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Abstract: This article investigates fluid flow in a dynamic
system using the coupled Boussinesq–Burgers equation to
precisely narrate the propagation of shallow water waves.
This work proposes a novel approach to using the quintic
B-spline technique to obtain an approximate solution to the
nonlinear fractional coupled Boussinesq–Burgers equation.
For discretizing time, the Caputo fractional derivative is
used to handle the fractional derivative effectively, while
the quintic B-spline function is used to interpolate the spatial
derivative. We provide two numerical examples to show the
level of accuracy and practicality of the current scheme in
solving the fractional coupled Boussinesq–Burgers problem
and see how observe the effect of the fractional-order on
wave propagation. In addition, we conduct a stability analyzis
and numerically determine the order of convergence. We
compute the error norms to assess the accuracy of the pro-
posed method.

Keywords: Boussinesq–Burgers equation, quintic B-spline
functions, Caputo time fractional derivative, finite differ-
ence technique, stability

1 Introduction

During the past few decades, there has been an increased
amount of research on the use of fractional derivatives
instead of integer derivatives and on the implementation of
fractional integrals, fractional differential equations (FDEs),
and fractional partial differential equations (FPDEs) in sol-
ving a series of problems arising in the pure and applied
sciences [1–4]. The generalization of classical differential
equations of integer order (IO) give rise to FDEs. Many com-
plicated nonlinear phenomena that arise in the fields of heat
transfer, wave propagation, and other subjects have been
extensively described using fractional calculus, as is well
known. Therefore, to describe physics, engineering, and other
scientific subjects, FPDEs are crucial [5–8]. The fact that
the response of the fractional-order system eventually con-
verges to the response of the IO system has drawn a lot of
attention to FDEs [9]. Their nonlocal characteristic is the pri-
mary benefit of employing fractional-order FDEs in various
mathematical modelling. Manyworks have been accomplished
to obtain the necessarymathematical methods for dealing with
fractional problems. The goal of our investigation is to look for
approximate results of time-fractional coupled Boussinesq–
Burgers equation (TFCBBE) that is a nonlinear system. We
investigate a time-fractional model of the coupled Boussinesq–
Burgers equation (CBBE), which arises from the study of fluid
flow dynamics, specifically the transmission of waves in
shallow water. This model describes a wide range of physical
phenomena in disciplines such as chemical physics, solid-state
physics, fluid mechanics, and plasmawaves. Exploring its solu-
tions and properties is essential to understanding these phe-
nomena, as solutions not only address specific problems but
also offer deeper insights into the underlying physical pro-
cesses. For instance, nonlinear wave behaviours in fluid
dynamics, plasma, and optical fibers are often represented
by characteristic bell-shaped and kink-shaped solutions.

As noted in the literature, Zhang et al. [10] proposed
a +2 1( )-dimensional Boussinesq–Burgers soliton (BBS)
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equation and its connection with the BBS hierarchy. They
proved that quasi-periodic solutions of the +2 1( )-dimen-
sional BBE are derived by resorting to the Riemann θ func-
tions. Zhang et al. [11] investigated the exact solutions of the
generalized Boussinesq equation and the BBE using the mod-
ified mapping method. Rady et al. [12] showed that the peri-
odic wave solutions for BBE are obtained by using the Jacobi
elliptic function method and presented the properties of some
periodic and multiple soliton solutions. Chen and Li [13] pre-
sented a new Darboux transformation with multiple para-
meters for BBE using Darboux transformation and found
new soliton solutions of the BBS. Gupta and Ray [14] proposed
the comparison between the homotopy perturbation method
(HPM) and the optimal homotopy asymptotic method (OHAM)
using approximate solution of nonlinear BBE and concluded
that optimal homotopy asymptotic method is accurate with a
smaller number of iterations compared to the HPM, while the
OHAM introduces a simple way to control convergence region.

Wang et al. [15] investigated the approximate solution
of fractal CBBE using the semi-inverse method and estab-
lished the fractal variational formulation of fractal CBBE.
Kumar et al. [16] represented the approximate solution of
CBBE using residual power series method and compared
their results with the analytical solutions as well as the solu-
tions shown on different graphical representations. They also
obtained the solution by the modified homotopy analyzis
transform method. Khater and Kumar [17] constructed exact
solutions for the fractional CBBE using fractional complex
transform and the modified Riemann Liouville derivative
sense. Shi et al. [18] investigated into a few of the time-frac-
tional CBBE’s invariant characteristics. First, using the discov-
ered symmetries, the fractional CBBE is converted into
nonlinear time FDEs. Second, they used a power series expan-
sion method to solve the reduced system of fractional
ordinary differential equations. Third, the new conservation
theorem is used to derive the conservation rules of the frac-
tional CBBE. Ravi et al. [19] analyzed the exact solutions of
CBBE using analytically as well use the Exp-function method.
They also shown their result graphically. Ali et al. [20] inves-
tigated the analytical solution of CBBE through the sine-
Gordon expansion method and results shown on 2D and 3D

plotting. Heydari and Avazzadeh [21] introduced the approx-
imate solution of CBBE by using the concept of the Caputo
form. Zarin et al. [22] analyzed the fractional-order suscep-
tible infected recovered again susceptible model using Caputo
derivatives and solved numerically using the Haar colloca-
tion-Broyden method. Jitsinchayakul et al. [23] proposed the
fractional-order COVID-19 epidemic model using the Atanga-
na–Baleanu–Caputo fractional operator and analyzed the
results. Chu et al. [24] presented a fractional-order SARS-
CoV-2 transmission model using the Atangana–Baleanu

derivative and solved numerically using Newton polyno-
mial-based iterative scheme. Zarin et al. [25] investigated
reaction–diffusion COVID-19 model using the next-generation
method and solved numerically using finite difference and a
one-step explicit meshless scheme. Zhang and Whang [26]
presented the numerical solution of coupled Burgers equa-
tions using a space-time semi-analytical meshless scheme and
radial and non-radial basis functions. Wang et al. [27] inves-
tigated the approximate solution of the Burgers equation
using the multistage homotopy asymptotic method and com-
pared their result for a large time span.

Iqbal et al. [28] investigated the theoretical foundation of
the nonlinear Schrödinger equation is connected with real-
world ocean engineering applications in this article, which
offers solutions that demonstrate several wave forms,
including solitons and periodic waves, utilizing three different
approaches. Deepening our grasp of wave dynamics and
improving underwater engineering and design are the goals
of these efforts. Rehman et al. [29] used two newmathematical
techniques to analyze the +3 1( )-dimensional extended
quantum Zakharov–Kuznetsov equation in plasma and obtain
a variety of soliton solutions. The results provide useful tools
for investigating nonlinear evolution equations and provide
fresh perspectives on the dynamics of the model, as demon-
strated by 2D, 3D, and contour plots. Iqbal et al. [30] utilized
novel techniques to acquire different optical soliton solutions
of the Sasa–Satsuma equation, which simulates the propaga-
tion of femtosecond pulses in optical fibres. These results
improve our knowledge of optical phenomena and present
new methods for studying nonlinear optical systems. Zhu
et al. [31] investigated special solitary wave solutions of the
Heisenberg ferromagnetic spin chain equation and uncover
its function in nonlinear wave dynamics. They show how these
solutions improve knowledge of solitons in mathematical phy-
sics and its applications in domains such as fluid dynamics and
fibre optics using straightforward but powerful analytical
methods. Kai and Yin [32] presented a broad multi-wave solu-
tion framework by using the Cole–Hopf transformation to
reveal the linear structure of the Sharma–Tasso–Olver–Bur-
gers equation. Notably, it uses bifurcation techniques to expose
the paths of dark-bright and kink–kink soliton molecules, as
well as their fusion and fission processes. He and Kai [33]
analyzed Kudryashov’s equation with third-order dispersion,
periodic and soliton solutions, and exploring modulation
instability and chaotic behaviour under many perturbations.
The findings provide valuable insights into the equation’s wave
dynamics and potential applications in complex phenomena.
Xie et al. [34] proposed freedom asymmetric Duffing system of
degree twowith fractional damping and stability analysis using
approximate methods. The study highlights the impact of frac-
tional damping on controlling rotor vibrations and practical
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applications in vibration management. Kumar et al. [35] pre-
sented the exact solitary wave solutions of the strain wave
equation using the generalized exponential rational function
method and proved the effectiveness of the method with clear
physical interpretations. Kumar et al. [36] investigated the (1 +
1)-dimensional longitudinal wave equation to derive a novel
solitary wave using the unified method and the unified Riccati
equation expansion method. Kumar et al. [37] analyzed the
Wazwaz–Benjamin–Bona–Mahony equation using Adomian,
Lie isomorphism, and unified Riccati equation expansion
methods to obtain exact soliton solutions. Hussain et al. [38]
solved the nonlinear Benjamin BonaMahony Burgers equation
to obtain the soliton solutions using extended exp −Φ χ( ( ))

expansion and Kudryashov methods and analyzis of the fluid
dynamics. Hussain et al. [39] investigated the nonlinear
Sharma Tasso Olver Burgers equation using the extended

G

G

́

2( ) expansionmethod to obtain soliton solutions and analyzis
the stability, and sensitivity.

The present study employs the quintic B-spline (QBS)
method in conjunction with the Caputo derivative for the
numerical solution of the TFCBBE. The L1 formula is applied
for handling the non-IO derivative, whereas the discretization
of the space derivative is carried out with the help of B-spline
functions. The benefits of utilizing the spline collocation tech-
nique in comparison to the currently available methods lie in
its ability to effectively provide a piecewise continuous,
closed-form solution. In addition, it offers a more straightfor-
ward approach and can be applied to a diverse set of pro-
blems related to partial and FPDEs. The superiority of this
approach compared to alternative techniques lies in the fact
that upon obtaining the solution, the requisite data for inter-
polation at various points within the range becomes acces-
sible. The primary advantage of this technique is its capability
to closely approximate the analytical curve up to a specified
level of continuity. Consequently, the spline methodology
offers more precise outcomes when estimating values at
any given location in the field, in contrast to its predecessors.

Several researchers have used numericalmethods to solve
FPDEs. The presented method is innovative in that it uses a
Crank–Nicolson scheme to discretize the fractional derivative.
This method is chosen for its suitability in capturing complex
nonlinear wave behaviours, such as bell-shaped and kink-
shaped waves in fluid dynamics and optics. Spatial derivatives
for TECBBE are discretized using QBS functions. The proposed
scheme is novel, and as far as we are aware, the fractional
derivative in the Caputo sense has never been employed for
the numerical solution of TFCBBE using QBS functions before.
The article commences by presenting the TFCBBE as a means
for determining numerical solutions to the TFCBBE with the
help of the Crank–Nicolson approach. This innovative tech-
nique depends on the θ-weighted scheme and the Caputo

operator. Initially, we constructed the QBS function across
the entire domain and employed the Caputo time fractional
derivative for temporal discretization. In addition, a numerical
method is introduced that utilizes a θ-weighted scheme and
quasi-linearization. Subsequently, a stability analyzis is con-
ducted. Finally, two numerical test problems are provided to
demonstrate the suggested technique, together with their cor-
responding graphical representation. Concluding remarks are
provided at the conclusion of the article.

In this work, the QBS functions are used to solve the
TFCBBE numerically. They are piecewise polynomial functions,
which are smooth and offer flexibility in approximating solu-
tions. The QBS, which are fifth-degree polynomials, offer C4

continuity, ensuring smooth transitions at each joint between
piecewise segments, which is valuable for accurately approx-
imating solutions to differential equations. The CBBE model
has been previously solved using the QBS approach combined
with the Crank–Nicolson formulation. Moreover, the time-frac-
tional version of this model has been addressed using the time-
spectrum function method, the power series expansion
method and the homotopy perturbation method. However,
no research has been conducted for solving the TFCBBE model
using the QBS approach alongside the Crank–Nicolson scheme.
This gap highlights the unique contribution of this study,
offering a novel approach for solving the time-fractional ver-
sion of the model. The novelty of this work lies in the numer-
ical solution of the fractional CBBE by employing the Caputo
fractional derivative for time discretization and QBS functions
for spatial discretization. This innovative approach allows for
accurate and effective solutions at each node, offering a unique
and effective method for addressing the fractional CBBE. This
combination improves accuracy and stability by balancing the
time step’s implicit and explicit contributions. Compared to
current approaches, this methodology has the advantage of
improved numerical solution smoothness and precision. This
particular time-fractional equation has never before been
solved using such a combination, illustrating the method’s
superiority in providing an accurate, piecewise cubic, and
smooth solution for complex fractional-order equations.

The article is organized as follows: In Section 2, the
TFCBBE model is presented along with the necessary initial
and boundary conditions (BCs). The preliminaries are
described, consisting of two subsections. Caputo fractional
derivative is presented in subsection 3.1, and subsection 3.2
provides an overview of the QBS functions at various points.
Section 4 discusses the process of discretizing the fractional
derivative, whereas Section 5 outlines the steps involved in
the suggested numerical technique. Section 6 establishes the
starting condition for the approximate solution. Section 7
provides the algorithm of our numerical technique. Sections
8 and 9 examine the stability and convergence analyzis of the
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proposedmethodology. Section 10 presents the numerical test
problems. Section 11 outlines the study’s conclusion.

2 Model

The TFCBBE, with real-valued functionsU x t,( ) andV x t,( ),
takes the following form (Table 1):
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3 Preliminaries

3.1 Caputo fractional derivative

Various strategies exist for handling fractional derivative,
while the Caputo L1 formula is more preferable fractional

derivative to studied real-world physical model. Because
it employ memory effects and non-local behaviour,
the Caputo fractional derivative is a great tool for simu-
lation and may be utilized for a variety of real-world
systems and phenomena. It possess remarkable physical
interpretability, effectively capturing memory effects
and non-local characteristics in systems, finding them
ideal for simulating a variety of phenomena in a number
of fields. Caputo’s fractional derivative is applied to dis-
cretize the temporal derivative, which is given as
follows:
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3.2 QBS

We uniformly divide the space interval x x,min max[ ] by +N 1

knots such that the grid distribution is = <⋯< =a x x bmin max ,
i.e., = +x x jhj 0 , =j N0 1( ) , uniformmesh size is = −

h
x x

N

max min .
The jth basis spline function of order q, degree −q 1, is given
by [40]:
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We extend the interval x x,min max[ ] to interval
− +x h x h5 , 5min max[ ] with uniform mesh and the relation-

ships listed below define the piecewise QBS basis functions
B xj( ( )) [41]:
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Table 1: Variable descriptions

Parameter Description

U x t,( ) Horizontal velocity field
V x t,( ) Height of the water surface

above a horizontal level at the
bottom

x Normalized space variable
t Normalized time variable
Q x t Q x t, , ,

1 2
( ) ( ) Source terms

a a b b, , ,1 2 1 2 Constants
f x g x,( ) ( ) Known function

f a t f a t f a t f a t, , , , , , ,
1 2 3 4
( ) ( ) ( ) ( ) Known functions

g a t g a t g a t g a t, , , , , , ,
1 2 3 4
( ) ( ) ( ) ( ) Known functions

λ Fractional order which ∈ 0, 1( )

Γ Euler’s Gamma function
h Step size for space
τ Step size for time
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where = − −c x xj1 3
5( ) , = − −c x xj2 2

5( ) , = − −c x xj3 1
5( ) ,

= − − +c x xj4 3
5( ) , = − +c x xj5 2

5( ) , = − +c x xj6 1
5( ) . It is

possible to calculate the values of B xj( ) and its associated
derivatives at the knot points by using piecewise
QBS basis functions. It is easy to arrange these values
into an equation. Now, we suppose that U and V are
the approximating solutions over the subinterval
a b,[ ] using the piecewise QBS basis functions B xj( ),
such that:
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The time-dependent parameters α tj

p
( ) and β t

j

p( ) can be
computed at each knot for the numerical solution to the
exact solutions and N denotes the number of nodal
points. The approximate values of U x t,( ) and V x t,( ),
along with their necessary derivatives at the nodal
points involving five unknowns, are calculated using
an approximate function and piecewise QBS basis func-
tions, which is defined as follows:
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4 Illustration of the scheme

The technique of forward finite difference is utilized
for the discretization of the Caputo fractional deri-

vative. Consider step size is =τ
T

M
and =t pτp , where

=p M0, 1,…, . At point tp, Caputo’s L1 formula [42] can be
defined as follows:

∫

∫∑

∑

=
− −

=
− −

=
−

−
+

+

+

= +

=

− + − +

+

U x t

λ
U x χ

dχ

t χ

λ
U x χ

dχ

t χ

λ
A

U x t U x t

τ
B

,

1

Γ 1
,

1

Γ 1
,

1

Γ 2

, ,
,

t

λC
p

t

χ

p
λ

s

p

t

t

χ

p
λ

s

p

s

s p p s

λ τ
p

1

0
1

0 1

0

1
1

s

s 1

( )

( )
( )

( )

( )
( )

( )

( )

( ) ( )

(4.1)
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λ λ1 1( ) and +

Bτ
p 1 is bounded trunca-
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which depends upon U .
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5 Numerical technique

The θ-weighted scheme is used to find the approximate
solution of the system (2.1) at +tp 1

th time level, which can
be written as follows [45]:
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Setting the value ofθ yields three schemes. First, whenθ is set to
0, the scheme mentioned earlier turns into an explicit scheme.
The second is that when =θ 1, θ-weighted scheme transforms
into an implicit scheme. Finally, when = ∕θ 1 2 is taken, the
scheme transforms to the Crank–Nicolson scheme because it
is an unconditionally stable scheme that provides reasonable
accuracy. By employing Eqs. (5.1) and (2.1), we obtained:
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(5.2)

∑ −
−

+ +

= − + +
=

− + −
+ +

A
V V

τ λ
θ a U b UV

θ a U b UV Q

Γ 2

1 .

s

p

s

j

s p

j

p s

λ xxx j

p

x j

p

xxx j

p

x j

p

0

1

2

1

2

1

2 2 2

( )

( )
( ( ) (( ) ) )

( )( ( ) (( ) ) )

(5.3)
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Eqs. (5.2) and (5.3) contain non-linear terms that we aim to
linearize at the +p 1 th( ) stage. By simplifying complex
non-linear terms, this linearization technique [46] facili-
tates iterative equation solving, which is defined as
follows:

⎧
⎨
⎩

= − +

= +

+ + +

+ + +

UU U U UU U U

UV U V UV

.

.

x j

p

j

p

x j

p

x j

p

j

p

x j

p

x j

p

x
p

x
p

1 1 1

1 1 1

( ) ( ) ( ) ( )

(( ) ) ( ) ( )

Using above relation, Eqs. (5.2) and (5.3) become:

∑ − +

+ + −

= − + +

=

− + − +

+ +

C A U U a θ V

b θ U U U U UU

θ a V b UU Q1 ,

s

p

s j

s p

j

p s

x j

p

j

p

x j

p

j

p

x j

p

x j

p

x j

p

x j

p

0

1

1

1

1

1 1

1 1 1

( ) ( )

( ( ) ( ) ( ) )

( )( ( ) ( ) )

(5.4)

∑ −

+ + +

= − + +

=

− + −

+ + +

C A V V

a θ U b θ U V UV

θ a U b UV Q1 ,

s

p

s j

s p

j

p s

xxx j

p

x
p

x
p

xxx j

p

x j

p

0

1

2

1

2
1 1

2 2 2

( )

( ) (( ) ( ) )

( )( ( ) ( ) )

(5.5)

where = −C
τ λ

1

Γ 2λ ( )
. After simplification, Eqs. (5.4) and (5.5)

are yield into Eqs. (5.6) and (5.7):

∑

+ + +

= − − + −

+ − +

+ + + +

=

− + −

+

CA U b θ U U U U a θ V

CA U C A U U θ a V

θ b UU Q

1

2 1 ,

j

p

j

p

x j

p

j

p

x j

p

x j

p

j

p

s

p

s j

p s

j

p s

x j

p

x j

p

j

p

0

1

1

1 1

1

1

0

1

1

1

1 1

1

( ( ) ( ) ) ( )

( ) ( ) ( )

( ) ( ) ( )

(5.6)

∑

+ +

+ + +

= − − + −

+ − + +

+ + +

+ + +

=

− + −

+

CA V b θ U V U V

a θ U b θ V U V U

CA V C A V V a θ U

θ b U V UV Q

1

2 1 .

j

p

x j

p

j

p

j

p

x j

p

xxx j

p

j

p

x j

p

x j

p

j

p

j

p

s

p

s j

p s

j

p s

xxx j

p

x j

p

x j

p

j

p

0

1

2

1 1

2

1

2

1 1

0

1

1

2

2 2

1

(( ) ( ) )

( ) ( ( ) ( ) )

( ) ( )( )

( ) (( ) ( ) ) ( )

(5.7)

By putting the values of QBS basis function in Eqs. (5.6) and
(5.7), then we obtained Eqs. (5.8) and (5.9):

∑

+ + + +

− − + +

= + + + +
+ + − −

− − + −

+ − + −

+ − +

−
+

−
+ +

+
+

+
+

−
+

−
+

+
+

+
+

− − + +

− − + +

=
−
− +

−
−

−
− +

−
−

− + −
+
− +

+
−

+
− +

+
− +

D α D α D α D α D α

D β D β D β D β

D α D α D α D α D α

D β D β D β D β

C A α α α α

α α α α

α α Q

26 66 26

26

66 26

,

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

s

p

s j

p s

j

p s

j

p s

j

p s

j

p s

j

p s

j

p s

j

p s

j

p s

j

p s

j

p

1 2

1

2 1

1

3

1

4 1

1

5 2

1

6 2

1
7 1

1
7 1

1
6 2

1

8 2 8 1 8 8 1 8 2

6 2 7 1 7 1 6 2

0

2

1

2 1

1

1

1

1

1

1

2

1

2 1

1

(( ) ( )

( ) ( )

( )) ( )

(5.8)

∑

+ + + + +

+ + +
= + + + +

+ − + −

− − + −

+ − + −

+ − +

−
+

−
+ +

+
+

+
+

−
+

−
+

+
+

+
+

− − + +

− − + +

=
−
− +

−
−

−
− +

−
−

− + −
+
− +

+
−

+
− +

+
− +

E β E β E β E β E β E α

E α E α E α

D β D β D β D β D β

E α E α E α E α

C A β β β β

β β β β

β β Q

26 26

2 2

26

66 26

,

j

p

j

p

j

p

j

p

j

p
j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

s

p

s j

p s

j

p s

j

p s

j

p s

j

p s

j

p s

j

p s

j

p s

j

p s

j

p s
j

p

1 2

1
2 1

1
3

1
4 1

1
5 2

1
6 2

1

7 1

1

8 1

1

9 2

1

8 2 8 1 8 8 1 8 2

10 2 10 1 10 1 10 2

0

2

1

2 1

1

1

1

1

1

1

2

1

2 2

1

(( ) ( )

( ) ( )

( )) ( )

(5.9)

where

= + −

= + −

= +

= + +

= + +

= = =

= −

= −

=

= +

= +

= − −

= −

= − +

= +

=

= + + + +

= + − −
= + + + +

= + − −

− − + +

+ + − −

− − + +

+ + − −

D CA
b

z
b

h
z

D CA b z
b

h
z

D CA b z

D CA b z
b

h
z

D CA
b

z
b

h
z

D
a

h
D

a

h
D CA

E CA
b

h
z

E CA
b

h
z

E CA

E CA
b

h
z

E CA
b

h
z

E
a

h

b

h
z

E
a

h

b

h
z

E
a

h

b

h
z

E
a

h

b

h
z

E
a

h

z α α α α α

z α α α α

z β β β β β

z β β β β

2

5

2
,

26 13
25

,

66 33 ,

26 13
25

,

2

5

2
,

5

2
,

25
, ,

5

2
,

26
25

,

66 ,

26
25

,

5

2
,

30 5

2
,

60 25
,

60 25
,

30 5

2
,

30
,

26 66 26 ,

10 ,

26 66 26 ,

10 .

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

j

p

1 0

1

2

1

1

2 0 1 2

1

1

3 0 1 2

4 0 1 2

1

1

5 0

1

2

1

1

6

1

7

1

8 0

1 0

2

1

2 0

2

1

3 0

4 0

2

1

5 0

2

1

6

2

3

2

2

7

2

3

2

2

8

2

3

2

2

9

2

3

2

2

10

2

3

1 2 1 1 2

2 2 1 1 2

3 2 1 1 2

4 2 1 1 2

Matrix form of Eqs. (5.8) and (5.9) becomes:

∑

∑ ⎟

⎜= −
⎛
⎝

+ −

+ + −
⎞
⎠

+

+

=

−

+
−

=

−

+
− +

EF GF H CA α A A α

CA β A A β q .

p p
p

s

p

s s
s p

p

s

p

s s
s p p

1 0

0

1

1

0

0

1

1
1

( )

( )

(5.10)

6  Xiaoming Wang et al.



After some simplification, we obtain

=+EF I .p 1 (5.11)

Here, the square matrix of order + × +N N2 10 2 10( ) ( ) is
denoted by E . The column vector I consists of the order

+N2 10( ) and =+
−

+
−

+
+
+

−
+

−
+

+
+

F α α β β β β, , …, , , , …,p p p

N

p p p

N

p T1
2

1

1

1

2

1

2

1

1

1

2

1[ ]

contains the control points.

=
⎛

⎝
⎜

⋮

⋮

⎞

⎠
⎟ =

⎛

⎝
⎜

⋮

⋮

⎞

⎠
⎟

=
⎛

⎝
⎜

⋮

⋮

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟+

E

F F

F F

G

F F

F F

H

F F

F F

q

q

q

… … … , … … … ,

… … … , … ,p

1 2

3 4

5 6

6 5

8 6

6 8

1
1

2

where

=

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

− −

⋱ ⋱ ⋱
⋱ ⋱ ⋱

− −

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

F

h h h h

D D D D D

D D D D D

D D D D D

D D D D D

h h h h

1 26 66 26 1

5 50
0

50 5
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0

50 5

1 26 66 26 1

,1

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

=

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜
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⋱ ⋱ ⋱
⋱ ⋱ ⋱
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− −

⎞

⎠
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0
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,2

6 7 7 6
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⎛

⎝
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⎜
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⎜
⎜
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⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

F

E E E E E

E E E E E

E E E E E

E E E E E
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0 0 0 0 0

,3

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

1 2 3 4 5

=

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
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0

50 5
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0

5 50
0
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6 7 8 9
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=
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⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜
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⎜
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⎜
⎜
⎜
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⎛
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⎜
⎜
⎜
⎜
⎜
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⎜
⎜
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⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
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⎜
⎜
⎜
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h
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Z
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p
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p
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p
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p
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1
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1
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1

1
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1
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( )

( )

( )

( )

( )

( )

( )

( )

6 Initial state

Initial vectors μ
j

0 and νj
0 have been calculated from the ICs.

To start iteration on Eqs. (5.8) and (5.9), a suitable initial
vector = − − + − − +

+
F α α β β β β, , …, , , , …,

N N

p T0
2

0

1

0

2

0

2

0

1

0

2

1[ ] can be calcu-
lated. The determination of the initial state is achieved by
employing the ICs and their derivatives at the boundaries
in a specific manner:

⎧
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⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
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= − − + +

− −

− −

− − + +
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The matrix form for the aforementioned system is given as
follows:

=AF E ,0 (6.1)

where
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7 Algorithm

Numerical solution of time fractional partial difference
equation can be obtained using B-spline functions, if
someone goes to following steps:
• Proceed by establishing the TFCBBE model.
• Set up effective techniques to discretize the spatial
domain and time domain like Caputo function and piece-
wise QBS basis function.

• For each time step, the linear system is set up and
matrices of order + × +N N2 10 2 10( ) ( ) are constructed.

• For each time step, we solve the system in question using
Mathematica 13.2.

8 Stability analysis

Stability analysis is associated with computational method
errors that exhibit no growth with the advancement of the
technique. An algorithm is considered unconditionally
stable when errors in a scheme still bounded. A stability
study is shown to confirm that errors are not amplified
by the scheme. There is a close relationship between the
numerical scheme’s stability and numerical error. The
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principle of stability is linked to defects in computing tech-
niques that never increase as the approach advances [47]. In
this section, we use Fourier series technique to evaluate the
stability of the proposed methodology [48]. The non-linear
terms are temporarily frozen to conduct stability analyzis.
Consequently, U and V have been frozen as constants ω1

and ω2, respectively [49]. Stability analyzis is only suitable
for linear equations. By replacing an approximation of the
equation, the subsequent Eqs. (5.6) and (5.7) are developed:
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=
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(8.2)

Consider ũj

p and ṽj

p are the approximated solution of
(8.1) and (8.2) with errors αj

p and β
j

p, which are defined as
follows:

⎧
⎨
⎩
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α U u

β V v

˜ ,

˜ ,

j

p

j
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j

p

j

p
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p
(8.3)

where =p M0, 1,…, , and = −j N0, 1,… 1, using QBS basis
function, Eqs. (8.1) and (8.2) becomes:
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Now consider the Fourier series [50] solution in difference
expressions, which can be characterized as:
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(8.6)

where = ∕ξ π L2 .x ( ℓ ) Eqs. (8.7) and (8.8) can be obtained
using Fourier series in (8.4) and (8.5):
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Eqs. (8.9) and (8.10) can obtained by utilizing the relation
+ =−e e ξ h2 cosiξ h iξ h

x
x x ( ) in Eqs. (8.7) and (8.8):
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Taking = + +U CA CA ξ h CA ξ h˜ 66 2 cos 2 52 cosx x0 0 0( ) ( ),
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Using the aforementioned abbreviations, Eq. (8.9)

implies that
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Similarly for Eq. (8.10).

Theorem 1. If the solution of (8.12) is Ãp and Ẽp represents a
positive constant, then we have

≤ = −A E A where p M˜ ˜ ˜ , 1, 2, 3,…, 1.p p 0∣ ∣ ∣ ∣ (8.14)

Proof. To prove this result (8.13), we use induction method.
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Using the convergence of the series, there exists a positive
constant P , such that
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Eq. (8.13) provides
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where = +G̃
ιW

U ιV

˙ ˜

˜ ˙ ˜

∣ ∣

∣ ∣
. □

Remark 1. Similar to the aforementioned pattern, we have

≤ = − −B I B p M M˜ ˜ , 1, 2,…, 2, 1.p p 0∣ ∣ ∣ ∣ (8.17)

Here, Ip is a positive constant.

9 Convergence analyzis

Theorem 2. Let Uj

p, and Vj

p be the exact solutions, and U j

p͠

and V j

p͠ be the time-discrete values of the TFCBBE. Then,
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j

p
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p
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β V V
p

j

p

j

p1͠ ͠ .

Proof. Let U and V be positive constants, and let χ
1
͠ and χ

2
͠

represent certain parameters in the analyzis. In this case,
the linearized time-discrete solutions are as follows:
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By substituting =p 0 in (9.2), we have
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As =α 00͠ , and taking inner product w.r.t α 1͠ , we obtain
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Given that Eq. (9.6) is valid for values of p ranging from
0 to −M 1. Next, by computing the inner product of
Eq. (9.2) with +αp 1, we conclude
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≤ + + + ++
−α G τ G τ G τ G τ… ,p

p p
1

0
2

1
2

1
2 2‖ ‖͠

≤+α Gτ ,p 1 2‖ ‖͠ (9.7)

where G G G, ,…, p0 1 are constants independent of τ .
Similarly, we can proof it for (5.7). □

10 Illustration of numerical
examples and discussion

Numerical results are presented in this section to verify the
accuracy of the schemeusing the error norms L2 and ∞L [44], i.e.,
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Example 10.1. Take the TFCBBE with Caputo sense, when
= = − ∕a a 1 21 2 and = =b b 21 2 ,
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The exact solutions = + ⎛
⎝

⎞
⎠U x t t h, 1 tan

x

2

2

( ) and =V x t,( )

⎛
⎝

⎞
⎠t hsec

x1

2 2

2

are taken for comparison purpose between

numerical solutions.
Tables 2–4 present the comparison between the exact

and approximate solutions, along with the error norms for
solutionU x t,( ) at various stages of λ, when the parameters

Table 2: Comparison between exact and approximate solutions U x t,( ) at x and λ, for example 10.1 with error norms, at =T 0.05, =N 100,
and =τ 0.002

x Exact solution Approximate solutions

==λ 0.3 ==λ 0.5 ==λ 0.7 ==λ 0.9

−25 1.0025 1.0025 1.0025 1.0025 1.0025
−20 1.0025 1.0025 1.0025 1.0025 1.0025
−15 1.0025 1.0025 1.0025 1.0025 1.0025
−10 1.0025 1.0025 1.0025 1.0025 1.0025
−5 1.00243 1.00243 1.00243 1.00243 1.00244
0 1 1 1 1 1
5 1.00243 1.00243 1.00243 1.00243 1.00244
10 1.0025 1.0025 1.0025 1.0025 1.0025
15 1.0025 1.0025 1.0025 1.0025 1.0025
20 1.0025 1.0025 1.0025 1.0025 1.0025
25 1.0025 1.0025 1.0025 1.0025 1.0025
L∞

⋯ × −1.26147 10 7 × −2.96880 10 7 × −1.16733 10 6 × −4.40604 10 6

L2
⋯ × −2.22257 10 7 × −8.58436 10 7 × −3.76634 10 6 × −4.77101 10 6
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are =N 100 and =τ 0.002 at different values of =T 0.05,
=T 0.1 and =T 0.3, respectively. Tables 5–7 present the

comparison between the exact and approximate solutions,
along with the error norms for solution V x t,( ) at various
stages of λ, with parameters =N 100, =τ 0.002 at various
time levels = =T T0.05, 0.1, and =T 0.3, respectively.
Tables 8 and 9 represent the comparison between
exact and approximate solutions, as well as their absolute
errors, at various stages of x , with Table 8 concentrating on
solution U x t,( ), while Table 9 on solution V x t,( ). The
order of convergence is shown in Table 10 for different
value of N with =λ 0.3 and =τ 0.002. Figure 1 shows
the D3 graphs of the exact and approximate solutions of
functions with =N 50, =λ 0.55, and =τ 0.002. Figure 2

shows the D2 comparison between the exact and approx-
imate solutions of functions with = =N λ50, 0.55, and

=τ 0.002, which demonstrate the effectiveness, reliability,
and accuracy of the proposed method. Contour plots are
presented in Figure 3, which represents the error value
under the relation between x and t, =N 100, =λ 0.5, and

=τ 0.01. The graphically comparison between exact and
approximate solutions is presented in Figure 4 at various
time levels, =N 100, =λ 0.3, and =τ 0.01, which demon-
strate the convergence behavior on solution by changing
parameter.

Example 10.2. Take the TFCBBE with Caputo sense, when
= = − ∕a a 1 21 2 and = =b b 21 2 ,

Table 3: Comparison between exact and approximate solution U x t,( ) at x and λ, for example 10.1 with error norms, at =T 0.1, =N 100,
and =τ 0.002

x Exact solution Approximate solutions

==λ 0.2 ==λ 0.4 ==λ 0.6 ==λ 0.8

−25 1.01 1.01 1.01 1.01 1.01
−20 1.01 1.01 1.01 1.01 1.01
−15 1.01 1.01 1.01 1.01 1.01
−10 1.01 1.01 1.01 1.01 1.01
−5 1.00973 1.00973 1.00973 1.00974 1.00974
0 1 0.999999 1 1 1
5 1.00984 1.00973 1.00973 1.00974 1.00974
10 1.01 1.01 1.01 1.01 1.01
15 1.01 1.01 1.01 1.01 1.01
20 1.01 1.01 1.01 1.01 1.01
25 1.01 1.01 1.01 1.01 1.01
L∞

⋯ × −5.78594 10 7 × −5.48346 10 7 × −3.23546 10 6 × −1.02358 10 5

L2
⋯ × −7.30939 10 7 × −1.67183 10 6 × −7.80016 10 6 × −3.20482 10 5

Table 4: Comparison between exact and approximate solution U x t,( ) at x and λ, for example 10.1 with error norms, at =T 0.3, =N 100,
and =τ 0.002

x Exact solution Approximate solutions

==λ 0.15 ==λ 0.35 ==λ 0.55 ==λ 0.75

−25 1.09 1.09 1.09 1.09 1.09
−20 1.09 1.09 1.09 1.09001 1.09003
−15 1.09 1.09 1.09 1.09 1.09003
−10 1.08998 1.08998 1.08998 1.09001 1.09001
−5 1.08761 1.08761 1.08761 1.08756 1.08764
0 1 0.999994 0.999995 1.00006 1
5 1.08761 1.08761 1.08761 1.08765 1.08763
10 1.08998 1.08998 1.08998 1.08996 1.09001
15 1.09 1.01 1.09 1.08997 1.09001
20 1.09 1.01 1.09 1.08999 1.08988
25 1.09 1.01 1.09 1.09 1.09
L∞

⋯ × −5.80583 10 6 × −5.15679 10 6 × −7.95714 10 5 × −1.77465 10 4

L2
⋯ × −6.42375 10 6 × −1.14088 10 5 × −3.35673 10 4 × −2.96010 10 4
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with ICs
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Table 5: Comparison between exact and approximate solution V x t,( ) at x and λ, for Example 10.1 with error norms, at =T 0.05, =N 100,
and =τ 0.002

x Exact solution Approximate solutions

==λ 0.3 ==λ 0.5 ==λ 0.7 ==λ 0.9

−25 × −6.9439 10 14 × −7.81317 10 14 × −9.01927 10 14 × −7.72032 10 15 × −2.15863 10 13

−20 × −1.03058 10 11 × −1.16912 10 9 × −5.03530 10 9 × −1.4527 10 9 − × −2.52653 10 9

−15 × −1.52951 10 9 × −9.76047 10 9 × −1.54829 10 9 × −152807 10 9 × −1.53077 10 9

−10 × −2.26979 10 7 × −2.38124 10 7 × −2.26166 10 7 × −2.27021 10 7 × −2.27177 10 7

−5 × −3.32403 10 5 × −3.32399 10 5 × −3.32474 10 5 × −3.32458 10 5 × −3.32691 10 5

0 × −1.2500 10 3 × −1.24953 10 3 × −1.24730 10 3 × −1.2473 10 3 × −1.2512 10 3

5 × −3.32403 10 5 × −3.32048 10 5 × −3.32435 10 5 × −3.32502 10 5 × −3.32765 10 5

10 × −2.26979 10 7 × −1.88161 10 7 × −2.33882 10 7 × −2.27044 10 7 × −2.27225 10 7

15 × −1.52951 10 9 × −1.57638 10 8 − × −2.22692 10 8 × −2.08190 10 9 × −1.48753 10 9

20 × −1.03058 10 11 × −1.18093 10 7 − × −2.18426 10 7 − × −1.21832 10 7 − × −4.37435 10 8

25 × −6.9439 10 14 × −7.05090 10 14 × −6.98036 10 14 × −6.98046 10 14 × −6.97360 10 14

L∞
⋯ × −4.65728 10 7 × −1.14726 10 6 × −2.49140 10 6 × −1.63800 10 5

L2
⋯ × −6.93112 10 7 × −1.83436 10 6 × −2.18317 10 6 × −4.41643 10 6

Table 6: Comparison between exact and approximate solution V x t,( ) at x and λ, for example 10.1 with error norms, at =T 0.1, =N 100,
and =τ 0.002

x Exact solution Approximate solutions

==λ 0.2 ==λ 0.4 ==λ 0.6 ==λ 0.8

−25 × −2.77759 10 13 × −2.75572 10 13 × −2.67523 10 13 × −2.48375 10 11 × −5.72162 10 13

−20 × −4.12231 10 11 − × −1.66868 10 8 − × −4.20651 10 9 × −2.68595 10 8 × −2.30852 10 8

−15 × −6.11804 10 9 − × −2.59901 10 8 × −8.76182 10 8 × −6.51527 10 9 × −6.09402 10 9

−10 × −9.07916 10 7 × −8.59897 10 7 × −9.75146 10 7 × −9.6256 10 7 × −9.08245 10 7

−5 × −1.32961 10 4 × −1.32901 10 4 × −1.33185 10 4 × −1.32995 10 4 × −1.33007 10 4

0 × −5.00000 10 3 × −4.99803 10 3 × −4.99831 10 3 × −4.99915 10 3 × −5.00190 10 3

5 × −1.32961 10 4 × −1.32976 10 4 × −1.32528 10 4 × −1.32986 10 4 × −1.33047 10 4

10 × −9.07916 10 7 × −9.48299 10 7 × −3.49153 10 7 × −8.9932 10 7 × −9.08510 10 7

15 × −6.11804 10 9 × −1.36481 10 7 × −7.24536 10 9 × −4.58022 10 7 × −1.26859 10 8

20 × −4.12231 10 11 × −2.488557 10 7 × −1.10468 10 6 − × −4.74965 10 6 − × −1.38330 10 6

25 × −2.77759 10 13 × −2.81478 10 13 × −2.77534 10 13 × −2.75883 10 13 × −2.7773 10 13

L∞
⋯ × −1.96598 10 6 × −2.16215 10 6 × −1.111059 10 5 × −2.48323 10 5

L2
⋯ × −2.28444 10 6 × −4.88325 10 6 × −1.85807 10 5 × −2.18902 10 5
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The exact solutions are ⎜ ⎟=
⎛
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+
⎞
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+ +
U x t,

t

e

1

2
2 1

x
1

2

( )
( )

and

= +V x t h x, sec 1 2
t

8
( ) ( ) chosen for comparison purpose

between numerical solutions.
Tables 11 and 13 present the comparison between the

exact and approximate solutions, along with the error
norms of U x t,( ) at various stages of λ, with parameters

=N 100 and =τ 0.002 at different time levels =T 0.01 and
=T 0.03, respectively. Tables 12 and 14 present the compar-

ison between the exact and approximate solutions, along
with the error norms of V x t,( ) at various stages of λ, with

parameters =N 100 and =τ 0.002 at different values of
=T 0.01 and =T 0.03, respectively. Tables 15 and 16 repre-

sent the comparison between exact and approximate solu-
tions, as well as their absolute errors, at various stages of x ,
with Table 15 concentrating on approximate solution
U x t,( ), while Table 16 on approximate solution V x t,( ).
The order of convergence is shown in Table 17 for parameters

=λ 0.75 and =τ 0.002. Figure 5 shows the D3 graphs of the
exact and numerical solutions, with values of parameters

=N 80, =λ 0.7, and =τ 0.002. Figure 6 shows the D2 com-
parison between the exact and numerical solutions when the
values of parameters are =N 50, =λ 0.55, and =τ 0.002,
which demonstrate the effectiveness, reliability and accuracy
of the proposed method. Contour plots are presented in
Figure 7, which represents the error value under the relation
between x and t , with =N 100, =λ 0.7, and =τ 0.002. The
comparison is noted between exact and approximate solu-
tions in Figure 8 at various time level =N 100, =λ 0.7, and

=τ 0.002, which demonstrate the convergence behaviour on
solution by changing parameter.

Example 10.3. Take the TFCBBE with unknown exact func-
tions, when = = − ∕a a 1 21 2 and = =b b 21 2 ,
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Table 7: Comparison between exact and approximate solution V x t,( ) at x and λ, for example 10.1 with error norms, at =T 0.3, =N 100,
and =τ 0.002

x Exact solution Approximate solutions

==λ 0.15 ==λ 0.35 ==λ 0.55 ==λ 0.75

−25 × −2.49983 10 12 × −2.50520 10 12 × −2.67523 10 13 × −2.48375 10 11 × −5.72162 10 13

−20 × −3.71008 10 10 − × −2.23915 10 7 − × −4.20651 10 9 × −2.68595 10 8 × −2.30852 10 8

−15 × −5.50624 10 8 − × −1.87616 10 7 × −8.76182 10 8 × −6.51527 10 9 × −6.09402 10 9

−10 × −8.17125 10 6 × −7.93872 10 6 × −9.75146 10 7 × −9.6256 10 7 × −9.08245 10 7

−5 × −1.19665 10 3 × −1.19647 10 3 × −1.33185 10 4 × −1.32995 10 4 × −1.33007 10 4

0 × −4.50000 10 2 × −4.49825 10 2 × −4.99831 10 3 × −4.99915 10 3 × −5.00190 10 3

5 × −1.19665 10 3 × −1.19707 10 3 × −1.32528 10 4 × −1.32986 10 4 × −1.33047 10 4

10 × −8.17125 10 6 × −8.75482 10 6 × −3.49153 10 7 × −8.9932 10 7 × −9.08510 10 7

15 × −5.50624 10 8 × −1.05676 10 6 × −7.24536 10 9 × −4.58022 10 7 × −1.26859 10 8

20 × −3.71008 10 10 × −1.50328 10 6 × −1.10468 10 6 − × −4.74965 10 6 − × −1.38330 10 6

25 × −2.49983 10 12 × −2.50222 10 12 × −2.77534 10 13 × −2.75883 10 13 × −2.7773 10 13

L∞
⋯ × −1.74828 10 5 × −1.91166 10 5 × −2.03757 10 4 × −6.29592 10 4

L2
⋯ × −1.95213 10 5 × −3.89036 10 5 × −9.44123 10 4 × −1.12051 10 3
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Table 18 represents the approximate solutions at various
stages of x for U x t,( ) and V x t,( ). Figure 9 shows the D3

graphs of approximate solutions, with values of parameters
=N 50, =λ 0.55, and =τ 0.002 forU x t,( ) andV x t,( ). Figure

10 shows the D2 approximate solutions when the values of
parameters are =N 50, =λ 0.55, and =τ 0.002 for U x t,( )

and V x t,( ). Figure 11 shows the approximate solutions at
different values of λ and fixing =N 100, and =τ 0.002.

Table 8: Absolute errors of approximate solution U x t,( ), for example 10.1, when =T 0.01, =τ 0.01, and =N 100

x Exact solution Approximate solutions Absolute errors

==λ 0.35 ==λ 0.55 ==λ 0.35 ==λ 0.55

−25 1.001 1.001 1.001 × −1.99840 10 15 × −5.70655 10 14

−20 1.001 1.001 1.001 × −1.76247 10 8 × −6.78361 10 8

−15 1.001 1.001 1.001 × −1.76096 10 8 × −6.78581 10 8

−10 1.001 1.001 1.001 × −1.75980 10 8 × −6.78474 10 8

−5 1.001 1.001 1.001 × −1.72850 10 8 × −6.62821 10 8

0 1 1 1 × −1.38537 10 10 × −7.69183 10 10

5 1.0001 1.0001 1.001 × −1.66250 10 8 × −6.57614 10 8

10 1.0001 1.0001 1.001 × −1.81281 10 8 × −6.78437 10 8

15 1.0001 1.0001 1.001 × −2.01267 10 8 × −6.78633 10 8

20 1.0001 1.0001 1.001 × −1.24716 10 9 × −6.7998 10 8

25 1.0001 1.0001 1.001 × −2.66454 10 15 × −4.10783 10 14

Table 9: Absolute errors of approximate solution V x t,( ), for example 10.1, when =T 0.01, =τ 0.01, and =N 100

x Exact solution Approximate solutions Absolute errors

==λ 0.35 ==λ 0.55 ==λ 0.35 ==λ 0.55

−25 × −2.77759 10 15 × −1.33013 10 14 × −7.67832 10 14 × −1.05237 10 14 × −7.40056 10 14

−20 × −4.12231 10 13 − × −6.20959 10 11 − × −1.79339 10 11 × −6.25081 10 11 × −1.83461 10 11

−15 × −6.11804 10 11 × −5.60952 10 11 × −6.11649 10 11 × −5.08523 10 12 × −1.55260 10 14

−10 × −9.07916 10 9 × −9.07363 10 9 × −9.08438 10 9 × −5.53505 10 12 × −5.22331 10 12

−5 × −1.32961 10 6 × −1.32992 10 6 × −1.33036 10 6 × −3.08799 10 10 × −7.50350 10 10

0 × −5.00000 10 5 × −4.99957 10 5 × −5.00318 10 5 × −4.27955 10 9 × −3.18371 10 8

5 × −1.32961 10 6 × −1.32951 10 6 × −1.33071 10 6 × −1.05238 10 10 × −1.10208 10 9

10 × −9.07916 10 9 × −1.53254 10 8 × −9.08667 10 9 × −6.24626 10 9 × −7.50843 10 12

15 × −6.11804 10 11 − × −2.41473 10 8 × −7.88437 10 11 × −2.42084 10 8 × −1.76633 10 11

20 × −4.12231 10 13 − × −1.12954 10 8 − × −6.71191 10 9 × −1.12958 10 8 × −6.71233 10 9

25 × −2.77759 10 15 × −2.53736 10 15 × −1.84033 10 15 × −2.40229 10 16 × −9.37258 10 16

Table 10: Order of convergence for example 10.1, with =λ 0.3 and =τ 0.002

N L ∞‖‖ ‖‖ Order CPU L ∞‖‖ ‖‖ Order CPU

(( ))U x t, (( ))V x t,

40 × −7.63248 10 8 ⋯ 9.829 s × −6.61393 10 8 ⋯ 9.829 s

80 × −1.79784 10 8 2.08589 17.656 s × −1.74396 10 8 1.92314 17.656 s

160 × −4.80419 10 9 1.90390 46.891 s × −4.17423 10 9 2.06278 46.891 s

320 × −1.21730 10 9 1.98061 113.342 s × −1.03184 10 9 2.01629 113.342 s
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11 Conclusion

This study provided a new way to use QBS functions to
solve a time–fractional version of the CBBE model. The
model based on describing wave transmission in shallow

water and other physical phenomena in fields like fluid
mechanics and plasma waves. In addition, it helped to
understanding their solutions provided insights into non-
linear wave behaviours, such as bell-shaped and kink-
shaped waves in fluid dynamics and optics. Moreover, it

Figure 1: Space-time graph comparison between exact and approximate solutions, for example 10.1. (a) Exact solution U x t,( ), (b) approximate
solution U x t,( ), (c) exact solution V x t,( ), and (d) approximate solution V x t,( ).

Figure 2: Comparison between 2D exact and approximate solutions, for example 10.1. (a) 2D exact and approximate solutionsU x t,( ) and (b) 2D exact
and approxi solutions V x t,( ).

Effectual quintic B-spline functions for solving the TFCBBE  17



Figure 3: Contour plot for example 10.1. (a) Error analysis U x t,( ) and (b) error analysis of V x t,( ).

Figure 4: Comparison between exact and approximate solutions at various time levels, for example 10.1. (a) ForU x t,( ), (b) forV x t,( ), (c) forU x t,( ),
(d) for V x t,( ).
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Table 11: Comparison between exact and approximate solution ofU x t,( ) at x and λ, for example 10.2 with error norms, at =T 0.01, =N 100, and =τ 0.002

x Exact solution Approximate solutions

==λ 0.3 ==λ 0.5 ==λ 0.7 ==λ 0.9

−25 −0.495 −0.495 −0.495 −0.495 −0.495

−20 −0.495 −0.494985 −0.49501 −0.49501 −0.49501

−15 −0.495 −0.494982 −0.49501 −0.49501 −0.49501

−10 −0.495 −0.494999 −0.49501 −0.49501 −0.49501

−5 −0.495055 −0.495078 −0.495065 −0.495065 −0.495065

0 −0.498112 −0.498203 −0.498116 −0.498116 −0.498116

5 −0.49998 −0.499942 −0.49998 −0.49998 −0.49998

10 −0.5 −0.499997 −0.5 −0.5 −0.5

15 −0.5 −0.500005 −0.5 −0.5 −0.5

20 −0.5 −0.499999 −0.5 −0.5 −0.5

25 −0.5 −0.5 −0.5 −0.5 −0.5

L∞
⋯ × −9.80707 10 5 × −2.02848 10 5 × −1.69836 10 5 × −1.59361 10 5

L2
⋯ × −2.44472 10 4 × −4.97967 10 5 × −483436 10 5 × −4.7895 10 5

Table 12: Comparison between exact and approximate solution ofV x t,( ) at x and λ, for example 10.1 with error norms, at =T 0.01, =N 100, and =τ 0.002

x Exact solution Approximate solutions

==λ 0.3 ==λ 0.5 ==λ 0.7 ==λ 0.9

−25 × −1.31072 10 24 × −4.15862 10 15 − × −3.91801 10 14 × −2.01169 10 13 × −1.3826 10 13

−20 × −2.88706 10 20 × −5.15983 10 5 − × −6.38002 10 7 − × −1.16338 10 7 − × −2.5133 10 8

−15 × −6.35916 10 16 × −3.16867 10 5 × −5.45180 10 9 × −2.57366 10 12 − × −1.5991 10 11

−10 × −1.40070 10 11 × −2.29476 10 4 × −9.75146 10 7 × −3.18296 10 11 × −2.07311 10 11

−5 × −3.08525 10 7 × −3.70708 10 4 × −2.82478 10 7 × −3.13345 10 7 × −3.09519 10 7

0 × −8.10068 10 4 × −649279 10 4 × −8.03862 10 4 × −8.0758 10 4 × −8.08229 10 4

5 × −4.17543 10 8 × −1.74435 10 4 × −8.15252 10 8 × −4.40967 10 8 × −4.2046 10 8

10 × −1.89564 10 12 × −8.69702 10 5 − × −1.78631 10 10 × −8.69448 10 12 × −4.27815 10 12

15 × −8.60619 10 17 − × −1.37061 10 5 × −8.39288 10 13 × −4.07394 10 14 × −1.69271 10 14

20 × −3.90721 10 21 − × −8.7289 10 6 − × −1.21386 10 14 − × −1.11335 10 15 × −4.47313 10 15

25 × −1.77387 10 25 − × −5.06571 10 16 × −2.04785 10 16 − × −1.09588 10 16 − × −3.97781 10 16

L∞
⋯ × −4.66635 10 4 × −3.33530 10 5 × −1.12099 10 5 × −7.50260 10 6

L2
⋯ × −1.12198 10 3 × −3.12980 10 5 × −8.99922 10 6 × −6.04422 10 6

Table 13: Comparison between exact and approximate solution ofU x t,( ) at x and λ, for example 10.2 with error norms, at =T 0.03, =N 100, and =τ 0.002

x Exact solution Approximate solutions

==λ 0.25 ==λ 0.45 ==λ 0.65 ==λ 0.85

−25 −0.485 −0.485 −0.485 −0.485 −0.485

−20 −0.485 −0.484998 −0.485066 −0.48503 −0.485029

−15 −0.485 −0.484995 −0.485018 −0.48503 −0.485029

−10 −0.485001 −0.485013 −0.485031 −0.485031 −0.48503

−5 −0.485165 −0.485202 −0.485195 −0.485194 −0.48503

0 −0.494337 −0.494367 −0.494334 −0.494349 −0.494349

5 −0.499939 −0.499955 −0.499939 −0.499939 −0.499939

10 −0.5 −0.499994 −0.5 −0.5 −0.5

15 −0.5 −0.499982 −0.5 −0.5 −0.5

20 −0.5 −0.499992 −0.5 −0.5 −0.5

25 −0.5 −0.5 −0.5 −0.5 −0.5

L∞
⋯ × −5.80583 10 6 × −1.75136 10 4 × −6.01763 10 5 × −5.15177 10 5

L2
⋯ × −6.42375 10 6 × −2.62023 10 4 × −1.47854 10 4 × −1.4405 10 4
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Table 14: Comparison between exact and approximate solution of V x t,( ) at x and λ, for example 10.2 with error norms, at =T 0.03, =N 100,
and =τ 0.002

x Exact solution Approximate solutions

==λ 0.15 ==λ 0.35 ==λ 0.55 ==λ 0.75

−25 × −3.93216 10 24 × −2.42861 10 16 × −4.30016 10 15 − × −2.43008 10 13 − × −2.8619 10 13

−20 × −8.66117 10 20 × −1.3338 10 4 − × −458796 10 4 − × −1.58780 10 6 − × −4.39797 10 7

−15 × −1.90775 10 15 − × −1.43843 10 4 × −8.89565 10 6 × −1.28768 10 8 × −6.09402 10 9

−10 × −4.2021 10 11 − × −1.19366 10 4 × −1.83923 10 6 × −2.06518 10 10 − × −3.07743 10 10

−5 × −9.25574 10 7 × −1.24296 10 4 × −1.33185 10 6 × −8.96957 10 7 × −9.43235 10 7

0 × −2.43020 10 3 × −2.40235 10 3 × −2.43679 10 3 × −2.41439 10 3 × −2.42246 10 3

5 × −1.25263 10 7 × −6.87115 10 5 × −1.70851 10 5 × −2.00331 10 7 × −1.33549 10 7

10 × −5.68692 10 12 × −9.2443 10 4 − × −5.31934 10 7 − × −1.50672 10 10 × −3.03963 10 11

15 × −2.58186 10 16 × −1.42914 10 5 − × −1.22619 10 8 × −4.19551 10 13 × −1.37607 10 13

20 × −1.17216 10 20 − × −6.39416 10 5 × −7.42182 10 10 − × −1.1474 10 14 × −1.16415 10 14

25 × −5.32161 10 25 − × −4.78926 10 16 − × −1.64338 10 16 × −4.93712 10 17 − × −1.40068 10 16

L∞
⋯ × −2.43737 10 4 × −5.50774 10 4 × −8.78161 10 5 × −3.70859 10 5

L2
⋯ × −6.95266 10 4 × −1.01278 10 5 × −8.06507 10 5 × −302112 10 5

Table 15: Absolute errors of U x t,( ) for example 10.2, when =T 0.01, =τ 0.01, and =N 100

x Exact solution Approximate solutions Absolute errors

==λ 0.75 ==λ 0.95 ==λ 0.75 ==λ 0.95

−25 −0.495 −0.495 −0.495 × −4.87332 10 13 × −6.86423 10 14

−20 −0.495 −0.49501 −0.49501 × −9.82669 10 6 × −9.85125 10 8

−15 −0.495 −0.49501 −0.49501 × −9.82836 10 6 × −9.85576 10 6

−10 −0.495 −0.49501 −0.49501 × −9.82760 10 6 × −9.85501 10 6

−5 −0.495055 −0.495065 −0.495065 × −9.71667 10 6 × −9.74600 10 6

0 −0.498112 −0.498116 −0.498116 × −3.87346 10 6 × −3.77554 10 6

5 −0.49998 −0.49998 −0.49998 × −3.88119 10 8 × −3.96451 10 8

10 −0.5 −0.5 2.68014 × −2.61624 10 10 × −2.68014 10 10

15 −0.5 −0.5 −0.5 × −1.73955 10 12 × −1.80456 10 12

20 −0.5 −0.5 −0.5 × −7.10543 10 15 × −1.92624 10 14

25 −0.5 −0.5 −0.5 × −7.53286 10 14 × −2.29317 10 13

Table 16: Absolute errors of V x t,( ) for example 10.2 at =T 0.01, =τ 0.01, and =N 100

x Exact solution Approximate solutions Absolute errors

==λ 0.75 ==λ 0.95 ==λ 0.75 ==λ 0.95

−25 × −1.31072 10 24 × −1.53111 10 13 − × −2.83178 10 12 × −1.53111 10 13 × −2.83178 10 12

−20 × −2.88706 10 20 − × −7.81670 10 8 − × −1.74722 10 8 × −7.81670 10 8 × −1.74722 10 8

−15 × −6.35916 10 16 − × −2.88217 10 11 − × −1.13142 10 11 × −2.88223 10 11 × −1.13148 10 11

−10 × −1.40070 10 11 × −2.81635 10 11 × −0.92180 10 11 × −1.41565 10 11 × −55.21104 10 12

−5 × −3.08525 10 7 × −3.12071 10 7 × −3.09086 10 7 × −3.54663 10 9 × −5.61068 10 10

0 × −8.10068 10 4 × −8.07838 10 4 × −8.08283 10 4 × −2.22965 10 6 × −1.78443 10 6

5 × −4.17543 10 8 × −4.30710 10 8 × −4.19361 10 8 × −1.31680 10 9 × −1.81843 10 10

10 × −1.89564 10 12 × −7.12717 10 12 × −3.73727 10 12 × −5.23153 10 12 × −1.84163 10 12

15 × −8.60619 10 17 × −3.48272 10 14 × −3.74397 10 14 × −3.47411 10 14 × −3.65177 10 14

20 × −3.90721 10 21 − × −3.08899 10 15 × −3.03725 10 14 × −3.08899 10 15 × −3.03725 10 14

25 × −1.77387 10 25 − × −3.76144 10 16 × −5.59587 10 17 × −3.76144 10 16 × −5.59587 10 17
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can be applied to simulate real-world phenomena such as
tsunami propagation, sediment transport, and wave inter-
actions in optical fibres under some limitations like BCs and
parameter tuning, which depend on scenarios. The approach
combined the QBS functions with the Crank–Nicholson
scheme and θ-weighted method, delivering a smooth,

accurate solution with C4 continuity at joints. The Caputo
fractional derivative employed to handle the fractional aspect
of the model. This is the first application of the proposed
method to this equation, highlighting its novelty in achieving
enhanced precision and stability for fractional–order models.
To assess how effective the suggested numerical algorithm is,

Table 17: Order of convergence for example 10.2 when =λ 0.3 and =τ 0.002

N L ∞‖‖ ‖‖ Order CPU L ∞‖‖ ‖‖ Order CUP

(( ))U x t, (( ))V x t,

40 × −1.58885 10 5 ⋯ 13.984 s × −2.04443 10 4 ⋯ 13.984 s
80 × −4.23290 10 6 1.90827 23.451 s × −4.88503 10 5 2.06526 23.451 s
160 × −1.07637 10 6 1.90390 53.969 s × −1.24173 10 5 1.97602 53.969 s
320 × −2.53249 10 7 2.08755 120.786 s × −2.93454 10 6 2.08115 120.796 s

Figure 5: 3D graph comparison between exact and approximate solutions, for example 10.2. (a) Exact solution U x t,( ), (b) approximate solution
U x t,( ), (c) exact solution V x t,( ), and (d) approximate solution V x t,( ).
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Figure 6: 2D graph comparison between exact and approximate solutions, for example 10.2. (a) 2D exact and approximate solutionsU x t,( ) and (b) 2D
exact and approximate solutions V x t,( ).

Figure 7: Contour plot, for example 10.2. (a) Error analysis U x t,( ) and (b) error analysis of V x t,( ).

Figure 8: 2D graph comparison between exact and approximate solutions, for example 10.2. (a) For U x t,( ) and (b) for V x t,( ).
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Table 18: Approximate solution for example 10.3 at =T 0.01, =τ 0.002, and =N 80

For (( ))U x t, For (( ))V x t,

x ==λ 0.375 ==λ 0.575 ==λ 0.775 ==λ 0.375 ==λ 0.575 ==λ 0.775

−25 0.5001 0.5001 0.5001 × −8.65349 10 15 − × −9.15430 10 14 − × −2.65199 10 13

−20 0.5001 0.5001 0.5001 × −2.34154 10 11 × −1.76253 10 11 × −1.96344 10 10

−15 0.5001 0.5001 0.5001 × −3.12554 10 11 × −3.04940 10 11 × −3.08183 10 11

−10 0.5001 0.5001 0.5001 × −4.52402 10 9 × −4.54006 10 9 × −4.54131 10 9

−5 0.500097 0.500097 0.500097 × −6.64732 10 7 × −6.64853 10 7 × −6.65050 10 7

0 0.5 0.5 0.5 × −2.49678 10 5 × −2.49998 10 5 × −2.50095 10 5

5 0.500097 0.500097 0.500097 × −6.64640 10 7 × −6.4891 10 7 × −6.65081 10 7

10 0.5001 0.5001 0.5001 × −4.53646 10 9 × −4.53982 10 9 × −4.54137 10 9

15 0.5001 0.5001 0.5001 × −1.01887 10 10 × −2.99043 10 11 × −2.07756 10 11

20 0.5001 0.5001 0.5001 − × −1.35719 10 9 − × −3.01356 10 10 − × −1.87493 10 10

25 0.5001 0.5001 0.5001 × −1.42570 10 15 × −1.32021 10 15 × −1.45449 10 15

Figure 9: 3D graph of approximate solutions, for example 10.3. (a) Approximate solution U x t,( ) and (b) approximate solution V x t,( ).

Figure 10: 2D graph of approximate solutions, for example 10.3. (a) 2D exact and approximate solutions U x t,( ) and (b) 2D exact and approximate
solutions V x t,( ).
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we have solved two new numerical test problems that have
never been considered previously. The numerical algorithm
represented the unconditionally stability of the proposed
scheme. The correctness and usefulness of the technique
have been demonstrated by the findings displayed in the
tables and figures. The differences between exact and approx-
imate values have been compared, and the errors between
them have been identified. The numerical findings have been
obtained with help of Mathematica 13.2 and concluded that
the proposed approach provided a more satisfactory results.
Future scope of the suggested technique will extend it for
solving multi-variate fractional models, which help us to
investigate complex wave dynamics in multi-dimensional
shallow water systems. In other words, the suggested
approach is extensible and can be used to solve more non-
linear partial differential equations that come up in mathe-
matical physics.

11.1 Key advantages of using the QBS
collocation method

The QBS collocation method is a potent tool for solving
fractional and classical differential equations because it
has a number of benefits. The great precision, stability,
and C4 smoothness of the QBS collocation method make
it beneficial. It is particularly useful for issues that call for
the depiction of complex geometries, smooth solutions, or
higher-order derivatives. It is a flexible and dependable
approach for sophisticated numerical simulations and ana-
lyzis because of these benefits. It provides a numerical
solution in piecewise polynomial form having C4 conti-
nuity at the joint points of the equally spaced domain. It
also provides a numerical solution at each point of the
domain.

11.2 Limitations of the QBS collocation
method

High accuracy and smoothness are provided by the QBS
collocation method, but like any method, it has certain
limitations: compared to cubic or quartic B-splines, the
functions involving more terms result in more complex
calculations, higher memory usage, more complicated
implementation, and sensitivity to problem setup in terms
of collocation points and knots. It works best in applica-
tions that demand high accuracy and have a smooth pro-
blem domain and solution. However, other approaches
might be more useful for irregular domains, large-scale
calculations, or non-smooth situations.
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