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Abstract: This study investigates exact traveling wave solu-
tions for two important nonlinear models: the hyperbolic
chemotaxis model and the (3+1)-dimensional Boiti–Leon–
Manna–Pempinelli equation. Using the ′G

G2
-expansion method,

we derive solutions in the form of trigonometric, exponential,
and rational functions, showcasing diverse wave behaviors
such as periodic solitons, kink-type waves, and singular soli-
tons. By visualizing these solutions with 3D and contour
plots, we provide deeper insights into the spatial–temporal
evolution of the wave dynamics. The findings highlight the
versatility of the ′G

G2
-expansionmethod for solving complex non-

linear equations and demonstrate its relevance in both biolo-
gical systems, like chemotaxis, and physical wave dynamics.

Keywords: chemotaxis, partial differential equation, tra-
veling wave solution, (3+1)-dimensional Boiti–Leon–Manna–
Pempinelli equation

1 Introduction

Traveling wave solutions of nonlinear partial differential
equations (NLPDEs) have attracted considerable attention
in recent years, owing to their fundamental role in
describing wave-like phenomena and signal propagation
across a wide range of physical and biological systems.

Over recent decades, researchers have increasingly
focused on understanding the inherent properties and
quantitative features of NLPDEs to better describe wave
phenomena in fields such as fluid dynamics, plasma phy-
sics, and biological modeling. In particular, traveling
waves play a critical role in explaining the movement
and interactions of organisms in chemotaxis.

This growing interest in NLPDEs has led to significant
research dedicated to finding exact solutions. Advances in
symbolic computation have enabled the development of
various powerful techniques for obtaining these solutions.
For example, the Hirota direct method [1] is renowned for
its effectiveness in solving integrable equations, while the
homogeneous balance method [2] is commonly used to
derive solitary and periodic wave solutions. The tanh-func-
tion method [3] is especially effective for higher-dimen-
sional models, and the auxiliary equation method [4,5]
provides a systematic approach for identifying exact solu-
tions in complex systems. Additionally, the three-wave
approach [6] has been valuable in constructing multi-
soliton solutions, offering insights into wave interactions.

In recent years, significant progress has been made in
the development of advanced analytical techniques aimed
at uncovering the intricate structures and long-time
dynamics of nonlinear evolution equations. Notably, the
application of the linear Fokas unified transform method
has led to the discovery of a novel long-range instability
phenomenon associated with the inhomogeneous linear
Schrödinger equation posed on the vacuum spacetime
quarter-plane [7]. The Dbar-steepest descent method has
proven effective in characterizing the long-time asymptotic
behavior of the Wadati–Konno–Ichikawa equation, resulting
in a rigorous resolution of the soliton resolution conjecture
and the establishment of asymptotic stability for its solutions
[8,9]. Moreover, the integration of bi-Hamiltonian structures
and recursion operators has facilitated the proof of nonlinear
stability for exact smooth multi-soliton solutions within the
framework of the two-component Camassa–Holm system
[10]. These advancements illustrate the evolving landscape
of mathematical methodologies employed in the study of
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nonlinear wave propagation across diverse physical and geo-
metric contexts.

In this article, we focus on studying traveling wave solu-
tions for the hyperbolic chemotaxismodel and the (3+1)-dimen-
sional Boiti–Leon–Manna–Pempinelli (BLMP) equation.

Chemotaxis, the directed movement of organisms in
response to chemical gradients, has been extensively studied
in mathematical biology, especially concerning bacterial beha-
vior. In 1971, Keller and Segel [11] introduced a foundational
model that describes bacterial aggregation and chemotactic
pattern formation. Their work formulated a system of partial
differential equations, to represent the movement of E. coli in
response to nutrient gradients, revealing phenomena such as
bacterial band formation. This model highlighted the impor-
tance of understanding traveling wave solutions, which has
since become a central focus in chemotaxis research.

Expanding upon the Keller–Segel model, Hillen and
Stevens [12,13] introduced a hyperbolic model that considers
the finite speed of organism movement, particle densities, and
interactions with an external chemical signal. Their model
incorporates turning rates influenced by the concentration of
the chemical signal and its spatial gradient, as well as a reac-
tion term to describe the chemical signal’s production and
degradation. This approach offers a more detailed perspective
on the dynamics underlying chemotactic behavior:
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where ( )±u x t, represents the particle densities of moving
particles, while ( )γ S S S, ,t x denotes the speed of these par-
ticles, and ( )±μ S S S, ,t x represents the turning rates. The
concentration of the external chemical signal is given by

( )S x t, , and its production and degradation are described
by the reaction term f .

In the following years, Rivero et al. [14] and Ford et al. [15]
appliedHillen and Stevensmodels to experimental data, providing
numerical solutions that helped validate and refine the theoretical
framework. These studies examined the spatiotemporal develop-
ment of bacterial densities and the formation of chemotactic pat-
terns, offering insights into the stability of these patterns under
various conditions. Concurrently, Hillen and Levine [16] investi-
gated finite-time blow-up in chemotaxis systems, where solutions
could display blow-up behavior based on specific reaction rates
and the characteristics of the turning functions.

The investigation of traveling wave solutions in chemo-
taxis models remains a prominent focus within mathematical
biology. Liu [17] derived explicit solutions for a particular

configuration of the system, incorporating reaction terms
and turning rates consistentwith theHillen and Stevens frame-
work. This study underscores the importance of constructing
traveling waves, which are critical for comprehending the
long-term dynamics of bacterial aggregation and chemotactic
pattern formation. In a special case of Eq. (1), the system is
reformulated into an equivalent structure involving the total
particle density = ++ −u u u and the particle flux = −+ −v u u .
The resulting system is as follows:
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where the total particle density ( )u x t, represents the com-
bined density of particles moving in both directions, while the
particle flux ( )v x t, denotes the net flux of particles, with

( ) =v x t, 0 indicating no net movement. The chemical signal
concentration ( )w x t, describes the concentration of the external
chemical signal. The particle speed γ reflects the finite speed at
which particles move, while the diffusion coefficient D0 indicates
the rate at which the chemical signal diffuses. The particle diffu-
sion constant D1 characterizes the diffusion behavior of particles.
The interaction parameter ω defines the sensitivity of particle
movement to the chemical gradients.

The BLMP equation is a notable PDE that has attracted
considerable interest due to its broad applications in fields
such as plasma physics, fluid dynamics, ocean engineering,
astrophysics, and aerodynamics. Initially introduced by
Boiti et al. [18], this equation effectively captures the
dynamics of complex wave phenomena by incorporating
both nonlinear interactions and higher-order effects. As
such, it has proven to be a crucial tool for modeling wave
propagation in incompressible fluids under various condi-
tions. Particularly, the (3+1)-dimensional form of the BLMP
equation plays a significant role in describing wave dynamics
within incompressible media. When =z 0, it provides valu-
able insights into the propagation of Riemann waves, enhan-
cing our understanding of wave behavior in both the
presence and absence of specific boundary conditions [19].
Given its ability to model intricate wave interactions, the
BLMP equation has become an essential component of non-
linear wave theory and fluid mechanics, contributing to ana-
lyses of complex wave dynamics in systems such as optical
fibers, plasma environments, and fluid models.

Darvishi [20] introduced the (3+1)-dimensional BLMP
equation given by

( ) ( )+ + + − + − +

=

q q q q q q q q q q3 3

0

yt zt xxxy xxxz x xy xz xx y z (3)
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and studied multi-wave solutions for this equation using the
multiple exp-function method. Exact solutions, including
rational solutions, soliton solutions, positons, and negatons,
were obtained via the Wronskian technique [21]. Lax pairs,
Bäcklund transformations, and multi-soliton solutions with
two distinct dispersion relations, along with a bilinear form
using a general logarithmic transformation, were derived for
the equation [22–27]. Additionally, three-wave solutions, such
as kinky periodic solitary-wave solutions, periodic soliton
solutions, and kink solutions, have also been presented [28].

Special cases of Eq. (3) are identified as follows:
(1) When =y z and ( ) ( ) [ ( ) ]= = +q x y t q θ t q x ψ y t, , , , ,

with ψ as an analytic function of y, Eq. (3) reduces to
the Korteweg–de Vries equation [29]:

+ − =q q q q6 0,
θt θθθθ θ θθ (4)

which is widely used to model shallow water waves
with long wavelengths and small amplitude, as
observed in fluid and plasma dynamics [30].

(2) When = =y z ρ, =t τ , =ψ ς , and the variable transfor-
mation ′ =σ σρ is applied, Eq. (3) takes the form [19]:
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where ′σ and ″σ represent the components of velocity
in an incompressible fluid. Eq. (5) is recognized as a
generalized model for incompressible fluids and can be
seen as an extension of a (2+1)-dimensional system dis-
cussed in previous studies [19,31].

In a more complex adaptation of the (3+1)-dimensional
BLMP Eq. (3), Wazwaz [32] introduced an additional spatial
derivative q

x
into the derivative term +q q

y z
, yielding a

new form of the equation:
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where ( )q x y z t, , , represents an unknown analytical func-
tion defined over the spatial variables x y, , and z and tem-
poral variable t , while α and β are non-zero constants.

Only a few soliton solutions and their interactions have
been explored in previous research using methods such as the
Painlevé test and Hirota’s direct method [33–37]. This study
focuses on deriving a limited set of exact solutions for the
(3+1)-dimensional BLMP equation using the ′G

G2
-expansion

method. These solutions, including lump solitons and solitary
waves, provide fresh insights into their interactions and
dynamics. By analyzing these solutions in the context of chemo-
taxis and other nonlinear systems, we offer new perspectives on
traveling wave behaviors. This work contributes to the

understanding of multi-soliton dynamics, presenting specific
results through detailed 3D and contour visualizations, thus
extending the current literature with these novel findings.

To the best of the author’s knowledge, this is the first study
to derive a comprehensive set of exact traveling wave solutions,
including all types of soliton solutions, for both the hyperbolic
chemotaxis model and the (3+1)-dimensional BLMP equation
using the ′G

G2
-expansion method [38,39]. Unlike traditional

methods, which often struggle to capture the full spectrum of
solution types, the ′G

G2
-expansion method enables the derivation

of hyperbolic, rational, and singular solitons with greater preci-
sion and flexibility. This approach facilitates the construction of
explicit and accurate expressions for traveling waves, thereby
advancing the understanding of soliton dynamics. In this work,
we apply the method to derive the complete set of soliton solu-
tions for Eqs. (2) and (6), significantly broadening the range of
exact solutions in nonlinear wave theory. Building upon our
previous work [40], which focused on the existence and asymp-
totic behavior of traveling waves in the chemotaxis model, we
extend this analysis to derive a full spectrum of soliton solutions,
marking a significant advancement in nonlinear wavemodeling.

The structure of this article is as follows: Section 2 provides
an in-depth explanation of the ′G

G2
-expansion method, outlining

its theoretical foundation and procedural approach for appli-
cation to NLPDEs. In Section 3, the method is implemented
to derive exact traveling wave solutions for the hyperbolic
chemotaxis model and the (3+1)-dimensional BLMP equation.
Section 4 discusses the results obtained, providing numerical
validation of the theoretical solutions and exploring the beha-
vior of the solutions under various parameter conditions.
Finally, Section 5 concludes the article by summarizing the
key findings, discussing their implications, and highlighting
the broader impact of the ′G

G2
-expansion method.

2 Methodology: The G

G

′

2

-expansion
method

This algorithm details the ′G

G2
expansion method, a sys-

tematic approach tailored for solving NLPDEs of the form:

( ) =P h h h h h h, , , , , , … 0,t x tt xx xt1 (7)

where P1 represents a polynomial involving the unknown
function ( )=h h x t, and its various partial derivatives with
respect to independent variables x and t. The method out-
lined follows the subsequent procedure:

Transformation into ordinary differential equations
(ODEs): Initiate the process by transforming (7) into an
ODE, denoted as follows:
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( )′ ″ =P H H H, , , … 0,2 (8)

where P2 is a polynomial involving H and its derivatives
concerning a new variable z. Employ a transformation
suited for NLPDEs, expressed as follows:

( ) ( )= = −h x t H z z mx nt, , , (9)

wherem and n are the constants. Given the non-linear ODE
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where μ and λ are the integers.
Distinct scenarios for solutions: The solutions of (10)

can be categorized into three distinct scenarios:
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where C and D are the arbitrary non-zero constants.

(1) Series solution in terms of ⎛
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⎞
⎠

′G

G2 polynomial: Utilize the
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( )G z of Eq. (8) in terms of the ⎛
⎝

⎞
⎠

′G

G2 polynomial:

( ) ∑= +
⎡

⎣⎢
⎛
⎝

′ ⎞
⎠ + ⎛

⎝
′ ⎞
⎠

⎤

⎦⎥=

−

H z a a
G

G
b

G

G
,

j

N

j

j

j

j

0

1

2 2
(14)

where a a, ,j0 and ( )=b j N1,2, …,j are the constants.
(2) Determination of positive integer N : Ascertain the

positive integer N in Eq. (14) through the application
of the homogeneous balance principle.

(3) Systematic polynomial transformation and coefficient
equations: Insert the expressions (14) and (10) into (8),

yielding a polynomial in terms of ⎛
⎝

⎞
⎠

′G

G2 . Equate the coeffi-

cients of the resulting polynomials to zero, establishing a
solvable system of algebraic equations for the unknown
constants present in the series solution. This system can
be effectively solved using symbolic computational
packages like Maple or Mathematica. The explicit exact
solutions of (7) can be obtained by inserting the values of

a a b, ,j j0 ( )=j N m n1, …, , , and the solutions in (11)–(13)
into (14) with the transformation in (9).

3 Implementation of the
G

G

′

2

-expansion method

3.1 Hyperbolic chemotaxis model

By excluding v from the system of Eq. (2), it becomes apparent
that the resulting equation can be formulated as follows:
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Considering the transformation

( ) ( )( )= = = − +u u z w e z m x nt z, , ,η z
0 (16)

with >m 0, >n 0, and z0 representing any constant, Eq.
(15) can be expressed as follows:
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From the second equation of (17), we have
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By substituting equations from (19) to (21), in the first equa-
tion of (17), we have
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By simplifying and applying the homogeneous balance
principle to the highest order derivative and the nonlinear
term ( )⇒ + = + + ⇒ =N N N N3 2 1. Hence, the specific
form of the solution of Eq. (15) is written as
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where a a,0 1, and b1 represent the undetermined coefficients.
Upon substituting (23) into (22) together with (10), we proceed

to group coefficients with identical powers of ⎛
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= ± ±i 0, 1, 2,… ). By then setting these coefficients to zero,
we obtain the ensuing system of algebraic equations:
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m nγb λμ
D

D m ωγa b λμ

D
D γm nb λ

D
D m γnb λμ

D
ωγm nb λ

γ
m n b λμ

: 4

4 6

2
2

2 2

2 2
,

2

1

0
3

0 1

1

0
3 3

0 1

1

0
3

0 1

2

2
1

1

0
3

0 1

1

0
3

1

2

1

0
2

1

1

2
1

2 2 3
1
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⎛
⎝

′ ⎞
⎠ −

+ +

− +

− −

− +

G

G
D m γa b λμ

D
D m n a a λμ

D
D ωm γa a μ

m nγa λμ
D

D m ωγa a λμ

D
D γm na μ

D
D m γna λμ

D
ωγm na μ

γ
m n a λμ

: 4

4 6

2
2

2 2

2 2
,

2

1

0
3

0 1

1

0
3 2

0 1

1

0
3

0 1

2

2
1

1

0
3

0 1

1

0
2

1

2

1

0
2

1

1

2
1

2 2 3
1

⎛
⎝

′ ⎞
⎠ −

− −

+ +

+ −

+ +

− +

− +

− −

− +

+ +

+ +

−

G

G
D m γa μ

D m γb λ D m γa λμ

D m γb μλ
γ

D m n a μ

γ
D m n b λ

γ
D m n a b λμ

D
D m n a b μλ

γ
D m n a λμ

γ
D m n b μλ

D
D ωm γa a μ

D
D ωm γa b λ

D
D ωm γa b μ

D
D ωm γa b λ

D
D γm na a λ

m

D
n γa μ

D
D γm na b μ

D

D
ωm γa μ

D

D
ωm γb λ

m

D
n γb λ

D
ωγnm a a μ

D
ωγnm a a λ

: 2

2 2

2
2

2 8

8 2

2 3

3 3

3 2

2

2

2
.

2

0

0
3

1

2 2

0
3

1

2 2
0

3
1

2

0
3

1
2

0
3 2

1

2 2

0
3 2

1

2 2
0

3 2
1 1

1

0
3 2

1 1 0
3 2

1
2

0
3 2

1
2

1

0
3

0

2
1

1

0
3

0

2
1

1

0
3

1

2
1

1

0
3

1 1

2

1

0
2

0 1

1

2
1

1

0
2

0 1

0

1

3
1

2 2 0

1

3
1

2 2

1

2
1

1

2
0 1

1

2
0 1

By solving the aforementioned algebraic equations using
Maple software, we obtained three sets of values for
a a b n, , , ,0 1 1 and m. Utilizing these values, along with Eqs.
(11) through (13) and substituting them into the solution
form (23), we derive three distinct results.
Result 1:
(1) When >λμ 0:

The solution involving a trigonometric function can be
expressed as follows:

( )

( ) ( )

( ) ( )

= ∓
+ +

×
⎛

⎝
⎜

+
−

⎞

⎠
⎟
−

u x t a
D λμ n

μ D μλ n μ

C λμ z D λμ z

D λμ z C λμ z

,
32

3

cos sin

cos sin
,

1

1
0

0

1

3

2
1

2 2

1
(24)

where a0 is a constant, and C and D are the parameters
that determine the specific trigonometric behavior of
the solution. The term λμ reflects the square root of the
product of λ and μ, affecting the oscillatory nature of
the solution.

(2) When <λμ 0:

The solution involving an exponential function is
given by

( )

∣ ∣ ∣ ∣

= ∓
+ +

×
⎛

⎝
⎜

−
−

⎞

⎠
⎟

∣ ∣

∣ ∣

−

u x t a
D λμn

μ D μλ n μ

λμ C λμ e

Ce D

,
64

3

2 4
,

z λμ

z λμ

2

1
0

0

1

3

2
1

2 2

2

2

1 (25)

where ∣ ∣λμ indicates the absolute value of the product
λμ, and the solution incorporates exponential terms,
which imply growth or decay depending on the sign
and magnitude of λμ.

(3) When ≠λ 0 and =μ 0:

The solution simplifies to a constant:

( ) =u x t a, .3

1
0

(26)

This indicates that when μ is zero and λ is non-zero, the
solution does not vary with x and t, leading to a steady-
state or equilibrium solution.

Result 2:
(1) When >λμ 0:

The alternative trigonometric function solution is

( )

( ) ( )

( ) ( )

= ±
+ +

×
⎛

⎝
⎜

+
−

⎞

⎠
⎟

u x t a
D λμ n

μ D μλ n μ

C λμ z D λμ z

D λμ z C λμ z

,
32

3

cos sin

cos sin
.

1

2
0

0

1

3

2
1

2 2

(27)

This expression provides a trigonometric solution
without inversion, which means it directly involves
the ratio of trigonometric functions.

(2) When <λμ 0:

The solution involving an exponential function is
given by

( )

∣ ∣ ∣ ∣

= ±
+ +

×
⎛

⎝
⎜

−
−

⎞

⎠
⎟

∣ ∣

∣ ∣

u x t a
D n

μ D μλ n μ

λμ C λμ e

Ce D

,
16

3

2 4
.

z λμ

z λμ

2

2
0

0

1

3

2
1

2 2

2

2

(28)

This solution simplifies the previous exponential func-
tion by removing the inversion, leading to a direct
exponential term involving ∣ ∣e z λμ2 .
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(3) When ≠λ 0 and =μ 0: The rational function solution is

( ) = ∓ ⎛
⎝ +

⎞
⎠u x t a

D n

D

C

Cz D
,

32
.3

2
0

0

1

(29)

This shows a rational function that varies linearly with
z, where the term +Cz D appears in the denominator,
affecting the shape of the solution.

Result 3:
(1) When >λμ 0:

The trigonometric function solution for an alternative
case is

( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

= ±
+ +

×
⎛

⎝
⎜

+
−

⎞

⎠
⎟

∓
+ +

×
⎛

⎝
⎜

+
−

⎞

⎠
⎟
−

u x t a
D λμ n

D λμ n

C λμ z D λμ z

D λμ z C λμ z

D λμ n

D λμ n

C λμ z D λμ z

D λμ z C λμ z

,
32

9 4

cos sin

cos sin

32

9 4

cos sin

cos sin
.

1

3
0

0

1

7 1
2

0

1

7 1
2

1

(30)

This result combines both the trigonometric function
and its reciprocal, indicating a more complex solution
structure.

(2) When <λμ 0:

The solution involving an exponential function is
given by

( )

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

= ±
+ +

×
⎛

⎝
⎜

−
−

⎞

⎠
⎟

∓
+ +

×
⎛

⎝
⎜

−
−

⎞

⎠
⎟

∣ ∣

∣ ∣

∣ ∣

∣ ∣

−

u x t a
D n

D λμ n

λμ C λμ e

Ce D

D μλn

D λμ n

λμ C λμ e

Ce D

,
16

9 4

2 4

64

9 4

2 4
.

z λμ

z λμ

z λμ

z λμ

2

3
0

0

1

7 1
2

2

2

0

1

7 1
2

2

2

1

(31)

This solution includes both direct and inverse exponen-
tial terms, reflecting more intricate behavior under the
condition <λμ 0.

(3) When ≠λ 0 and =μ 0:

The rational function solution is:

( ) = ∓ ⎛
⎝ +

⎞
⎠u x t a

D n

D

C

Cz D
,

32
.3

3
0

0

1

(32)

This result provides a rational function form similar to
Result 2.

3.2 (3+1)-dimensional BLMP equation

By selecting =α 1 and = −β 3 in Eq. (6), we reduce the
model to

( ) ( )

( ( ))

+ + + + +

− + + + =

q q q q q q

q x q q q3 0.

x y z t x y z xxx

x y z x

(33)

To further analyze the traveling wave solutions, we intro-
duce the transformation ( ) ( )=q x y z t Q ξ, , , , where

= + + +ξ k x k y k z ct1 2 3 . This substitution transforms Eq.
(6) into an ODE given by

( ) ( )

( )

+ + ″ + + +

− + + ′ ″ =

c k k k Q k k k k Q

k k k k Q Q6 0.

1 2 3 1

3
1 2 3

4

1

2
1 2 3

(34)

By integrating Eq. (34) with respect to ξ , we obtain the
reduced form:

( ) ( )

( )( )

+ + ′ + + + ‴
− + + ′ =

c k k k Q k k k k Q

k k k k Q3 0.

1 2 3 1

3
1 2 3

1

2
1 2 3

2
(35)

To solve Eq. (35), we apply the homogeneous balance prin-
ciple to determine the order of the polynomial solution.
This method involves balancing the highest-order non-
linear term with the highest-order derivative term.
Through this process, we determine that =N 1, indicating
that the solution will have a specific polynomial form.

The explicit form of the solution to Eq. (33) is con-
structed in a manner analogous to the expression provided
in Eq. (23). Substituting the solution form given in Eq. (23)
into Eq. (35), along with the conditions derived from Eq.

(10), we expand the resulting expression in terms of ⎛
⎝

⎞
⎠

′G

G

i

2 ,

where = ± ±i 0, 1, 2,… . By setting the coefficients of each

power of ⎛
⎝

⎞
⎠

′G

G

i

2 to zero, we generate a system of algebraic

equations. Solving this system allows us to obtain the para-
meters required for the exact traveling wave solutions:

⎛
⎝

′ ⎞
⎠ − −

− −
− −

−
G

G
k b μ k k b μ

k k b μ k b μ

k k b μ k k b μ

: 6 6

6 3

3 3 ,

2

4

1

4
1

3
1

3
2 1

3

1

3
3 1

3
1

3

1

2 2

1

2
2 1

2 2
1

2
3 1

2 2

⎛
⎝

′ ⎞
⎠ +

+ −
− −

G

G
k a λ k k a λ

k k a λ k a λ

k k a λ k k a λ

: 6 6

6 3

3 3 ,

2

4

1

4
1

3
1

3
2 1

3

1

3
3 1

3
1

3

1

2 2

1

2
2 1

2 2
1

2
3 1

2 2
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⎛
⎝

′ ⎞
⎠ − − −

+ −
− +
+ − −
+ +
− −
+ −
+ −
+ − +

−
G

G
ck b μ μck b ck b μ

k b μ λ k b μ λ

k b μ λ k b μ λ

k k b μ λ k k b μ λ k k b μ λ

k k b μ λ k k b μ λ

b k k μ λ k k b μ λ

k k b μ λ k b μλ

k a b μ k k b μλ

k k a b μ k k b μλ k k a b μ

:

4 2

18 8

4 2 18

8 4

2 18

8 6

6 6

6 6 6 ,

2

2

1 1 2 1 3 1

1

4
1

2
1

4
1

2

1

4
1

2
1

4
1

2

1

3
2 1

2
1

3
2 1

2
1

3
2 1

2

1

3
2 1

2
1

3
3 1

2

1 1

3
3

2
1

3
3 1

2

1

3
3 1

2
1

3

1

2

1

3
1 1

2
1

2
2 1

2

1

2
2 1 1

2
1

2
3 1

2

1

2
3 1 1

2

⎛
⎝

′ ⎞
⎠ +

+ + +
+ −
− +
+ +
+ −
− +
+ +
+ −
− +
− +
− +
− +

G

G
ck a λ ck a λ

ck a λ k a μλ k a μλ

k b λ k b λ

k b λ k b λ

k k a μλ k k a λ μ

k k b λ k k b λ

k k b λ k k b λ

k k a μλ k k a μλ

k k b λ b k k λ

k k b λ k k b λ

k a μλ k a b λ

k k a μλ k k a b λ

k k a μλ k k a b λ

:

2 6

4 6

6 8

2 6

4 6

6 8

2 6

4 6

6 8

6 6

6 6

6 6 ,

2

2

1 1 2 1

3 1 1

4
1

2
1

4
1

2

1

4
1

3
1

4
1

3

1

4
1

3
1

4
1

3

1

3
2 1

2
1

3
2 1

2

1

3
2 1

3
1

3
2 1

3

1

3
2 1

3
1

3
2 1

3

1

3
3 1

2
1

3
3 1

2

1

3
3 1

3
1 1

3
3

3

1

3
3 1

3
1

3
3 1

3

1

3

1

2

1

3
1 1

2

1

2
2 1

2

1

2
2 1 1

2

1

2
3 1

2

1

2
3 1 1

2

⎛
⎝

′ ⎞
⎠ −

+ − +
− +
+ +
− −
− +
+ +
+ +
− −
− +

G

G
ck a μ ck b λ

ck a μ ck b λ ck a μ

ck b λ k a μ λ

k b μλ k b λ μ

k b μλ k b μλ

k b μλ k b λ μ

k b λ μ k k a μ λ

k k b μλ k k b μλ

k k b μλ k k b λ μ

k k b μλ k k b μλ

:

2

4 4

2 6

18 8

8 2

4 4

2 6

18 8

2

0

1 1 1 1

2 1 2 1 3 1

3 1 1

4
1

2

1

4
1

2
1

4
1

2

1

4
1

2
1

4
1

2

1

4
1

2
1

4
1

2

1

4
1

2
1

3
2 1

2

1

3
2 1

2
1

3
2 1

2

1

3
2 1

2
1

3
2 1

2

1

3
2 1

2
1

3
2 1

2

+ +
+ +
− −
− +
+ −
− +
+ −
− +
+ −
− +
+

k k b μλ k k b μ λ

k k b μλ k k b μλ

b k k μλ b k k μλ

k k b μλ k k b μλ

k k b μλ k a μ

k b λ k a b μλ

k a b μλ k k a μ

k k b λ k k a b μλ

k k a b μλ k k a μ

k k b λ k k a b μλ

k k a b λμ

8 2

4 4

2 6

18 8

8 3

3 6

6 3

3 6

6 3

3 6

6 .

1

3
2 1

2
1

3
3 1

2

1

2
3 1

2
1

2
3 1

2

1 1

3
3

2
1 1

3
3

2

1

3
3 1

2
1

3
3 1

2

1

3
3 1

2
1

3

1

2 2

1

3

1

2 2
1

3
1 1

1

3
1 1 1

2
2 1

2 2

1

2
3 1

2 2
1

2
2 1 1

1

2
2 1 1 1

2
3 1

2 2

1

2
3 1

2 2
1

2
3 1 1

1

2
3 1 1

By solving the algebraic equations derived from the meth-
odology, we utilized Maple to compute three distinct sets of
parameter values for a a b k k k, , , , ,0 1 1 1 2 3, and c. Each set of
these parameters corresponds to a specific configuration of
the traveling wave solution. By substituting these para-
meter values into the expressions outlined in equations
(11) to (13) and further integrating them into the solution
form provided in Eq. (23), we successfully constructed
three separate and well-defined solutions. These solutions
highlight the diverse nature of the wave structures that can
emerge under the given conditions.
Result 1:
(1) When >λμ 0:

The solution in terms of a trigonometric function is
given by

( )

( ) ( )

( ) ( )

= −

×
⎛

⎝
⎜

+
−

⎞

⎠
⎟
−

q x y z t

a μc
μ

λ

C λμ ξ D λμ ξ

D λμ ξ C λμ ξ

, , ,

2

cos sin

cos sin
.

1

1

0

1

(36)

(2) When <λμ 0:

The solution that includes an exponential function can
be represented as

( )

∣ ∣ ∣ ∣

= −

×
⎛

⎝
⎜

−
−

⎞

⎠
⎟

∣ ∣

∣ ∣

−

q x y z t a
μc

λ

λμ C λμ e

Ce D

, , ,

2 4
.

ξ λμ

ξ λμ

2

1
0

2

2

1 (37)
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(3) When ≠λ 0 and =μ 0:

The solution reduces to a constant expression:

( ) =q x y z t a, , , .
3

1
0 (38)

Result 2:

(1) When >λμ 0:

The solution involving trigonometric functions can be
written as

( )

( ) ( )

( ) ( )

= +

×
⎛

⎝
⎜

+
−

⎞

⎠
⎟

q x y z t a λc
μ

λ

C λμ ξ D λμ ξ

D λμ ξ C λμ ξ

, , , 2

cos sin

cos sin
.

1

2
0

(39)

Here, this expression directly includes trigonometric
ratios without inversion.

(2) When <λμ 0:
The corresponding solution in terms of an exponential
function is

( )

∣ ∣ ∣ ∣

= +

×
⎛

⎝
⎜

−
−

⎞

⎠
⎟

∣ ∣

∣ ∣

q x y z t a c

λμ C λμ e

Ce D

, , ,

2 4
.

ξ λμ

ξ λμ

2

2
0

2

2

(40)

(3) When ≠λ 0 and =μ 0:

A rational function solution is obtained as follows:

( ) ⎜ ⎟= − ⎛
⎝ +

⎞
⎠

q x y z t a c
C

Cξ D
, , , .

3

2
0 (41)

Result 3:
(1) When >λμ 0:

The trigonometric solution for another scenario is
given by

( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

= +
⎛

⎝
⎜

+
−

⎞

⎠
⎟

−
⎛

⎝
⎜

+
−

⎞

⎠
⎟
−

q x y z t

a λc
μ

λ

C λμ ξ D λμ ξ

D λμ ξ C λμ ξ

μc
μ

λ

C λμ ξ D λμ ξ

D λμ ξ C λμ ξ

, , ,

2
cos sin

cos sin

2
cos sin

cos sin
.

1

3

0

1

(42)

(2) When <λμ 0:
The exponential function solution is expressed as

( )

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

= +
⎛

⎝
⎜

−
−

⎞

⎠
⎟

−
⎛

⎝
⎜

−
−

⎞

⎠
⎟

∣ ∣

∣ ∣

∣ ∣

∣ ∣

−

q x y z t

a c
λμ C λμ e

Ce D

μc

λ

λμ C λμ e

Ce D

, , ,

2 4

2 4
.

ξ λμ

ξ λμ

ξ λμ

ξ λμ

2

3

0

2

2

2

2

1

(43)

(3) When ≠λ 0 and =μ 0:

The rational form of the solution is

( ) ⎜ ⎟= − ⎛
⎝ +

⎞
⎠

q x y z t a c
C

Cξ D
, , , .

3

3
0 (44)

4 Discussion and results

This section presents the graphical representations of the
obtained results, illustrating the dynamical properties of
the solutions through 3D surface plots and contour graphs.

Figure 1: 3D representation (a) and contour graph (b) of the periodic wave solution for ( )u x t,1

1 .
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These visualizations reveal the breadth of solutions
derived using the ′G

G2
-expansion method, demonstrating

its efficacy in identifying diverse soliton structures that
have not been previously explored. For both the hyperbolic
chemotaxis model and the (3+1)-dimensional BLMP equa-
tion, the method effectively produces a range of distinct
solutions, including periodic solitons, singular periodic
solitons, kink-type waves, and singular solitons, achieved
through appropriate selection of free parameters. This
diversity underscores the robustness of the ′G

G2
-expansion

method in addressing the complexity of nonlinear systems,
offering novel and significant contributions to the study of

soliton dynamics in mathematical physics and applied non-
linear science.

For the hyperbolic chemotaxis model, the periodic
soliton solutions derived from Eqs. (24) and (42) are com-
puted with the parameter values =λ 1.1, =μ 2, =a 10 ,

=D 0.50 , =D 0.31 , =n 1, =C 1, and =D 2 within the spatial
and temporal range = = −x t 10 to 10. These solutions illus-
trate the interaction between particle density and the che-
mical signal, revealing a periodic oscillatory behavior
typical of soliton dynamics.

The graphical representations in Figures 1 and 2,
which include both 3D and contour views, illustrate the
periodic soliton solutions showing stable oscillations.

Figure 2: 3D representation (a) and contour graph (b) of the periodic wave solution for ( )u x t,1

3 .

Figure 3: 3D representation (a) and contour graph (b) of the singular periodic wave solution for ( )u x t,1

2 .
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Figure 4: 3D representation (a) and contour graph (b) of the singular wave soliton for ( )u x t,2

2 .

Figure 5: 3D representation (a) and contour graph (b) of the singular wave soliton for ( )u x t,2

3 .

Figure 6: 3D representation (a) and contour graph (b) of the kink wave soliton for ( )u x t,2

1 .
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These oscillations reflect recurring patterns of concentra-
tion and flux, arising from the dynamic interaction with
the chemical signal. The periodic nature of the system’s
evolution is highlighted, with wave-like behavior empha-
sizing the stable oscillatory dynamics that govern the
movement of particles and the diffusion of the chemical
signal.

For Eq. (27), the solution shown in Figure 3, with the
parameters =λ 1.5, =μ 2, =a 10 , =D 0.60 , =D 0.41 , =n 2,

=C 1, and =D 2 within the spatial and temporal range
= = −x t 10 to 10, demonstrates a singular periodic beha-

vior. This solution is characterized by sharp transitions
and discontinuities in the concentration and flux profiles.

Unlike conventional periodic solutions that show smooth
oscillations, this one reveals an intricate structure with
abrupt changes. These features indicate strong nonlinear
interactions within the system, where the dynamic inter-
play between particle movement and chemical signaling
leads to such discontinuities. The observed behavior high-
lights the complexity and intensity of the underlying
dynamics in the chemotaxis model.

For Eqs. (28) and (43), the singular solution is obtained
by considering the parameters = −λ 1.2, =μ 1.5, =D 0.70 ,

=D 0.51 , =n 3, =C 3, and =D 4 for Eq. (28), and = −λ 0.8,
=μ 1.3, =D 0.60 , =D 0.41 , =n 2, =C 2, and =D 5 for Eq.

(43). These specific values lead to a singular solution,

Figure 7: 3D representation (a) and contour graph (b) of the periodic wave solution for ( )q x y z t, , ,
1

1 .

Figure 8: 3D representation (a) and contour graph (b) of the periodic wave solution for ( )q x y z t, , ,
1

3 .
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characterized by discontinuities or sharp transitions in the
concentration and flux patterns, differing significantly
from smooth or periodic solutions. The singularity reflects
abrupt changes in the system, such as jumps in particle
density or chemical signal strength, and highlights the
intensity of non-linear interactions within the model. Gra-
phical results in Figures 4 and 5 further emphasize these
features, showcasing the distinct behavior of singular solu-
tions in chemotaxis models. These solutions shed light on
the dynamic processes governing particle movement and
chemical signaling in biological systems, particularly in
scenarios with rapid transitions and non-continuous
patterns.

For Eq. (25), the solution shown in Figure 6, with the
parameters = −λ 0.3, =μ 0.5, =D 0.70 , =D 0.41 , =n 2,

=C 3, and =D 1, exhibits a kink solution. Kink solutions
feature a sharp, non-smooth transition, where the particle
density shifts abruptly between two stable states. This dis-
tinct profile emerges due to the specific interaction of the
chemical signal and particle density under the given con-
ditions, emphasizing the system’s nonlinear nature. The
kink solution is particularly notable in systems where loca-
lized changes in concentration occur over a narrow region,
reflecting a critical response to parameter changes such as
λ and μ. This behavior is characteristic of systems dis-
playing strong nonlinearity, where the steady-state

Figure 9: 3D representation (a) and contour graph (b) of the singular periodic wave solution for ( )q x y z t, , ,
1

2 .

Figure 10: 3D representation (a) and contour graph (b) of the kink wave soliton for ( )q x y z t, , ,
2

1 .
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solutions correspond to abrupt shifts in concentration,
similar to what is observed in phase transitions or other
systems with well-defined interfaces.

In the case of the (3+1) dimensional BLMP equation,
the periodic solutions derived from equations (36) and (42),
with the parameters =a 10 , =μ 0.5, =k 3, =λ 1, =C 1,

=D 2, =k 11 , =k 1.52 , and =k 0.53 , depict wave-like phe-
nomena that exhibit periodic behavior over both spatial
and temporal dimensions. Graphically, these solutions dis-
play oscillatory patterns, where the interaction between
the cosine and sine functions (dependent on λμ ) governs
the periodicity and amplitude of the waves. The specific
parameters chosen control the wave speed, intensity, and

modulation, resulting in periodic structures that repeat at
regular intervals. These solutions illustrate the dynamic
nature of wave propagation and interference within the
system, where the interplay of the nonlinear terms yields a
complex but predictable periodic pattern, as demonstrated
by the periodic oscillations observed in Figures 7 and 8.

For Eq. (39), the solution exhibits singular periodic
behavior when the following parameters are used: =a 10 ,

=λ 2, =μ 2.5, =C 1, =D 1.5, =c 1, =k 0.51 , =k 12 , and
=k 1.53 . The singular periodic solutions shown in Figure

9 exhibit periodic oscillations interspersed with singulari-
ties, where the wave becomes undefined or infinitely large
at specific points. These singularities result from the

Figure 11: 3D representation (a) and contour graph (b) of the kink wave soliton for ( )q x y z t, , ,
2

3 .

Figure 12: 3D representation (a) and contour graph (b) of the singular wave soliton for ( )q x y z t, , ,
2

2 .
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interaction of nonlinear terms with trigonometric func-
tions, leading to sharp features or discontinuities in the
wave structure. This behavior is a characteristic of non-
linear wave dynamics, where the wave retains its periodic
nature but exhibits singular growth at certain locations.

In the context of Eqs. (37) and (43), the kink solutions as
shown in Figures 10 and 11, display exponential growth
and decay, marked by sharp transitions between two dis-
tinct states. With parameters =a 10 , = −λ 1, = −μ 0.5, =C 2,

=D 1, =c 1, =k 0.31 , =k 12 , and =k 0.73 , these solutions
model localized transitions that can arise in systems exhi-
biting nonlinearity.

For Eq. (40), the singular solution can be obtained with
the following parameter values: =a 10 , = −λ 1, =μ 0.5,

=C 1, =D 1, =c 1, =k 0.31 , =k 12 , and =k 0.73 . Figure 12
illustrates a localized wave-like structure with an ampli-
tude that decays exponentially at both ends. Unlike oscilla-
tory waves, it does not propagate periodically but remains
confined to a specific region. The wave shape reflects a
balance between exponential growth and decay, influ-
enced by the nonlinear terms in the equation and the
selected parameters.

5 Conclusion

In this study, we applied the ′G

G2
-expansion method to derive

exact traveling wave solutions for both the hyperbolic che-
motaxis model and the (3+1)-dimensional BLMP equation.
By selecting appropriate parameter values, we demon-
strated the method’s capability to generate a range of
soliton solutions, including periodic solitons, singular per-
iodic solitons, kink-type waves, and singular solitons, each
with distinct characteristics reflecting the complex
dynamics of nonlinear systems.

The periodic solutions exhibit oscillatory behavior,
while singular periodic and kink solutions represent
abrupt transitions and localized disturbances, which are
critical for understanding sharp variations in concentra-
tion or flux. These solutions emphasize the diversity of
nonlinear wave phenomena, driven by the interplay of
nonlinearities in the models.

This study highlights the effectiveness of the ′G

G2
-expan-

sion method in solving NLPDEs, proving its versatility in
extracting traveling wave solutions from complex mathe-
matical models. The broad spectrum of solution types
obtained underscores the method’s ability to address var-
ious nonlinear wave behaviors, further enhancing our
understanding of soliton dynamics.

The findings have important implications for both the-
oretical and applied fields, particularly in biological mod-
eling, where traveling wave solutions are essential for
describing processes like chemotaxis, as well as in other
complex physical systems governed by nonlinear
dynamics. This research contributes to the expanding field
of NPDEs, offering new perspectives on wave propagation
and opening up new directions for future exploration.
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