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Abstract: The gauge invariance is an important phenom-
enon widely occurring in various matters with many-body
interactions. The gauge theories are very important for
understanding the evolution of fundamental physical pro-
cesses in particle physics, high-energy physics, and con-
densed matter physics. In this work, the origin of nonlocal
effects is inspected, and the contributions of nontrivial
topological structures to physical properties are investi-
gated in detail for both the three-dimensional (3D) Ising
model and the 3D Z, lattice gauge model. Then, the exact
solution for the 3D Z, lattice gauge theory is derived by the
duality between the two models. The partition function, the
spontaneous magnetization, the true range of correlation,
and the critical point are rigorously derived for the 3D
Z, lattice gauge theory. The critical exponents of the 3D
Z, lattice gauge theory are in the same universality class as
the 3D Ising model, which area=0, 8=3/8,y=5/4,6=13/3,n =
1/8, and v = 2/3. Several fundamental issues, such as dimen-
sionality, duality, symmetry, manifold and degenerate states,
are investigated for these many-body interacting spin
systems. The connections with superfluid, superconductors,
particle physics, etc. are evaluated. Furthermore, physical
significances and mathematical aspects of the 3D Z, lattice
gauge theory are discussed with respect to topology, geo-
metry, and algebra. The present results for the 3D Z, lattice
gauge theory are helpful for figuring out the basic features of
3D lattice gauge theories with other symmetries, such as U(1),
SU(2), and SU(3). This work shines a light on the interdiscipli-
narity between many-body interacting systems, algebra,
topology, and geometry.
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1 Introduction

Phase transitions occur in almost every physical system,
which have attracted great interest of physicists.
Specifically, continuous (second-order) phase transitions in
condensed matters (such as magnets, superconductors, super-
fluids, etc.) implicate abundant physical phenomena. The
study of these continuous phase transitions and the critical
phenomena at a critical point reveals the nature of interac-
tions between spins (or particles). Because the models (e.g.,
the Ising model) for describing a magnet or a superconductor
are very basic, they can uncover the fundamental characters
of many-body interacting spin (or particle) systems, thus can
be applicable for understanding the nature in other physical
systems. In particular, the duality relationship may exist
between some models that are utilized to interpret the phy-
sics in different fields as diverse as condensed matter physics,
particle physics, and high-energy physics.

Non-Abelian gauge theories [1,2] have become the
focus of widespread interest, owing to their central role
in understanding the evolution of fundamental physical
processes: the quantum flavor dynamics of electroweak
interactions and the quantum chromodynamics of strong
interactions. The non-Abelian gauge theories were
invented by Yang and Mills about 70 years ago [1]. The
well-known Glashow—Weinberg—Salam model unifies elec-
tromagnetic with weak interactions, where gauge fields are
identified with massless photons, and with the hypothe-
tical massive vector mesons mediating weak interactions
[3-8]. In the electroweak theory, a key point is that the
mass was introduced with the Higgs mechanism by spon-
taneous symmetry breaking [9-12]. For the theory of strong
interactions, it follows a fact that the forces in the dyna-
mical model are asymptotic freedom, becoming negligible
at short distances [13-15]. Consequently, Yang-Mills SU(3)
fields coupled to quarks (quantum chromodynamics) pro-
vided the only realistic framework, by which experiments
on high-energy lepton-nucleon scattering can be accom-
modated. It is a fact (up to date) that the model containing
non-Abelian Yang-Mills gauge fields is the only theory in
which this particular behavior appears possible [16]. Of
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course, Yang-Mills field equations have not been solved
exactly, not even in the context of classical field theory [17].

The lattice gauge theories can be utilized to imitate
some behaviors of the Yang-Mills gauge theories, however,
in the limit of the lattice space. Wegner invented Ising
lattice gauge theory in 1971 [18]. The Z, lattice gauge theory
is the simplest one among the lattice gauge theories [18-22],
since it possesses the simplest symmetry Z,, compared with
others with U(1), SU(2), and SU(3) symmetries. We shall be
interested in the large-distance properties of a Z, gauge
theory, assuming that the effective coupling is sufficiently
large so that we can use Wilson’s strong-coupling methods
[19]. An ultraviolet cutoff is introduced into the field theory
through a spatial lattice. Most of the space-time symmetries
of relativistic field theories are destroyed by this construc-
tion, so the theory discussed here is not a realistic Yang-
Mills theory. However, following Wilson [19], we are
mainly interested in determining the special effects of
exact gauge invariance in strongly coupled gauge theories.
Keeping these in mind, what we are sure is that the exact
solution of the three-dimensional (3D) Z, lattice gauge
theory is extremely important for physicists not only for
understanding the behaviors of this theory itself, but also
for figuring out the basic features of other 3D lattice gauge
theories with U(1), SU(2), and SU(3) symmetries [18-24]. To
date, no exact solution for the 3D Z, lattice gauge theory
has been reported yet.

Duality was illustrated between the 3D Z, lattice gauge
theory and the 3D Ising model [18-24]. The Ising model is
one of the simplest physical models describing many-body
spin (or particle) interactions [25-31]. In the previous work
[27-29], two conjectures were proposed by the present
author in [27] and then proven rigorously in collaboration
with Suzuki and March [29] for solving analytically the
ferromagnetic 3D Ising model at the zero external mag-
netic field.

The motivations of the present work are as follows:
The exact solution of the 3D Z, lattice gauge theory is a
hard unsolved problem in physics, which is in the same
difficulty level as the exact solution of the ferromagnetic 3D
Ising model. The exact solution of the 3D Ising model pro-
vides an opportunity to determine the exact solution of the
3D Z, lattice gauge theory. The exact solution is extremely
important for inspecting the fundamental laws for many-
body interacting systems, and it can give a guide on numer-
ical studies of these systems, which have been very rare.
Furthermore, the features revealed by the exact solution
for the 3D Z, lattice gauge theory provide an implication on
the features of the 3D U(1), SU(2), and SU(3) lattice gauge
theories, serving as a starting point for solving analytically
these much more complicated models.
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The remainder of this article is arranged along the fol-
lowing line of presentation: In Section 2, we inspect the origin
of nonlocal effects in the 3D Ising models in detail. In Section
3, we explore the consequences of obtained solutions in the
dual formulation to derive the exact solutions for the physical
properties (including partition function, critical point, spon-
taneous magnetization, spin correlation, critical exponents,
etc.) of the 3D Z, lattice gauge theory. In Section 4, the exact
solutions for the critical point and the critical exponents of
the 3D Ising model are compared with other approximation
methods. In Section 5, we discuss the physical significances
and the mathematical aspects of the solutions. The results
obtained in the 3D Ising model and the 3D Z, lattice gauge
theory are connected with superfluid, superconductors, par-
ticle physics, with new thoughts on dimensionality, duality,
symmetry, manifold, degenerate states, also with respect to
topology, geometry, and algebra. Section 6 is for conclusions.

2 Nonlocal effects and nontrivial
topological structures in the 3D
Ising models

In the previous work [27-29,32-37], we uncovered the non-
local effects and nontrivial topological structures in the 3D
Ising models. In this section, we inspect the origin of the
nonlocal effects in detail. Specifically, we focus our atten-
tions on contributions of nonlocal effects and nontrivial
topological structures to the physical properties in the 3D
Ising models.

In the quantum statistics mechanism, transfer matrices
are used to represent the partition function of a physical
system to describe the probability of finding the system in
a given configuration. The elements of the transfer matrices
are determined by calculations of energies for all configura-
tions of spins located at every lattice point in the system. As
revealed in our previous work [27-29,32-37], the nonlocal
effects in the 3D Ising model originate from the contradictory
between the 3D character of the lattice and the 2D character
of the transfer matrices used in the quantum statistics
mechanism.

At first, let us start from the origin of the nontrivial
topological structures. In a 3D Ising model, Ising spins are
assigned on every lattice point of a 3D lattice with the
lattice size N = mnl. The numbers (i, r, s) running from
(1,1, 1) to (m, n, ) denote lattice points along three crystal-
lographic directions in the 3D lattice. One may denote the
lattice points, a layer by a layer, by the number j = [mn(s -
1) + m(r-1) + i], which runs in a sequence as 1, 2, 3, ..., mnl.
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Such two representations are equivalent. The size of the
transfer matrices in spinor representation for the 3D Ising
model is 2V x 2V, It should be emphasized that the sequence
in a process of a layer by a layer is the simplest one for
mapping a 3D lattice into a 2D “lattice” (a matrix). For a
study of the 3D Ising model, this sequence can remain some
basic characters of the 2D Ising model and make the pro-
cedure for solving the 3D Ising model as simple as possible.
It is understood that any other sequences will make the
problems much more complicated.

Let us inspect the running of j. For the first layer (s = 1),
corresponding to the running from (1, 1, 1) to (m, n, 1), we
havej=1,2,3, ..., mfor the firstline r=1),j=m+1,m+2,
m + 3,..., 2m for the second line (r = 2), ...,and j= (n - Dm +
1, (n —1)m + 2,..., mn for the last line (r = n). For the second
layer (s = 2), corresponding to (1, 1, 2) to (m, n, 2), j runs
from (mn + 1), (mn + 2), (mn + 3),..., 2mn. It runs in all the
way to the last layer (s = 0), j runs from (mn(l - 1) + 1), (mn(l
-1) +2), (mn(l-1) + 3), ..., mnl. The first spin (1, 1, 1) in the
first layer and the first spin (1, 1, 2) in the second layer corre-
spond toj =1and j = (mn + 1), respectively. Figure 1 illustrates
an Ising model on a 3D lattice with the size of 3 x 3 x 3, for an
example, which is mapped into the spin arrangement on a 2D
lattice with the size of (3 x 3 +3 x 3 + 3 x 3), as arranged in the
transfer matrix. Green, purple and blue colors represent the
interactions along three crystallographic directions (although
their values are equal for the simple cubic lattice, the colors
are used for a clear illustration). In the transfer matrix, the
interaction with blue color shows the crossings. Clearly, the
interaction between the two nearest neighboring spins
behaves as a long range interaction, which involves
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Figure 1: Illustration of a 3D Ising model on a 3 x 3 x 3 lattice, for
example, which is mapped into the 2D spin arrangement on a (3 x 3 + 3 x
3 + 3 x 3) lattice, as in the transfer matrix. Green, purple, blue colors
represent the interactions along three crystallographic directions. In the
transfer matrix, the interaction with blue color shows the crossings,
indicating the existence of non-trivial topological structures in the 3D
Ising model.
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entanglements of all the spins in a plane. It is emphasized
here that for solving the solution of the 3D Ising model, the
system is in the thermodynamic limit (m — oo, n — o0, [ - ),
This is the origin of the nontrivial topological structures in the
3D Ising models.

For simplicity, we can apply the cylindrical crystal
model preferred by Onsager [26] and Kaufman [38], in
which we wrap our crystal around cylinders. However,
unlike in the solid energy band theory for one-electron
approximation in which the periodic boundary conditions
can be applied along three crystallographic directions, in
the present many-body interaction system, we can perform
the periodic boundary condition only along one crystallo-
graphic direction. After performing the periodic boundary
condition, the running number j can be reduced to j = [(s —
Dn +r], running asj =1, 2, 3, ..., nlin a plane. The size of the
transfer matrices in spinor representation for the 3D Ising
model is reduced to be 2™ x 2". However, this simplicity
does not alter the fact that in the 3D Ising model, the non-
local effects, viewed as the long-range spin entanglements
or the nontrivial topological structures, exist.

According to the topological theory [39-42], one can
find that the Kauffman bracket polynomial is identical to
the partition function of an Ising model. A mapping exists
between the states of crossings and the Ising spin align-
ments (spin up and spin down) with values of +1 and -1
[33], so that one finds the equivalence between a 2D knot
and a 2D Ising model [39], and the equivalence between a
braid and a spin chain [33]. The mapping between the Ising
spin lattice and the knot structure can be generalized to the
3D case [33]. In the 3D Ising model (and the 3D Z, lattice
gauge theory), two contributions to the partition functions
exist: (1) the local alignments of spins and (2) the global
effects of long-range spin entanglements. The 3D Ising
model can be described as spin alignments at the 3D lattice
plus braids along the third spatial direction. During the
procedures for deriving the solution of the 3D Ising models,
we reveal some characteristics of the systems, which are
helpful for setting up novel quantum statistics mechanics,
which accounts for the contributions of the nontrivial topo-
logical structures [43].

In order to deal with the nontrivial topological struc-
tures in the 3D Ising model, we have introduced a rotation
with an angle K” = K’K”/K in an additional dimension for
the local gauge transformation for the simple orthor-
hombic Ising lattices, which is also a Lorentz transforma-
tion [27-29]. The critical exponents of the 3D Ising models
area=0,8=3/8,y=5/4,6=13/3,n=1/8, and v =2/3 [27]. In
Zhang and March [44], experimental data were compared
with these theoretical results to show that the 3D Ising
universality indeed exists for critical indices in a certain
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class of magnets and at fluid-fluid phase transition. The
exact solution for the critical exponents of the 3D Ising
model agrees with experimental data in various materials
[44-48]. It is worth noticing that in a recent Monte Carlo
simulation [49,50], the critical exponents of the 3D Ising
model obtained by taking into account the long-range
interactions of spin chains (namely, the nontrivial topolo-
gical contribution) agree well with our exact solutions.

3 Exact solution of a 3D Z, lattice
gauge theory

For studying the 3D Z, lattice gauge theory, let us consider
a simple cubic lattice in d-dimensional (d = 3) Euclidean
space. Label links of the lattice by a site n and a unit lattice
vector u (or v). Notice that the same link can be labeled
as (n, u) or (n + y, —w). Place Ising spins (g3 = 1) on links.
The duality between two cubic lattices was illustrated in
Figure 2 (see also Figure 3 of Wegner [18]), where a cube of
the original cubic lattice (d = 3) and a cube of the dual
lattice were drawn. The corners r'” = (i, r, s) of the original
lattice are denoted by black solid circles, while the corners
r® = (i + 1/2, r + 12, s + 1/2) by blue open circles. Interest-
ingly, the edges (continuous lines) of the original lattice
and the faces of the dual lattice intersect at points r™
(blue open squares), whereas the faces of the original lat-
tice and the edges (broken lines) of the dual lattice intersect
at points r® (black solid squares).
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Figure 2: A simple cubic lattice (black solid lines) and its dual lattice (blue
dashed lines) [18]. The black solid circles denote the corners % = (i, r, s)
of the original lattice, while the blue open circles denote the corners r* =
(i+1/2,r+1/2,s +1/2) of the dual lattice. The blue open squares mark the
intersect points " at which the edges (black solid lines) of the original
lattice and the faces of the dual lattice, while the black solid squares mark
the intersect points ' at which the faces of the original lattice and the
edges (blue broken lines) of the dual lattice.
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Figure 3: Mapping between a simple cubic lattice (black solid lines) and
its dual lattice (blue dashed lines). There are four models, which can be
mapped each other: A 3D Ising model with interaction K on the original
lattice (left on top), a 3D Z, lattice gauge model with interactions K* on
the original lattice (right on top), a 3D Ising model with interactions K* on
the dual lattice (right on bottom), and a 3D Z, lattice gauge model with
interaction K on the dual lattice (left on bottom). The spins in the 3D Ising
models are located at the corners of the lattices, while the spins in the 3D
Z, lattice gauge model are located at the edges of the lattices.

The mapping between a cube of the original cubic
lattice (d = 3) and a cube of the dual lattice is illustrated
in Figure 3. There are four models, which can be mapped to
each other in a cycle of mappings. The 3D Z, lattice gauge
theory with interaction J* on a cubic lattice is described by
the Action (see Eq. (5.7) of Kogut [21]):

S=—J" Y a(n,was(n + u,v)az(n + u + v, —)oz(n
n,uv )]

+ v, -v).

Note that /* accounts for the interaction on the product of
Ising spins around a plaquette (or a primitive square) of the
lattice. The partition function of the 3D Z, lattice gauge theory
is represented as (see also Eqs. (2.26) or (2.27) of Savit [24]):

7= Z_N/Z(Sinh ZK*)—BN/Z

K* Y as(n, woz(n + u, v)os(n

x exp
n,uv 2

{A}

U+ v, —p)os(n + v, -v)

]

where K* = k{;_T’ with kg being the Boltzmann constant and

T being the temperature . A local gauge transformation at



DE GRUYTER

the site n can be defined as the operation G(n) of flipping all
the spins on links connected to that site. Because G(n) can
be applied anywhere, the Action has a huge invariance group.
A nontrivial action with this symmetry consists of the product
of spins around plaquettes of the lattice. Clearly, an Ising spin
model can be constructed with this local symmetry. As illu-
strated in detail in the literature [21,24], a mapping exists
between the high- (low-) temperature properties of the 3D
Ising gauge system and the low- (high-) temperature proper-
ties of the 3D Ising spin system. The partition function of the
3D Ising model with Ising spins (s; = +1) is written as (see Eqs.
(2.20) or (2.31) of Savit [24])

K Y ssi| =2 []exp(Ksssp), Q)

<ij> is}<ij>

Z= Zexp
is}

where K = J/(kgT). Note that for simplicity, only the inter-
actions J between the nearest neighboring spins are con-
sidered in the 3D Ising model. The relation between the
dual lattices is identified:

K*= —% In(tanh K). 4)

Clearly, it is just the Kramers—Wannier relation for the
definition of K* in [24,26-29,51,52], for instance, see Eq. (14)
in Onsager’s work [26]:

1
K* = 2 In(coth K) = tanh'! (e72K), (5)
We also have the following identities [26]:
tanh K = e K", (6)
tanh K* = 2K, )

sinh 2K sinh 2K* = cosh 2K tanh 2K*
= tanh 2K cosh 2K* = 1.

®

It is clear that the physical properties of the 3D Z,
lattice gauge theory with interaction J* can be determined
by those of the 3D Ising model on its dual lattice with
interaction J. The mapping between the 3D Ising model
with the two-spin interaction J and the 3D Z, lattice gauge
theory with the four-spin interaction J* can be illustrated
for simplicity in Figure 4.

The partition function of the 3D Z, lattice gauge theory
is represented in Eq. (2), in which the summation of spin
states takes place for all the possible combinations of four
spins  a3(n, w)as(n + p, v)os(n + g+ v, —p)az(n + v, -v)
along every plaquette. For the 2D Z, lattice gauge theory,
being a special case of the 3D Z, lattice gauge theory, it is a
self-mapping model of the 2D Ising model. The partition
function of the 2D Z, lattice gauge theory is represented in
the formulas as the transfer matrices V4 and V, in [43]
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(however, with the product j running from 1 to n) for
the 2D Ising model. However, for the 3D Z, lattice gauge
theory, the situation becomes much complicated. For
the description of the transfer matrices with the products
running j, we shall map the notation of positions
(nw,n+ u,v),(n+p+v,-u), (n+v,-v)for four spins
in a plaquette, which are involved in a four-spin interac-
tion, into the running number j. Here, the total number of
spins located at the edges of the original lattice (Figure 3) is
doubled to 2mnl. Clearly, the four-spin interaction involves
the long-range spin entanglements or the nontrivial topo-
logical structures, which implies the complicated structure
of the transfer matrices with non-diagonal elements
(required an additional rotation for diagonalization). For-
tunately, according the duality of the two dual lattices illu-
strated in Figure 3 (and also Figure 4), we can use the
partition function of the 3D Ising model to describe the
3D Z, lattice gauge model, with applying the mapping
between interactions K and K* (Eq. (4)). For detailed
descriptions of the mapping between the 3D Ising model
and the 3D Z, lattice gauge model, readers refer to subsec-
tion 3.A of Wegner’s article [18], subsection V.E of Kogut’s
review article [21], and subsection ILB of Savit’s review
article [24]. As described in Eq. (2.20) of Savit [24], the
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Figure 4: (a) Mapping between the 3D Ising lattice and the 3D lattice of
the Z, gauge theory. (b) Mapping between a two-spin interaction for a
link in the 3D Ising model and a four-spin interaction for a plaquette in
the 3D Z, lattice gauge model.
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partition function of the 3D Ising model can be written in
terms of the products of Gx(f) and (sisj)k, while G(B) is
defined as Co(f) = coshf and Cy(B) = sinhf. Collecting
together all factors of each spin s;, the partition function
can be expressed in terms of the product of Cy (B) over [

and a product of (s;))**« over i. Considering two possible
values (+1 and -1) of the Ising spin, the partition function
can be formulated in terms of the product of a product of
Cx,(B) and a product of 26,Z;k, (see Eq. (2.21) of Savit [24]).
In the mapping procedures above, the product over [
(links) is a product of all G, (B), there being one Cy,(B)
associated with each link of the lattice. The product over
i (sites) is a product over all the sites of the lattice. For the
3D Ising model, since there is one k, for each link of
the lattice, k, is a three vector, while u is running over
the three lattice directions. The sum Xk, denotes a sum
over the six k’s associated with the six links impinging on
each site i of the lattice. §, is a Kronecker delta function
mod 2: it is zero if n is odd and one if n is even. In order to
satisfy the §, function, we have to design a dual lattice and
associate with each link of the dual lattice a variable A;
which takes values +1. As shown in Eq. (2.22) of Savit [24],
ki is related to the product of four variables A,; asso-
ciated with the four dual links which border the dual pla-
quette through which the original link with which k; is
associated with passes. Then, the partition function of the
3D Ising model can be written in terms of products of the
four variables A,; over all plaquettes on the dual lattice
(see Eq. (2.23) of Savit [24]). The dual transformation
between the 3D Ising model and the 3D Z, lattice gauge
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Figure 5: Illustration of a 3D Z, lattice gauge model on a 3 x 3 x 3 |attice,
for example, which is mapped into the 2D spin arrangementon a (3 x 3 +
3 x 3+ 3 x 3) lattice, as in the transfer matrix. Green, purple, blue colors
represent the four-spin interactions along each plaquette in three crys-
tallographic directions. In the transfer matrix, the interaction with blue
and green colors show the crossings, indicating the existence of non-
trivial topological structures in the 3D Z, lattice gauge model.
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model is rigorous and well-defined over all configurations,
also in the thermodynamic limit.

It is clear that the nontrivial topological structures do
exist in the 3D Z, lattice gauge model. Thus, the exact solu-
tion of the 3D Z, lattice gauge model has the same formulas
(Egs. (9)-(11)) as those for the 3D Ising model (however,
using the mapping). Figure 5 illustrates a 3D Z, lattice
gauge model on a 3 x 3 x 3 lattice, for an example, which
is mapped into the 2D spin arrangementona (3x3+3x3+
3 x 3) lattice, as in the transfer matrix. Green, purple, blue
colors represent the four-spin interactions along each pla-
quette in three crystallographic directions. It is noticed that
the spins are located at the edges of the lattice. Again, the
different colors are utilized to illustrate the topological
structures. In the transfer matrix, the interaction with
blue and green colors show the crossings, indicating the
existence of non-trivial topological structures in the 3D Z,
lattice gauge model. According to the duality illustrated
in Figures 2-4, the 3D Z, lattice gauge model (shown in
Figure 5) is equivalent to the 3D Ising model with interac-
tion K* on its dual lattice.

It should be noticed that the transformation between
the 3D Z, lattice gauge theory and the 3D Ising model was
performed in Eqs. (5.47)-(5.66) of Kogut’s review article [21]
under a transverse field, so the spins in both the models
are quantum spins. If the field strength A were zero, the
transformation in Eqs. (5.47), (5.65), and (5.66) of Kogut’s
review article [21] could not be proceeded. However, one
may first assume the existence of an infinitesimal trans-
verse field, while performing the mapping, them
neglecting the effect of the transverse field to maintain
the validity of the mapping. Nevertheless, the dual trans-
formation in Egs. (3.4)-(3.15) of Wegner’s paper [18] and
Eqs. (2.20)-(2.26) and Eqs. (2.27)-(2.31) of Savit’s review
article [24] is held without the application of a transverse
field, which are classical spin systems. It is concluded that
the 3D Z, lattice gauge theory duals with the 3D Ising
model. Therefore, we can utilize the solution of the ferro-
magnetic 3D Ising model obtained in [27] to derive the
exact solution of the 3D Z, lattice gauge theory, by
employing the duality between the two models as provided
in [18-21,24]. The ground state, the partition function, the
critical point, the specific heat, the spontaneous magneti-
zation, the susceptibility and the spin correlation of the 3D
Z, lattice gauge theory are equivalent to those of the 3D
Ising model on its dual lattice, which are explicitly derived
in [27-29], with a mapping shown in Eq. (4) or (5).

The partition function of the 3D Z, lattice gauge theory
with interaction J* on a cubic lattice is represented as
[27,28,31]
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-1 - -
N'InZ=In2+ 2(2ﬂ)4IIJ’I In[cosh 2K cosh 6K
-7 9)

- sinh 2K cosw’ - sinh 6K x [cos(wy + ¢,)
+ cos(wy + ¢y) + cos(w; + ¢,)]ldwdwydwydw,,

with a mapping of K = —% In(tanh K*). The topological
phases ¢,, ¢,, and ¢, at finite temperature equal to 27, 77/2,
and 77/2, respectively [29,33]. It is noted that in the previous
work [27-29,31,33], only the topological phases (or weight fac-
tors) were given, while in Eq. (9) the full dispersions for these
topological phases are expressed for a better understanding.

The spontaneous magnetization of the 3D Z, lattice
gauge theory with interaction * on a cubic lattice is repre-
sented as [27]

3
16x8 8

e od 1

M=|1

with x = tanh K™,
The true range k, of the correlation is obtained for the
3D Z, lattice gauge theory on the cubic lattice [27]:

[kalP? = 2(K* - 3K), (11

where k, = 1/¢, with ¢ being the correlation length. At the
Curie temperature 1/K;, k, = 0 or & — oo,

For the 3D 7, lattice gauge theory on its dual cubic lattice,
we have to perform the same process of the local transformation
with an angle K, as what we do for the 3D Ising model. The
critical point of the 3D Z, cubic lattice gauge theory is determined

3
also by K* = 3K, x." = e = [%] = 0.23606797 ..., thus K’

= 3K, = 0.72181773..., YK; = 1.38539128... It is easy to check that
X, = tanh K and x; = tanh K.. Note that in the ferromag-
netic 3D Ising model, one has a disorder phase above the critical
point K, a ferromagnetic ordering phase below the critical point
K; in the 3D 7, lattice gauge theory, one has a phase transition
from a weak-coupling deconfining phase to a strong coupling
confining phase at the critical point K; [53]. The critical expo-
nents of the 3D Z, lattice gauge theory are in the same univers-
ality class as the 3D Ising model, which are a =0, § = 3/8, y = 5/4,
6 =13/3, n =18, and v = 2/3, satisfying the scaling laws [27].

4 Comparison with other
approximation methods

The critical point and the critical exponents can be
obtained by various approximation methods such as con-
ventional low- and high-temperature expansions, Monte
Carlo simulations, renormalization group field theory,
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tensor network, conformal bootstrap, etc. The critical point
well established by these approximation methods [54]
occurs at K. = 0.221655(5), i.e., 1/K. = 4.511505(5) for the 3D
Ising cubic lattice, that is higher than our exact solution
1/K. = 4.15617384.... The critical exponents obtained by the
Monte Carlo renormalization group [55] are a = 0.110, B =
0.3265, y = 1.2372, § = 4.789, n = 0.0364, and v = 0.6301. We
need to discuss the possible reasons that cause the differ-
ences between our exact solutions [27-29] and the approx-
imate values obtained by various methods, widely
accepted by the community.

In general, one meets serious hinders at an early stage
as one attempts to apply the algebraic method used for
solving the 2D model to the 3D model. It is not only because
the operators of interest generate a much larger Lie
algebra that it would be of little value [56], but also because
the nontrivial topological structures exist as revealed in
Section 2. Indeed, the combinatorial method of Kac and
Ward [57] introduces some troubles in topology, which
cannot be generated in any obvious way for the 3D pro-
blem by counting closed graphs. The peculiar topological
property is that a polygon in three dimensions does not
divide the space into an “inside and outside” [56]. Any
approaches based on only local environments cannot be
exact for the 3D Ising model, even though they may be
exact for the 2D cases [27,28]. We will discuss the disadvan-
tages of several widely used techniques as follows (for
details, readers refer to [27,28,36,37]).

4.1 Low-temperature series expansions

In principle, all systematic methods for determining series
coefficients are at some level graphical or diagrammatic.
One simply sums all contributions to calculate the required
coefficient. For conventional low-temperature expansions,
one chooses the fully aligned spin-up state as the ground
state having zero energy to define the partition function,
since the low-temperature series is a perturbation
expansion about this state [56,58—60]. The conventional
low-temperature series expansions consider only the local
environment of spins and their interactions, as evaluated
by systematically overturning spins from the ground state,
neglecting the nonlocal behavior of the 3D Ising model (i.e.,
the long-range spin entanglements in the plane). Therefore,
the conventional low-temperature expansions account
only for the local part of the partition function (as well
as the free energy) of the 3D Ising system. It gives the
same fundamental leading term for the 2D triangular Ising
lattice and the 3D simple cubic lattice. This is because
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accounting for the energy change of spin flipping, it relates
directly to the coordination number q of the Ising model
lattice, regardless of spatial dimensions. Lacking the non-
local effects causes the divergence of the low-temperature
series expansions for the 3D Ising model. In our procedure
for deriving the exact solution, the introduction of the
fourth dimension realizes its contribution on the sponta-
neous magnetization, while removing instantaneously the
trouble of the dominant singularity on the negative real
axis, leading to the additional contribution of the free
energy due to the 3D topological problem.

4.2 High-temperature series expansions

The conventional high-temperature series expansion is an
exact expansion for the 2D Ising model and one can easily
write down every term of the expansions, by accounting
for loops (polygons) in the 2D lattice. The loops are defined
as the boundary between the areas of spin up and spin
down [56,58—-60]. However, one meets the challenge to
write down every term of the high-temperature series
expansion for the 3D Ising model, due to the fact that in
3D, the boundaries between domains of spin up and spin
down are not polygons, but polyhedra. The polygons used
for the 2D case cannot separate the domains of spin up and
spin down in the 3D lattice. Furthermore, the existence of
nontrivial topological objects (such as crossings of knots/
links/braids) in the 3D Ising lattice makes the topological
problems. Actually, any polygons are local, which cannot
take into account for the nonlocal behaviors of the 3D Ising
system, which involves all the states of entangled mn spins
in a plane (for an interaction between the neighboring
spins along the third dimension). According to the duality
between the high-temperature and low-temperature
expansions, the divergence of the conventional low-tem-
perature expansions corresponds to the zero radius of
the convergence of the conventional high-temperature
series. It is known that the radius of the circle of conver-
gence for high-temperature expansions has not been
proven rigorously yet [31,61,62]. A topological phase transi-
tion occurs at/near infinite temperature for the 3D Ising
model [27,43], where the trivial topological structure at
infinite temperature (T = ») is changed to the nontrivial
topological structure below infinite temperature (I' < «7).
It provides the possibilities of several different high-tem-
perature expansions. Namely, the high-temperature
expansions are not unique, and the conventional high-tem-
perature series expansion is appropriate for the topolo-
gical phase transition region (I'= o — o), the correct
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one at finite temperature (T < «~) should be the exact solu-
tion including the nonlocal behaviors [27].

4.3 Renormalization group

Although the renormalization group theory has bheen
widely applied to study the critical phenomena and shows
high-precision results for the 2D Ising model, it is not rig-
orous [63,64]. During the procedures for the 3D Ising
model, the renormalization group employs various
approximations, such as expansions, perturbations, linear-
izations, normalizations, etc. Thus, it possesses the disad-
vantages similar to the conventional series expansions. The
final results of the real-space renormalization group sensi-
tively rely on the processes of dividing Kadanoff blocks,
defining the effective Hamiltonian, determining the details
of the block variables and calculating approximately the
partial trace. The final results would approach the exact
solution if and only if the size of the Kadanoff blocks were
chosen to be infinite and the infinite terms of the expan-
sion were retained. Another serious trouble is that the
nonlocal behavior in 3D involves the long-range entangle-
ments of all the possible states of nm spins in a plane (n -~
o and m — o). Surely, any procedure with finite blocks cut
the plane of nm spins with the nonlocal effects. The field
theoretical or k-space renormalization group techniques
meet the same difficulty that cannot be overcome, since
at the depth level, a close connection is caused by the
same basic idea of renormalization groups with connec-
tions between ¢ and a set of block variables. In both two
categories, performing the renormalization reduces the
degrees of freedom, while losing the information of the
system.

4.4 Monte Carlo methods

Although Monte Carlo simulations are known to be
powerful numerical techniques [54,55,64,65], any computer
simulations (including Monte Carlo method) for the 3D
Ising model are limited by the size effects since the number
of the configurations increases in a fashion of 2N with the
number of spins, N — . Usually, the period boundary
conditions are used along three crystallographic directions
so that the simulation is performed on a small system with
finite size. This technique breaks down the long-range
entanglement between the two nearest neighboring spins
along the third dimension in the 3D Ising model. This
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nonlocal behavior depends on all the possible configura-
tions 2™ of nm spins in a plane, with m — « and n — . It
makes the systematic error of simulations on any finite
sub-systems plus the periodic boundary conditions. How-
ever, in a recent Monte Carlo simulation [49,50], the critical
exponents of the 3D Ising model obtained by taking into
account the long-range interactions of spin chains agree
well with our exact solutions. This indicates that by
including the nontrivial topological contributions, the
Monte Carlo simulations can reach the correct results.

4.5 Conformal bootstrap

It was claimed [66] that the conformal bootstrap has
reached the highest accuracy for calculating the critical
exponents for the 3D Ising model and other physical sys-
tems. Using convex optimization of c-parameter within the
conformal bootstrap approach to the four-point correlation
functions reported the estimates of n = 0.036 and v = 0.629
for the 3D Ising model [66]. The disadvantages of the con-
formal bootstrap are briefly summarized as follows:
Although the conformal bootstrap has the highest preci-
sion among all the approximation methods, but the same
as others, with a systematical error. The systematical error
originates from missing the contributions of the global
effect to physical properties. The conformal field theory
is not a first-principle technique but requires nontrivial
theoretical input. The bootstrap in statistics cannot account
for the global effect, which is equivalent to the true value of
the population parameter in the context of statistical infer-
ence. This is because the principle of the bootstrap is to
replace the overall by parts, treating the sample data as if it
is the population, in order to estimate the overall para-
meters, obtaining the lower bound of the overall standard
deviation.

It is not the purpose of this work to investigate in detail
the disadvantages of all the approximation methods. We only
give the further explanation why the multitude of separate
determinations of the critical exponents throughout the
years, by various independent scientists and using completely
different techniques, coincides. Superficially, all of these dif-
ferent techniques are independent of each other, but in the
deeper level, they are related and connected closely. The key
factor is that the systematical errors exist seriously in these
approximation techniques, which are caused by the reasons
discussed above. The systematical errors of these approxima-
tion/perturbation techniques are related directly to the phy-
sical conceptions/pictures at the first beginning, which neglect
the contributions of the nontrivial topological structures to
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the partition function, the free energy and the subsequent
thermodynamic properties. The systematical errors are
intrinsic, which cannot be removed by the efforts of
improving technically the precision of these approximation/
perturbation techniques.

The approximation methods, such as the renormaliza-
tion group theory and Monte Carlo simulations, are still
powerful techniques for the study of critical phenomena.
As suggested in [37], one may obtain the nonlocal contribu-
tion to the partition function and also the thermodynamic
properties by comparing the approximations with the
exact solution. Thus, the nonlocal part of the physical prop-
erties (such as spontaneous magnetization) of the 3D Ising
model can be obtained by extracting the approximation
results from the exact solution. On the other hand, one
may still use these approximation techniques, but focus
on the structures illustrated in Figure 5 of Zhang and
Suzuki [33] (see also Figure 1 in Li and Wang [49]), which
consist of two parts of contributions (local spin alignments
and nonlocal long-range spin entanglements). The results
obtained by these methods for such structures (including
the nonlocal effects) would be close to the exact solution.

5 Physical significance and
mathematical aspects

In what follows, we shall discuss the physical significance
and the mathematical aspects of the exact solution of the
3D Z, lattice gauge theory, which are quite helpful for
understanding the phenomena in other physical systems.

5.1 Dimensionality, duality, symmetry,
manifold, degenerate states, and
magnetic field

At first, it is interesting to study in more detail the fol-
lowing fundamental issues:

5.1.1 Dimensionality

Dimensionality is one of the most important factors in
many-body interacting spin (particle) systems, which cru-
cially determines the topological structures of the systems,
thus requiring the particular mathematical techniques.
The 3D Z, lattice gauge theory (the same as the 3D Ising
model) must be dealt with in the (3 + 1)-dimensional
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space-time [27-29], within the Jordan-von Neumann-
Wigner framework [67] with employing Jordan algebras
[68,69], which provides the mathematical basis of quantum
mechanics and quantum statistical mechanics [43].
Furthermore, it is necessary to perform a time average of
t systems of the 3D Z, lattice gauge models for calculating
the physical properties of the 3D Z, lattice gauge theory
[27-29,43], while considering the geometry of the space-
time. This verifies that the ergodic hypothesis working for
the equilibrium statistical mechanics, which usually takes
only the ensemble average, is violated in the 3D Z, lattice
gauge theory, as in the 3D Ising model [27-29,43,70].

5.1.2 Duality

It has been well accepted that the 2D Ising model is self-
dual, and its high-temperature paramagnetic phase is dual
to its low-temperature ferromagnetic phase. Onsager uti-
lized the Kramers and Wannier relation [51] for the defini-
tion of K* to derive the exact solution of the 2D Ising model
[26]. It should be pointed out that such a duality is not
invalidated by different numbers of states of paramagnetic
and ferromagnetic phases. The ferromagnetic phase of the
2D Ising model has two degenerate ground states (spin up
and spin down), while the paramagnetic phase has a
unique ground state (all spins in a disorder state). How-
ever, as detailed in the analysis below, the degenerates of
the paramagnetic phase are also two, owing to the Z, sym-
metry of spins. Thus, it does not cause any problems for the
mapping between the ferromagnetic and paramagnetic
phases. A spontaneous symmetrical breaking occurs at
the critical point, as soon as the system chooses to align
spins pointing to the direction of one of the two degenerate
states, the system is de-degenerated. It means that one of
two degenerate states in the paramagnetic phase is
mapped to one of the two ferromagnetic states. In this
work, we have employed a well-accepted mapping
between the high- (low-) temperature properties of the
3D Z, lattice gauge system and the low- (high-) temperature
properties of the 3D Ising spin system [18,21,24]. In [71], the
solution of the ferromagnetic 2D Ising model with a trans-
verse field is derived by the equivalence between the
ferromagnetic 2D transverse-field Ising model and the fer-
romagnetic 3D Ising model, as developed by Suzuki [72]
(see also [53]). The 3D Z, lattice gauge theory can also be
mapped to the ferromagnetic 2D Ising model with a trans-
verse field [53]. It is emphasized here that mapping/equiva-
lence between the 3D Z, lattice gauge system, the 3D Ising
spin system, and the 2D transverse-field Ising system is
exact, as clearly seen from the connection between their
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Hamiltonians. The number of the ground states does not
cause any problems with these mappings, since the degen-
erates of the ground states of the ferromagnetic/paramag-
netic phases are invariance.

The Kramers and Wannier relation [51] was developed
originally for solving the 2D Ising models. This relation is
actually the star-triangular relation that corresponds to the
Yang-Baxter equation [28]. In the 3D case, the Yang-Baxter
equation is generalized to be the generalized Yang-Baxter
equation (so-called tetrahedron equation). The star-trian-
gular relation is a special solution of the tetrahedron equa-
tion [28], which is also validated for the 3D Ising model [27]
and the 3D Z, lattice gauge theory. The duality mapping
between the partition functions of the 3D Ising model and
the 3D Z, lattice gauge theory is exact as a whole. When one
starts the mapping in the local environments of a spin,
differences in the degrees of freedom may occur so that
some constrained conditions arise. The values +1 of the
Ising spin s; on the original lattice and the variable A,;
with the values +1 on the dual lattice together satisfy the
constrain conditions, removing the difference in the
degrees of freedom. Thus, the duality mapping between
the two models can be defined as we work within the
gauge-invariant subspace. The gauge invariance maintains
the degrees of freedom unchanged locally and globally,
even in the thermodynamic limit. Egs. (5.54)-(5.57) in
Kogut’s review [21] are satisfied, and also see Eqgs. (2.24),
(2.25), and (2.30) in Savit’s review [24] for the gauge invar-
iance and the duality mapping, respectively. Furthermore,
Wegner discussed the closure condition and the complete-
ness regarding the topology of the lattice (Eqs. (3.18)-(3.28)
in [18]).

5.1.3 Symmetry

The symmetry of many-body interacting spin systems and
the symmetry of spins both are very crucial for physical
properties. The solutions of the many-body interacting spin
(or particle) systems should satisfy the symmetries of the
system and the spins (or particles) [27-29,32,33,43]. The
Ising spins have Z, symmetry, while the 3D Ising model
possesses the global Z, symmetry for the physical proper-
ties. The 3D Z, lattice gauge theory has a local Z, symmetry
around an Ising spin, so that a gauge transformation can be
performed on all the spins in the system.

There are several phase transitions with symmetrical
breaking down in the 3D Z, lattice gauge theory (or the 3D
Ising model). Besides the critical point at finite tempera-
ture between the ferromagnetic and paramagnetic phases,
a topological phase transition occurs at/near infinite



DE GRUYTER

temperature for the 3D Ising model [27-29,43], which can
be mapped to a gap at/near zero temperature of the 3D Z,
lattice gauge theory. This is consistent with the third
thermodynamic law, which states that the absolute zero
temperature cannot be realized in physical systems (like
the 3D Z, lattice gauge model and the 3D Ising model).
Meanwhile, the gap existing at/near the absolutely zero
in the 3D Ising model can be mapped into a topological
phase transition at/near infinite temperature in the 3D Z,
lattice gauge theory [43]. Besides, there are some connec-
tions between the structural symmetry of the models
and the solution of the critical point. The solution of the
critical point is connected to the most beautiful number
in the nature (the golden ratio for the 3D Ising cubic
lattice model or its third power for the 3D Z, cubic lattice
gauge theory), indicating that the balance between
the interaction and the thermal activity in a many-body
interacting physical system with the highest symmetry
for the three spatial directions reaches a critical point of
the most beautiful number for an order-disorder phase
transition.

5.1.4 Manifold

It is worth inspecting manifolds of the 3D Ising model and
the 3D Z, lattice gauge theory. Let us first look at the mani-
fold of the 2D Ising model on a lattice R*. The manifold can
be constructed by connecting the boundaries along two
crystallographic directions to be a torus S' x S’ This pro-
cess can be generalized to the 3D cases on a lattice R so
that the manifold of the 3D Ising model (or the 3D Z, lattice
gauge theory) is S! x ' x S*. However, due to the long-range
spin entanglement of internal factors, the nontrivial topo-
logical structure exists in the transfer matrices of the 3D
Ising model [27-29,32,33,43]. It requires the introduction of
an additional dimension to the 3D Ising systems, per-
forming the time average, so that the (3 + 1)D space-time
framework is constructed to form a manifold S' x $! x §' x
R, If we perform the time average from —o to « (or with a
closed path from —m to n) for the monodromy representa-
tion, the manifold S! x S! x §! x R! can be transformed to
s' x §' x s' x S' Trivializing the nontrivial topological
structure leads to a trivial topological structure in the par-
tition function, while generating a nontrivial manifold for
quaternionic wavefunctions with topological phases ¢, ¢y,
and ¢, (see the eigenvectors in Eq. (33) and discussion on
page 5323 of [27]). Note that x, y, and z here denote three
directions i, j, and k for quaternionic spaces of wavefunc-
tions, not for crystallographic directions of the original
Ising spin lattice. It is known that the unit quaternions
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can be thought of as a choice of a group structure on the
three-sphere S°. So, the manifold of the quaternionic wave-
functions can be represented as $* x R* (or four-ball). In
this way, a nontrivial topological problem in a manifold (S*
x ' x ' x R') can be transformed to a trivial topological
problem in a manifold (four-ball) with nontrivial topolo-
gical phases [27-29,32,33,43].

5.1.5 Degenerate states

The degenerate states of many-body interacting spin sys-
tems rely on the symmetry of spins and the dimensionality
of the system. For the 2D Ising model, it is clearly visible
that two degenerate states (all spin up and all spin down)
exist in the ferromagnetic phase below the critical point,
which correspond to two minima in the free energy. Only
one minimum appears in the free energy of the paramag-
netic phase above the critical point. However, the para-
magnetic phase in which all the spins align disorderly
has two degenerates also, because due to the Z, symmetry
of Ising spins, all the spins in a degenerate of the disorder
phase always point to opposite directions of the spins in
another degenerate of the disorder phase. For the 3D Ising
models, the topological phases ¢,, ¢y, and ¢, generated on
quaternionic wavefunctions provide the chance of more
degenerate states, a kind of topological degenerates. By
geometrical and topological concerns, the topological
phases ¢,, ¢,, and ¢, at finite temperature are determined
to be 2m, n1/2, and /2, respectively [29,33]. From the sym-
metry of the system, (¢,, ¢y, ¢,) may have three possibili-
ties (27, 11/2, 7/2), (112, 27, 7/2), (71/2, 7/2, 27) [27]. This does
not contribute to degenerates, since as we choose the first
dimension for the transfer matrix V, or if we choose one of
the directions as the z-axis, the order for (¢,, @y, ¢,) is fixed,
and we have to choose one possibility from three, say (27,
n/2, m/2) [27]. In addition to the dimensionality of the
system, the important factor for degenerates is the sym-
metry of spins, which results in different rotation direc-
tions of the topological phases, namely, different chiralities
with respect to the directions of spins. The positive/nega-
tive angle of the topological phases may correspond to
clockwise/counter-clockwise rotations on the manifold,
with respect to the Z, symmetry of Ising spins, which
does not change the partition function and the free energy
at the long wavelength limit (wy = 0, wy = 0, w, = 0) since
all (¢, ¢y, ¢,) are in the cos terms (see Eq. (9)). The combi-
nation of positive/negative signs in (+27, +77/2, +71/2) loads to
that the number of degenerates of the ground-states in the
ferromagnetic/paramagnetic phases of the 3D Ising models
(and the 3D Z, lattice gauge models) is eight.
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5.1.6 Magnetic field

The dual transformation in Egs. (3.4)-(3.15) of Wegner’s
paper [18] was carried out in the presence of an external
magnetic field along the Ising spin direction (not a trans-
verse field). The dual transformation in Egs. (2.20)-(2.26)
and Eqs. (2.27)—(2.31) of Savit’s review article [24] is held
without the application of a magnetic field. So, the 3D Ising
model and the 3D Z, lattice gauge model in both two papers
[18,24] are classical spin systems. The classical dual trans-
formations proposed by Wegner [18] have the duality rela-
tion between the interaction and the magnetic field (see
Egs. (3.16) and (3.17) in [18]). The classical dual transforma-
tions proposed by Savit [24] strictly exclude the influence
of external fields.

Up to now, our study has been focused on the 3D Ising
model and the 3D Z, lattice gauge theory in the absence of a
magnetic field. The nontrivial topological structures of the
3D Ising models exist in the transfer matrix Vs in the
absence of the external magnetic field; the application of
a small magnetic field does not affect this effect evidently.
If there is a small external field, its correction of the topo-
logical structure can be ignored. But, if a large external
field is applied, another type of nontrivial topological struc-
tures will appear in the transfer matrix associated with the
magnetic field. The problem becomes much more compli-
cated. The exact solution of the 2D (and also 3D) Ising
model with a magnetic field is still an open unsolved
problem.

5.2 Superfluid, superconductors, and
particle physics

Second, it is worth connecting the present magnetic model
to other physical systems.

5.2.1 Superfluid

The superfluid is one of the most exciting topics in con-
densed matter physics [73]. The exchange interactions cou-
pling the spins of electrons localized in an assembly of
orbitals, of which a typical pair, can be represented as
exchange terms in the Heisenberg Hamiltonian (and also
the Ising Hamiltonian) [74]. In certain conditions, the Hei-
senberg (or Ising) Hamiltonian can be mapped to the Hub-
bard model (or t-] model) for hopping and pairing of elec-
trons [75,76]. The 3D lattice gauge theories can be used to
investigate the confining flux tube and the electric flux
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passing through the link in different fields (such as super-
conductors, superfluids, Majorana fermions, etc.) [21,52].
The electric flux on a link is quantized in units of the
charge g. Let us focus our interest on the application of
the 3D 7, lattice gauge theory to superfluids. The connec-
tion exists between the hopping and pairing model [77] for
free spinless fermions and our 3D Ising models [21,52].
First, take the 2D Ising model as an example, the pair
amplitudes going counter-clockwise (say) around an ele-
mentary plaquette have the ratios 1:i:-1:-i, where i is the
imaginary unit. One has to wrap the square lattice around
a torus (doughnut) $* x ' and thread flux through a hole.
The phase diagram breaks into two superfluid phases:
weak-pairing and strong-pairing, both of which have a
“px + ip,”-wave pair wavefunction (if considering chirality,
it would be “p, # ip,”) and an energy gap in the bulk of the
lattice. The flux is quantized in units of fic/2e where hc/e is
the fundamental flux quantum for fermions with charge e
(h is Planck’s constant). Second, in three dimensions, an
elementary plaquette can exist along three crystallo-
graphic directions with interactions J*. With the pair
amplitudes analogous to the 2D case, we can also have
two superfluid phases. As mentioned above, the (3 + 1)D
manifold ' x ' x §! x §' forms as a result of wrapping the
cubic lattice along three dimensions and performing the
time average in a close path. Then, a nontrivial (3+1)D
manifold $*> x R! with topological phases is constructed
by the topological transformation. A quaternionic “p, +
ipx * jpy + kp,”-wave pair wavefunction is constructed for
two superfluid phases. Here, i, j, and k are the imaginary
units, while x, y, and z denote the directions of the quater-
nionic wavefunction. This situation is similar to the band
structure of a 3D material, which is determined by three
wave-vectors k,, k,, and k, along three momentum axes
(see page 5322 of [27] for a detailed discussion). The com-
bination of positive/negative signs of (xp,, #p,, *p,) (&
denotes chirality) again loads to eight degenerate states
of the 3D Ising models (and the 3D Z, lattice gauge models).
What we obtained above is a complete set of chiral p-wave
pair wavefunction with orbital angular momentum (I = 0,
1) eigenstates. In a superfluid phase in 3D, flux is also
quantized, which threads through three holes. This fact is
consistent with the quaternionic wavefunction with topo-
logical phases. Eight states can be labeled as (0, 0, 0), (0, 0,
1,(0,1,0),(1,0,0),(11,0),(10,1,(0,1,1), {1 1,1) with the
entries labeling the parity (even versus odd) of the number
of flux quantum going through each of the three holes in
the (3 + DD manifold §' x S* x §' x R The number of
degenerates of the ground-states in the 3D superfluid
model agrees with that of the 3D Ising models derived
above. It is interesting to remark that in 2D, vortices exist,
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while in 3D, more complicated topological structures may
exist, which are consisted of vortices in three directions.

5.2.2 Superconductors

The mechanisms of superconductors, specially, high-T,
superconductors, are one of the most important topics in
condensed matter physics [75-80]. The results obtained for
superfluids above are also appropriate for superconduc-
tors, which provide some new ideas for understanding
superconductors. Usually, superconductors are catalogued
to be three types: s-wave, p-wave, and d-wave. The p-wave
superconductors have been described by the “p, * ip)”
wave pair wavefunction, which has been thought to be
suitable for high-T, superconductors. Since one believes
that the superconducting (transport of paring electrons)
is limited in a 2D layer in the high-T. superconductors,
the models used to understand their mechanisms are lim-
ited to 2D models. However, although the interaction
between the 2D layers is very weak, it cannot be neglected.
As long as the interaction K” along the third direction is
unequal to zero, the system should be treated as a 3D
system. The high-T. superconductors should be investi-
gated in the pairing models in the 3D space, in which the
nontrivial topological contribution from bulk to physical
properties (such as the energy gap, the critical point) may
exist. Thus, the physical model for the high-T. supercon-
ductors should be extended to the (3 + 1)D framework for
Hubbard model [75] (or t-] model [76]), as we have done for
the 3D Ising models. The quaternionic “p; + ip, £ jp, + kp,”-
wave pair wavefunction are analogous to the p-wave orbi-
tals of electrons in an atom, which have momentums [ = 0,
1, with four states (I=0, m=0;1=1, m = 0 and +1). Again,
there are eight degenerates if we consider the Z, symmetry
of spins or chirality. Therefore, we have to construct the
quaternionic chiral “p; + ipy £ jp, + kp,”-wave pair wave-
function in quaternionic momentum spaces for p-wave
high-T, superconductors.

5.2.3 Particle physics

The mathematical structures for the 3D Z, lattice gauge
theory can be generalized to be applicable to other lattice
gauge theories and gauge field theories [43]. In particular,
the discussion for the duality, manifold, degenerate states,
surface modes, and others is very helpful for under-
standing other many-body interacting spin (particle)
systems, thus for solving the problems of the physics of
fundamental interactions in particle physics and high-
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energy physics [1-24]. For instance, the contribution of
nontrivial topological structure to physical properties
(such as energy) may be applicable for particle systems,
which means an extra energy term [27-29,32,33,43].

The elementary excitations of gauge theories have a
string nature. Polyakov suggested a hypothesis [81] that the
3D Ising model can be represented as a fermionic string
theory based on Neveu-Schwarz superstrings. In the
quantum case, one will face the problem of summing
over the surfaces. The simplest model of fluctuating sur-
faces is the free bosonic string. It is described by the sum
over the surfaces (self-intersecting and non-self-inter-
secting) with statistical weight depending only on the
area of the surface. Sedrakyan and Kavalov formulated
the sign factor in the 3D Z, lattice gauge model based on
a Dirac theory induced on embedded 2D surfaces [82-84].
The fermionic string can be represented as a line, where
spins are attached to every point and interact locally with
each other [82]. Hence, the dynamics of the strings reduces
to the maps of contours to the so-called loop groups, in
terms of which it is tempting to write a dynamical equa-
tion. On a level of the partition function, the problem is
reduced to the sum of random surfaces where spin matter
is living. In the 2D Ising model, the same sign-factor leads to
the counting of self-intersections of passes, which even-
tually leads to the appearance of fermions in the problem.
The sign factor, called the Kac-Ward factor, is equivalent to
the Pauli principle of fermions. In the gauge formulation of
the 3D Ising model (namely, the 3D Z, lattice gauge theory),
the weights of surfaces appear to depend on whether sur-
faces have self-intersection lines or not. Some configura-
tions appear with plus, and others have minus signs, which
should be considered in a partition function. But, in the
original formulation of the 3D Ising model, such a sign
factor does not appear; instead, the internal factor appears
in the transfer matrices. Both the sign factor in the 3D Z,
lattice gauge theory and the internal factor in the 3D Ising
model represent the nontrivial topological structures in
the systems, but with different degrees of freedom in the
local environments, which must satisfy some constraint
conditions. It should be emphasized that in the 3D space,
the Wilson loop of the gauge theory obeys the area law
rather than the perimeter law. This change does not affect
the mapping relationship between the two present models.

5.3 Topology, geometry, and algebra

Third, it is important to point out that the 3D Ising models
can serve as a platform for the interplay between the
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physical properties of many-body interacting systems,
topology, geometry, and algebra.

5.3.1 Topology

The nontrivial topological structure indeed exists in the 3D
Z, lattice gauge theory, caused by the long-range entangle-
ment between spins, even if only the nearest-neighboring
spin interactions are considered in the system
[27-29,43,70]. Performing the topological transformation
[40-42] as well as the gauge transformation [1,20,21,24] to
trivialize the nontrivial topological structures adds an
additional contribution to the partition function, the free
energy, and other thermodynamic physical properties of
the 3D Z, lattice gauge theory. The topological contribu-
tions to the physical properties can be connected to the
Jones polynomial [85] with the formulas of Wilson loop
[19,86] and Witten integral [87] for the action of the gauge
group. This indicates that any approaches concerning only
the local environments of spins cannot give a correct
answer to the desired solution.

5.3.2 Geometry

The geometrical structures of the 3D Z, lattice gauge theory
should be described as geometric relations in a hyperbolic
three-sphere (or four-ball) represented in a (3 + 1)-dimen-
sional Poincaré ball model [27-29], which is an extension of
a hyperbolic triangle in the 2D Poincaré disk model for the
2D Ising system [26]. The topological/geometric phase fac-
tors are generated on the quaternionic eigenvectors (and
the eigenvalues) of the 3D Z, lattice gauge theory, which
are significant analogous to the phase factors in the Ahar-
onov-Bohm effect, the Berry phase effect, and quantum
Hall effect, etc. [86,88-90]. The topological phases observed
in the 3D Ising model and the 3D Z, lattice gauge theory
originate from the gauge transformation in a 3D many-
body interacting spin (or particle) system, again being con-
nected with the Jones polynomial [85], the formulas of
Wilson loop [19,86], and Witten integral [87].

5.3.3 Algebra

Besides Jordan algebras [67-69], the use of Clifford algebra
representation is important to uncover the long-range spin
entanglement and the nontrivial topologic structure of the
3D Z, lattice gauge theory [29,36,37]. Such a nontrivial topo-
logic structure does exist also in the local spin language,
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but it is not easy to see evidently the global effect in the
local spin representation. It is important to construct qua-
ternionic eigenvectors for the 3D Z, lattice gauge theory,
since in this way, the quaternionic geometric phases
appear in quaternionic Hilbert space as a result of the
topological transformation and the monodromy represen-
tation [27-29,32,33,43]. The quaternion basis constructed
for the 3D Z, lattice gauge theory represents naturally a
rotation in a (3 + 1)-dimensional space-time. The 2D Ising
model has a Hilbert space for describing wave functions as
a vector. The 3D Ising model originally has a Hilbert space
for describing wave functions as two vectors. The nontri-
vial topological structure in the 3D Ising model intrinsically
requires an additional dimension to form quaternions for
describing the many-body interacting eigenvectors.
Because the original Hilbert space in the 3D model is insuf-
ficient, quaternions are needed to expand the calculation.
This framework is closely related to several well-developed
theories, such as complexified quaternion [91], quater-
nionic quantum mechanics [92], and quaternion and spe-
cial relativity [93].

The 3D Z, lattice gauge theory (the same as the 3D Ising
model) must be dealt with in the (3 + 1)-dimensional space-
time. The introduction of an additional dimension does not
change the Hamiltonian of the original model. The nontri-
vial topological structures hidden in the transfer matrices
related to the Hamiltonian require the introduction of
additional dimension to account for their contributions
to the physical properties. The topological transformation
for trivializing the nontrivial topological structures is actu-
ally a Lorentz transformation in the (3 + 1)-dimensional
space-time [28]. The statistical mechanics is a theory for
an equilibrium state, but it is for the study of the statistic
average of the physical properties in the equilibrium
system in the macro levels. In the micro levels, we need
to deal with a dynamical process in the (3 + 1)-dimensional
space-time. For the necessity of the (3 + 1)-dimensional
space-time, please refer to our previous work
[27-29,32,33,43].

5.4 Application of the duality in
computational complexity

Finally, it is worth noting that the duality between the 3D
Z, lattice gauge theory and the 3D Ising model can be gen-
eralized to the spin-glass 3D Ising system [94,95]. With the
help of the duality, we proved that the spin-glass 3D Ising
model can be mapped to a K-SAT problem for K > 4 in the
consideration of random interactions and frustrations. We
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also proved that the absolute minimum core model in the
spin-glass 3D Ising model is equivalent to the K-SAT pro-
blem for K = 3 and determined the lower bound of the
computational complexity of the K-SAT problem (and
also the spin-glass 3D Ising model) [94]. We propose here
the following strategy for developing an optimum algo-
rithm for calculations of physical properties (such as the
ground state, the free energy, the critical point, the phase
transitions, and the critical phenomena) of the three-
dimensional spin-glass Ising model (and also Knapsack

problems) [95].

1) Fix z-layers(z =1,2, 3, ...) of the absolute minimum core
model as an element of the algorithms, while per-
forming a parallel computation of I/z layers of this
element.

2) Compare the precision as well as the accuracy of the
results obtained by the above procedures, and deter-
mine the optimum value of z.

In this way, one can design the optimum algorithm to
find/reach the exact solution with sufficient accuracy and
within high precision in the shortest time. It can be
improved greatly from the present status of 0(1.3") to O
(1 + &) with € — 0 and € # 1/N [30,94,95]. The study on the
computational complexity and the optimum algorithm can
be extended to be applicable for other NP-problems, for
instance, traveling salesman problem, the knapsack pro-
blem, neural networks [96-99], etc.

6 Conclusions

In conclusion, the exact solution of the 3D Z, lattice gauge
theory is derived analytically by the duality between the
3D Z, lattice gauge theory and the 3D Ising model, based on
the exact solution of the 3D Ising model, which is conjec-
tured in [27] and proven in [29,32,33]. The partition func-
tion, the spontaneous magnetization, the true range of the
correlation, and the critical point are rigorously derived
for the 3D Z, lattice gauge theory. The critical exponents of
the 3D Z, lattice gauge theory are in the same universality
class as the 3D Ising model, which are a =0, 8 =3/8,y = 5/4,
6 =13/3, n = 1/8, and v = 2/3. The exact solution for the
critical exponents of the 3D Ising model agrees well with
experimental data in various materials [44-48]. The exact
solution gives a guide on numerical studies of the 3D Z,
lattice gauge theory. The present results for the 3D Z, lat-
tice gauge theory are helpful for figuring out the features
of the 3D lattice gauge theories with other symmetries,
such as U(1), SU(2), and SU(3). The present work would
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play an important role acting as a network for strength-
ening the discipline not only between different fields in
physics (such as condescended matter physics and high-
energy particle physics, etc.) but also among physics,
mathematics, and computer science.

Funding information: This work has been supported by
the National Natural Science Foundation of China under
grant number 52031014.

Author contributions: The author has accepted responsi-
bility for the entire content of this manuscript and
approved its submission.

Conflict of interest: The author states no conflict of
interest.

Data availability statement: The datasets generated and/
or analyzed during the current study are available from
the corresponding author on reasonable request.

References

[11  Yang CN, Mills RL. Conservation of isotopic spin and isotopic gauge
invariance. Phys Rev. 1954;96(1):191-5.

[2] Jackson JD, Okun LB. Historical roots of gauge invariance. Rev Mod
Phys. 2001;73(3):663-80.

[31 Glashow SL. Towards a unified theory: Threads in a tapestry. Rev
Mod Phys. 1980;52(3):539-43.

[4] Weinberg S. A model of leptons. Phys Rev Lett. 1967;19(2):1264-6.

[S] Weinberg S. Recent progress in gauge theories of the weak,
electromagnetic and strong interactions. Rev Mod Phys.
1974;46(2):255-77.

[6] Weinberg S. Conceptual foundations of the unified theory of Weak
and electromagnetic interactions. Rev Mod Phys.
1980;52(3):515-23.

[71 Salam A. Elementary particle theory. In: Svartholrn N, editor.
Proceedings of the 8th Nobel Symposium. Stockholm: Almqvist and
Wiksell; 1968.

[8] Salam A. Gauge unification of fundamental forces. Rev Mod Phys.
1980;52(3):525-38.

[9] Higgs PW. Broken symmetries, massless particles and gauge fields.
Phys Lett. 1964;12(2):132-3.

[10] Anderson PW. Plasmons, gauge Invariance, and mass. Phys Rev.
1963;130(1):439-42.

[111 Nambu Y. Nobel Lecture: Spontaneous symmetry breaking in
particle physics: A case of cross fertilization. Rev Mod Phys.
2009;81(3):1015-8.

[12] Bernstein ). Spontaneous symmetry breaking, gauge theories, the
Higgs rnechanisrri and all that. Rev Mod Phys. 1974;46(1):7-48.

[13] Hooft GT. Renormalizable Lagrangians for massive Yang-Mills field.
Nucl Phys B. 1971;35(1):167-88.

[14] Gross D), Wilczek F. Ultraviolet behavior of non-Abelian gauge
theories. Phys Rev Lett. 1973;30(26):1343-6.



16

(3]

[16]

(71

(18]

(9]
[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

(31

32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

= Zhidong Zhang

Politzer HD. Reliable perturbative results for strong interactions.
Phys Rev Lett. 1973;30(26):1346-9.

Jackiw R. Introduction to the Yang-Mills quantum theory. Rev Mod
Phys. 1980;52(4):661-73.

Actor A. Classical solutions of SU(2) Yang—Mills theories. Rev Mod
Phys. 1979;51(3):461-525.

Wegner F. Duality in generalized Ising models and phase transitions
without local order parameters. ] Math Phys. 1971;12(10):2259-72.
Wilson KG. Confinement of gnarks. Phys Rev D. 1974;10(8):2445-59.
Kogut J, Susskind L. Hamiltonian formulation of Wilsons lattice
gauge theories. Phys Rev D. 1975;11(2):395-408.

Kogut JB. An introduction to lattice gauge theory and spin systems.
Rev Mod Phys. 1979;51(4):659-713.

Kogut JB. The lattice gauge theory approach to quantum
chromodynamics. Rev Mod Phys. 1983;55(3):775-836.

Seo K, Okawa M, Sugamoto A. Dual transformation in non-Abelian
gauge theories. Phys Rev D. 1979;19(12):3744-53.

Savit R. Duality in field theory and statistical systems. Rev Mod
Phys. 1980;52(2):453-87.

Ising E. Beitrag zur theorie des ferromagnetismus. Z Phys.
1925;31:253-8.

Onsager L. Crystal statistics I: A two-dimensional model with an
order-disorder transition. Phys Rev. 1944;65(3-4):117-49.

Zhang ZD. Conjectures on the exact solution of three - dimensional
(3D) simple orthorhombic Ising lattices. Philos Mag.
2007;87(34):5309-419.

Zhang ZD. Mathematical structure of the three - dimensional (3D)
Ising model. Chin Phys B. 2013;22(3):030513.

Zhang ZD, Suzuki O, March NH. Clifford algebra approach of 3D
Ising model. Adv Appl Clifford Algebras. 2019;29(1):12.

Zhang ZD. Computational complexity of spin-glass three-
dimensional (3D) Ising model. ] Mater Sci Technol. 2020;44:116-20.
Zhang ZD. Response to “Comment on a recent conjectured solution
of the three-dimensional Ising model”. Philos Mag.
2008;88(26):3097-101.

Suzuki O, Zhang ZD. A method of Riemann-Hilbert problem for
Zhang’s conjecture 1in a ferromagnetic 3D Ising model:
trivialization of topological structure. Mathematics. 2021;9(7):776.
Zhang ZD, Suzuki O. A method of the Riemann-Hilbert problem for
Zhang’s conjecture 2 in a ferromagnetic 3D Ising model:
topological phases. Mathematics. 2021;9(22):2936.

Zhang ZD. Mathematical structure and the conjectured exact
solution of three - dimensional (3D) Ising model. Acta Metall Sin.
2016;52(10):1311-25.

Zhang ZD. Exact solution of ferromagnetic three-dimensional (3D)
Ising model and spontaneous emerge of time. Acta Metall Sin.
2023;59(4):514-26.

Zhang ZD. The nature of three dimensions: Non-local behavior in
the three-dimensional (3D) Ising model. ] Phys Conf Ser.
2017;827:012001.

Zhang ZD. Topological effects and critical phenomena in the three-
dimensional (3D) Ising model. In: Angilella GGN, Amovilli C, editors.
Chapter 27 in “Many-body approaches at different scales: a tribute
to Norman H. March on the occasion of his 90th birthday”. New
York: Springer; 2018.

Kaufman B. Crystal statistics II: Partition function evaluated by
spinor analysis. Phys Rev. 1949;76(8):1232-43.

Nechaev S. Statistics of knots and entangled random walks. In
Topological aspects of low dimensional systems. Berlin/
Heidelberg, Germany: Springer; 2000. p. 1-79.

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[471

[48]

[49]

[50]

51

[52]

[53]

[54]

[53]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

DE GRUYTER

Kauffman LH. Knots and physics. 3rd edn. Singapore: World
Scientific Publishing Co. Pte. Ltd; 2001.

Kauffman LH. The mathematics and physics of knots. Rep Prog
Phys. 2005;68(12):2829-57.

Kauffman LH. Knot theory and physics, in the encyclopedia of
mathematical physics. In: Francoise JP, Naber GL, Tsun TS, editors.
New York: Academic Press; 2006.

Zhang ZD. Topological quantum statistical mechanics

and topological quantum field theories. Symmetry.
2022;14(2):323.

Zhang ZD, March NH. Three - dimensional (3D) Ising universality in
magnets and critical indices at fluid-fluid phase transition. Phase
Transit. 2011;84(4):299-307.

Ho JT, Litster JD. Magnetic equation of state of CrBr3 near the
critical point. Phys Rev Lett. 1969;22(12):603-6.

Schofield P, Litster JD, Ho JT. Correlation between critical
coefficients and critical exponents. Phys Rev Lett.
1969;23(19):1098-102.

Ghosh K, Lobb CJ, Greene RL. Critical phenomena in the double-
exchange ferromagnet Lag7Sro3MnOs. Phys Rev Lett.
1998;81(21):4740-3.

Liu Y, Ivanovski VN, Petrovic C. Critical behavior of the van der
Waals bonded ferromagnet Fes;_,GeTe,. Phys Rev B.
2017;96(14):144429.

Li BC, Wang W. Exploration of dynamic phase transition of 3D Ising
model with a new long-range interaction by using the Monte Carlo
Method. Chin ) Phys. 2024;90:15-30.

Li BC, Wang W. Influence of a new long-range interaction on the
magnetic properties of a 2D Ising layered model by using Monte
Carlo method. Chin ] Phys. 2024;87:525-39.

Kramers HA, Wannier GH. Statistics of the two-dimensional
ferromagnet. Phys Rev. 1941;60(3):252-62.

Schultz TD, Mattis DC, Lieb EH. Two-dimensional Ising model as a
soluble problem of many fermions. Rev Mod Phys.
1964;36(3):856-71.

Fradkin E. Field theories of condensed matter physics. Cambridge:
Cambridge University Press; 2013.

Binder K, Luijten E. Monte Carlo tests of renormalization-group
predictions for critical phenomena in Ising models. Phys Rep.
2001;344(4-6):179-253.

Pelissetto A, Vicari E. Critical phenomena and renormalization-
group theory. Phys Rep. 2002;368(6):549-727.

Newell GF, Montroll EW. On the theory of the Ising model of
ferromagnetism. Rev Mod Phys. 1953;25(2):353-89.

Kac M, Ward JC. A combinatorial solution of the 2-dimensional Ising
model. Phys Rev. 1952;88(6):1332-7.

Domb C. Phase transitions and critical phenomena. In: Domb C,
Green MS, editors. Vol. 3. London: Academic Press; 1974.
Guttmann AJ, Enting IG. Series studies of the Potts model 1. The
simple cubic Ising model. | Phys A. 1993;26(4):807-21.

Fisher ME. Theory of equilibrium critical phenomena. Rep Prog
Phys. 1967;30:615-730.

Sinai YG. Theory of phase transitions: Rigorous results. Oxford:
Pergamon Press; 1982. Chapter II.

Griffiths RB. Rigorous results and theorems. In: Domb C, Green MS,
editors. Phase transitions and critical phenomena. Vol. 1. New York:
Academic Press; 1972. p. 7-109.

Wilson KG. Renormalization group and critical phenomena 1.
Renormalization group and Kadanoff scaling picture. Phys Rev B.
1971;4(9):3174-83.



DE GRUYTER

[64]

[65]

[66]

[67]

[68]

[69]

[70]

711

[72]

[73]

[74]

[73]

[76]

77

[78]

[79]

[80]

Binney JJ, Dowrick NJ, Fisher AJ, Newman MEJ. The theory of critical
phenomena, an introduction to the renormalization group. Oxford:
Clarendon Press; 1992.

Stoll E, Binder K, Schneider T. Monte-Carlo investigation of dynamic
critical phenomena in 2-dimensional kinetic Ising model. Phys Rev
B. 1973,8(7):3266-89.

El-Showk S, Paulos MF, Poland D, Rychkov S, Simmons-Duffin D,
Vichi A. Solving the 3D Ising model with the conformal bootstrap II.
-Minimization and precise critical exponents. ] Stat Phys.
2014;157(4-5):869-914.

Jordan P, von Neumann J, Wigner E. On an algebraic generalization
of the quantum mechanical formalism. Ann Math. 1934;35:29-64.
Jordan P. Uber eine Klasse nichtassoziativer hyperkomplexer
Algebren. Nachr Ges Wiss Géttingen. 1932;569-75.

Jordan P. Uber Verallgemeinerungsm " oglichkeiten des Formalismus
der Quantenmechanik. Nachr Ges Wiss Géttingen. 1933;209-17.
Zhang ZD. Response to the Comment on ‘Conjectures on exact
solution of three dimensional (3D) simple orthorhombic Ising
lattices’. Philos Mag. 2009;89(9):765-8.

Zhang ZD. Exact solution of two-dimensional (2D) Ising model with
a transverse field: a low-dimensional quantum spin system. Phys E.
2021;128:114632.

Suzuki M. Relationship between d-dimensional quantal spin
systems and (d + I) - dimensional Ising systems - Equivalence,
critical exponents and systematic approximants of the partition
function and spin correlation. Prog Theor Phys. 1976;56(5):1454-69.
Kosterlitz JM, Thouless D). Ordering, metastability and phase
transitions in two-dimensional systems. ] Phys C: Solid State Phys.
1973;6(7):1181-203.

Anderson PW. Theory of magnetic exchange interactions:
Exchange in insulators and semiconductors. Solid State Phys.
1963;14:99-214.

Hubbard ]. Electron correlations in narrow energy bands. Proc R
Soc Lond A. 1963;276(1364):238-57.

Zhang FC, Rice TM. Effective Hamiltonian for the superconducting
Cn oxides. Phys Rev B. 1988;37(7):3759-61.

Read N, Green D. Paired states of fermions in two dimensions with
breaking of parity and time-reversal symmetries and the fractional
quantum Hall effect. Phys Rev B. 2000;61(15):10267-97.

Bardeen ], Cooper LN, Schrieffer JR. Theory of superconductivity.
Phys Rev. 1957;108(5):1175-204.

Bednorz |G, Miller KA. Possible high Tc superconductivity in the Ba-
La-Cu-O system. Z Phys B. 1986;64(2):189-93.

Zheng Y, Zheng JX, Wang XD, Lu YD. Gamma radiation effects on
high-temperature superconducting ReBCO tape. Supercond Sci
Technol. 2024;37(4):045013.

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

[91

[92]

[93]

[94]

[95]

[96]

[971

[98]

[99]

Exact solution of the 3D Z, lattice gauge theory = 17

Polyakov A. String representations and hidden symmetries for
gauge fields. Phys Lett B. 1979;82(2):247-50.

Sedrakyan A. Fermionic degrees of freedom on a lattice: Particles
and fields. Phys Lett B. 1984;137(5-6):397-400.

Kavalov A, Sedrakyan A. The sign-factor of the three-dimensions
Ising model and quantum fermionic string. Phys Lett B.
1986;173(4):449-52.

Kavalov A, Sedrakyan A. Fermionic representation of three
dimensional Ising model. Nucl Phys B. 1987;285(2):264-78.

Jones VFR. The Jones Polynomial, in the Encyclopedia of
Mathematical Physics. In: Francoise JP, Naber GL, Tsun TS, editors.
New York: Academic Press; 2006.

Makeenko YM. Brief introduction to Wilson loops and large N. Phys
At Nucl. 2010;73(5):878-94.

Witten E. Topological sigma models. Commun Math Phys.
1988;118(3):411-49.

Aharonov Y, Bohm D. Significance of electromagnetic potentials in
the quantum theory. Phys Rev. 1959;115(3):485-91.

Berry MV. Quantal phase-factors accompanying adiabatic changes.
Proc R, Soc Lond A. 1984;392(1802):45-57.

Barrett TW. Topological foundations of electromagnetism.
Singapore: World Scientific; 2008.

de Leo S, Rodrigues WA. Quantum mechanics: From complex to
complexified quaternions. Int ] Theor Phys. 1997;36(12):2725-57.
Adler SL. Quaternion quantum mechanics and quantum fields. New
York and Oxford: Oxford University Press; 1995.

de Leo S. Quaternions and special relativity. ] Math Phys.
1996;37(6):2955-68.

Zhang ZD. Mapping between spin-glass three-dimensional (3D)
Ising model and Boolean satisfiability problems. Mathematics.
2023;11(1):237.

Zhang ZD. Lower bound of computational complexity of Knapsack
problems. AIMS Math. 2025;10(5):11918-38.

Jiang N, Feng Q, Yang X, He JR, Li BZ. The octonion linear canonical
transform: Properties and applications. Chaos Solitons Fractals.
2025;192:116039.

Liu YF, Wang Y, Chen S, Zhang JR. A novel hybrid neural Lyapunov
method with low conservatism for power system domain of
attraction estimation. IEEE Trans Ind Inform. 2025;21(7):5580-91.
Tian HG, Wang J, Ma J, Li XM, Zhang P, Li JQ. Improved energy-
adaptive coupling for synchronization of neurons with nonlinear
and memristive membranes. Chaos Solitons Fractals.
2025;199:116863.

Jin W, Adamatzky A. Analysis of parameter space, bifurcation and
symbolic dynamics of evolutionary strategies on a one-dimensional
regular lattice. Int ] Bifurc Chaos. 2025;35(7):2550086.



	1 Introduction
	2 Nonlocal effects and nontrivial topological structures in the 3D Ising models
	3 Exact solution of a 3D Z2 lattice gauge theory
	4 Comparison with other approximation methods
	4.1 Low-temperature series expansions
	4.2 High-temperature series expansions
	4.3 Renormalization group
	4.4 Monte Carlo methods
	4.5 Conformal bootstrap

	5 Physical significance and mathematical aspects
	5.1 Dimensionality, duality, symmetry, manifold, degenerate states, and magnetic field
	5.1.1 Dimensionality
	5.1.2 Duality
	5.1.3 Symmetry
	5.1.4 Manifold
	5.1.5 Degenerate states
	5.1.6 Magnetic field

	5.2 Superfluid, superconductors, and particle physics
	5.2.1 Superfluid
	5.2.2 Superconductors
	5.2.3 Particle physics

	5.3 Topology, geometry, and algebra
	5.3.1 Topology
	5.3.2 Geometry
	5.3.3 Algebra

	5.4 Application of the duality in computational complexity

	6 Conclusions
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


