximum persists irrespective of λ, under-
scoring the dominance of quantum correlations at absolute
zero. At low temperatures, these metrics exhibit a plateau-

like persistence of nonclassicality, a signature of sup-
pressed thermal decoherence. Crucially, the plateau width
scales with λ: stronger spin–spin couplings broaden the
temperature range over which quantum resources remain
robust, delaying their collapse to classical limits. However,

( ( ))ρ TLN , ( ( ))B ρ T , and ( ( ))S ρ T are seen to vanish comple-
tely at a critical temperature Tc, which varies depending
on the value of λ. The critical temperature Tc at which
LN ��( ( ))ρ T , Bell nonlocality �( ( ))ρ T , and quantum
steering �( ( ))ρ T vanish depends strongly on the coupling
strength λ. For instance, ��( ( ))ρ T collapses at =T 1.831c

for =λ 3.5 but persists until =T 2.526c when =λ 5.5. Simi-
larly, �( ( ))ρ T disappears at =T 0.879c for =λ 3.5 and sur-
vives up to =T 1.238c for =λ 5.5, while �( ( ))ρ T vanishes
at =T 1.014c and =T 1.425c for =λ 3.5 and =λ 5.5, respec-
tively. This consistent λ-dependent scaling underscores
how stronger spin–spin couplings enhance thermal
resilience of entanglement and nonlocal correlations.
Figure 1(a)–(b) demonstrate that increasing the spin–spin
coupling strength λ enhances the thermal robustness of
quantum coherence ( ( ( ))Q ρ T ) and quantum discord
( ( ( ))D ρ T ). Notably, even when entanglement (��( ( ))ρ T ),
nonlocality (�( ( ))ρ T ), and steering (�( ( ))ρ T ) collapse to
zero at elevated temperatures, residual coherence
( ( ( )) >Q ρ T 0) and discord ( ( ( )) >D ρ T 0) persist, with

( ( )) ( ( ))>Q ρ T D ρ T across all T . This persistence highlights
the hierarchical resilience of quantum resources. Figure
1(f) explores a comparative analysis between ( ( ))Q ρ T ,

(a) (b) (c)

(d) (e) (f)

Figure 1: Dynamics of quantum coherence (a), quantum discord (b), entanglement (c), nonlocality (d), and quantum steering (e) versusT for different
values of λ when =δ 0.5, =B 0.40 , and =D 1z . (f) shows the comparative evolution of the five indicators at =λ 3.5.
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( ( ))D ρ T , ( ( ))ρ TLN , ( ( ))B ρ T , and ( ( ))S ρ T for =λ 3, =δ 0.5,
=B 0.250 , and =D 1z . For low temperatures, the sudden

death phenomenon occurs more quickly for Bell nonlo-
cality, followed by steerability, and finally, entanglement
compared to quantum discord. In summary, stronger
spin–spin coupling enhances the resilience of quantum
resources against degradation induced by thermal effects.
We observed a distinct hierarchy among nonclassical
resources: the l1 norm of coherence surpasses quantum
discord, which exceeds LN for intermediate and high tem-
peratures, followed by quantum steering, and finally, Bell
nonlocality. Hence, we can conclude that quantum coher-
ence is the most robust measure in this study, while
quantum nonlocality is the most fragile among the non-
classical properties investigated.

4.2 The impact of the Zeeman splitting B0

Next, we examine the roles of Zeeman splitting (B0) and
temperature (T ) in shaping quantum correlations in the
LMG model (Figure 2). Fixed parameters =λ 2 (spin–spin
coupling), =δ 0.5 (anisotropy), and =D 2z (DM interaction)
isolate the interplay between thermal fluctuations (k TB )
and magnetic polarization (B0). Here, fixing Dz enables
direct analysis of how T and B0 affect coherence, entangle-
ment, discord, and nonlocal correlations (B) and (S).

Figure 2 investigates how quantum resources in the
bipartite LMG model are influenced by the DM interaction
( =D 2z ), Zeeman field (B0), and temperature (T ). At abso-
lute zero ( =T 0), all resources–coherence (Q), quantum
discord (D), LN (LN, entanglement), Bell nonlocality (B),
and steering (S) – attain maximal values for <B 20 ,
aligning with the dominance of spin–spin correlations in
the ground state (Figure 1). However, when = >B D3 z0 , a
stark contrast emerges at =T 0: Q and D drop to near-zero
levels due to field-induced polarization into separable
eigenstates (e.g., ∣ ⟩00 ). Intriguingly, these resources
exhibit significant nonmonotonic behavior at finite T ,
peaking at intermediate critical temperatures ( =T 1.543Q

for coherence and =T 1.015D for discord) before decaying
to residual plateaus. Entanglement vanishes at a first cri-
tical temperature =T 0.351c1

LN , resurges and picks near
≈T 1.45 and ultimately collapses at a second critical tem-

perature =T 2.406c2

LN . In contrast, nonlocality (B) and
steering (S), already suppressed at =T 0, are entirely extin-
guished at infinitesimal T , revealing their fragility com-
pared to Q and D. Across all regimes, the Zeeman field
reduces the overall quantum resource capacity, while
increasing (Dz) counteracts this by enhancing and stabi-
lizing quantum correlations with the system. This stabiliza-
tion enhances the robustness of Q and D, allowing them to
persist even at ≫T Tc2

LN. A universal hierarchy of thermal
resilience emerges: > > > >Q D S BLN (Figure 2f), with

(a) (b) (c)

(d) (e) (f)

Figure 2: Evolution of quantum coherence (a), quantum discord (b), entanglement (c), nonlocality (d), and quantum steering (e) versus temperatureT

for different values of B0 when =λ 2, =δ 0.5, and =D 2z , (f) illustrates the comparative evolution of the five indicators at =B 0.90 .
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coherence (Q) enduring as the most robust resource and Bell
nonlocality (B) the most fragile. Increasing B0 suppressesTc1

LN,
yet the reentrant regime broadens the effective thermal life-
time of entanglement (LN). The DM interaction’s spin–orbit
chirality further amplifies these effects, positioning the LMG
model as a versatile platform for engineering noise resilient
quantum protocols. By tuning external parameters (B0,Dz),
resource availability can be modulated under thermal noisy
environment.

4.3 The impact of the interaction DM

Finally, we analyze the impact of the DM interaction on the
dynamics of quantum resources as shown in Figure 3. The
selected metrics are plotted as functions of temperature for
varying DM interaction strengths Dz, while keeping fixed para-
meters =λ 3, =δ 0.5, and =B 0.50 . This parameter regime
emphasizes the competition between symmetric exchange (λ)
and antisymmetric DM interactions (Dz), with the Zeeman field
(B0) setting the energy scale for spin polarization.

As evidenced by the temperature-dependent evolution
of quantum resources in Figure 3, all measures, coherence

( ( ))Q ρ T , discord ( ( ))D ρ T , entanglement ( ( ))ρ TLN , Bell
nonlocality ( ( ))B ρ T , and steering ( ( ))S ρ T , attain their max-
imum value of 1 at zero temperature ( →T 0), independent
of the DM interaction strength Dz. However, their thermal

resilience diverges sharply: increasing Dz elevates the critical
temperature Tc at which each resource vanishes. For instance,
Bell nonlocality ( ( ))B ρ T collapses at =T 0.776c for =D 1z but
persists up to =T 2.334c for =D 4z , a trendmirrored by entan-
glement ( ( ))ρ TLN collapses at =T 1.680c for =D 1z vs

=T 4.710c for =D 4z and steering ( ( ( ))S ρ T ) vanishes at
=T 0.896c for =D 1z vs =T 2.688c for =D 4z . Figure 3(a)

and (b) demonstrate that stronger DM interaction Dz enhances
the thermal robustness of coherence ( ( ))Q ρ T and discord

( ( ))D ρ T , with ( ( )) ( ( ))> >Q ρ T D ρ T 0 persisting even when
( ( ))ρ TLN , ( ( ))B ρ T , and ( ( ))S ρ T collapse at elevatedT . A strict

sensitivity hierarchy emerges: > > > >B S D QLN (Figure
3(f)), where nonlocality vanishes first, followed by steering,
entanglement, discord, and finally coherence. At high ≫T Tc,
residual ( ( )) ( ( ))> >Q ρ T D ρ T 0 highlights basis-dependent
coherence as the most robust resource. Stronger DM interac-
tions (Dz) universally enhance all resources by suppressing
decoherence, while preserving the hierarchy. These findings
position the DM-LMG model as a versatile platform for engi-
neering noise-resilient protocols, where tunable Dz sustains
nonclassicality in thermal environments.

5 Conclusion

In this work, we examined how key quantum resources, Bell
nonlocality, quantum steering, entanglement (via LN � ), and

(a) (b) (c)

(d) (e) (f)

Figure 3: Dynamics of quantum coherence (a), quantum discord (b), entanglement (c), nonlocality (d), and quantum steering (e) versus temperatureT

for different values of Dz when =λ 3, =δ 0.5, and =B 0.50 . (f) The comparative evolution of the five indicators at =D 1.5z .
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coherence (via the ℓ1-norm), behave in the LMG model sub-
ject to DM interactions and thermal noise. We find a clear
hierarchy of thermal fragility: Bell nonlocality disappears
first at the lowest critical temperatureTc, followed by steering
and then entanglement, whereas quantum discord and coher-
ence endure far above Tc, remaining nonzero even at ≫T Tc.
Strengthening either the spin–spin coupling λ or the DM
strength � decouples local thermal fluctuations from global
quantum correlations, thereby enhancing all resources.
The Zeeman field B0 offers further control: as B0 increases,
entanglement reappears at intermediate temperatures before
eventually decaying at higher T , while coherence shows no
such sudden death and sudden birth. Importantly, at any
fixed temperature, a stronger field uniformly suppresses
all quantum resources, highlighting a nontrivial competition
between thermal decoherence and magnetic tuning.
Although our analysis is restricted to the bipartite case
( =N 2), it gives a first step to understand of how key system
parameters, spin–spin coupling λ, magnetic field B0, and
DM interaction Dz govern the dynamics of non-classical cor-
relations under thermal noises. In the thermodynamic limit
( → ∞N ), collective quantum phenomena become dominant,
and critical temperatures associated with entanglement,
coherence, and nonlocality typically sharpen into true phase
transitions. Prior studies have shown that in this limit, quan-
tities such as entanglement entropy exhibit universal scaling
laws governed by conformal symmetry and finite-size correc-
tions. We anticipate that the hierarchy of robustness identi-
fied here will persist qualitatively, but with sharper resource
thresholds and critical scaling behavior near QPTs. Extending
the present formalism to ≫N 1 via semiclassical approxima-
tions or mean-field theory is a promising direction for future
work and would facilitate direct comparison with recent
experiments in large atomic ensembles and superconducting
simulators. LMG implementations span Bose–Einstein con-
densates in double wells [54], cavity QED [55,56], and circuit
QED [57]. Recent advances, including superconducting cir-
cuits that exhibit symmetry breaking and multipartite entan-
glement [78], neutral-atom processors reconstructing LMG
ground states [79], and IBM quantum experience demonstra-
tions of two-spin energies and four-spin spectra [77,80],
underscore the feasibility of experimentally testing our
predictions.
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