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Abstract: The purpose of this work is to study the physical
phenomena of the doubly dispersive model that controls
chaotic wave movement in the elastic Murnaghan’s rod. The
method of Hirota bilinear transformation is employed to
derive various forms of solitary wave solutions, such as mul-
tiple waves, periodic lump waves, periodic cross-kink waves,
homoclinic breather waves, dark soliton, and mixed waves. In
order to see their physical behavior, we use the Mathematica
software with selected values of the model parameters to
depict their graphical behavior.
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formation, periodic cross-kink, lump solutions, homoclinic
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1 Introduction

Nonlinear partial differential equations (NLPDEs) are used
to characterize numerous physical phenomena that arise
in real-world contexts [1,2]. They have many applications
in scientific domains such as predator–prey systems with
diffusion [3], fluid dynamics [4], plasma physics [5], non-
linear fiber optics [6], biological membrane [7], chaos
theory for dynamical systems [8], ion acoustic [9], commu-
nication system [10], nonlinear elastic solids [11], and many
other scientific disciplines. In that context, studies to derive
traveling wave solutions and soliton solutions of NLPDE have
been carried out by many investigators. That has led to the
emergence of many techniques, such as the sine and cosine
method [12], the simple equation method [13], the ϕ6-expan-
sion method [14], the Ricatti equation mapping method [15],
Hirota’s bilinear method [16], the Sardar sub-equation tech-
nique [17], the Jacobi elliptic function expansion (JEFE)
method [18], the sinh-Gordon equation expansion method
and its extended form [19,20], the ′G

G2
-expansion technique

[21], Darboux’s transformation approach [22], the inverse
scattering technique [23], the Bäcklund transformation
approach [24], Piccard’s iterative method [25], the homotopy
analysis method [26], and many others.

The objective of this work is to employ the Hirota
bilinear approach to obtain some novel exact traveling-
wave solutions and soliton solutions for a doubly dispersive
equation (DDE), which is obtained from nonlinear two-direc-
tional long-wave models for longitudinal waves in nonlinear
dynamic elasticity. This model is expressed as [27]
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where ( )=Q Q x t, is the function of the wave strain, x

is the spatial variable, t is the time, ν is the density, δ is
a relatively small parameter, =q

B

A
and =q

M

A
represent

the scale factors, and the Poisson parameter is given by
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. The DDE is a significant nonlinear evolution

model commonly employed to describe wave motion in
elastic media with spatial inhomogeneities, such as
Murnaghan’s rod [28]. This equation is significant in var-
ious engineering fields that deal with nonlinear elastic
solids, especially in seismology, acoustics, and materials
engineering. The solitary strain waves derived from the
DDE have applications in long-distance power transmis-
sion, non-destructive testing (NDT) methods, and vibration
paving of stiff materials.

The DDE has second-order time and space derivatives
that are important in analyzing one-way or two-way traveling
waves, such as shock waves, tsunamis, solitons, and wave
structures. It is found to be of the same form as the
Boussinesq equation in shallow water wave theory [29–32].
Solitons, which are derived from delayed differential equa-
tions, are significant in various fields. For example, they are
used in seismology to describe the process of energy transfer
in the course of earthquakes. In acoustics, they assist in the
development of sound wave technologies. Soliton waves are
also important in studying long-distance energy transfer
without dissipation. Furthermore, solitarywaves are essential
for NDT, which is used to inspect materials such as pipelines
and structural components without causing damage. The DDE
also serves as a foundation for exploring nonlinear
mechanics and condensed matter physics. The general form
of the DDE after rescaling is (see [33])

( )− − + + =Q k Q k Q k Q k Q 0.tt xx tt xx xx1 2
2

3 4 (1.2)

This equation encompasses the appropriate balance
between the second time and spatial derivatives with the
help of both nonlinear and dispersive constituents. The
symbols k1, k2, k3, and k4 are non-dimensional parameters,
which are specific to the material and influence wave pro-
pagation in the medium.

There are many reports in the literature that study
DDE solutions. For example, using the sine-Gordon expan-
sion technique, Yel [34] obtained traveling-wave solutions
of the DDE in nonlinear dynamic elasticity. On the other
hand, Cattani et al. [27] adapted the extended sinh-Gordon
expansion approach and the modified ( ( ))−ϕ ξexp expan-
sion approach to obtain singular topological and non-topo-
logical soliton-type and periodic wave solutions for the
DDE. Ahmed et al. [35] implemented the improved modi-
fied extended tanh-function technique on the DDE and
generated novel solutions, such as bright and dark solitons,
Jacobi elliptic solutions and Weiss elliptic solutions.
Alharthi [36] considered DDE in order to explain the phe-
nomena of wave propagation utilizing the extended gen-
eralized exponential rational function technique and the
Jacobi elliptic function technique on the contour sets, thus

obtaining new solutions. Meanwhile, Rehman et al. [37]
used the Sardar sub-equation method (SSEM) to find var-
ious wave solutions to the DDE for Murnaghan’s rod. Some
works by Ozisik et al. [38] were devoted to investigating the
extended Kudryashov technique together with the Ber-
noulli–Riccati technique to find the solution of the DDE.
In that way, they reached topological, non-topological
and singular solitons, periodic, and rational solutions.

On the other hand, Ibrahim et al. [39] derived optical
solitons of the DDE via the Sardar sub-equation. Those
solutions describe shallow water flow in a vertically
vibrating container with a free surface of small depth.
Younas et al. [40] studied the DDE in Murnaghan’s rod
and derived several soliton solutions through the new
extended direct algebraic method new extended direct
algebraic method and the generalized Kudryashov method
GKM. The DDE for Murnaghan’s rod was solved by Silam-
barasan et al. [30] using the F-expansion method. They
obtained periodic wave solutions as well as non-topolo-
gical, singular, and compound solitons. Abourabia and
Eldreeny [41] addressed the DDE for strain waves in cylind-
rical rods by using the ecommutative hyper-complex alge-
braic method. Their results exhibited the characteristics of
solitary waves and their stability was analyzed by using
phase portraits. Also, Asjad et al. [42] gave new solutions in
the form of traveling waves for the DDE via the direct
algebraic extended method. In such way, they produced
a number of different types of solutions. Dusunceli et al.
[43] applied the improved Bernoulli sub-equation function
method (IBSEFM) to the solution of the DDE and calculated
some traveling-wave solutions.

It is worth pointing out that Alquran and Al-Smadi
[33] presented various bidirectional wave solutions to the
generalized DDE using the modified rational sine-cosine
and sinh-cosh functions in conjunction with the unified
method. In this context, Eremeyev and Kolpakov [44] adopted
a numerical approach to investigate the wave propagation in
elastic inhomogeneous materials. These authors reported on
the solitary wave regime and the analysis of its properties.
Eremeyev et al. [45] also used the same model to examine
harmonic wave propagation in elastic inhomogeneous mate-
rials with rheology. In this case, the authors were able to
compute analytical solutions to the dispersion relations and
wave travel for different materials. In turn, Islam [46] used
the modified Khater approach to investigate some wave
solutions to the DDE. By examining the system’s dynamics,
stability, and bifurcation, this author offered novel analytical
perspectives. Khatun et al. [47] investigated the beta space–

time fractional DDE employing the ( )
′
,

G

G G

1 -expansion method
to derive different exact soliton solutions, such as circular,
hyperbolic, and rational forms. They also investigated stability
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via linear analysis and bifurcation theory to uncover varied
wave structures applicable in nonlinear elasticity, plasma,
acoustics, and seismic research. Khater et al. [48] examined
the (2 + 1)-dimensional Zabolotskaya–Khokhlov equation with
dissipation by employing the Khater II method, modified
Kudryashov method, and He’s variational iteration scheme.
The exact and numerical solutions are derived, indicating exact
complex dispersive and dissipative wave structures. The
obtained results supply valuable information for acoustics,fluid
mechanics, and nonlinear optics. Naz et al. [49] appllied the
modified exponential method to the fractional-order longitudinal
wave equation of amagneto-elastic circular rodwith conformable
derivative theory. New kink-shaped, bell-shaped, and bright
soliton solutions are given in the study, which are of significant
physical interest from the graphical analysis. The results are of
paramount significance to tsunami modeling, wave dynamics,
and fractional-order magneto-elastic systems. However, out of
all of the analytical approaches mentioned so far, the Hirota
bilinear method is perhaps one of the most valuable tools in
soliton research. It has greatly contributed to the understanding
of complicated wave structures generated by diverse NLPDEs.

As we will point out in the following section, the exten-
sive applicability of the Hirota bilinear method has been
thoroughly demonstrated in the literature. The results
obtained through this method go beyond the derivation of
classical solitons and includes various other interesting wave
shapes, such as rogue, singular, kink, anti-kink, breather,
M-shaped, and lump waves. Such solutions are not merely
theoretical in nature and can be found in practical usage,
as in wave optical pulses, biological membranes, fluids
dynamics, modeling of shallow water waves, etc. In summary,
these reports exhibit the relevance of the Hirota bilinear
method across disciplines, especially in improving our under-
standing of waves and soliton solutions and their applications
in real life. In this work, we will employ the Hirota bilinear
transformation method to derive solutions of the DDE
described in Eq. (1.2). We have thoroughly reviewed the specia-
lized literature, and, to the best of our knowledge, the Hirota
bilinear transformation approach has not yet been applied to
theDDE inprevious studies.Moreover,wave solutionshavenot
been obtained through this method, and effects of the model
parameters were not addressed either. This points out a gap in
the research literature which this study seeks to address.

2 Method

It is important to note that various researchers have
employed the Hirota bilinear method in recent years to
obtain exact solutions to a variety of NLPDEs. For example,
Alsallami et al. [50] were able to solve the stochastic

fractional Drinfel’d–Sokolov–Wilson equation, Garcia
Guirao et al. [51] used the method to study the fourth-order
extended (2 + 1)-dimensional Boussinesq equation, and
Ceesay et al. [52] were able to study the fluid ionic wave
phenomena. In turn, Yang and Wei [53] also utilized Hir-
ota’s bilinear technique to derive bilinear equations with
indeterminate coefficients for NLPDEs. In a similar setting,
Wazwaz [54] applied both the tanh–coth and Hirota’s bil-
near method, and was able to obtain numerous solutions to
the problem of Sawada–Kotera–Kadmotsev–Petviashvili.
An extensive work on bilinear method was performed by
Hereman and Zhuang [55]. Moreover, other investigators
have also used the Hirota bilinear method in their research
on different models. For instance, Rizvi et al. [56] employed
the Hirota bilinear method to study saturated ferromag-
nets. Wang et al. [57] conducted research of plasma and
fluid dynamics for the generalized ( )+3 1 -dimensional
Kadomtsev–Petviashvili model, while Khan and Wazwaz
[58] also used this method with ansatz functions to derive
several new shapes and many-breather solutions. In addi-
tion, Zhao et al. [59] studied the asymmetric ( )+2 1 -Nizh-
nik–Novikov–Veselov model to provide some lump and
mixed lump-stripe wave solutions. By employing this
approach, Ren et al. [60] explored the Calogero–Bogoyav-
lenskii–Schiff system in dimensions. Also, Rizvi et al. [61]
investigated the coupled Higgs equations via this technique
and Yel et al. [62] studied the Hirota–Maccari system.

In the following, we will derive solutions of the DDE using
the Hirota bilinear method. More precisely, we solve Eq. (1.2)
under the assumption that there exist solutions satisfying

( ) ( )=
= −

Q x t P

x βt

, ϱ ,

ϱ .
(2.1)

In this transformation, the parameter ≠β 0 represents the
wave velocity. Using this transformation, the NLPDE
becomes an ordinary differential equation (ODE) via the
function P of ϱ. Eq. (2.1) is used then to transform Eq. (1.2)
into the ODE:

( ( )) ( )− + − + + − =k P β k k
P

P β k
d
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2 2
3 4

2

2

2
1 (2.2)

We use Eq. (2.2) to determine the different wave structures
that arise from (1.2).

First, suppose that the solution of Eq. (2.2) is of the form
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where ( )=Ω Ω ϱ represents the class of wave functions
considered, and ≠m 0 is a constant to be determined.
Upon substituting Eq. (2.3) into Eq. (2.2), we obtain

Soliton-like solutions for a nonlinear doubly dispersive equation  3



( ) ( )

( ( ))

( ( ) )

( ) ( )

( ( ))

⎟

⎟

⎟

⎟

⎜

⎜

⎜

⎜

= ⎡
⎣⎢

+ + − ⎤
⎦⎥

+ − + ⎛
⎝

⎞
⎠

+ + − ⎛
⎝

⎞
⎠

+
⎡

⎣⎢
− ⎛

⎝
⎞
⎠

− +

+ − + ⎛
⎝

⎞
⎠

⎤

⎦⎥

β k k k β

k m β k k

β k k k m

β k β k k

k m β k k

0 Ω
d Ω

dϱ

d Ω

dϱ

6
dΩ

dϱ

2Ω 6
d Ω

dϱ

dΩ

dϱ

Ω
dΩ

dϱ
4

d Ω

dϱ

dΩ

dϱ

3
d Ω

dϱ
.

3 2
3 4

4

4 1
2

2

2

2
2

3 4

4

2
3 4 2

2

2

2

2 2
1

2

2
3 4

3

3

2
2

3 4

2

2

2

(2.4)

3 Results

We derive various wave structures in the sequel from Eq.
(2.4). To that end, we consider various forms of the func-
tion ( )Ω ϱ . For brevity, if P

*
represents a solution of (2.3),

then the corresponding solution of the DDE will be denoted
by ( ) ( ) ( )= = −Q x t P P x βt

*
,

*
ϱ

*
.

3.1 Multi-wave solutions

Following the approach used in previous studies
[63,64], we will derive multi-wave solutions by using the
function

( ) ( ( )) ( ( ))
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= + + +

+ +

h z g g h z g g
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where gi, hj, and ≠z 0 are the arbitrary constants, for each
≤ ≤i1 6 and ≤ ≤j1 3. We substitute Eq. (3.1) into (2.4).

Next, set the hyperbolic and trigonometric function coeffi-
cients equal to zero. After reducing algebraically, we
obtain the following two groups of solutions:

Group 1

In this case, we consider the constants

( )

=
−

+
=

−

+

=
−

+
=

+

g
β k

β k z k z
g

k β

β k z k z

g
β k

β k z k z
m

β k k

k

4 4

,

2

,

4 4

,
6

,

1

2
1

2
3

2
4

2
3

1
2

2
3

2
4

2

5

2
1

2
3

2
4

2

2
3 4

2

(3.2)

where ≠k k k k, , , 01 2 3 4 are the free constant parameters.
We substitute these constants into Eq. (3.1). Next, we
employ the result in Eq. (2.3) to obtain the solution
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In this case, we will consider the constant =h 01 , along with
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where ≠k k k k, , , 01 2 3 4 are the free parameters. Using these
constants in Eq. (3.1), substituting the result then into
Eq. (2.3), we readily reach that
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3.2 Periodic lump solutions

In this case, we follow the approach used in [63,64], and
allow

( ) ( ) ( ) ( )= + + + + + +g g g g g g gΩ ϱ ϱ ϱ cos ϱ ,
1 2

2

3 4

2

5 6 7
(3.9)

where gi, for each ≤ ≤i1 7, are the arbitrary constants. We
substitute Eq. (3.9) into Eq. (2.4). Next, we set ϱ and the
trigonometric function coefficients equal to zero. In that

way, we obtain solutions for the constant parameter values
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where ≠k k k k, , , 01 2 3 4 are the free parameters.
Substituting these values into Eqs. (3.9) and (2.3), we obtain
that
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3.3 Periodic cross-kink solutions

In order to derive periodic cross-kink solutions of the DDE,
we follow [65,66] and define
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where gi, hj, and ≠z 0 are the arbitrary constants, for each
≤ ≤i1 9 and ≤ ≤j1 3. We substitute Eq. (3.12) into Eq. (2.4).

Next, we set the exponential, hyperbolic, and trigonometric
function coefficients equal to zero, to obtain the following
groups of solutions.
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, and

( ) ( )

( )

( )

= −
−

+
= −

−

+

=
−

+
=

+

g
β k

z β k k
g

β k

z β k k

g
β k

z β k k
m

β k k

k

2

,

2

,

2

,
6

,

1

2
1

2 2
3 4

3

2
1

2 2
3 4

7

2
1

2 2
3 4

2
3 4

2

(3.13)

where ≠k k k k, , , 01 2 3 4 are the free parameters. After repla-
cing these values into Eq. (3.12), and then into Eq. (2.3), we
reach the solution
where

( )

( )

=
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

×
⎛

⎝
⎜

⎛

⎝
⎜ +

−

+

⎞

⎠
⎟
⎞

⎠
⎟

A h z g
β k

z β k k

z g
β k

z β k k

exp
ϱ

2

cosh
ϱ

2

.

7 3 2

2
1

2 2
3 4

8

2
1

2 2
3 4

(3.15)

( )

( )( )( )( ) ( )

( )

( )
⎜ ⎟

⎜ ⎟

⎜ ⎟

=
− + + ⎛

⎝
− ⎛

⎝− + + ⎞
⎠
⎞
⎠

⎛
⎝

+ ⎛
⎝

⎛
⎝ + − ⎞

⎠
⎞
⎠

+
⎞
⎠

+ + −

+

−

+

P

β k h e h h e z g g

k A h z g g

ϱ

3 2 2 exp

2 exp 1

,PCK

g g z g g z
β k

z β k k

β k

z β k k

1

2
1 1 3 3 2 8

ϱ

2 7 1 2 4

ϱ

2

4 8 2 8

2
1

2 2
3 4

2
1

2 2
3 4

(3.14)
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Group 2

In this case, we let =h 01 , =g 0
9

, and

( ) ( )

( )

( )

= −
−

+
= −

−

+

= −
−

+
=

+

g
β k

z β k k
g

k β

z β k k

g
β k

z β k k
m

β k k

k

2

,

2

,

2

,
6

,

1

2
1

2 2
3 4

5

1
2

2 2
3 4

7

2
1

2 2
3 4

2
3 4

2

(3.16)

where ≠k k k k, , , 01 2 3 4 are the free parameters.
Substituting these values into Eq. (3.12), and then the result
into Eq. (2.3), yields the following solution:

( )

( ) ( )
( )

( )
⎟⎜

⎜ ⎟

⎜ ⎟

=

⎛
⎝

+ − ⎛
⎝ − ⎞

⎠ − ⎞
⎠

⎛
⎝

+ ⎛
⎝
− ⎛

⎝ − ⎞
⎠
⎞
⎠
⎞
⎠

−

+

−

+

P

A β k g z A

k A z g

ϱ

3 1 exp 2

2 exp

.

PCK

z β k

z β k k

β k

z β k k

2

9
2 2

1

ϱ

2 10

2

2 11 2

ϱ

2

2

2
1

2 2
3 4

2
1

2 2
3 4

(3.17)

Here,

( )

( )

( )

=
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

×
⎛

⎝
⎜

⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

+
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟
⎞

⎠
⎟

A z g
β k

z β k k

h z g
k β

z β k k

h z g
β k

z β k k

exp
ϱ

2

cos
ϱ

2

cosh
ϱ

2

,

9 2

2
1

2 2
3 4

2 6

1
2

2 2
3 4

3 8

2
1

2 2
3 4

(3.18)

( )

( )

( )

= −
⎛

⎝
⎜

⎛

⎝
⎜−

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

−
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟
⎞

⎠
⎟

+ −
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

A β k z g
β k

z β k k

h z g
β k

z β k k

h k β z g
k β

z β k k

exp
ϱ

2

sinh
ϱ

2

sin
ϱ

2

10
2

1 2

2
1

2 2
3 4

3 8

2
1

2 2
3 4

2 1
2

6

1
2

2 2
3 4

(3.19)

and

( )

( )

=
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

+
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

A h z g
k β

z β k k

h z g
β k

z β k k

cos
ϱ

2

cosh
ϱ

2

.

11 2 6

1
2

2 2
3 4

3 8

2
1

2 2
3 4

(3.20)

3.4 Homoclinic breather solutions

Following previous studies [65,66], homoclinic breather
solutions are obtained when

( ) ( ( )) ( ( ))

( ( ))

= + + − +

+ +

h z g g z g g

h z g g

Ω ϱ exp ϱ exp ϱ

cos ϱ ,

1 3 4 1 2

2 5 6

(3.21)

where gi, hj, and ≠z 0 are the arbitrary constants, for each
≤ ≤i1 6 and ≤ ≤j1 2. Proceeding as before, we substitute

Eq. (3.12) into Eq. (2.4). Next, we set the exponential and
trigonometric function coefficients equal to zero, in order
to derive two groups of solutions.

Group 1

In this case, we let

( )

( )

=
−

+
=

−

+

= −
−

+
=

+

g
β k

β k z k z
g

β k

z β k k

g
k β

β k z k z
m

β k k

k

4 4

,

2

,

2

,
6

,

1

2
1

2
3

2
4

2
3

2
1

2 2
3 4

5

1
2

2
3

2
4

2

2
3 4

2

(3.22)

where ≠k k k k, , , 01 2 3 4 are the free constant parameters.
Inserting these values into Eq. (3.21), and then the result
into Eq. (2.3), we reach the solution

( )

( ( ) ( ))
( )

( )
⎟⎜

⎜ ⎟

⎜ ⎟

=

− − + − ⎛
⎝

⎛
⎝ + ⎞

⎠
⎞
⎠

⎛
⎝

+ ⎛
⎝

⎛
⎝ + + ⎞

⎠
⎞
⎠

+
⎞
⎠

−

+

−

+

P

A β k A β k z g

k A h z g g

ϱ

3 exp

2 exp 1

,

HB

β k

z β k k

β k

z β k k

1

16
2

1
2

15
2

1 2

ϱ

2

2 17 1 2 4

ϱ

2

2
1

2 2
3 4

2
1

2 2
3 4 (3.23)

where

( )

( )

( )

( )

=
⎛

⎝
⎜

⎛

⎝
⎜

⎛

⎝
⎜ +

−

+

⎞

⎠
⎟
⎞

⎠
⎟

+
⎛

⎝
⎜

⎛

⎝
⎜ +

−

+

⎞

⎠
⎟
⎞

⎠
⎟
⎞

⎠
⎟

+
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

×
⎛

⎝
⎜

⎛

⎝
⎜

⎛

⎝
⎜ + +

−

+

⎞

⎠
⎟
⎞

⎠
⎟ +

⎞

⎠
⎟

A h z g
β k

z β k k

h z g
β k

z β k k

h z g
k β

z β k k

h z g g
β k

z β k k

exp
ϱ

2

4 exp
ϱ

2

2 cos
ϱ

2

exp
ϱ

1 ,

15 2

2

2

2
1

2 2
3 4

1 4

2
1

2 2
3 4

2 6

1
2

2 2
3 4

1 2 4

2
1

2 2
3 4

(3.24)
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( )

( )

( )

= −
⎛

⎝
⎜

⎛

⎝
⎜ + +

−

+

⎞

⎠
⎟
⎞

⎠
⎟

×
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

+
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

A h h z g g
β k

z β k k

z g
k β

z β k k

h z g
k β

z β k k

2 exp
ϱ

sin
ϱ

2

2 sin
ϱ

2

,

16 1 2 2 4

2
1

2 2
3 4

6

1
2

2 2
3 4

2 6

1
2

2 2
3 4

(3.25)

and

( )

( )

=
⎛

⎝
⎜

⎛

⎝
⎜ +

−

+

⎞

⎠
⎟
⎞

⎠
⎟

×
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

A h z g
β k

z β k k

z g
k β

z β k k

exp
ϱ

2

cos
ϱ

2

.

17 2 2

2
1

2 2
3 4

6

1
2

2 2
3 4

(3.26)

Group 2

In this group, we let =h 01 ,

( )

=
−

+
= −

−

+

=
+

g
β k

β k z k z
g

k β

β k z k z

m
β k k

k

4 4

,

2

,

6
,

1

2
1

2
3

2
4

2
5

1
2

2
3

2
4

2

2
3 4

2

(3.27)

where ≠k k k k, , , 01 2 3 4 are the free constant parameters.
Proceeding as in the other cases, we obtain the solution

where

( )
( )

( )
( )

= −
⎛

⎝
⎜

⎛

⎝
⎜ +

−

+

⎞

⎠
⎟
⎞

⎠
⎟

+ − −
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

A h β k z g
β k

z β k k

β k z g
k β

z β k k

exp
ϱ

2

2 sin
ϱ

2

.

21 2
2

1 2

2
1

2 2
3 4

2
1

2

6

1
2

2 2
3 4

(3.29)

3.5 Interaction of two-exponent solution

In this case, we follow previous studies [66,67] to obtain
solutions with the interaction of two exponents. To that
end, we let

( ) ( ( )) ( ( ))= + + +h z g g h z g gΩ ϱ exp ϱ exp ϱ ,1 3 4 2 1 2
(3.30)

where gi, hj, and ≠z 0 are the arbitrary constants, for each
≤ ≤i1 4 and ≤ ≤j1 2. Proceeding as earlier, we substitute

Eq. (3.30) into Eq. (2.4). We set the exponential function
coefficients equal to zero. In this case, we obtain tone
group of solutions by letting

( )( )

( )

= +
−

− +

=
+

g g
k β

z β k β k k

m
β k k

k

,

6
,

1 3

1
2

2 2
1

2
3 4

2
3 4

2

(3.31)

where ≠k k k k, , , 01 2 3 4 are the free parameters. Substitute
these constants into Eq. (3.30), and then the result into Eq.
(2.3) to reach the solution

( )

( )
( )

( )( )

( )( )

( )⎜ ⎟⎟⎜

⎜ ⎟

⎜ ⎟

=

− ⎛
⎝

⎛
⎝ + + + ⎞

⎠
⎞
⎠

⎛

⎝
⎛
⎝

⎛
⎝

⎛
⎝ + ⎞

⎠ + ⎞
⎠
⎞
⎠

+
⎞

⎠

−

− +

−

− +
+

P

h h β k z g g g

k h z g g h e

ϱ

6 exp 2 ϱ

exp ϱ

.

MI

k β

z β k β k k

k β

z β k β k k

z g g

1

1 2
2

1 3 2 4

ϱ

2 2 3 2 1
ϱ

2

1
2

2 2
1

2
3 4

1
2

2 2
1

2
3 4

3 4

(3.32)

3.6 Mixed wave solutions

This type of wave structure function is offered by let-
ting [66,67]

( ) ( ( )) ( ( ))

( ( )) ( ( ))

= + + − +
+ + + +
h z g g h z g g

h z g g h z g g

Ω ϱ exp ϱ exp ϱ

sin ϱ sinh ϱ ,

1 1 2 2 1 2

3 3 4 4 5 6

(3.33)

where gi, hj, and ≠z 0 are the arbitrary constants, for each
≤ ≤i1 6 and ≤ ≤j1 4. We substitute Eq. (3.33) into Eq.

(2.4), and set the exponential, hyperbolic, and trigono-
metric function coefficients equal to zero. Two groups of
solutions are derived in this case.

Group 1

In this group, we let

( )

( )
( ) ( )

( ) ( )

⎜ ⎟

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎛
⎝

⎛
⎝ + ⎞

⎠
⎞
⎠
⎛
⎝

+ − ⎛
⎝

⎛
⎝ − ⎞

⎠
⎞
⎠
⎞
⎠

⎛
⎝

⎛
⎝

⎛
⎝ + ⎞

⎠
⎞
⎠

⎛
⎝

⎛
⎝ − ⎞

⎠
⎞
⎠

+
⎞
⎠

−

+

−

+

−

+

−

+

P

h z g A β k z g

k h z g z g

ϱ

3 exp 2 cos

2 exp cos 1

,HB

β k

z β k k

k β

z β k k

β k

z β k k

k β

z β k k

2

2 2

ϱ

2
21

2
1 6

ϱ

2

2 2 2

ϱ

2
6

ϱ

2

2

2
1

2 2
3 4

1
2

2 2
3 4

2
1

2 2
3 4

1
2

2 2
3 4

(3.28)
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( )

=
−

+
= −

−

+

= −
−

+
=

+

g
β k

β k z k z
g

k β

β k z k z

g
β k

β k z k z
m

β k k

k

4 4

,

2

,

4 4

,
6

,

1

2
1

2
3

2
4

2
3

1
2

2
3

2
4

2

5

2
1

2
3

2
4

2

2
3 4

2

(3.34)

where ≠k k k k, , , 01 2 3 4 are the free parameters.
Substituting these values into Eq. (3.33) and into Eq. (2.3),
we have

( )

( ( ) )
( )

( )
⎜ ⎟

⎜ ⎟

⎜ ⎟

=
− − ⎛

⎝
− ⎛

⎝ + ⎞
⎠
⎞
⎠

⎛
⎝

+ ⎛
⎝

⎛
⎝ + ⎞

⎠
⎞
⎠
⎞
⎠

−

+

−

+

P

A β k A z g

k A h z g

ϱ

3 exp 2

2 exp

,

MI

β k

z β k k

β k

z β k k

1

23

2 2
1 24

2

2

ϱ

2

2 25 1 2

ϱ

2

2

2
1

2 2
3 4

2
1

2 2
3 4

(3.35)

where

( )

( )

( )

( )

=
⎛

⎝
⎜ +

−

+

⎞

⎠
⎟

+
⎛

⎝
⎜

⎛

⎝
⎜ +

−

+

⎞

⎠
⎟
⎞

⎠
⎟

⋅
⎛

⎝
⎜

⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

+
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟
⎞

⎠
⎟ +

A h g z
z β k

z β k k

z g
β k

z β k k

h z g
k β

z β k k

h z g
β k

z β k k
h

exp 2
ϱ

exp
ϱ

2

sin
ϱ

2

sinh
ϱ

2

,

23 1 2

2
1

2 2
3 4

2

2
1

2 2
3 4

3 4

1
2

2 2
3 4

4 6

2
1

2 2
3 4

2

(3.36)

( )

( )

( )

( )

= − − −

×
⎛

⎝
⎜ +

−

+

⎞

⎠
⎟

+
⎛

⎝
⎜

⎛

⎝
⎜ +

−

+

⎞

⎠
⎟
⎞

⎠
⎟

⋅
⎛

⎝
⎜ −

⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

+ −
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟
⎞

⎠
⎟

A h β k h β k

g z
z β k

z β k k

z g
β k

z β k k

h k β z g
k β

z β k k

h β k z g
β k

z β k k

exp 2
ϱ

exp
ϱ

2

cos
ϱ

2

cosh
ϱ

2

,

24 2
2

1 1
2

1

2

2
1

2 2
3 4

2

2
1

2 2
3 4

3 1
2

4

1
2

2 2
3 4

4
2

1 6

2
1

2 2
3 4

(3.37)

and

( )

( )

( )

=
⎛

⎝
⎜−

⎛

⎝
⎜ +

−

+

⎞

⎠
⎟
⎞

⎠
⎟

+
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

+
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

A h z g
β k

z β k k

h z g
k β

z β k k

h z g
β k

z β k k

exp
ϱ

2

sin
ϱ

2

sinh
ϱ

2

.

25 2 2

2
1

2 2
3 4

3 4

1
2

2 2
3 4

4 6

2
1

2 2
3 4

(3.38)

Group 2

Let now =h 02 ,

( ) ( )

( )

( )

=
−

+
= −

−

+

=
−

+
=

+

g
β k

z β k k
g

k β

z β k k

g
β k

z β k k
m

β k k

k

2

,

2

,

2

,
6

,

1

2
1

2 2
3 4

3

1
2

2 2
3 4

5

2
1

2 2
3 4

2
3 4

2

(3.39)

where ≠k k k k, , , 01 2 3 4 are the free constants. Proceeding as
before, we reach the solution

( )

( )

( )

= −

⎛

⎝

⎜
⎜
⎜

− +

⎞

⎠

⎟
⎟
⎟

⎛

⎝
⎜⎜ − − −

⎛

⎝
⎜

⎛

⎝
⎜ −

⎞
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where

( )

( )

=
⎛

⎝
⎜

⎛

⎝
⎜ +

−

+

⎞

⎠
⎟
⎞

⎠
⎟

+
⎛

⎝
⎜

⎛

⎝
⎜ +

−

+

⎞

⎠
⎟
⎞

⎠
⎟

A h z g
β k

z β k k

h z g
β k

z β k k

exp
ϱ

2

cosh
ϱ

2

,

29 1 2

2
1

2 2
3 4

4 6

2
1

2 2
3 4

(3.41)

( )

( )

=
⎛

⎝
⎜

⎛

⎝
⎜ −

−

+

⎞

⎠
⎟
⎞

⎠
⎟

+
⎛

⎝
⎜

⎛

⎝
⎜ +

−

+

⎞

⎠
⎟
⎞

⎠
⎟

A h z g
k β

z β k k

h z g
β k

z β k k

sin
ϱ

2

sinh
ϱ

2

.

30 3 4

1
2

2 2
3 4

4 6

2
1

2 2
3 4

(3.42)

4 Discussion

In this section, the traveling-wave solutions for the DDE are
shown graphically. The purpose is to illustrate the soliton
and solitary wave solutions obtained in the previous sec-
tion. The figures show a variety of soliton solutions in three
dimensions along with their matching contours and
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Figure 2: Graphs showing (a) three-dimensional, (b) contour, and (c) density plots of the solution ( )Q x t,MU2
. The graphs were obtained by selecting

parameter values =g 7.2
4

, =g 0.3
6

, =h 1.72 , =h 2.33 , =z 0.38, =k 9.41 , =k 3.72 , =k 2.33 , =k 1.74 , and =β 1.2.

Figure 3: Graphs showing (a) three-dimensional, (b) contour, and (c) density plots of the solution ( )Q x t,LP1
. The chosen parameter values are as

follows: =g 1.549
6

, =k 2.231 , =k 1.432 , =k 5.283 , =k 0.34 , and =β 8.7.

Figure 1: Graphs showing (a) three-dimensional, (b) contour, and (c) density plots of the solution ( )Q x t,MU1
. The graphs were obtained by selecting

parameter values =g 9.7
2

, =g 8.7
4

, =g 2.9
6

, =h 0.61 , =h 5.32 , =h 2.93 , =z 0.04, =k 2.091 , =k 0.62 , =k 1.23 , =k 0.24 , and =β 0.2.
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Figure 4: Graphs showing (a) three-dimensional, (b) contour, and (c) density plots of the solution ( )Q x t,PCK1
corresponding to the parameter values

=g 8.2
2

, =g 2.9
4

, =g 2.1
8

, =h 6.31 , =h 8.013 , =z 4.1, =k 5.91 , =k 2.32 , =k 3.03 , =k 1.64 , and =β 0.3.

Figure 5: Graphs showing (a) three-dimensional, (b) contour, and (c) density plots of the solution ( )Q x t,PCK2
corresponding to the parameter values

=g 1.1
2

, =g 4.4
6

, =g 2.8
8

, =h 4.42 , =h 2.93 , =k 1.21 , =z 1.4, =k 3.52 , =k 1.13 , =k 0.54 , and =β 0.3.

Figure 6: Graphs showing (a) three-dimensional, (b) contour, and (c) density plots of the solution ( )Q x t,HB1
corresponding to the parameter values

=g 0.6
2

, =g 0.7
4

, =g 0.2
6

, =h 2.31 , =h 3.42 , =z 6.2, =k 4.651 , =k 1.82 , =k 0.193 , =k 0.24 , and =β 8.9.
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Figure 7: Graphs showing (a) three-dimensional, (b) contour, and (c) density plots of the solution ( )Q x t,HB2
. The following parameter values were

chosen: =g 8.0
2

, =g 9.4
6

, =h 3.42 , =z 1.5, =k 0.571 , =k 0.32 , =k 9.73 , =k 1.14 , and =β 9.3.

Figure 8: Graphs showing (a) three-dimensional, (b) contour, and (c) density plots of the solution ( )Q x t,HB2
for the following choice of parameter

values: =g 0.9
2

, =g 3.1
3

, =g 2.2
4

, =h 8.11 , =h 2.92 , =z 1.2, =k 4.911 , =k 1.42 , =k 0.333 , =k 0.54 , and =β 2.2.

Figure 9: Graphs showing (a) three-dimensional, (b) contour, and (c) density plots of the solution ( )Q x t,MI1
corresponding to the parameter values

=g 8.9
2

, =g 3.8
4

, =g 4.2
6

, =h 1.31 , =h 8.12 , =h 5.43 , =h 7.24 , =z 9.7, =k 2.11 , =k 1.52 , =k 1.43 , =k 2.94 , and =β 1.8.
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density plots. These solutions include multi-wave, periodic
lumps, periodic cross-kink waves, homoclinic breather
waves, interaction via two-exponent wave structure, and
mixed waves. Each of the figures shows (a) 3D graphs, (b)
contour plots, and (c) density plots, and details on the func-
tions and parameters used are presented in the caption of
each figure. To start with, Figure 1 shows multiple lump-
type waves arising from the multi-wave structure function,
while Figure 2 depicts multiple breather waves arising
from the multi-wave structure function. In turn, Figure 3
shows periodic bright lump waves derived from the peri-
odic lump wave profile function. Figures 4 and 5 show
periodic cross-kink wave profiles. Figures 6 and 7 show
bright breather waves obtained from the homoclinic
breather wave function. Figure 8 shows a dark soliton
derived from the structure function of interaction between
double exponents. Finally, Figures 9 and 10 show mixtures
of wave shapes in the form of solitary waves, derived from
the mixed wave function. Multiple wave solutions, periodic
lump waves, and mixed waves are all different physical
behaviors in nonlinear systems. Multiple wave solutions
involve the collision of several solitary waves, e.g., solitons,
that keep their shape and speed even after collision. Peri-
odic lump waves are localized waves that appear periodi-
cally in space or time, having lump-like features with a
periodic structure. Mixed waves are the coexistence or
interaction of multiple wave types such as a soliton on a
periodic wave leading to hybrid, complex dynamics. They
occur in many physical situations across fluid mechanics,
optics, and plasma physics, where nonlinear wave–wave
interactions control wave development.

It is worth noting that multi-wave solutions depict how
several interacting primary wave fronts of diverse con-
tents lead to the emergence of distortion and stress

profiles. Periodic lump waves illustrate how energy is
being sustained within given intervals, thereby showing
that the material is subjected to compressive forces for a
while before being released. These wave types are crucial
in elucidating the ability of elastic rods to store and
transmit energy in a cyclical manner, which is a key aspect
in the study of wave motion in solids. Furthermore, peri-
odic cross-kink waves show clear uniform regions that are
interleaved with narrower regions of apparent distortion,
which may suggest buckling or sudden high straining rates in
elastic materials under load. Also, we observe that homoclinic
breather waves can persist where the oscillations are con-
fined, suggesting that sufficiently long waves with little
energy leakage from the rod can be sustained. These aspects
help explain the non-trivial content of nonlinear wave pro-
pagation in elastic solids. Dark solitons and mixed wave solu-
tions show that there are many ways in which waves interact
in Murnaghan’s rods. In this case, dark solitons are areas of
depressions or less deformed medium showing some stabili-
zation of the material, whereas mixed wave solutions show-
case the fact that elastic rods are capable of having even
simultaneous different types of wave motion propagating
within them. These facts highlight the intricacy of wave
motions in elastic structures and may prove useful for engi-
neering designs as well as for nonlinear wave propagation
research in solids.

The physical interpretation of the model parameters
helps improve the practical insight into the wave struc-
tures obtained. In particular, the parameter β signifies
the velocity of the wave and the speed with which distur-
bances travel within the elastic Murnaghan’s rod. The
amplitude of the solutions, as it is dependent on para-
meters such as m, h1, h2, and h3, reflects the intensity of
strain or deformation the medium undergoes. Material-

Figure 10: Graphs showing (a) three-dimensional, (b) contour, and (c) density plots of the solution ( )Q x t,MI2
corresponding to the parameter values

=g 4.7
2

, =g 0.2
4

, =g 8.7
6

, =h 1.11 , =h 0.13 , =h 0.14 , =z 6.1, =k 2.131 , =k 0.22 , =k 0.63 , =k 10.04 , and =β 0.5.
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dependent constants k1, k2, k3, and k4 control the relative
strength of dispersion and nonlinearity, determining the
temporal evolution of wave profiles. Additionally, the spa-
tial localization of derived solutions, for example, lump
and breather waves, indicates that energy is localized in
space, and thus, these waveforms are highly applicable for
NDT and energy-guided transmission in elastic media.

The values utilized in the graphical plots were arbitra-
rily chosen to ensure visibility, clarity, and variability of
the wave structures in question. The values are not experi-
mentally obtained but were selected within physically rea-
sonable ranges to characterize the qualitative character of
the exact solutions. The main aim was to exhibit richness
of solution space and the effect of parameter variation on
wave shape, localization, and interaction. Additional work
can include tuning these parameters against actual mate-
rial properties for application-oriented modeling.

5 Comparison

The solutions achieved in this work, obtained through the
Hirota bilinear method, are a major improvement over
most of the earlier reported outcomes for DDE as in non-
linear elastic rods. Previous studies have used a wide range
of analytical methods such as the sine-Gordon expansion
technique [34], extended sinh-Gordon and modified

( ( ))−ϕ ξexp techniques [27], enhanced modified extended
tanh-function method [35], generalized exponential
rational and Jacobi elliptic function methods [36], and SSEMs
[37,39], for obtaining exact solutions. The studies yielded var-
ious soliton and periodic waveforms such as bright and dark
solitons, kink and anti-kink waves, hyperbolic, trigonometric,
and elliptic solutions. Although such methods are successful,
they tend to produce isolated wave structures and may be
restrictive in fully capturing the entire richness of nonlinear
wave behavior in elastic media.

In contrast, the Hirota bilinear approach is a better
structured and integrated procedure that can build up
diverse and composite wave structures, including multi-
wave interaction, periodic lumps, cross-kink waves, homo-
clinic breathers, and mixed solitons. The variety of solution
types reflects a better insight into the nonlinear processes
that govern wave propagation in elastic rods such as those
accommodated by Murnaghan’s theory. The capacity of
this method to generate topological and non-topological,
localized and periodic, and bright and dark soliton solu-
tions places it well in comparison to other analytical
methods. In contrast to recent researches involving
coupled nonlinear Schrödinger equations that also utilize
the Hirota technique to discover new optical soliton

structures [48], the present contribution expands its appli-
cation to mechanical wave systems and thus presents a
broader understanding of intricate wave phenomenon in
doubly dispersive and nonlinear elastic systems.

6 Conclusion

In this work, we used the Hirota bilinear transformation
approach to derive various wave structures, which are solu-
tions of a DDE in an elastic Murnaghan’s rod. Using the Hirota
technique, we were able to obtain traveling-wave solutions in
the form of periodic lump waves, periodic cross-kink waves,
homoclinic breather waves, dark soliton, and mixed waves.
In addition, the complex structures and interactions of these
wave structures were illustrated in the form of 3D, contour,
and density plots. The graphical representations illustrate
that the shape of the wave affects the propagation of the
wave itself. This is particularly evident in the density plots
and wave interaction patterns. As a comment, this method
has the ability to describe the deformation of single solitary
waves in an elastic perfect material and can suggest how such
systems behave physically. To the best of our knowledge, this
is the first study in which the Hirota bilinear method is used
in the context of doubly dispersive media, and the results
derived in this manuscript may apply to both fundamental
and practical investigations, especially for engineering
designs involving elastic wave propagation.

Future work might involve the examination of the sta-
bility, chaos, and perturbation response of the DDE to
determine its robustness in the presence of small distur-
bances. The inclusion of fractional-order derivatives would
enable the modeling of memory and hereditary effects in
viscoelastic or incompressible elastic materials. Adding sto-
chastic terms could potentially facilitate the inclusion of
uncertainties and random disturbance that are generally
found in real environments. The other possibility is the
generalization of the model to a variable-coefficient pro-
blem, which would be more representative of spatial or
temporal inhomogeneities of the material. These develop-
ments would not only improve theoretical insight into the
DDE but also extend its availability to a wider range of
physical systems, such as composite materials, biological
tissue, and engineered smart materials.
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