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Abstract: Hybrid nanofluids, an advanced class of working
fluids, gained significant attention due to their superior
thermal performance and heat transfer characteristics.
These fluids consist of two types of nanoparticles sus-
pended in a base fluid, offering enhanced thermal perfor-
mance, making them crucial in engineering applications.
In many industrial processes, magnetohydrodynamic
(MHD) hybrid nanofluid flow plays a vital role in control-
ling mass and heat transfer in systems involving precipita-
tion and chemical processing. The interaction between
thermal radiation, chemical reactions, Joule heating, and
heat sources significantly affects the efficiency of such sys-
tems, necessitating an in-depth analysis of their combined
effects. This study focuses on the heat and mass transfer in
hybrid nanofluid flow over various geometries, which is
crucial for thermal management in electronic devices, pre-
cipitation, and filtration processes. Practical applications of
a hybrid nanofluid flow around cones and wedges include
spacecraft design, nuclear reactors, solar power collectors,
etc. Therefore, this research examines the MHD hybrid
nanofluid flow over a cone and wedge, using a suspension
of SWCNTs and MWCNTs as nanomaterials in H,O as the
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base fluid. The study also considers the impact of Joule
heating, an exponential space-based heat source in the
temperature equation with thermal and mass convective
conditions over two geometries (cone and wedge).
Additionally, chemical reactions play a significant role in
various natural and industrial processes. With this initia-
tion, this research explores the effect of the activation
energy and binary chemical reaction on the MHD hybrid
nanofluid flow. The hybrid nanofluid model over two dif-
ferent geometries is governed by partial differential equa-
tions and converted to ordinary differential equations
using similarity variables. The bvp4c method in MATLAB
was employed to solve these equations numerically. The
effects of the sundry flow parameter on the velocity, tem-
perature, and concentration distributions were deter-
mined and discussed briefly. The study’s findings show
that the improvement in both the thermal and mass
Grashof numbers results in an increase in the velocity
profile, supporting the effectiveness of hybrid nanofluids
in cooling technologies for electronic devices. The
increasing impression of the activation energy and mass
Biot number on the concentration profile is progressive for
wedges compared to cones. Furthermore, the results reveal
that the presence of a nonlinear heat source tends to inten-
sify the thermal profiles for wedges more significantly than
the flow over cones, which is also related to the application
of solar power collectors. The rate of heat transfer for the
flow over a cone case is higher for the growing estimation of
radiation, and the Biot number is particularly relevant to
high-temperature applications such as nuclear reactors and
spacecraft. The increasing impact of the Schmidt number,
chemical reaction, and mass Biot number on the mass
transfer rate is higher for cones as compared to wedges, while
the activation energy has an opposite behavior for both flow
cases. The observed trends in the mass transfer rate also
support filtration and separation technologies, optimizing
their efficiency based on fluid and material properties.

Keywords: hybrid nanofluid, Joule heating, convective and
mass flux boundary conditions, exponential heat source, bvp4c
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Nomenclature

E activation energy

B acute angle

T, ambient temperature

a angle of inclination

Nb Brownian motion

X,y Cartesian coordinates

Kr chemical reaction

C concentration

p density

u dynamic viscosity

Ec Eckert number

o electrical conductivity

q heat flux

hy heat transfer coefficient

v kinematic viscosity

L length

M magnetic field

G, mass flux

Gc mass Grashof number

hm mass transfer coefficient

k. mean absorption coefficient
?; nanoparticle volume fraction
Nu, Nusselt number

Pr Prandtl number

Q rate of chemical reaction

Ry Reynolds number

Sc Schmidt number

Ty shear stress

Shy, Sherwood number

¢ similarity variable

C skin friction

a solutal Biot number

ﬁ; solutal expansion coefficient
Qe space-based heat source

C, specific heat

By strength of the magnetic field
Uy stretching velocity

T temperature

1) temperature difference parameter
y thermal Biot number

k thermal conductivity

ﬁT thermal expansion coefficient
Gr thermal Grashof number

Q thermal heat source

Rd thermal radiation

u,v velocity components
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1 Introduction

The main hindrances of base liquids are their low thermal
conductivity and moderate heat transfer capability, which
prevent them from meeting the requirements of emerging
engineering and technology sectors. Choi and Eastman [1]
offered an excellent answer to this problem by coining the
term nanofluid. The addition of a diverse range of nano-
sized materials can significantly improve the efficiency of
the base liquid. This is because nanomaterials possess
enhanced thermal, physical, and chemical properties,
greatly enhancing the thermal transfer performance.
Research on the thermal transport of nanoliquid flows
has been significantly enhanced in the past decade owing
to the widespread choice of applications in current
technology, such as electronic and motor cooling, nuclear
reactors, medical science, and the textile industry. The
exponential extending surface nanofluid model has signif-
icant applications in industrial processes, such as energy
systems, medical devices, and electronic cooling, where
controlling the heat transfer is essential for efficiency
[2,3]. Das [4] analyzed the slip condition to investigate the
nanofluid flow over a nonlinear elongating surface. The
effect of combined nanoparticles on mixed convective
magnetohydrodynamic (MHD) stagnation point flow was
investigated by Mahmood et al. [5] using the Krieger—
Dougherty and Maxwell-Bruggeman models. Compared
to the homogeneous model, the aggregation model has a
higher viscosity, which leads to an increase in the velocity
profile. The chemically reacted MHD Maxwell nanofluid
flow across an extended rotating porous cylinder was
inspected by Khan et al. [6]. They observed that the velocity
panel increased with the buoyancy factor and decreased
with the porosity and bio-convection factors. Poply [7] used
the Buongiorno model to study the heat transfer properties
of a boundary-layer MHD nanofluid flow over an extended
surface. Ramzan et al. [8] explored the thermal slip flow of
ethylene glycol-based MHD nanofluids over an exponen-
tially stretched surface. They found that in both prescribed
exponential surface temperature and heat flux conditions,
the temperature of the fluid increases with radiation.
There has been a significant increase in studies
focusing on hybrid nanofluids. The term hybrid nanofluid
refers to a more advanced type of nanofluid that is com-
posed of two dissimilar nanoparticles combined with a
base fluid. As a result of their thermal qualities, hybrid
nanofluids have emerged as a new dawn for young
researchers and academics. Kumar [9] studied a convective
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hybrid nanofluid containing copper and ferrous oxide
nanoparticles. They found that the rate of heat transfer
was enhanced for the nanofluid compared with the hybrid.
Arif et al. [10] studied the heat transfer improvement of
engine oil-based hybrid nanoliquid with activation energy.
The concentration profile was enriched with an increasing
activation factor. Galal et al. [11] examined the non-equili-
brium effects for ternary hybrid nanofluid flow over a two-
dimensional stretching surface with an exponential heat
source. Abas et al. [12] used a non-Newtonian model to
study a hybrid nanofluid flow with copper and alumina
nanoparticles. Vishalakshi et al [13] examined the heat
transfer characteristics of mixed convicted incompressible
hybrid nanofluid MHD flow with thermal radiation. They
concluded that the tangential velocity improved in both the
suction and injection cases with a higher Rayleigh number.
The thermal profile of the hybrid nanofluid is higher for a
hybrid nanofluid flow over a stretching surface under con-
vection and zero mass flux conditions [14]. Abbas et al. [15]
numerically examined the hybrid nanofluid over a non-
linear exponential porous curved surface. The velocity pro-
file escalated with the nanoparticle concentration in the
presence of suction and injection. Lone et al. [16] analyzed
the MHD micropolar hybrid nanofluid containing silver
and alumina nanoparticles flow across a plate. They
deduced that the radiation factor increased the Nusselt
number. Kolsi et al. [17] highlighted that the heat source
significantly affected the thermal profile of the hybrid
nanofluid. The hybrid nanofluid enhances the Nusselt
number owing to its greater thermal conductivity, as
revealed by Ahmad et al. [18]. Murtaza et al. [19] examined
numerically the heat transport characteristics of hybrid
nanofluid flow in a channel and found that the rate of
heat transfer improved 12.01% for ternary hybrid nano-
fluid. Zangooee et al. [20] reported the slip effects on hybrid
nanoliquid flow over a vertical plate in the attendance of
suction. They found that the higher the velocity slip factor,
the higher the heat transfer, which increased to 5.63%. The
thermal profile is enhanced by nanoparticle interactions
[21]. A higher heat source parameter increases the heat
transfer rate, while the slip parameter impacts the fluid
motion. These hybrid nanofluids are promising for use in
energy systems and high-performance heat exchangers. To
analyze two viscosity models over disks under various condi-
tions [22], such as thermal and exponential heat sources with
chemical reactions, to better understand their applications in
industrial and biomedical science. Galal et al. [23] used the
Hamilton—Crosser thermal conductivity and Xue models to
examine the effects of thermal radiation and exponential
heat source on hybrid nanofluid flow under slip conditions.
Scientists have recently gained interest in studying the
boundary layer fluid flow performance over different geo-
metries (cones, wedges, and plates). This research has

Analysis of MHD hybrid nanofluid flow == 3

practical applications in various fields, including engi-
neering, industry, solar collectors, cooling systems, heat
exchangers, geosciences, aeronautical processes, and astro-
physics. The convective flow over a cone and wedge was
investigated by Dawar et al [24] using the hopmotopic
solution for the Williamson nanofluid. When compared
to the wedge, it has been discovered that the cone has a
stronger impact on the growth velocity of Newtonian and
Williamson nanofluids. Paul et al. [25] examined the slip
effect on the Casson hybrid nanofluid unsteady flow over a
rotating cone. Their findings revealed that skin friction was
boosted by 52% in the case of the Casson hybrid nanofluid. By
studying the temperature-dependent fluid property, John
et al. [26] observed the three-dimensional flow of H,0-based
hybrid nanoliquid in a static cone-disk system. They noted
that improving the addition of nanometer-sized particles
improves the heat transfer. Peter et al. [27] inspected numeri-
cally the efficiency of heat and mass transfer on non-New-
tonian MHDs hybrid nanofluid flow over a cone or plate
surface. They noted that both magnetic and thermal radiation
improved the heat and mass rate. Using a stationary perme-
able cone, Yahaya et al. [28] explored the mixed convection
flow of a hybrid nanofluid. The velocity curves of the hybrid
nanoliquids were enhanced with a higher mixed convection
factor, but the temperature profile was reduced. Using the
Chataneo-Christov model and thermal radiation, Dawar et al.
[29] studied the heat transmission of a hybrid nanoliquid flow
across cone/wedge/plate geometries. They discovered that
equating to the base fluid, the effects of the magnetic factor
and thermal Grashof number are 38% and 47% larger, respec-
tively, for hybrid nanofluid flow.

Both single-wall (SWCNTs) and multi-wall carbon
nanotubes (MWCNTSs) are allotropes of carbon that have
a wide range of practical uses. Some examples of these
applications include optics, batteries, microelectronics
cooling, water purification, drug delivery, ultra-capacitors,
and a variety of industries. Iijima [30] was the first to
establish the concept of carbon nanotubes. He also distin-
guished between two different forms of carbon nanotubes,
SWCNT and MWCNT. Akbar et al [31] explored the heat
transfer properties of hybrid nanofluid containing MWCNT
and SWCNT nanoparticles over a heated extended surface.
They explored the numerical method bvp4c for the simula-
tion and found that the heat-transport rate improved in the
Xue model. A comparative study of hybrid and nanofluids
was conducted by Haider et al. [32] across an extended
surface. According to their findings, the temperature pro-
file was enhanced more with the (SWCNT-MWCNT/water)
than with SWCNT/water. Kumar [33] investigated the
boundary layer flow of a hybrid nanofluid based on carbon
nanotubes across a moving surface with an exponential
velocity. The three-dimensional flow of a hybrid nanofluid
containing carbon nanotubes over a heated surface was
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numerically investigated by Nadeem et al. [34]. They noted
that the surface drag and rate of heat transmission were
both improved by the hybrid nanofluid, which consisted of
single- and multi-walled carbon nanotubes. The heat
transfer feature of an SWCNT-MWCNT/propylene glycol
hybrid nanofluid flowing across a porous expanding sur-
face was inspected by Gupta et al. [35]. They found that the
Eckert and Biot numbers both had opposite impacts on the
temperature trace.

Another interesting factor for application to boundary
layer flow problems is Joule heating or Ohmic heating,
which has a large impact on the flow of MHD fluids.
Applying Joule heating to electrical energy reduces the
resistance in the material, which in turn produces thermal
energy. Asghar et al [36] conducted research on the char-
acteristics of MHDs in a hybrid nanofluid containing
copper and alumina particles suspended in water over
an extending/shrinking surface. Their study considered
both Joule heating and thermal radiation. According to
their research, the Eckert number and radiation parameter
values were directly proportional to the temperature pro-
files of the dual solutions. EI-dawy et al. [37] reported a
numerical investigation of both Joule heating and viscous
dissipation on hybrid micropolar flow in the light of
thermal radiation. According to their findings, tempera-
ture curves are amplified with magnetic and heat source
factors. Abbas et al. [38] studied the Cattaneo—Christov heat
flux model regarding hybrid nanofluid flow over a disk
with Joule heating effects. Khan et al. [39] scrutinized the
effects of heat creation and absorption, as well as Joule
heating, which is responsible for controlling the generation
of entropy and the transit of heat in Darcy-Forchheimer
flow, which is passed over a stretched nonlinear surface.
The temperature and entropy rate were both improved for
the radiation variable. Ullah et al. [40] studied the ternary
hybrid nanofluid with joule heating and found that the
thermal profile improved with higher Eckert number. Sulo-
chana and Shivapuji [41] considered the MHD flow of a
hybrid nanofluid with Joule heating and viscous dissipa-
tion past an extending surface. The influence of the mag-
netic field and Joule heating along a convective stretching/
shrinking sheet was investigated by Zhang et al. [42]. The
stagnation point flow, including Joule heating and viscous
dissipation, was investigated by Rafique et al [43] using a
hybrid model. They found that increasing the magnetic
parameters improved the skin friction coefficient.

Based on the motivation from the above-cited literature,
this study extends the existing model [44] by analyzing the
flow of a hybrid nanofluid containing SWCNT and MWCNT
nanoparticles over two different geometries (cones and
wedges). The effects of the magnetic field, thermal radiation,
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and first-order chemical reaction have been explored in pre-
vious studies over two different geometries. The goal of the
present work is to examine the physical significance of MHD,
Joule heating, and the combined effect of linear and exponen-
tial space-based heat sources over an incompressible hybrid
nanofluid across a cone and wedge. Furthermore, the Arrhe-
nius activation energy along the binary chemical reaction
factors is incorporated in the mass equation, whereas at the
boundary, the thermal and mass convective conditions are
considered in the model. The governing flow problem is
framed in the form of a coupled system of non-linear partial
differential equations, which are transformed into non-
dimensional ordinary differential equations (ODEs). The
system of equations is solved numerically using the bvp4c
package in the MATLAB environment. The impact of different
physical factors is plotted to better understand the flow
model. This study aims to answer the following research
questions:

1) How does the combined effect of linear and exponential
space-based heat sources influence the thermal distri-
bution over cone and wedge geometries?

2) How does the inclusion of the Arrhenius activation
energy and binary chemical reactions affect the concen-
tration profile and mass transfer rate?

3) What are the comparative differences in the flow nature
and heat and mass transfer between the cone and wedge
geometries under the given physical conditions?

4) What role do MHD, Joule heating, and thermal and mass
convective boundary conditions play in flow behavior?

For the solution of the modeled problems, the analytical
and numerical methods are used. The analytical technique
necessitated the appropriate choice of the initial estimate,
which is sensitive to the assumption of small parameters
[45-48]. An inappropriate choice of assumptions might
impact the findings. Numerical techniques [49-52] are
employed to solve nonlinear boundary value problems
(BVPs) in order to address these issues. Linearization and
discretization [53-55] are necessary for numerical
approaches. Small parameter assumptions and first estimate
selection are not necessary for these approaches [56,57].

The article is structured as follows: Section 1 provides
a literature survey. Section 2 presents the flow model and
mathematical statement of the present model. Section 3
introduces the physical quantities of interest. A numerical
solution of the proposed problem is determined by uti-
lizing the bvp4c method in MATLAB, and is presented in
Section 4. Model validation against previous studies is pre-
sented in Section 5. Results and discussion are presented in
Section 6. Finally, Section 7 presents the final outcomes and
future research directions.
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2 Flow model and mathematical
statement

In the present problem, consider an incompressible, steady
hybrid nanofluid two-dimensional MHD flow over two distinct
geometries. Let us assume that u and v are the velocity com-
ponents along x- and y-axis. The stretching velocity of the
surfaces is u,, = vlfo where L is the characteristic length.
Further, assume that f is the half angle of the cone/wedge
with radius 7, and & is the full angle of the wedge. A transverse
magnetic field of strength B¢ is applied along the y-direction. For
a convectively heated surface, it is assumed that T; > T,, > T,
where T; is the reference temperature and T, is the surface
temperature, and T, is the far-field temperature. The concentra-
tions at the surface and ambient are C,, and C., respectively.
Figure 1(a) shows a flow sketch of the physical model. Addition-
ally, the given supposition has been made as follows:
(1) The flow is affected by the magnetic field, joule heating,
and exponential-based heat source.
(2) The surface is assumed to be convective.
(3) SWCNT and MWCNT are combined with water to form
a hybrid nanofluid.
(4) The combined effects of the thermal and mass convec-
tive conditions are considered at the boundary.

From the stated assumptions the governing flow equa-
tions are as follows [44]:

a(ru) N a(rpv)

ox ay =0, M
ou ou o%u
Phnf["g L thfa 2 + g{(PB mt(Tr — Too) @
+ ﬁc (Gt = C)} Cos(B) — onneBiU,
L aT] ke 0°T QT -~ To)
ox ay) (PGt 0Y*  (PCp)enmt
Qz(Tf ) [ Y] Ohnf
———FExp|-m=| + Biu?, 3)
(PCp)enng 1) (Connt
1 160°T3 &°T
(pCp)mne 3k OY?’
oC ac 0%C
[V& ay DmW - .Q[ ] (C - Cx)Exp
4
K ]
(koT))

In Eqgs. (1)—(4), the velocities of the fluid along x- and
y- directions are u and v, respectively. Furthermore, y is
the dynamic viscosity, o is the electrical conductivity, p
is the density of the fluid, k is the thermal conductivity,
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C;, is heat capacitance, ¢* is the mean absorption coeffi-
cient, k¢ is the Boltzmann constant, hnf is a hybrid nano-

fluid, and FT and EE are thermal and mass expansion
coefficients, respectively.

In the above discussed model, the constraints at the
boundary are as follows [24,58]:

UrX

At y=0: u=uW=—lz,v=0,

Knng OT D,, oC (5)
= —=(T-Tp), —— =

he 3y ( ) Ty 3y (C-Cp),

uy » @) =0, T(y » ) =To, Cy— @)= Ca.

In Eq. (5), the components of the velocity along their respec-
tive directions are u and v, the thermal conductivity is k, l is the
characteristic length, v is the kinematic viscosity, T is the tem-
perature, Ty is the reference temperature, C is the concentra-
tion, Dy is the Brownian diffusion coefficient, and hy and h;, are
the heat and mass transfer coefficients, respectively.

This problem consists of two types of geometries, with
the following assumptions:

(@) Cones, for whichd =1 and § # 0.
(b) Wedges, for whichd = 0 and 8 # 0.

The values of the thermophysical characteristics of the
base fluid and CNTs are given in Table 1.

The theoretical models of the nanofluid and hybrid
nanofluid are as follows.

In Table 2, ¢, and ¢, represent the nanoparticle
volume fraction, the subscripts f, nf, hnf are base fluid,
nanofluid, and hybrid nanofluids, and 1, 2 are used for the
selected nanoparticles.

The set of pertinent similarity transformations are as
follows [44]:

£=2, u=L, v- 20 s
(6)
T-T. Cw
0O = T HO=

Applying Eq. (6) we reduce Egs. (1)—(4) into the non-
dimensional form as follows:

Hnng Phat 2
Phnf e P00 02 g 4 gyfpr
U ! P g o )
7
(pB )hnf(Gre + Ged) Cos(B) - hnfo
(B )
Kine 45010, (ptmt
[kf +3Rd]6 " [(p G Tl ®

+ Qe Exp(-m¢) + hnfMch’2]
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(a)
I..C
SWCNT and MWCNT
(v.v)
a)Cone b)Wedge
cT cC
v=0, _kbfg:hf(z.‘f_f)’ _D'"E =hm(Cf—C)
Surface Condiations
(b)

Guess the initial
conditions
Find solution of Code the problem
IVP and set tolerance

Convergence satisfied if
residual <107

Figure 1: (a) Geometrical representation of the model flow. (b) Numerical scheme.
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Table 1: Values of the thermophysical characteristics of nanoparticles and H,0 [59]

Physical Density Heat Electrical Thermal Thermal expansion
properties (kg m3) capacitance j(kg K™ conductivity (S m™) conductivity (m_""K) coefficient (1?)
H,0 997.1 4,179 0.05 0.613 21x107°
SWCNT 2,600 425 108 6,600 27x107°
MWCNT 1,600 796 1.9 x 107 3,000 4.4x10°°
-E
@” + Sc(1 + d)féd’ - ScKr(1 + 60)"Exp m]qb =0. (9 6[ TWT T”] is the temperature difference, E[ ] is the acti-
The related boundary conditions are as follows: vation energy, Ec[ (Cp)f(”%] is the Eckert number,
E=0)=1, fE=0)=0, Mg g Rd|=-—%"=__| is the thermal radiati th
[ )=1, f( )= ke & ) =3kt - Ty | 18 the thermal radiation, Q=5 (pc o is the
- 2
=y(0¢ - 0) - 1), (10) heat source, Sc =Z—;] is Schmidt number, y[=%] is the
(-0 =a®E~0)-1,
0 —>®)=0, P~ o) =0, f({—>2)=0 thermal Biot number, Qel ooCyr | 18 @ space-dependent
Here, Pr[=%fp)f] the Prandtl number, heat source, and a|= ] is the solutal Biot number.

gP(Bp:e(T; - T.)
Urly,

o1

M

] is the thermal Grashof number,

GBH(Ct - Co)
Vel

is the

BZ
=Z‘;—pf] is the magnetic factor, Gc[

solutal Grashof number, Kr[ ] is the chemical reaction,

3 Physical quantity of interest

The key engineering aspects, ie., surface drag, heat
transfer rate, and mass number, are given as follows [44]:

Table 2: Thermophysical properties of the models for nano and hybrid nanofluids [44]

Dynamic viscosity

Density

Heat capacitance

Thermal expansion coefficient

Electrical conductivity

Thermal conductivity

Unf _ 1 Hnnf _ 1
b - 25 25
(1-910(1 - 9)10

25
(1-q2)10 ¥

Phnf P12 Phnf P191 | P29
=(1- + =(1- - + + ===
=1 )t 0 or’ A- 9,- 0 ot or
(pCp)hnf _ (pCp)lz
wor - A7 9 P
(pGp)hnf (pGonoq (PGp)192
=(1- - +
e G R ) S R VoS
PBnt _ g _ Pz
©F )t =0 0o ©Bx’
@Bt _ (1~ 4 OB no1 , 0B 29,
P )x 1Y By @B
71,2
Out 3 ](1112
of 012 012
ot Y o T 1]‘012
Ot % +20f + 2(0191 + 0207) — 2(@1 + 2)0f
o T 01— (010 +020) + (1 + )t
k12
e
k- k
[ﬁ,z] [ﬁ,l]q,lz
k-
Kiunt % + 2kg + 2(k1gq + k292) = 2091 + 9kt
ke = Tkipr*kavz

+ 2kg = (kygq + k: + (1 + @)k
0179 £~ (kipy + kag) + (91 + 9o)ks
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_ Hnye Ou ____~xDy oC
M puZay’ O Dy(Ci - Ca)ay’
) (11)
N X , 160.73 )1
X = 5 o+ 4~ |R*hnf P
Ke(Tf - 7o) * Joy' |,

Eq. (11) is reduced to the non-dimensional form using
Eq. (6):

Cu(Ra 12 = C70), SR = - (0),

4 12)

Nuy(Rg)Y? = —[ﬂ + —Rd]@’(O).
k 3

4 Numerical scheme

The non-dimensional equations were numerically solved
along with the accompanying boundary conditions by
using the built-in function bvp4c in the MATLAB package.
The resolution of BVPs in the bvp4c method in MATLAB
provides a number of advantages compared to other
approaches. The versatility is one of the notable strengths
of bvp4c; it is suited for managing a wide range of linear
and non-linear BVPs generated by various scientific and
engineering applications. Accurate and stable solutions
can be obtained by employing a collocation technique
that discretizes the problem domain into a set of colloca-
tion points. This helps maximize the use of computational
resources through optimization. Furthermore, bvp4c is a
user-friendly interface that simplifies the creation of

Table 3: Ranges and default values of the physical parameters

Parameters Default values Ranges

M 0.1 0.0<M<50
Gr 0.1 02<Gr=<20
Gc 0.1 01=<Gc=<30
Rd 0.2 03<Rd<15
Ec 0.1 02<Ec=<15
Pr 6.2 01<Pr<10
0, 0.1 01<Q,205
Qe 0.1 04<Q,<06
y 0.1 04<y=<15
Sc 2.0 03<Sc<14
Kr 0.2 02<Kr<30
E 0.1 10<E<30
a 0.1 03<p<30
01, 0, 0.04 0.01 < (¢;,) < 0.04
d 1.0 00=<d=<10
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complex BVPs. The bvp4c is a better tool of choice due to
its versatility, robustness, and efficiency for solving a
number of BVPs. To convert the ODEs into a set of first-
order differential equations, the following terms are incor-
porated into the given equations:

Let

R =f(8), Ra=f1&), Rs=f"5),
Ry =f"(&), Ra=0(8), Rs=10615),
K5 =07¢), Re=D(E), Ry = D),
R7 = 2.

13

Using the substation given in Eq. (13), the following set
of first-order differential equations is obtained:

. _ (PrntlPp) 9
R (i /yf){)’(z) 1+ dy@)yd)}

(Ohnt/0F)
(e /e
+ Gey(6))Cos a,

(0B )t/ (0B ) (14)

My(2
v@) (Unne/tie)

(Gry(4)

(PCy)nnt
(PCo)s

Ohnf
Ot

R = —Pr[Q]y(4) + 1+ dyy(5)

(15)

+ QExp(-m¢) + MEC)’(Z)y(Z)],

Ry = —sC[a + d)y(Wy(7) - Kr(1 + 8y(4))Exp

E
el

The boundary constraints are as follows:

(16)

Ro(a) -1, Ry(a) -0, Ra(b) -0,
Kint
ke
R(a) - a(Re(a) = 1), Reb) - 0.

Rs(@) - y(Ra(a) - 1), Rab) -0, a7

5 Validation

The validation of this study with the already published
work of Palani et al. [60] and Kumar et al. [61], utilizing
the bvp4c technique, is presented in Table 4. The strong
alignment between the findings of the current and prior
studies validates the accuracy of the model and method.
Figure 2(a) and (b) shows a graphical comparison of the
present work with Palani et al. [60]. and Kumar et al. [61]
and found excellent agreement between them.
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Table 4: Validation of this study with the work of Palani et al. [60] and
Kumar et al. [61] for different values of Pr

Pr Skin friction Nusselt number
Palani Kumar Present Palani Kumar Present
et al. et al. outcomes et al. et al. outcomes
[60] [61] [60] [61]

0.1 110236 1.10235 1.10242 0.20922 0.20922 0.20931

0.7 0.82566 0.82567 0.82623 0.44771  0.44770 0.44781

1.0 0.77524 0.77524 0.77526 0.50670 0.50671 0.50675

6 Results and discussion

This section presents a graphical representation of the key
parameters influencing the associated profiles. The effect
of the emerging factors such as the thermal Grashof
number (Gr), the magnetic factor (M), the solutal
Grashof number (Gc), the chemical reaction (Kr), the acti-

N
AN
141 N Ref. [61]
S N — = = Ref.[62]
‘:’ 1.0 \\ ------ Present
“— AN
£ N
&% 0.9 Y
\\\\
0.8 S~
0.0 0.2 0.4 0.6 0.8 1.0
Pr
@)
050 -
0.45 Prad
> -~
2 040 //
= P
€ 035 e Ref. [61]
= s
? 0.30 e — — — Ref.[62]
3 025 /// ------ Present
0.20 //
015}~
0.0 0.2 04 0.6 0.8 1.0
Pr
(b)

Figure 2: (a) and (b) Comparison of the skin friction and Nusselt number
values for varying Pr numbers.
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4 5 6 7 8
¢

T T T
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Cone Gc =2.0 g
Cone Gc = 3.0
— — — Wedge Gc = 1.0 4
— — — Wedge Gc = 2.0

Wedge Gec = 3.0 4

Figure 3: (a) f'(§) corresponding to varying M. (b) f'(¢) corresponding
to varying Gr. (c) f'(¢) corresponding to varying Gc.
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Figure 4: (a) 8(¢) corresponding to varying Q,. (b) 8(¢) corresponding to varying M. (c) 8(¢) corresponding to varying y. (d) 8(¢) corresponding to

varying Ec.

vation energy (E), the Eckert number (Ec), the thermal
radiation (Rd), the heat source (Q,), the Schmidt number
(Sc), the thermal Biot number (y), the space-dependent
heat source (Qe), and (4) the solutal Biot number on velo-
city f'(¢), temperature 6(¢), and concentration &(¢) distri-
butions are shown in Figures 3-5. The influence on the key
physical quantities, including the skin friction Cp(Rq) ™2,
Nusselt Nu,(Rs)Y2, and Sherwood number Sh,(R;)Y2, are
presented in Figures 6-10. Table 1 outlines the thermophy-
sical values of SWCNT, MWCNT, and the base fluid. The
theoretical models for the thermophysical characteristics
are displayed in Table 2. The range of physical parameters is
given in Table 3. The validation of the current model against
previously reported results is presented in Table 4. Figure 1(a)
shows the physical mechanism of the model, and Figure 1(b)
shows the mechanism of the numerical scheme. Figure 2(a)

and (b) shows the graphical comparison of the present work
with Palani et al [60] and Kumar et al [61]. The effect of
varying M on f’(§) distributions is shown in Figure 3(a).
According to Figure 3(a), the () profiles of the hybrid nano-
fluid decreased as M increased. Physically, the enhancement
of M produced a kind of resistive force known as the Lorentz
force. This Lorentz force is felt by the charged particles when
they travel through a magnetic field. The level and direction
of the Lorentz force depend on the charge of the particle,
velocity, strength, and direction of the magnetic field.
Assuming no change in the field direction, a larger magnetic
field exerts a greater force on the charged particle, causing
the fluid’s velocity to decrease. The velocity of the cone
decreased more than the wedge velocity in the present study.
Figure 3(b) shows the effect of Gr on the f*(¢) field for both
the cone and wedge. It has been noted that the f’(¢) profile
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Figure 5: (a) @(£) corresponding to varying Sc. (b) @(£) corresponding to varying Kr. (c) #(§) corresponding to varying E. (d) ¢(¢) corresponding to

varying a.

increased with increasing Gr. The main reason is that
(BT - T
Gr[=g (Bp)e(T; - To)

ority ] is inversely linked to viscosity. Therefore,
the higher values of Gr are associated with a decrease in the
viscosity of the hybrid nanofluid. Thus, the f’(¢) profile
increased with decreasing viscosity parameter. Furthermore,
the cone elicits a more pronounced impression than the
wedge. Figure 3(c) shows the impact of Gc on (). Gc exhi-
bits a similar behavior to that of Gr in this context. The con-
sequences of Gr and Gc on f’(¢) are similar to the results of
Dawar et al. [24]. Moreover, Gr and Gc are related to the
buoyancy force. Therefore, when they increase, the buoyancy
force also increases. Hence, the f*(§) profile also increases.
The study’s findings show that the improvement in both
thermal and mass Grashof numbers increased the velocity

profile, supporting the effectiveness of hybrid nanofluids in
cooling technologies for electronic devices. Figure 4(a) shows
the impact of Q, on 6(¢) for both the Qe = 0.1 and Qe = 0.0
scenarios. For both the cone and wedge, the graph demon-
strates that the 6(¢) curves have an upward trend as Q;
increases. It is noticed that 6(¢) increases as a result of
both Q, and Qe. Physically, the combined effect of Q, and
Qe produces more heat within the fluid system due to which
the 0(¢) profile increases. When both Q, and Qe are present,
the thermal field is significantly higher for the wedge geo-
metry than for the cone geometry. It is essential to recognize
that the exponential heat source Qe is significantly more
important than Q,. Furthermore, the influence of Q, increases
when Qe = 0.1 compared to Qe = 0.0. Figure 4(b) shows the
variation of M on the 0(¢) profile for two distinct geometries
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(b).

(©). (d).

Figure 6: (a)-(d) Streamlines and contours plates for the cone surface when M =0 and M = 5.0.

(®).

(©). (d).

Figure 7: (a)-(d) Streamlines and contours plates for the wedge surface when M = 0 and M = 5.0.
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(cone and wedge) when Qe = 0.1 and Qe = 0.0. When the
values of M increased, it is clear that the 6(¢) profile for
the two distinct geometries increased. Physically, the increase
in M produces an opposing force called the Lorentz force,
which is applied to the fluid. This Lorentz force on the velo-
city profiles generates a certain form of friction in the flow.
Consequently, the velocity of the fluid begins to decrease. This
friction between the fluid particles and surface is enhanced,
which generates more heat energy, as a result, the 6(¢) dis-
tribution gradually increases. This increment in 6(¢) is more
pronounced for the wedge with the space-based heat source
Qe = 0.1. The effect of y on the 6(¢) profile for both cone and
wedge geometries is depicted in Figure 4(c). Increasing
amounts of y significantly improve the 6(¢) profile. A dimen-

1%
= ff can be

sionless variable known as the Biot number y[ o

(e

used to determine the thermal convective limitation for heat
transfer; this number is the ratio of convection and conduc-
tion of heat between the solid body and the adjacent fluid.
Here, (he) represents the nanofluid’s heat transfer coefficient
and (k) stands for its thermal conductivity. This is based on
the fact that the strength of convective heating is directly
related to y. When y increased, greater amount of heat is
transferred from the heated surface to the boundary layer
fluid. Thus, the thermal 6(¢) profile increases. This increase
in the 6(¢) profile is more significant for the wedge geometry
when Qe = 0.1. Figure 4(d) shows the influence of Ec on the
0(¢) profile for both cone and wedge geometries for Qe = 0.1
and Qe = 0.0. It is noticed that with the enrichment of Ec, the
0(¢) profile of the hybrid nanofluid improves for both the
cone and wedge surfaces. The Ec, also known as the viscous
dissipation factor, is a measure of the amount of energy that
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is lost by a fluid as a result of various frictional forces within
the fluid. There is a strong connection between the viscosity
of the fluid and the velocity gradient. In the context of heat
transmission, the significance of the energy dissipation is
described by the viscous dissipation parameter. When Ec is
increased, it indicates that there is a greater amount of energy
loss and heating occurs within the fluid. Thus, the 6(¢) dis-
tribution becomes higher. The effects of Sc on @(¢) are
depicted in Figure 5(a). The @(&) contour becomes less pro-

. . U .
minent for both cones and wedges as Sc increases. Sc[=D—;] is

a dimensionless number related to the viscosity and diffusion
coefficient. If the value of Sc is larger, it suggests that vr is
more widespread than Dg. The process of mass diffusion is
related to the transfer of mass (concentration) of a specific
substance, whereas momentum diffusion is linked to the
transfer of momentum within the fluid containing the sub-
stance. When Sc is high, the behavior of the flow is deter-
mined more by the velocity field than the mass diffusion. This
indicates that the fluid is more effective at conveying
momentum than mass diffusion. The concentration gradients
are less prominent than the velocity gradients, which leads to
a thinner concentration boundary layer near the surface.
Therefore, (&) declines with higher Sc. The decreasing effect
of @(&) is more for cones, as shown in Figure 4(a). The influ-
ence of Kr on @(¢) is shown in Figure 5(b). The deterioration
of the concentration field as well as the solutal layer is inves-
tigated. Physically, the solutal layer becomes thicker as a
result of higher estimation of the variation in the chemical
process. The ®(§) profile thus decreases with the growing
estimation of Kr. Figure 5(c) illustrates the effect of E on
the @(¢) distribution. An increasing trend in ®(¢) is observed

(d
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for higher values of E for both geometries. Physically, when
the activation energy increases, the reaction rate decreases,
decreasing the chemical process. This reduction improves the
concentration profile by promoting the generative chemical
reaction, leading to higher &(¢) profile. This increase in the
@(¢) profile for wedges is more prominent. Figure 5(d) shows
the impact of a on the &(¢) field for cone and wedge geome-
tries. Higher values of a improves the ®(¢) profile for both

Ds 1S asso-

scenarios (cones and wedges). Physically, a

ciated with the mass transfer coefficient, which improves
with the increasing estimation of . Higher values of the
Biot number strengthens the mass transfer rate, as shown
in Figure 7, enhancing the diffusion of species into the fluid.
As a result, the ¢(¢) field enhances with an increase in a.
Consequently, the ®(¢) profile increases. Furthermore, the
results reveal that the presence of non-linear heat source
tends to intensify the thermal profiles for wedges more sig-
nificantly as compared to flow over cones, also related to
solar power collectors’ applications. Figure 6(a)-(d) shows
the consequences of M = 0.0 and M = 5.0 toward the cone
streamlines and contour plots. It is noted that with flow
toward the cone, the streamlines increase due to the
improved values of M, whereas the contour plots are narrow.
The streamlines and contour plots for the wedge flow also
depict the same effect, as shown in Figure 7(a)—(d). Figure
8(a)—(d) shows the mechanism of varying non-dimensional
factors M, Gc, and Gr on skin friction for both flow cases
(cones and wedges). It is noted that the skin friction is ele-
vated with increasing M for the two geometries. Additionally,
compared to the wedge flow, the flow over the cone surface
has maximum skin friction. Physically, the magnetic field
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increases the Lorentz force, which resists the fluid motion
and enhances the resistance. This leads to a greater velocity
gradient at the surface, thereby accelerating the skin friction
coefficient, as shown in Figure 8(a). Furthermore, the skin
friction is decreased for Gc and Gr numbers. This is because
the thermal and mass Grashof number enhances the buoy-
ancy forces, which promote the fluid motion, as shown in
Figure 3(b) and (c). This increase in the fluid motion leads
to a reduction in the skin friction coefficient, as shown in
Figure 8(b) and (c). The effects of Q,, Rd, y, and Qe on
the Nusselt number are shown in Figure 9(a)—(c). From this
figure, it is clear that the increase in Q; and Qe reduces the
temperature gradient at the surface. This weakens the heat
transfer rate, leading to a lower Nusselt number. Further-
more, a higher Rd supplied more energy to the system, which
raises the temperature gradient at the surface, leading to
enhanced Nusselt number. The Biot number (y) enhances
the convective heat transfer at the surface; as a result, the
rate of heat transfer is improved. The variation in the Sher-
wood number for both flows (cones and wedges) versus Sc,
Kr, E, and a is shown in Figure 10(a)-(d). This figure shows
that the Sherwood number increases with increasing Sc. Phy-
sically, higher values of the Schmidt number reduce mass
diffusivity, improving the concentration gradient at the sur-
face and increasing the Sherwood number. The increase in Kr
accelerates species depletion, whereas the reverse impact
was observed in the case of activation energy due to reducing
species. Physically, a is associated with the mass transfer
coefficient, which expands with the increasing values of a.
Higher values of the concentration Biot number reinforce the
mass transfer rate due to the enhancement of the diffusion of
species into the fluid. The observed trends in the mass
transfer rate also support filtration and separation technolo-
gies, optimizing their efficiency based on the fluid and mate-
rial properties.

7 Conclusion

In this study, we investigated the MHD hybrid two-dimen-
sional nanofluid flow across two geometries: (a) cones and (b)
wedges. To form a hybrid nanofluid, the nanomaterial CNTs
were dispersed in water. The temperature equation was mod-
ified by incorporating Joule heating, an exponential space-
based heat source. Moreover, the Arrhenius energy function
is incorporated in the concentration equation. These equa-
tions were then transformed into the coupled systems of
ODEs and solved by utilizing the bvp4c technique in the
MATLAB package. The effects of various flow factors on dif-
ferent flow profiles are summarized as follows:

a)

b)

c)

d)

e)

g

h)

1

2)

DE GRUYTER

The reducing impression in the skin friction coefficient
against higher thermal and mass Grashof numbers is more
significant for the wedge geometry, whereas, for the cone
geometry, it is improved with the magnetic parameter.

The reducing impact of the magnetic field on the velo-
city profile is higher for the cone as compared to the
wedge, whereas an opposite behavior for the tempera-
ture profile is found. The increment in the thermal dis-
tribution is maximum in the presence of an exponential
heat source.

The increasing values of the thermal and mass Grashof
numbers improved the velocity curves for the cone and
wedge. The amplification is higher for the wedge case.
The temperature distribution exhibits an increasing trend
expansion against the increasing estimation of the Eckert
number, thermal radiation, and thermal Biot number,
both in the presence and absence of the space-based
heat source for the cone and wedge. Moreover, it is
noticed that the thermal curves are higher for the wedge
when the space-based heat source is present.

The concentration distribution for the hybrid nanofluid
across a cone drops quicker for varying Schmidt
number and the chemical reaction due to the enhance-
ment in molecular diffusivity, while it increases for the
activation energy and concentration Biot numbers for
the wedge.

The rate of heat transfer for the cone surface is higher than
the wedge due to the higher values of radiation and Biot
number. Moreover, the Nusselt number declined for the
Eckert number, thermal, and space-based heat sources.

A decrease in performance is noted in the Sherwood
number for both surfaces when the Schmidt number,
chemical reaction, and solutal Biot number are
enhanced, while opposite trends were observed for
the activation energy. Furthermore, an increased
mass transfer is noticed for cone geometry.

The streamlines increase for a higher magnetic field,
while contour plots become narrow, for both cone
and wedge geometries.

Future work

Future studies can extend this work by investigating
different non-Newtonian models such as Casson and
Maxwell models, which are particularly relevant in
industrial and biomedical applications.

Another potential direction is analyzing the hybrid
nanofluid flow in porous media, which is crucial in
filtration and oil recovery applications.
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3) This study further extends by considering different
nanoparticles and boundary conditions.

4) The integration of Al-based models to predict and opti-
mize heat transfer performance in hybrid nanofluid
systems.
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