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Abstract: In this study, the breather solutions and interac-
tion solutions for the (3+1)-dimensional conformable frac-
tional potential Yu-Toda-Sasa-Fukuyama-like model are
conducted. The fractional derivative is described using
the conformable derivative. By using certain commutative
methods, we derived the breather solutions and the inter-
action solutions of breathers and lumps in terms of
Gramian. Solutions of these forms have never been stu-
died. The features of the solutions were examined. Each
interval of the breather has one and only one peak as well
as trough, and the interaction between the breather wave
and the breather wave or the lump wave is elastic. In
addition, the effect of a fractional order change on the
shape of the breathers is discussed through 3-dimensional
images, and this change is able to be reduced to integer
order and different fractional order.

Keywords: potential-YTSF equation, conformable deriva-
tive, Hirota bilinear form, breathers, interaction solutions

1 Introduction

Fractional differential equations (FDEs) hold a significant
place in the field of science, and their frequent use in
research and industrial applications has piqued the interest
and attention of numerous researchers. These equations have
been used in a number of fields, such as telecommunications
[1], transportation, optics [2], instruments instrumentation [3],
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geochemistry geophysics, fluid dynamics [4], and information
processing [5]. FDEs represent an extension of integer-order
differential equations, suitable for describing materials with
historical memory and hereditary properties, and have
advantages over integer-order differential models in many
fields. Researchers have identified the nonlocality of frac-
tional order differentiation as a key factor in its ability to
describe a range of complex mechanical and physical beha-
viors [6]. Nonlinear fractional partial differential equations
(FPDEs), which have been applied in number of fields of
physics and engineering including thermodynamics [7],
mathematical computational biology [8], optics [9], environ-
mental sciences ecology, and geology [10], require the utiliza-
tion of scientific fields to identify accurate or approximative
solutions to the issues presented by these systems [11]. How-
ever, for FPDEs, it is typically impossible to obtain an exact
solution. Li and Chen presented Galerkin finite element
method, spectral method and the finite difference method
as techniques to solve FPDEs [12]. Ammi et al. developed an
entirely discrete scheme for solving the time fractional diffu-
sion equation, utilizing time finite difference method and
space finite element method [13]. Cen et al. employed the
upwind finite difference method to FDEs, offering stability
and a post-test error analysis of discrete schemes, in addition
to adaptive methods [14]. Bayrak and Demir provided approx-
imations to analytical solutions for arbitrary order space-time
FDEs using a semi-analytical method and then obtained frac-
tional power series solutions using residual power series
method [15]. Furthermore, they provide stability and error
estimates for this scheme. Even when dealing with applica-
tions that necessitate the use of algebra or other sciences, it
remains challenging to identify exact solutions.

On the other hand, the Bogoyavlenskii-Schiff (BS) equa-
tions are widely used to study solitons and nonlinear waves
in the region, including complex nonlinear problems in
hydrodynamics, weakly dispersive media. Furthermore, the
BS equation is deeply related to many of the classical equa-
tions in fluid dynamics [16].
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Upon making z = x, Eq. (1) becomes the potential Kadomt-
sev-Petviashvili (KP) equation. Substituting v, = 0, Eq. (1)
becomes the potential Korteweg—de Vries (KdV) equation.
Yu, Toda, Sasa, and Fukuyama in their study of BS equation
proposed the following equation [17]:

[-4v; + DUY, ]y + 30y, =0, @ =0%+4v+ 2007 (2)

As a productive extension of KP equations and BS equa-
tions, Yu-Toda—Sasa—Fukuyama (YTSF) equations are com-
monly used to describe mixed reaction appearing in
shallow water equations. They are also employed to study
solitons and wave equations or weakly dispersive medium
equations in nonlinear dynamics.

The solitary wave solutions of the established model
equations are also a topic of great interest in the field of
research. In soliton theory, the pursuit of analytical solu-
tions to nonlinear evolution equations represents a pivotal
area of inquiry. In the case of high-dimensional equations
that describe complex physical phenomena, it is also of
great importance to find their solutions. Since Korteweg
proposed a solution to the KdV equation, which involved
solitary wave solutions, numerous scholars have subse-
quently proposed various analytical methods with the
objective of identifying the nonlinear equations’ exact solu-
tions, such as the Darboux transformation method pro-
posed by Darboux [18], the bilinear transformation method
proposed by Hirota [19,20], the simplest equation method
[21], the semi-inverse method [22], the Jacobi elliptic func-
tion expansion method [23], and the homogeneous balance
method [24]. However, the inherent complexity of physical
problems, the presence of multiple interacting physical
phenomena, and strong nonlinearity make it challenging
to devise a method for obtaining unification of the analy-
tical solutions of the resulting nonlinear partial differential
equations.

In recent years, scholars have expanded and extended
the Hirota bilinear form and its applications to obtain the
soliton solutions such as breather solutions and lump solu-
tions [25,26]. For instance, Masayoshi proposed a conjugate
parameter method based on the Hirota method, which can
transform the N-soliton solution into an N/2-breather solu-
tion [27]. Zheng analyzed the breathers and multi-soliton
solutions of potential-YTSF equation based on the Hirota
bilinear method [28]. Wang studied the soliton, breather
and lump solutions of the fractional (2+1)-dimensional
Boussinesq equation by the Hirota bilinear method and
the variational approach [29]. Ma analyzed the solitons
and confirmed the N-soliton condition of the Hirota
bilinear form for the B-type KP equation, using the Hirota
bilinear formulation [30]. Seadawy presented the applica-
tion of the Hirota bilinear method, in conjunction with
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symbolic computation, which results in the following solu-
tions: Y-shape, generalized breather, lump one strip, lump
two strip, and lump periodic solution [31]. Jin-Bo et al. pre-
sented a bilinear form of the nonisospectral Ablowitz-
Kaup-Newell-Segur equation and derived the N-soliton
condition solutions by using the Hirota bilinear method
[32]. Peng studied the stochastic Schrodinger-Hirota equa-
tion in refractive birefringent optical fibers with spatio-
temporal chromatic dispersion and nonlinearity of the
parametric law [33]. Kudryashov conducted a comprehen-
sive analysis of the compatibility of the overdetermined
system of equations, ultimately identifying the existence
of optical solitons of the fourth order [34]. Kumar et al.
utilized the generalized Kudryashov method and Lie sym-
metry to transform the specified partial differential equa-
tion to a system of ordinary differential equations [35].

The objective of this study is to propose new solutions
and method for the resolution of (3+1)-dimensional frac-
tional potential-YTSF equation. The study is structured as
follows. Section 2 analyzes the properties of the conform-
able fractional order and reduces the (3+1)-dimensional
conformable fractional equation to integer order. Section 3
obtains the Nth order breather solutions based on the KP
hierarchy reduction. Section 4 investigates the interaction
solutions taking the long-wave limit technique. Section 5
analyses the images of solutions in Sections 3 and 4. Section 6
provides the conclusion.

2 Fractional differential models
and Hirota bilinear form

In this study, we focus on the following (3+1)-dimensional
fractional potential YTSF-like model which reads [36]

2
4D g + D0 + 4DPoD%¢ + 2D%oDfo + 3D%0

=0,

3

where Df, Df, Df, and DF, order B is a fractional order
derivative, 0 < f < 1. p(x, y, z, t) is a differentiable func-
tion on four independent variables. x, y, z, and t are inde-
pendent variables under order . This model exists in
other areas of physics including dispersion relations,
plasmas, fluid dynamics, and other areas of physics. A
variety of effective methods exist for solving the (3+1)-
dimensional YTSF equation, including the extended
homoclinic test technique [37], the homoclinic assay, the
G'/G-extension method [38], the variational methods based on
two-scale fractal complex transforms and variational princi-
ples [39], the three-wave method [40], and the modulated
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phase shift method [41]. In 2014, Khalil and his team initi-
ally proposed a novel fractional derivative, designated the
“Conformable Derivative” [42]. In Eq. (3), Dflﬁ being a con-
formable fractional derivative of order 28 when indepen-
dent variables x, t are order of 28. The same reasoning
leads to D;f being a conformable fractional derivative of
order 48 when x, z are order of 4f. Unlike classical integer
derivative calculus, conformable fractional calculus and
conformable fractional derivatives can simulate nonlinear
phenomena on the nonsmooth boundaries as well as diffu-
sion phenomenon or heat transmission phenomenon in
porous media.

Definition. Assume g : (0, ©) — R is a function. Conformable
fractional derivative is defined as follows when t >0
and0<a <1:

x(t + et - x(t)
. )

Dfx(t) = lim 4)
-0

A few properties of conformable fractional derivatives are

listed as follows [36].

Assume a € (0,1] and x and y are a-order differenti-

able for any independent variable ¢ > 0. Then

(i) Df(awx + ay) = mDfix + a;Df'y, a1, a; € R.

(i) Dft" =rt"*for anyr € R.
(iii) DfA = 0, for any constant value functions x(t) = A.
(iv) Dfxy = xDfy + yD{x.

W) D‘% - ¥
(vi) If x in this

DEX(t) = 1,

xD{y - yD{x

case can be differential, then

By using certain commutative methods ¢(x,y, z, t) =

P

l/)( ﬁ ’ ﬁ ’ /3 ) B
obtain

-4D5Y + Diyyz¥ + 4DxYDizY + 2Dgx Dz + 3Diy Y
=0.

)=u¥(X,Y,Z,7), and it is used directly to

6)]

Using the transformation £ = X + wZ in Eq. (5), we obtain
~4e + e + Yy + 3y = 0. (6)
Through the transformation
Y =2(nf)e + Yy, ™
substitute Eq. (7) in Eq. (6) to obtain its bilinear form
(3D§ + wD{ - 4D:D,)f - f = 0, ®)

where f is a real function, D¢, Dy, and D, are the differ-
ential bilinear Hirota operators defined by
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K k. k.

o al(a aYyo o)

kiry ko ryk —

DEDYDNA - B) = | — - - -

¢ Dy D4 - B) [af af'] [6Y aY'] [ar ar']
A(E’ Y: T) : B(E/: YI’ T/)|§’=E,Y’=Y,T’=Ts

where A is a function of ¢, Y, and 7; B is a function of ', Y”,
and 7 and k, k, and k; are non-negative integers.

3 Mth order breather solutions for
Eq. (5)

We start with the KP hierarchy of deterministic solutions
and use the Gramian equation to deduce a bilinear form of
the breathing solution as listed below:

(Dit = 4D Dy, + 3D2)p - ¢ = 0, ©)

then the following solution can be obtained in terms of
Gramian

det (m")
1<r,jSN

o= (10)

o)

and the elements of the matrix m,;

conditions [43]:

satisfy the following

0mP = T, (1)

M r(rll) - lpgnﬂ)q)g") + ‘P(rn)q’s'n_l), (12)

By, r(r]t) - lp(rn+2)¢,§") + W£n+1)q)3n’1) + lpgn)(pg,nfz)’ (13)
mI*Y = m + e, a4

0, W = WD (i =1,2,3), (15)

00" = -0, (i=1,2,3), (16)

where r and j € Z., Z, is the set of positive integers. And
w® and o satisfy

m = &+ (p, + ) "M, an
P = ph(p, + q)es, (18)

oV = (=g)"en, 19)

& =D+ X+ Pxs + &, (20)
0= 4~ 40+ G0 + 1, 21

where &;; is the Kronecker delta notation. Then, compare
Eqs (8) and (9), and make f = ¢, it can be obtained imme-
diately that

X =& x =iv-wY, x; = -iwT. (22)
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Theorem 1. The breather solution which in bilinear form (8)

in the Gramian forms is like

4y

b+ q

= |8, + ety , 23)

1<r,j<N
with
A =ip&+ipN-wY - pPwT + A,
0 =iq¢ - igV-wY - igwT +

Ok

ek * *
Dok-1 =R + PR Doy = ~9 ~ o % =

0
/121( - AZk—lx

Gk " k *
Qo1 = Quc + PR Qo = & — o " = ’720k—1’

where k,r, and j € Z,; N is a positive even number;
Qx, by G AL, and q}p are plural and 0y are real numbers.

Theorem 2. Equation (7) has a Mth order breather solutions
by Theorem 1 of the form
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11 1
O ek Ok Q;( - Qk
Ak = 1 1 1)
O~ Q Oek Ok
1 1
Q-+ 20 g - g+ XY
Agy = 1 1 (k#1),
0 -0+ #5780 - o+ B30

eZ
Ck = IOk - 200k QT Y - iek[sszi + Z"’zm + ¢,
E = eXn S, 02,

where M = N/2,k, andl € Z,, and ¢{ = A + n?. Because the
denominator should not be zero, Qi is not real. Since
2(Inf); = (2f;/f) and E is a function with no dependence
on x, so £ can be about to be dropped.

Let M = 1 in Eq. (25), to obtain the first-order breather

¥ =2(nf)e + Y, (24) ;
solution
M1 A Mm . o, V| .. 6)
A A A f=1+ es + e% + |1 - - eCl*Cl’
f=e | 7 =M, (25) Q- &
Apva Ayz o Aym where ¢, = 0,¢ - 2i0,Q/-@ Y - i6,(3Q2 + 02/d)wT + ¢ .
. Let M =2 in Eq. (25), to obtain the second-order
with .
breather solution
11 1 1 1
0.9 0, Q;-Ql @"'QZ_QI @"'92_91
1 1 . 1 1 1
Q-9 e 6 hugi-g, Mhugi-of
f= 1 1 1 1 1 ; @
00 L o _ o 0, o 0,02 6, Q-0
ot Q- Q o+ Q- Q 2 2 2 2
1 1 1 1 1
BB oo MEagi-0f R L)
where At Biisir .
" | Cirxit Dirxar|’ (28)

02

¢ = 108 - 2i0,QN-TY - iel[sga% + f]m + ¢,
92

¢o = 10,8 — 2i0,QV-TY - iﬂleQg + ﬂm + ¢,

4 Interaction solutions

Theorem 3. Let N = M + M’ and making 6, — 0, which
keeps e = -1 by the way. Then, obtain the M-order lumps
and M’-order breathers solutions of the form

where M and M’ € Z..

p 1
k Q- O
Apx =

Q- O
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1 1 11 1
A Q= Qr Q; - Qk Do = O + ek O Qr — Qx
k,l 1 1 5 kk — 1 1 . i ’
Q- Q-9 Q-  Ot+ek O
1 1 1 1
Q-+t Q- - Q-+ 20 gp -+ 2h
By, = 1 1 ) Dy = 1 1 )
A%--L -+ Q- - 2% g - g+ 2
1 1 where
0.+ % o o 45
c, Q=Qty -ty U, = i€ - 2QV~wY - 3iQwr,
) 1 1 3
. . . 02
Q-0+ % Q-0+ % Ok = i6kE - 20, NV-TY - 1943% + Zk wT + gL,

Let M = M’ = 1, then the solution of Eq. (5) in the form of a
first-order breather and one lump will be obtained

X ) /)
@ 4\\\\ S J J 4 4 ® 4\\}8 t\\/ J J / / @ 4%\(\ J J / 4
_ 6 V K ,// ¥ - \ \\\\\ \ ’\ /// v - \\\ \\\S\\\ . / // 5
15 =3 N\ /\/ 15 AN J V/ 15 VN J\J
X \ ! x \ ! X \ !
45 45 45
(a1):t=0 (ag) :t=2 (ag):t=38
y, . / _ __
4 /; / 4 9 / 4 //
< »
w_4 \\ N \< i 4 ) ¢—4 A RN -\ & / ) ‘p—4 \\i\\ \ / a
\ \\ S j\ Sy NN X J‘ \ \ \\\J\\ ’ oy
15 { 4 15 N/ 15 NV
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Figure 1: The impact of different values of 8 on the results of the first-order breather with ¢? = 0,6 = %,w =-2,Q=1,andz=0.(ap=1,(b)B = g,
3
@©B=53



6 =—— Wen-Yuan Lietal. DE GRUYTER

) 1 1 1
! Q;_Ql 92—91+% Q;—Ql—%
1 o 1 1
G- b9 F Q-9
f= 1 1 1,1 1 : 29)
91_92*’% Q QZ+_Z 0,e% 0, QE—QZ
1 1 1 1,1
Q-+ 2 Q-0+ 2 %o 6t 6

where 5 Discussion
— 5 _ 95 v _ 202

Hy = 8- 2T Y - SO, Figure 1 presents the dissemination of the first-order

breather within the x - y plane under the influence of

different fractional-order derivative. In each interval, the

breathers only have a peak and a trough. Figure 2 shows

62
Gy = 10,6 = 2i0,Q—TY - i02[3£z§ + f]m + ¢,

Z 45 , 45

(c1):t=0 (ca):t=2 (c3):t=38
Figure 2 The |mpact of different values of 8 on the results of the first-order breather with g‘l =0,0=: =-2,Q=fandx=0.(@p=1,

D=5 (©p=
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the dissemination of the first-order breather within the
z — y plane under the influence of different fractional-
order derivative. Similar to the integer-order case, the
breather propagates along the x-axis with no movement
along the y-axis. The situation within the z - y plane is
similar to the situation within the x - y plane. The further
from the origin, the smaller the value of g, the longer the
interval between reappearances of the breather. Since the
image of the wave is continuous and does not change traits so
the part where ¢ < 0 can be easily inferred. Figure 3 presents
the dissemination of the first-order breather within the x - z
plane under the influence of different fractional-order deri-
vative. The breather within the x - z plane appear periodi-
cally like soliton. Similar to Figures 1 and 2, the value of f and
the distance to the origin influence the interval between reap-
pearances of the breather. Since the image of the wave is
continuous and does not change traits, so the part where
t < 0 can be easily inferred. Figure 4 presents the first-order
breather within the x - y and z - y planes. It can be seen as

4

Interaction solutions of high-order breathers and lumps == 7

the case of integer order, but the case of fractional order like
x<0orz<0ort<0 needs to be discarded. Comparing
Figure 4 with Figures 1-3, it can be observed that the move-
ment of the breathers is very similar, with only significant
differences in the intervals.

Figure 5 presents the two breathers interaction within
the x - y plane. Although only half of the breather propa-
gating around the x-axis can be observed, starting from
T = 0, the breather propagating around the y-axis can be
gradually observed. For each interval, the breathers all
have a peak and a trough during the interaction process,
and the effect of B is similar to that in Figures 1 and 2. It
also shows that two breathers holds their shapes, which
indicates that interaction is elastic, allowing either to
expand to the other side of the image when t < 0 through
these images, or to compare it directly with the integer
order part of 7 < 0. Figure 6 presents the case of integer
order, how the two breathers interact with each other for 7
from -3 to 8. Upon comparing Figure 6 with Figure 5, it can

\\/ 1 15 J 1 1
X 45 X 45 X4
(al)'t:O (ag):t:Q (a3)2t:8
\\ \ \\\ ’\\ \\ \
//” ; N \\\ / / N \ . 4 \\\ \\\\
/ Y / N ) \\?
4/ / 4/ / J 4/
¢\ / /4 ¢ Q\ / /4 AN )4
4\ \% / -4\ \% / BVIRN \J\
15 P 15 OV 15 |
X 45 X 45 X 45
(bl)t:O (bg)t:2 (bg)tis
) \
N R L \\\

p — \ «\\ ~ N
s/ s /) / 4 /,
4 4 @ // 4 4 4
4 4 / 4 ‘

/) z /) z /) z
15 / 15 / 15 /
/71 / /1 1
X 45 X 45 X4
(c1):t=0 (co):t=2 (c3):t=38

Figure 3: The impact of different values of 8 on the results of the first-order breather with ¢ = 0, 8 = %, w=-2,Q=0andy=0.(@p=1,

D) B=1©F="

/
4
¢/ / 0 \¢
- 4\\}&\\\\\ /V 4 4 \\\\XK\% J\
7 b
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(bl):tZO (b2)2t=2 (b3):t=8

Figure 4: The first-order breather on the results of the first-order breather with ¢’ = 0, 8 = %, B=1w=-2,and Q@ =1i.(@z=0,(b)x=0.

(Cl)ZtZO (62):t=2 (03):t=8

Figure 5: The impact of different values of § on the results of two breathers with ¢2=0,¢=06,=20,=1,w=-1,Q = —%, Q) = % +i,andz = 0.
3
@B=10)f=10B=1
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(az):t=2

(aq) :t =38

Figure 6: The first-order breather on the results of two breathers with ¢ = 0, ¢ = 0,0, =2,0, =1, @ = -1,Q = —%, Qy = % +i,f=1andz = 0.

be noted that if we ignore the case when 7 < 0, the situa-
tion is still similar to Figures 1-4, but harder to recognize
when 7 = 0.

Figure 7 presents the interactions solutions of a first-
order breather and one lump within the x - y plane, while
the breather propagates in y directions and the lumps
propagate at different speeds. In lump solutions, f has a
similar effect as f in the breather solutions. Such a inter-
action is obviously elastic, so allowing either to compare it
directly with the case of integer orders, or to expand the
other side of the image when ¢t < 0 from the 7 > 0 part;
however, the second method is somewhat unintuitive.
Figure 8 presents the interactions in the case of integer
order, for 7 from -3 to 8, the interaction of the lumps
and the breathers can be observed. The shapes of the
lumps and the breathers do not change before contact
and after separation.

6 Conclusions

In this work, the (3+1)-dimensional fractional potential-
YTSF-like model is studied. The transformation of Eq. (5)

was utilized to effect the transformation of the (3+1)-
dimensional fractional potential-YTSF-like equation into
the (3+1)-dimensional potential-YTSF Eq. (6), thus resulting
in the subsequent acquisition of its Hirota bilinear form.
By using the KP hierarchy reduction, we have obtained
the breather solutions in terms of Gramian and the
N-order interaction solutions. From Figures 1-4, it can be
observed that a first-order breather exhibits a single
peak and trough. Figures 5 and 6 illustrate the interaction
between two breathers that are propagated, respectively,
along the x-axis and the y-axis. The long-wave limit
technique is used to solve solution Eq. (24), which intro-
duces the interaction solution Eq. (28). Figures 7 and 8
illustrate the interaction of the lumps and breathers, which
undergo a shape change before contact and after separa-
tion. This indicates that the interaction is elastic. It is our
hope that these results will contribute to the further
exploration of phenomena in physical systems. The propa-
gation behavior is found to be nonlinear and complex for
different conformable fractional order parameters and
amplitudes.

The wave solution of fractional order can be seen as a
modified result of the potential-YTSF equation. The
Gramian solution is distinguished from the conventional
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(a1):t=0 (ag) :t =2

30
(01):t=0 (02):t=2 (03):t=8

Figure 7: The impact of various values of 5 on the results of a first-order breather and one lump with¢; = 0,6 = %,w = —%, Q = % + % Q= % -,

7 3
andz=0.(@pB=1(M)p=5@QB=5.

(al) t=-16 (a2) b=
¥
30
(ag) :t=38 (ag) :t =16

Figure 8: The first-order breather on the results of a first-order breather and one lump with¢; = 0,0 = % w = -%, Q = % + % Q= % -LB=1,

and z = 0.
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travelling wave solution in that the x, y, and t obtained in
terms of Gramian are independent of each other. The study
of the Gramian solution can facilitate the design process in
related industries. Complex propagation behavior which is
nonlinear is also able to be observed for different frac-
tional dimensions and amplitudes. The effects of these vari-
ables on the structure of the solution are different, and
they are better at simulating water waves in real situa-
tions. The objective of this study is to contribute to the
advancement of research in the field of physical systems.
However, some of the other soliton type solution methods
for this type of fractional order equations where other
soliton-type solution methods are applicable do not allow
the use of Gramian methods. We will be looking at the
additional new solutions to the fractional order-YTSF equa-
tion as well as applying the variational method to other
equations with different fractional order definitions.
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