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Abstract: This work examined solitary wave solutions to
the nonlinear damped Korteweg-de Vries equation by
employing the new auxiliary equation approach. The phy-
sical structure to the secured solutions visualized in dark
solitons, bright solitons, periodic solitons, kink and anti-kink
wave solitons, peakon bright and dark solitons, and disper-
sive solitary waves. The physical interpretation of constructed
solutions is visually portrayed using two-dimensional, three-
dimensional, and contour plots on the basis of numerical
simulation, which help comprehend the physical features of
nonlinear behaviour for the solitary waves. The explored
solutions will be play important role in Mathematical physics,
ion-acoustic waves, dust-acoustic waves, and plasma physics.
This study has demonstrated that our suggested method is
more beneficial, successful, strong and effective for studying
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analytically various nonlinear partial differential equations
(NLPDEs) that arise in mathematical physics, engineering,
plasma physics, and many other scientific fields.
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1 Introduction

The nonlinear evolution equations have great interest of
the scientist, physicist, mathematician, and engineers in
these days due to its marvellous applications in sciences
and engineering. This study investigated the solitary waves
one of the nonlinear models which arise in dusty plasma. It is
extremely importance to research on nonlinear waves in
dusty plasma due to its amazing applications in astrophysics
environments including planet rings, comet tails, planet mag-
neto-sphere, surroundings of laboratory plasma, and Earth’s
ionosphere [1-8]. The dust ion-acoustic waves (DIAWS) are
ion-acoustic modes that are essentially modified by the pre-
sence of dust particles. It has been theoretically showed that
dust plasmas containing negatively charged static dust parti-
cles reinforce DIAWs at first spell in small quantities of fre-
quency due to charge density equilibrium and protection of
storing electron depletions [9]. The DIAWSs were investigated
experimentally in lab plasma by the researchers [10]. In addi-
tion, the researchers investigated how the distribution of dust
grains affected the DIAWS in dust plasma collisions involving
dust particles with Gaussian distributions [11]. The instability
of DIAWS in dust plasma collisions was investigated by the
researchers [12]. In line for its understanding of lab settings,
laser beam plasmas, astrophysics plasmas, and the Earth’s
ionosphere, the nonlinear characteristics of DIAWs in the
appearance of ionized impacts, and ion neutral collisions
with the negatively charged dust grain drawn within the
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direction of nonlinear phenomena in the research of polluted
plasma [13]. A great deal of theoretical work has been done by
numerous other researchers on the nonlinear behaviour of
partial differential equations in various areas [14-26]. In the
studies by Igbal et al [4] and Alruwaili et al. [27], the
researchers studied the nonlinear behaviour of DIAWSs in
dusty plasma with two diverse temperatures trapped elec-
trons in the event of ion dust collision and ionization effect.
Nonlinear DIAWSs in polluted plasma interactions with posi-
tively charged ions, negatively charged dust grains, particles
that are neutral, and thermal electrons have also been inves-
tigated [28]. Researchers examined the nonlinear occurrences
of DIAWSs in polluted plasma with confined electrons while
taking into account ions in source designs and they discov-
ered that the magnitude of DIAWs affected signal losses in
momentum ions, replication of ions sounds of dust fragments,
and ions different forms of plasma [29]. Through the use of
hydrodynamic analysis, researchers looked at how DIAWS
were excited in plasma interactions to reflect how DIAWS
were excited by the relative mobility of both electrons and
ions, which generated the electrostatic field [30]. Tamang
et al. recently examined, while accounting for the ionizing
effect, ion dust, ion loss, ion neutral, and dust neutral colli-
sions, the nonlinear behaviour of DIAWSs in polluted plasma
containing positive ions that are charged, negative charged
particles fluid, expertise particles that are neutral, and g-non-
extensive electrons. With the use of the reductive perturba-
tion approach, they were able to construct the nonlinear
damped Korteweg—de Vries and damped modified Korte-
weg—de Vries equations. They next found the solitary wave
solitons by using the conservation law of momentum [31].

To determine the solitary wave solutions of nonlinear
partial differential equations (NLPDEs), a great deal of study
has been done in the previous few decades. The study of
NLPDEs solitary wave solutions is crucial for improving
knowledge and understanding their mechanism and applica-
tions. Therefore, several researchers and mathematicians
devised numerous ways to ascertain the solitary wave solu-
tions of NLPDEs. The extended direct algebraic method,
extended mapping method, F-expansion method, Darboux
transformation technique, Hirota bilinear technique, Jacobic
elliptic method, Riccati equation rational expansion method,
modified Sardar subequation method, Kudryashov auxiliary
equation scheme, improved F-expansion method, extended
simple equation method, exp (-®({))-function method, aux-
iliary equation method (AEM), improved (G’/G)-expansion
method, fractional unified solver method, and others are a
few of the key techniques [32-54].

In this latest study, we create new form of solutions for
the damped KdV equation by implementing the new AEM.
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The format of this study work is as outlined follows:
Section 1 discusses the introduction. We outlined the sug-
gested technique in Section 2. In Section 3, construct new
solutions to the damped KdV equation by using the new
technique. We discussed the results in Section 4. Finally,
Section 5 is the conclusion part of the work.

2 Summery of proposed technique

The nonlinear equation with partial derivatives are expressed
as follows:

L(¢T’ ¢x’ ¢xx’ ¢xxx’ ..) = 0. @

The L is a polynomial function for ¢(x, ) and its all deri-
vatives. Consider the transformation for Eq. (1) as follows:

o, 1) =u@), {¢=kx+ @t (%)

The nonlinear ordinary differential equation for Eq. (2) is
given as follows:

M(gu’, ku', k2u”, k3u~, ...) = 0. 3)

M is a polynomial function of u(¢) and its all derivatives.
The solution for Eq. (3) in series form is given as follows:

N
u({) = ap+ ) (@) + o™ (()), 4
k=1

where ay, ay, by (k = 1,2,3,...) are constants which can be
calculated later. We implement the homogeneity principle
technique for ascertaining the value of N in Eq. (3), and the
nonlinear term and the higher order derivative in Eq. (3) are
balanced. The ¢({) satisfy the following Riccati equation:

dg
a¢
where f is constant. The nine exact solutions for Eq. (5) are
given as follows:

When f < 0, the hyperbolic solutions for Eq. (5) are as
follows:

= 0%{) +/, ©)

(8% + O - s,/~f cosh@2/-f({ + &) ©)

P = ssinh (27 + Q) + ¢ ’
—=(s? + )f = s/~f cosh(2\/=F({ + )
?,(¢) = : )
ssinh(2,/~f({ + &) + ¢

0s(0) = J-f
. -2s\/-f ®
s + cosh(2/~f({ + ) = sinh(2\/~f({ + &)’
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0(0) =
. -2s\/-f 9)
s + cosh(2/~f({ + o)) = sinh2/=F({ + &)

When f> 0, the trigonometric solutions for Eq. (5) are
given as follows:

J(s2 = OFf - s\[f cos@\f({ + &)

= 10
PO g ot
0o N OF “s\Feos@FCr o)
% ssin@Jf@C+ o+t
0,(0) = i\f
-2si\/f 12)
+ 3
s+ cos2Yf(C + &) ~ isin@\f(¢ + &)
0() = -iJf
2si\[f (13)

" St cos@C+ o)) + 1sin@JFC * o)

When f = 0, the rational solution for Eq. (5) are given
as follows:

1
(+&

where p, ¢, and r in Eqgs. (6)-(14) are constants. By substi-
tuting Eq. (4) into Eq. (3) with Eq. (5), and combing the each
coefficients of (pk(( )(k=1,2,3,..), and each coefficient
make equal to zero, then we obtain set of equations. By
utilizing any computational software, we can resolve these
family of equations and find the values of the unknown
parameters. We may ascertain the ideal solutions of Eq. (1)
by substituting the values of the unknown parameters and

() in Eq. (4).

0y(¢) = 14)

3 Extraction of solitary wave
solutions of governing
model

Here, we apply the proposed method on the damped KdV

equation for the constructions of solitary wave solutions.
The damped KdV equation given as follows:

O + VP, + 0y, + TP = 0. s)
Eq. (15) is transformed as follows:
0T = u@), ¢ = (kx + p1). (16)
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By substituting Eq. (10) into Eq. (4), we obtain the following
equation as follows:

gu’ + Veouu' + duu” + Bu = 0. a”n

By implementing the homogeneity principle to Eq. (16), we
achieve N = 2. The trial solution of Eq. (16) is given as
follows:

by b,
+ .
(oI A(9)

By substituting Eq. (17) along with Eq. (5), in Eq. (16) and
collecting the every co-efficients of ok, (i=1,2,3,..),
then every co-efficient is equal to zero and obtain a families
of equations in constant parameters ay, @y, as, by, b, k, and
¢. These parameters values in the system of equations are
solved by Mathematica software to obtain the following solu-
tions cases.

u({) = ao + ae({) + wP*({) + (18)

Family-I
ap=ap, =0, =0, by =0,
12612k (19)
b, = - fv , g =-Vaok - 86flk3

By substituting Eq. (10) into Eq. (9), solitary wave solutions
for Eq. (1) are obtained as follows:

According to case 1 as f < 0 of the new AEM and using
the values of the parameters arranged in family-I with Eq.
(6) in Eq. (15), then we obtain the hyperbolic solutions for
Eq. (9) as follows:

6,0, 1)
120f2k*(s sinh 2\/-f({ + ) + )2 20)
- - ,
"W FE + ) - (s cosh@yTF(C + &)Y
¢2(X! T)
126f2K%(s sinh (2\/=f({ + {o)) + )* 1)
= dp — )
O N + Jfs cosh2{=f({ + {)))?
¢5(x, 7)
2
25
v[l © -sinh@{=F(¢+ (o>>+cosh<2H(z+co»+s]
&, (x, T)
2
e 128 k @

v 2s +1
=sinh(2\/~f (¢ + &) + cosh2/~F (¢ + &) +

where { = kx + gT.

We consider case 2 f> 0 and using family-I with the
help of Eq. (7) in Eq. (15) and obtain the trigonometric
solutions of Eq. (1) as follows:
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os(x, 7)
126f2k%(s sin@2f({ + &) + t)? (24)
= Ao — s
VTP ) - ([Fs cosF(C+ G
(X, T)
126f2kX(s sin@f({ + &) + 1> (29)

TN T YT ) + (fscos@F G+ Q)

126f k2
¢;,(x, T) = ag + o
V|1 = @6
~isin@{F(C+ ) *+ cos@ G+ Qo) + s
¢8(X) T)
2
- s 128 k o7

2
v1-——— R
isin2{f({+ ¢o)) + cos2{f({+ ) +s

where { = kx + ¢rT.

According to case 3 f= 0 and using family-I with the
help of Eq. (7) in Eq. (15) and obtain the rational solution
for Eq. (1) as follows:

¢9(X) T) =aot ((+ (0)21 (28)
where { = kx + gT.
Family-II
-86f k3 -
ap = u)(h: 0)a2= O)bl= 01

Vk 29)
1261 %1k
by=——F".

\Y

By substituting Eq. (10) into Eq. (9), solitary wave solutions
for Eq. (1) is obtained as follows:

By according to case 1 as f< 0 of the new AEM and
using the values of the parameters arranged in family-II
with Eq. (6) in Eq. (15), we obtain the hyperbolic solutions
for Eq. (9) as follows:

P1o(X, T)
“ 128f2k3(s Singzx/_f(("' (02) +)? + 86f[k3 +@ (30)
_ (A1) - s cosh@FC+ @)’
Vk ’
Pu(X, T)
213 . [—f 2
‘ 123{ 1k2(s STtL(zV/ 7€+ @) +o ~+80fk3+ g (3D
_ (Jf(s2+ 1) +~fs cosh@\-f({ + {)))
Vk ’
Pp(X, 7)
40713 : o2t &

2s
! ~sinh(2,/~f({ + () + cosh(2,/~F({ + (o)) +5

Vk ’
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¢13(X ,T)
43 K3 - -2-p B3
_ [—sinh(zfﬂz+ @y T T s T
Vk ’

where { = kx + ¢T.

We consider case 2 f> 0 and using family-II with the
help of Eq. (7) in Eq. (15) and obtain the trigonometric
solutions of Eq. (1) as follows:

$14(X, T)
128 2K3(s sin2\f({ + Qo)) + £)>
_ (Jf(s2=13) - [fs cos@f({+ &)))?

+ 80fk3+ g (34

Vk ’
¢15(Xy T)
217 3, 3 [F, 2
‘1zaf k (SSln’(_ZN/f((+ (E))+t) + 86f1k3 v (35)
_ (Jf(s2=t%) + fs cos2f(+ Q)))*
Vk ’
¢1e(x’ 7)
—g + 43 K32 + 3 oG8
2s
_ ll T i@+ @) + cos@ T Q) + s
- Vk ’
¢17(X’ T)
—g + 48f k-2 + 3 ; @7
2s
_ L G )+ s f T+ i)+ 5
- Vk ’

where { = kx + 7.

We consider case 2 f= 0 and using family-II with the
help of Eq. (7) in Eq. (15) and obtain the trigonometric
solutions of Eq. (1) as follows:

85f k3 +
big(x, T) = ({+ () - %, (38
where { = kx + 7.
Family-III
128k
ap=ap, =0, a =~ v , b1 =0, (39)

by =0, g = -Vayk - 86f1k3

By substituting Eq. (10) into Eq. (9), solitary wave solutions
for Eq. (1) is obtained as follows:

By according to case 1 f< 0 and using the values of
the parameters arranged in family-IIT with Eq. (6) in Eq.
(15), we obtain the hyperbolic solutions for Eq. (9) as
follows:
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B1o(x, T)
B 120K2(y/-f(s* + t2) - J-fs cosh(2\/-f({ + (0)))2 (40)
ST Vs Sinh @/ (C + @) + 0
By, T)
_ o L20K(f(s2 + t?) + ~fs cosh2{-f(¢ + W) (41)
S Vs Sinh @y F(C + o) + 0
¢21(X1 T)
2ks 2 (42)
120 []k * —sinh(2{~f({+ () + cosh 2F((+ co)>+s]
=apt v )
B(X, T)
2ks 2 (43)
120f [—smh @JTFCH @)+ cosh @ FC+ @) +5 “‘]
=ap+ v )

where { = kx + ¢T.

We consider case 2 f> 0 and using family-III with the
help of Eq. (7) in Eq. (15) and obtain the trigonometric
solutions of Eq. (1) as follows:

¢23(X: 7)

B 126K2(y/ f(s2 - t2) - fs cos2f({ + {)))? (44)
V(s sin2\f({ + &) + 1)? ’

Pou(x, )

128K%(\/ (2 - t2) + \[fscos2/f({ + {)))* (45)
V(s sin2\f({ + &) + 1)? ’

=a0_

¢25(X’ T)

2ks ’ (46)
126f[]k " =isin@JF(C* ) +cos@F(C+ o) + s]
= aO + v ’

¢25(X ,T)

2
_ 2ks (47)
120f []k isin@2f(+ &) + cos@f({ + o) + s]
= apt v )

where { = kx + ¢T.

We consider case 2 f= 0 and using family-II with the
help of Eq. (7) in Eq. (15) and obtain the trigonometric
solutions of Eq. (1) as follows:

126k?

TV o “8

byr(X, T) = ag

where { = kx + gr.
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Family-IV
4= -86fk3 - g
Vk ’
Substituting Eq. (10) into Eq. (9), solitary wave solutions for
Eq. (1), obtained as follows:
According to case 1 f< 0 and using the values of the
parameters arranged in family-IV with Eq. (6) in Eq. (15),
we obtain the hyperbolic solutions for Eq. (9) as follows:

Po5(X, T)

128k?

a1=0,a2=— ,b1=0,b2=0. (49)

83f k3 + 120K/ (52 + ) = (s cosh@F @+ @) (50)
_ (s sinh 2/~f({+ (o)) + )2
Vk '
Pae(X, T)
128K3(yf (2 + t2) + {~f's cosh(2y=F({ + (o))
3 + N + (51)
_ 80f k (ssinh(2{=f({+ Go)) + £)?
vk ’
50X, T) =
2
- of 25 (52)
_ 83fk* - 128f k [1 -smha\/ff(w(o>>+cosh<2Ff<z+co>>+s] T
Vk
Pu(x, 7) = 3

2
: __ 2s _ +1| + @

-sinh(2/=f({+ ¢0)) + cosh(2y/=f({+ ) + s
Vk ’

83fk® - 126fu<3[

where { = kx + ¢T.

We consider case 2 f> 0 and using family-IV with the
help of Eq. (7) in Eq. (15) and obtain the trigonometric
solutions of Eq. (1) as follows:

P3(x, 7)
128K3([f(s2 - £2) - [fs cos2F({ + (0)))2 (
3, 54)
_ 86fk° + (ssin@f({+ o)) + )>
Vk ’
$3(x, 7)
1261k3(\/f(82 t2) + Jfs cos@ (¢ + (0)))2
- (55)
. 86fk° + (ssin@f(C+ Qo)) +)>
Vk ’
$5,(X, T) o0
2
3 o 2s
_ 80f k* - 126f k [1 -isin(Zﬁ(U(0))+C05(2v’7(f+(o))+s] te
= Vk ’
Pys(x, ) =
2
. i 25 (57)
B 80fk 126 k [1 isin(2,/f({+ () + cos2f({+ (o)) + s T
Vk .
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where { = kx + gT.

We consider case 2 f= 0 and using family-IV with the
help of Eq. (7) in Eq. (15) and obtain the trigonometric
solutions of Eq. (1) as follows:

128k?
X,T)=~"—, (58)
Pl T gy
where ¢ = kx + ¢T.
Family-V
-80f k3 - 128k?
a0=¥)a1=0aa2=_ )blzo)bzzo- (59)

By substituting Eq. (10) into Eq. (9), solitary wave solutions
for Eq. (1) are obtained below as:

According to case 1 f < 0 and using the values of the
parameters arranged in family-V with Eq. (6) in Eq. (15), we
obtain the hyperbolic solutions for Eq. (9) as:

B37(x, 7)
120KKf (5P + 1)) = Jf's cosh(y/~F (¢ + §o)))?

V(s sinh(2,/~f({ + §)) + t)? (60)
. 128f2k%(s sinh 2\/-f({ + ) + )2
ap — 5
"W+ ) - (s cosh@yF(C + &)
B35(x, T)
_120K(~f (s + 1) + s cosh@=f({ + ()
B Y(s sinh(2{-f({ + &) + )2 (61)
. 126f2K%(s sinh 2/ ~f({ + {o)) + £)?
ap — 5
"W FE + ) + (s cosh@yF(C + &)
Py(X, T)
B 120f k2
= 2
25
V[1 T Zonh 2T+ @) + cosh 2T G+ o)) + s] (62)
2
2ks
1201 []k T Ssinh@( T+ ) + cosh 2T+ o) + S]
+ ap + v )
Pio(X, T)
B 126 k2
= 2
28
v[—sinh(z\/Tf(U ) +cosh2/~f({+ () +s * 1] (63)

2
2ks
126f[_5i“h(2\/‘7((+ ) +cosh2/~f({+ ) + s + Ik]

+ay+ v s

where { = kx + 7.

We consider case 2 f> 0 and using family-V with the
help of Eq. (7) in Eq. (15) and obtain the trigonometric
solutions of Eq. (1) as follows:
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Py (X, T)
12K f(sE - D) - fs cos2YF( + G)))?

V(s sin2f({ + &) + t)? (64)
. 128f2kX(s sin(2f({ + &) + 0)?
ap — b
DT ) - Fscos@F(C + @)Y
¢42(X1 T)
_120KAf P - ) + (fs cosyf(C + Q)
V(s sin2f({ + ) + t)? (65)
128f2K¥(s sin2\/f({ + &) + t)?
+ Qg — )
DR B + FscosJfC + @)Y
by3(x, 7)
_ 126f k2
- 2
28
v[1 =isin@(C @)+ cos@JF(G+ ) + s] (66)
2
2ks
126 []k =isin@JFC+ @) + cos@ T+ @) +s]
+qag+ v s
¢44(X) T)
~ 128f k>
- 2
28
v[1 " isin@f(C+ @) + cos@JF(+ lo) + s] (67)
2
2ks
120 []k T Esin@JFC+ @) + cos@TC+ o)) + s]
+ ay + v y

where { = kx + 7.

We consider case 2 f= 0 and using family-V with the
help of Eq. (7) in Eq. (15) and obtain the trigonometric
solutions of Eq. (1) as follows:

128k?>
X, T) =0y~ ———=, (68)
a0 D=0 g gy
where { = kx + gT.
Family-VI
-80f kS - 2
ap = u, a=0, a-= 120k ,
vk v 69)
12872 K>
b1 = 0, bg = —T.

By substituting Eq. (10) into Eq. (9), solitary wave solutions
for Eq. (1), obtained as follows:

According to case 1 f< 0 and using the values of the
parameters arranged in family-VI with Eq. (6) in Eq. (15),
we obtain the hyperbolic solutions for Eq. (9) as follows:
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12V3f2k*(s sinh 2\/-f({ + &) + t)?
(-f(s* + t2) = [~fs cosh@\-f({ + {)))?

Puex, T) = = - 8V3f k!

(70)
B 12Vk4(\/—f(s? + t2) - Hs cosh(ZH([+ ))? i,
(s sinh (2/~f({ + &) + 1)? ®
4c [ 2 2 — - 2
Brx, 7) = - BVSFKS - 12V8k4(\/-f (s '+ t?) + \/75 cosh(Z\/—f((+ ) ~ Vkg
(s sinh(2\=f({ + &) + £)? an
| 2V8f2K%(ssinh2y=f (S + @) + 1)
(S (2 + ) + s cosh2y~f( + &)
4
B, ) = - TS K* - Thgo + L 2
28
b T @+ oy T @ )+ s] (72)
2
+ 120 k31 - 2 :
~sinh(2/~f({ + &) + cosh(2y=F(( + o)) +
4
Pio(x, T) = - BVSf K + L 7 ~ Vkp
25
~Sinh ¢+ o)+ cosh @y T+ ) 5 1] (73)

+ 12V8f k4

2
28
1 5
“sinh (2 + &) + cosh @y + o) +5 y
where { = kx + gT.

We consider case 2 f> 0 and using family-VI with the help of Eq. (7) in Eq. (15) and obtain the trigonometric solutions
of Eq. (1) as follows:

128f 2K 3(s sin 2 /f({+ o)) + £)2 128K3(y/ f(s2 - t2) = \[fs cos(2/F({+ {o)))?

3
Beo(X, 7) = = =) s cosaFC+ ) 8O/ k" + (ssin@f(C+ @) + ) (74
50X vk ’
1267 2Kk3(s sin2yF(( + o)) + )2 3, 12013/ f(s2- 1) +|[fs cos2 (S + o)
6,06, 1) = ~ 70 ~FoeoafGrap | ST K (s sin(2yF({+ o) + 0? TP (75)
51X, Vik ’
5 2
S
O, (X, T) = —8VOf k* + 12V8f k41 - —
52 =isin2f({ + &) + cosf({ + &) + s
12Vaf k* 76
+ o @V]k
1- 28
=isin(2f({+ (o)) + cos@F({+ o)) + s
12Vaf k*
Ps3(x, T) = —8VBf k* + f 7~ Vkgp
_ 14
[1 isin@JF(C+ o) + cos2/f(( + o)) + S] 77

2
28
12Vof k41 - ;
N L@+ o) + cos@ T @+ @) + s]

where { = kx + gT.

We consider case 2 f = 0 and using family-VI with the help of Eq. (7) in Eq. (15) and obtain the trigonometric solutions
of Eq. (1) as follows:
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L
-10 -0.5

Figure 1: The dark soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=-2,5=0.5,t=0.5,{ =02, =05,k =18,V=1,
0= 1, ag = 1.

-2 -1 [) 1 2

Figure 2: The peakon bright soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=-2,5=0.5,t = 0.5,{; = 02,0 = 05,k =18,V =1,
0=1, ap=1.

S 4 Discussion
A Ty 7

In this section, we compare and discuss the findings we

where { = kx + . . ] . ; .
obtained with those already discovered in the literature for

2 3 -2 -1 [) 1 2

Figure 3: The bright soliton represent in 3D, 2D, and contour shape for Eq. (1) with f=-2,s=0.5,t =05, = 02,4 = 05,k =18,V = -1,
0= 1, ag = 1.



DE GRUYTER Exploring the peakon solitons molecules and solitary wave structure == 9

Figure(C)
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Figure 4: The anti-kink wave soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=-2,5=0.5,t = 0.5,{p = 0.2, 90 = 1.5, k = 1.8,V =1,
0= 1, ap = 1.

Figure(C)

‘ \ ' ‘

Figure 5: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=2,5=0.5,t=05,{( =02, =15k =18,V=1,
0= 1, ap = 1.

°

which they used different methodologies. We have created be interpreted in many ways is the key contribution in this
novel and more general solitary wave solutions for the work. By suggesting the symbolic calculation, the values of
studied problem in the current study. The generic solution the parameters a, and by are merged. There are several
of Eq. (4) with a range of two constant parameters that can ~ solutions to Eq. (5) that correspond to trigonometric,

Figure(C)
)

W

° 1 2 3

Figure 6: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=2,5s=0.5,t=05,{ =02, =15,k =18,V=1,
0= 1, ap = 1.
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Figure(C)
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Figure(C)
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o

Figure 8: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (1) with f=4,s =1,t =1,{ =1, =15,k =18,V=-1,0 = 1,a¢ = 1.

hyperbolic, and rational functions. Our novel results which  findings were in the nature of solitary waves, and the
provide solitary wave solution is achieved with the aid of motion of the ascertain results was quasi—periodic and
our potent and efficient approach. We now compared the chaotic [1,2]. However, our ascertain findings have mul-
outcomes we got with those of other methods. tiple scientific interpretations, which include dark solitons,
By implementing the extended and modified mathe- bright solitons, periodic solitons, kink and anti-kink soli-
matical methods, the researchers discovered that the tons, peakon bright and dark solitons in (Figures 1-26).

Figure(C)

4 -4 -2 o 2 4

Figure 9: The dark soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=-2,5=0.5,t=05,{ =02,4 =05,k =18, V=1,0=1.
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Fige[(‘ )
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Figure 10: The peakon bright soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=-2,s = 0.5,¢t = 0.5, {, = 0.2, o = 0.5, k = 1.8,
V=10=1

-2 -1 [) 1

Figure 11: The kink wave soliton solution represent in 3D, 2D, and contour shape for Eq. (11) with f= -2,5 = 0.5,t = 0.5, {p = 0.2, ¢ = 1.5, k = 1.8,
V=-1,0=1.

Figure 12: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (1) with f=2,5 =05,t =05,{,=02,0 =15k =18,V=1,08 = 1.
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Figure 13: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=2,s = 0.5,t = 0.5,{, = 0.2,¢0 = 1.5,k =18,V =-1,0 = 1.

Figure(C)

| \ O\
\\

Figure 14: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=4,s=1,t=1,{ =1, =05,k =08,V=-1,8 = 1.

- “

°

MK T

Figure 15: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=4,s=1,t=1,{=1,9 =05,k =08,V=-1,0=1.
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Figure(C)
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Figure 16: The bright soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=-2,5s=05,t=05,{, =02, =05,k =18,V =1,
0=1, ap=1.

2 -2 -1 [) 1

Figure 17: The dark soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=-2,5=05,t=0.5,{,=0.2,4 =05,k =18,V=1,
0= 1, ap = 1.

-2

0.0

=) -1 [ 1

Figure 18: The peakon bright soliton represent in 3D, 2D, and contour shape for Eq. (11) with f= -2,s = 0.5,t = 0.5,{, = 02,40 = 0.5,k =18,V =1,
0= 1, ap = 1.
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Figure 19: The kink wave soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=-2,5=05,t=105,{ =02, =05k =18,V =1,
4= 1, ap = 1.

Figure(C)

i

Figure 20: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=2,5=0.5,t=0.5,{=02,4 =05,k =18, V=1,
0= 1, ap = 1.

Figure(C)

°
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Figure 21: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=2,5=05,t=05,{ =02, =05k =18,V =1,
0=-1, ap=1.



DE GRUYTER Exploring the peakon solitons molecules and solitary wave structure == 15

Figure(C)

Figure 22: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=4,s=1,t=1,{,=1,4 =05,k = 0.8,V = -1,
d=1a9=1.

4 6

Figure 23: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=4,s=1,t=1,{,=1,¢ =05,k = 0.8,V = -1,
0= 1, ap = 1.

Figue(8)

500
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Figure 24: The anti-kink wave soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=-2,s = 0.5,t = 0.5,{y = 0.2,40 = 2.5,k = 18,V =1,
0= -1, ap = 1.
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Figure 25: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=2,5=05,t=0.5,{,=02,4 =25,k =18, V=1,
0= _1, ap = 1.

Figure(C)

Figure 26: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=2,s=0.5,t=0.5,{ = 02,4 =25k =18,V =1,
0=1, ap = 1.

s

S

Figure 27: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=4,s=1,t=1,{=1,40 =05,k =08,V = -1,
0=1, ap = 1.
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Figure(C)

A

Figure 28: The periodic soliton represent in 3D, 2D, and contour shape for Eq. (11) with f=4, s =

5=1,a0=1.

On the basis of the aforementioned information, dis-
cussion, and comparison, we can say that the results we
acquired are novel, distinct, and broader than anything
discovered in the prior literature. All of these computa-
tions demonstrate the strength, effectiveness, and produc-
tivity of our mathematical techniques in solving different
nonlinear equations (Figures 27 and 28).

5 Conclusion

In the recent research, we efficiently applied the new aux-
iliary method to discover a new solitary waves solution to
the nonlinear damped KdV equation. The results of the
investigations have demonstrated the greater analytical
power, efficacy, simplicity, and productivity of this new
method for studying other nonlinear complex physical
models of partial differential equations found in mathema-
tical physics, fluid mechanics, hydrodynamics, chemistry,
engineering, and others. By using Mathematica (9.4), we are
able to acquire the novel solutions in the forms of dark solitons,
bright solitons, periodic solitons, kink and anti-kink wave soli-
tons, peakon bright and dark solitons as well as depict their
physical structure through two-dimensional, three-dimensional,
and contour plots graphics. The results acquired have practical
implementations in the fields of quantum plasma, solitons, adia-
batic parameter dynamics, fluid dynamics, biological difficul-
ties, industrial, and several other areas.
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