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Abstract: In this study, we investigate the fractional regular-
ized long-wave (FRLW) equation using the Aboodh transform
iteration method (ATIM), a semi-analytical technique that
effectively combines the Aboodh integral transform with
iterative schemes to handle fractional differential equations.
The FRLW equation, a nonlinear model arising in ion-acoustic
wave propagation in plasma, is extended to the fractional
domain to better capture the temporal nonlocal behavior.
The proposed method provides approximate analytical solu-
tions in a straightforward and computationally efficient
manner. Graphical results are presented to demonstrate
the impact of the fractional-order parameter on wave
dynamics, including dispersion and stability. The results
confirm that ATIM is a powerful and accurate approach
for solving nonlinear fractional partial differential equa-
tions and enriches the analytical understanding of fractional
plasma wave models.
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1 Introduction

Fractional differential equations (FDEs) and fractional cal-
culus have lately attracted interest among mathematicians,
physicists, and engineers. Materials engineering, electro-
magnetic, viscoelastic, electrochemistry, and dynamical phy-
sics are among the scientific and technical fields represented
using fractional partial differential equations (FPDEs). Many
important implementations in several fields have been eval-
uated [1]. Analytic solutions of FDEs are really fascinating.
Approaches of linearization or series solution, discretization
[2-4], and system solvers [5-7] must be applied in order to
obtain approximation techniques. Non-linear events are
addressed in many disciplines of engineering and study.
These cover chemical kinetics, solid-state physics, computa-
tional biology, quantum mechanics, fluid physics, non-linear
spectroscopy, thermodynamics, and many more [8-12]. The
theory of non-linearity finds roots in these higher-order
nonlinear partial differential equations. All physical systems
can be understood nonlinearly [13,14].

In this work, the regularized long wave equations are
solved using the Aboodh transform iterative method (ATIM).

The time-fractional nonlinear regularized long wave
(RLW) equation is given as [15]

3y, v 10Q%u, v
DO, v) = (u 2) _ 1oQ%u )’ @
ovou 2 ou
with initial condition
Qu, 0) = u. )

The time-fractional nonlinear generalized GRLW equation
is defined as [15]

0%*Qu, v) oQu,v) 0, v)

p = 2 7 - 3
DPQ(u, v) voir Qu, v) ou o 3)
with initial condition:

Q(u, 0) = 3k sech %(ly), (@)

The time-fractional linear regularized long wave (RLW)
equation [15]
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*Qu,v) 99, v)

DPQ(u,v) =2 5
v e v) ovou? ou ©)
with initial condition:
Q(u, 0) = e4. (6)
The time-fractional linear RLW equation [15]
0*Q(u, v)
D]?Q(‘U, V) =- 6!14 s (7)

with initial condition:
Q(u, 0) = sin(u). ®

The first equation is called the regularized long wave equa-
tion (RLWE), the second equation is called the general reg-
ularized long wave GRLWE equation both of them are non-
linear, and the third and fourth equations are called linear
regularized long wave equations (RLWEs) [15].

This equation is an updated form of the Korteweg—de
Vries equation for the modeling of surface gravity waves
with modest amplitudes that propagate in two dimensions.
RLW equations find application in some scientific domains
for things such as longitudinal dispersive waves, rotating
tube flow, ion-acoustic, magneto-hydrodynamic waves in
plasma, stress waves in compressed gas bubble mixtures,
and other kinds of situations [16-20]. Considered as basic
models in the domains of engineering and applied physics,
the RLW equations can help to depict many significant
physical structures. Regarding viscous or shock waves,
flow problems, diffusion is among the several situations
that arise. It is relevant for the modeling of dissipation-
oriented non-linear wave diffusion problems. Though it
all depends on the issue model [21], this dissipation may
cause heat conduction, chemical reaction, viscosity, mass
diffusion, thermal radiation, or any other thing.

Excellent models for forecasting real-world events are
produced by the RLW problem, a subtype of growth
models. Initially, the oscillating bearing behavior was sup-
posed to be distinguished by including the algorithm [22]. It
was also produced via investigation on ions and acoustic
plasma waves in water. Analytically under initial condition
and boundary condition, a solution to the RLW problem
was developed in the study by Benjamin et al. [23]. In ocean
engineering and research, fractional RLW equations
explain several significant events, including long-wave
phenomena and shallow water waves of small frequency.
Several researchers find significant fascination in ocean
shallow waves of liquid; non-linear waves modeled on
the fractional equations of RLW especially appeal to
them. Mathematical models of the ocean non-linear waves
were embodied by the RLW equations. Actually, fractional
RLW equations define the massive surface waves called
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tsunamis. Using the current very efficient method, frac-
tional RLW equations, the enormous internal waves in
the ocean’s deep might be developed that would destroy
marine ships due to temperature variations.

In the past few decades, scientists and researchers
have created and employed a number of analytical techni-
ques to tackle these kinds of issues. The variational itera-
tion method (VIM), homotopy perturbation method (HPM)
[24], the least-squares method [25], the Adomian decompo-
sition method [26,27], the He’s HPM [28], and the homotopy
perturbation Sumudu transform method (HPSTM) [15] are
a few of these techniques. Some of the limitations of these
approaches that have been noted are the computation of
Adomian polynomials, the determination of the Lagrange
multiplier, diverging findings, and a large number of
computations.

The ATIM, one of the most important mathematical
innovations, can be used to solve FPDEs. Conventional
methods for resolving FPDEs can be computationally costly
and cause problems with convergence. Our innovative
approach obtains around these limitations by continuously
improving approximations while maintaining a stable
computational economy. This allows us to continuously
enhance accuracy. This finding improves our ability to
recognize and comprehend complicated systems driven
by FPDEs, which in turn helps to solve challenging issues
in physics, engineering, and applied mathematics [29-31].

The simplest basic method for solving FDEs is the ATIM,
according to previous studies [29-31]. These methods not only
yield numerical solutions to PDEs that do not require discre-
tization, but they also immediately and clearly reveal the
symbolic terms in analytical solutions. The main goal of this
work is to evaluate how well ATIM solves the acoustic wave
equations. It is important to note that these two methods have
been used to solve a number of linear and nonlinear frac-
tional differential problems.

The study of ion-acoustic plasma waves is fundamental
in understanding various phenomena in space and labora-
tory plasmas. Traditional models, such as the RLW equation,
have been instrumental in describing wave propagation
and dispersion in such media. However, these models often
fail to account for memory effects and nonlocal interac-
tions that are intrinsic to many complex physical systems,
particularly in plasmas with long-range particle interac-
tions. Fractional calculus, especially using the Caputo deri-
vative, provides a powerful framework to incorporate
these effects due to its ability to model temporal and spatial
memory. In this work, we employ the ITM to derive
approximate analytical solutions of the fractional RLW
equation. The fractional-order formulation allows for a
deeper understanding of the impact of memory and
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nonlocality on wave dynamics. Our findings not only gen-
eralize the classical RLW model but also offer new insights
into the role of fractional parameters in controlling the
stability and dispersive behavior of plasma waves.

2 Foundations of our work

Definition 2.1. [32] Aboodh transform (AT) is defined as
follows for the piecewise continuous and exponential
order function Q(u, v):

A9 V1= ¥ ) = 7 [0 vie i,
0

01SES02 and ‘uZO

The inverse transform of Aboodh (IAT) is given as

A, O] = Qu, v)
= — VvE
Py u_im‘l’(u, v)gerdv,

1=y, hy, it,)) €ERand p EN.

Lemma 2.1. [33,34] Consider two piecewise continuous and
exponential-order functions Q,(u, v) and Q,(u, v) on [0, o].
Let A[Q(u, v)] = Wiy, v), A[Q(u, v)] = Wo(u, v), and con-
stants o, and o,. Consequently, these features are sufficient:
D A1y, v) + 0,1, v)] = 0,¥1(1, §) + 0, %o, v),
(i) A™MeWi(w, v) + W1, v)] = ,Q1(l, §) + 0,2, v),
(i) APQ, v)] = Y42,
(iv) A[D{Q(y, v)]

-1 Q"(u,0
= €W, &) - Ty e - 1<p s

leN.
Definition 2.2. [35] The fractional Caputo derivative of
order p for the function Q(y, v) is stated as

DYQu,v) = JIPQMW(u,v), 120,
n,p €R,J'? is the R-L integral of Q(u, v).

n-1<p<n,

Definition 2.3. [36] Power series of the multiple fractional
(PSMF) is given as

ihl(‘u)(v = V)P = ho(v = vp)? + (v = vp)P + My(v — vp)?
1=0

+

ey

where u = (u,, Uy, ...,yp) € RP and p € N, v is variable, the
series coefficients h;(u), and the series is centered about vj.
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Lemma 2.2. Let us consider that there exist exponential-
order function Q(u,v) and define AT as A[Q(u, V)] =
Y(u, &). Then,

-1

A[DPQ(u, v)] = EPW(u, §) - Y ErD2DJPQ(u, 0), .
j=0

0<p=],

where (= (i, {t,, ...,1t,) ERP and p €N and DY = DJ.
DP. ... DP(l - times).

Proof. Eq. (9) can be verified by the process of induction.
By substituting =1 into Eq. (9), the following is
obtained:

ADPQu, V)] = §¥W(n, &) - §272Q(u, 0) - £P72DPQ(y, 0).

The validity of Eq. (9) is asserted by Lemma 2.1 for
I = 1. This result is obtained when [ = 2 is inserted into

Eq. (9):

A[DPQ(u, v)] = EPW(u, §) - £272Q(u, 0)

(10)
= §P7DfQ(u, 0).

The left-hand side (LHS) of Eq. (10) will allow us to achieve
this result:

LHS = A[DZQ(u, v)]. (11
Eq. (11) can also be expressed as

LH.S = A[DPQ(u, v)]. (12)
Let

Z(u, v) = DPQu, v). (13
Thus, Eq. (12) becomes

L.H.S = A[DPz(u, v)]. (14)
Using Definition 2.2, we can rewrite Eq. (14) as

LHS = A[JYPz (u, v)]. (15)

The Riemann-Liouville integral for the AT is applied to Eq.
(15), resulting in the following:

Az (u, )]
LH.S = T (16)
By virtue of the derivative characteristic of the AT, Eq. (16)

is transformed
z(u, 0)

LHS =¢&PZ(u, &) - 2 a7
From Eq. (13), we derive
Qu, 0
2, §) = £, €) - Efz‘_p).
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Substitute the value of Z(u, &) into Eq. (17):

Qu,0)  DJR(u, 0)
LHS = E2¥W(u, §) - = = £ (18)
Eq. (9) is valid when I = r. In Eq. (9), substitute [ = r:
r-1
A[DPQ(u, V)] = EPW(u, ) = Y EPTIIDIPDIA(u, 0), .
j=0

0<p=1l

Ultimately, we must demonstrate that Eq. (9) is valid for
[ = r + 1 by inserting it into Eq. (9):

AD{DPQu, v)]

+1 . +1)=)-2) Ji 20)
= £, §) - 3§D IDPO(, 0).

Jj=0

We derive the following after analyzing the LHS of
Eq. (20):

L.H.S = A[D[P(D}P)]. Q1)
Let
D)P = g, v).
By Eq. (21), we drive
LHS = A[D?g(u, v)]. 22)

The Riemann-Liouville integral to Eq. (22) and the defini-
tion 2.2 provide the following:

LHS = EPA[DIPO(u, v)] - gé‘jjf ). 23)
Eq. (19) is employed to obtain Eq. (23):
-1
LHS = &rW(u, &) - Y &-D2DPQ(u, 0).  (24)

j=0
Eq. (24) can also be expressed as
LH.S = A[DPQ(u, 0)].

Eq. (9) is therefore valid when ! = r + 1. Hence, it is proved
that Eq. (9) is valid for all positive integers by mathematical
induction. O

The lemma that follows provides a novel explanation
of multiple fractional Taylor’s series (MFTS). This formula
will be advantageous to the Aboodh residual power series
method (which will be further examined in the following).

Lemma 2.3. Assume that Q(, v) be the function of exponen-
tial order. The AT of Q(u, v) is denoted by the expression
A[Q(u, v)] = W(u, &). Then, the MFTS in the AT is denoted as
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< @)
W, §) = Yk €30, (25)
1=0
where y = (U, ty, ....1t,) €ERP,  p EN.
Proof. Consider Taylor’s series:
4 4
Qu, v) = ho(u) + M) = + + (W)

Tlp + 1] T[2p + 1] (26)

+ ...

The following is the result of applying the AT to Eq. (26):

vP
Ilp +1]

AlQ(u, v)] = Alho(u)] + Alhu(u)

V2P

AN TRy ]

hy(u) +

When implemented, the transformation generates the con-
sequent output

1 Ip+1] 1
? + hl(u) F[p + 1] Ep+2
I[2p +1] 1

+ hz(‘u)m EZI”Z

A[Q(u, v)] = ho(w)

Following a set of calculations, we obtain Eq. (25), a novel
specific form of Taylor’s series in the AT. O

Lemma 2.4. The PSMF in the Taylor series (25) formulation
is as follows: A[Q(u, v)] = P(u, &).

ho(w) = %{mﬂ &W(u, &) = Qu, 0). @7
Proof. Assume Taylor’s series:
() ()
hou) = 2%, 8) = g~ (28)
With a brief computation, we can obtain (28) by calculating
limg of Eq. (27). |

Theorem 2.5. In the AT, the PSMF for the function Q(u, v) is
as follows.

< hu(u)
Y, &) =) ar

=0

§>0,

where yt = (Uy, lty, ....1t,) € RP and p € N. Then, we have
h(u) = DPQu, 0),

where, DY = DP. DP. ... DF(I - times).

Proof. Assume Taylor’s series:
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)  hs()

M) = §GL ) = PR = =g = gy 9)
By applying lim;_.., to (29), we obtain
. . ()
) = lim (€729, ©) = EPRo() ~ lim 51>
. hs(u)
e
Evolute limit to derive the subsequent result:
h(u) = gg (&P (u, §) - EPho()). (30)

Based on the consequence of Lemma 2.2, Eq. (30) is trans-
formed as follows:

() = ?EE (EA[DSQ(u, V(). (€3))

By applying Lemma 2.3 to Eq. (31), we can obtain the
following:

() = DPQ(u, 0).

We obtain the following result by using Taylor’s series and
the limit:

O
T

A particular result is obtained by applying Lemma 2.3:

ho(ut) = %me EHEPW(, §) = P ho(u) - EP (). (32)

ho(w) = 228 (u, §) - §%ho() = EPhu(u) -

Lemmas 2.2 and 2.4 are employed to modify Eq. (32):
ha(u) = DPQ(u, 0).
Applying the same steps as earlier, we obtain

ha(u) = }tgmw E(AIDPQAu, PIE)).

Finally, we derive

hs(u) = DPQ(u, 0).
In general,

h(u) = DPQ(u, 0).

This completes the proof. (]

The convergence of Taylor’s series is defined in the
subsequent theorem.

Theorem 2.6. For |EPA[D{""™VPQ(u, v)]| < T, the residual
R.(u, &) of innovative form of MFTS validate the inequality:

T
|Rr(ﬂ,f)|sw, 0<f<s and 0<p<1
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Proof. Let us consider that A[DPQ(u,v)]|(€) for
1=0,1,2,..,r+1, is defined on 0<¢<s. Consider
that |E2A[D!"'Q(u, w)]| < T, on 0<&<s. Let Taylor’s
series be

- u(w)
B0 8)= %00 - 3

=0

(33)

Eq. (33) is converted into the following by the application of
Theorem 2.5:

< DPQ(u, 0)
R, &) = Wy, €) - ZTf‘z (34)
1=0
Now, multiply E7+VP*2 with Eq. (34):
g PR, (u, &)
(35)

= TP, §) - is‘(r”"”"ZDvl” Qu, 0)).
=0

Lemma 2.2 is applied to Eq. (35), resulting in the following:

ECH PR (1) ) = E2A[DSTIPQy, v)]. (36)
The absolute of Eq. (36) is given as
|ETDPR, (u, §)] = |EAIDS PR WL B7)

A particular result is achieved by employing the criteria
specified in Eq. (37):

-T T
Fope SR ¢ < Fepe (38)

Eq. (38) is also written as
T
[R-(u, §)| < FrpT

Therefore, this is a particular condition for the series con-
vergence. O

3 Methodology for the proposed
model’s solution

Let us consider the general PDE:
DyQ(u, v)
= ®(Q(u, v), D/Au, v), DZQUu, v), D, v)), (39)
0<p,v<l,
with the initial condition
Q(y, 0) = hy,

r=0,12,.,n-1, (40)
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where Q(u, v) is the function which we will have to find
and the operators ®Q(y, V), D,Qy,v), Dj"g(y, V),
Dﬁ"Q(y, v)) are linear or nonlinear of Q(y, v), D,Qy, v),
DR, v), and D3"Q(u, v).

Take the AT of Eq. (39):

1 {0y, 0
Al =3 ZO% + Al(Q, v), @

xDyQ(u, v), DR, v), DR, v)]),

Now, apply the inverse transformation of Aboodh:

1
|
Qlu,v)=A o

n-1

Q"(u, 0)
2~
r=0
+ A[D(Q(u, v), DU, v),

x D2Q(u, v), D¥'Q(u, v)D].

(42)

The solution to the equation is given by an infinite series
using ATIM.

Qu,v) = ZQi.

(43)
i=0
Decompose the operators ®(Q, D'Q, D'Q, D'Q):
®(Q, DyQ, D'Q, DI'Q)
= ©(Qo, D/, DF"Q0, D3 Q)
+ Y| ; (Qr, Dy, DF'Qy, DY'Qy) (44)
i=0| (r=0

i-1

2 (@, D9, DQ,, D¥Q))

—(IJ r~u r~u

r=1

In Eq. (42), insert (43) and (44) to obtain the result given in
the following:

> Qi v)
i=0

1
sP

"=y, 0)

= Al
A §2p+r

r=0

+ A[q)(901 DXQO, DﬁVQO, Dﬁvgo)]

45)

(2 d
+ 471 S|y (@ Y (@, DYy, DF'Qy, DOy
S i=ol r=0
1 i-1
— 2 3
- Al P A ‘I’gl(gr, D@y, D,"Qr, D)
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1

Qo(u, v) = A &

bl

§2-p+r

oMy, 0
5 2 )l

r=0

1
Qi v) = A_I[E(A[‘I’(QO, D;Q0, DF'Q0, DEVQO)])],

Qn+1(ll; V)

, (46)
1 ad -
= A1 A 2|® 2 (@, DiQ, D'Qr, D'R)

=00 r=0

i-1

- A_l l A q) IZ(QF! Dvgr: Dzvgr: nggr) )
SP < u u u
n=12, ...

The solution to Eq. (39) using ATIM is represented as
follows:

n-1
Qu,v) = ) Qu %)
i=0

Example 3.1. Assume the RLW nonlinear PDE of time-
fractional:

0Q%(u, v)
ou (48)

°Qu,v)
ovou?
where 0 <p <1

DIy, v) =

1
2

with initial condition:
Qu, 0) =y, (49)

and exact solution

Qu,v) = .
wv) =77
We obtain the following outcome by using the AT on either
side of Eq. (48):

1
ADR( V=3

oo, 0)
0°Qu,v) 1094y, v)

1
ovou® 2 ou

(50)

il

We obtain the following outcome by using the AIT on
either side of Eq. (50):

1 [Py, 0) 33Q(u, v)
Q , - A_l - ’ + )
W v) sP Zo s2p*r ovou?
(51
_ 109%u,v)
2 du '
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AT is recursively applied to obtain Example 3.2. Consider the fractional-order GRLW non-
"1 o) linear PDE:
)
Qo) =AYl 22— 0% 0Q
sP Zo §2-ptr D‘?Q(ﬂ, V) - ([1,2\/) _ Q(ﬂ, V) (ﬂ, V)
ovou ou
L[ 2w 0) (56)
=A== o0Q(u, v)
s? TR where 0<p<1
—H Having IC’s:
The Riemann-Liouville integral of Eq. (48) implies Q(u, 0) = 3k sechX(Iu), 57)

*Qu, v)  109Q%u,v) and exact solution

. 52
ovou? 2 ou 2)

Qu,v)=p-A

Q(, v) = 3ksechX(I(u - (1 - k)v)).
Using the ATIM process, these terms are acquired. We obtain the fOHOWing outcome by using the AT on either
side of Eq. (56):

QO(H: V) = U,

uvP
Ql(nuﬁ V) = _r(p + 1);

ol VPICp+1)?
g p[z H(p+DAGp+1)

T(2p + 1) ’

V¥T(2p + 1)’T(6p + 1) . JTATPYPT(p + 1T (Gp + 1) (53)
I(7p + 1) r[3p . %]

Qs(u, v) = |uv*|vP|-

_ 20(p + DIGp + DERIEp + DI(p + 1)* + T@p + D)IEp + 1) | 7*247T(p + DIEp + 1)°
2
[@p + TGp + 1) r[p + %] F[Zp + %]

/(T(p + D*TGp + D).
The ATIM gives this final solution:

Q(ﬂ: V) = QO(xus V) + Ql(xua V) + QZ(xus V) + 93(!11 V) + .. (54)
VPT(2p +1)?
uvp ”VZP[Z B r(p+1)2r(3p+1)]

+

WT2p + 1)I(6 1
Qu,v)=u - yv4l’[vp[—v (@p + DT(Ep + 1)

T(p+1) T2p + 1) T(7p + 1)

. NTARVI(p + DPT(Gp + 1) 20(p + DIGp + DEIGp + DI(p + 1 + I2p + DII(Ep + 1
r[3p . 1] I@2p + DGp + 1)
2

(55)

7312447 (p + DI3p + 1)°

2
F[p + %] F[Zp + %]

[(T(p + DTGp + D?) + ...
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A[DJQ(u, V)]

1[$'e0w0)  [6°Qu,v)
o osp| L st avou? (58)
0Q(u,v)  9(u,v)
— Q —_
W, v) ou |

We obtain the following outcome by using the AIT on
either side of Eq. (58):

1 (" ™y, 0) 3, v)
- A1l =
Q. v)=A sP Zo §2p*T ovou®
(59)
~ 0, v) 9, v)
Qy, v) ou o ]

The iterative procedure of the AT is used to derive this equation:

1

sP

n-1 Q(r)(‘u’ 0)
2

r=0

= A_l[—g(!;; 0) }

= 3k sech 2(Iu).

Qo(u, v) = A

The Riemann-Liouville integral of Eq. (56) implies:

0°Q(u, v)
avou®

0, v) 0, v)
ou ou

These terms are obtained using the ATIM process:

Q(u, v) =3k sech X(lu) - A

(60)

- Q(ﬂ) V)

Qo(u, v) = 3k sech (1),
3klvP tanh (ly) sech *(lu)(6k + cosh(2lu) + 1)
I(p+1) '

91(% V) =
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Example 3.3. Consider the fractional-order RLW nonlinear
PDE:

0°Qu,v)  09(y,v)

DO =2
W Y) =2 o ou (64)
where 0 <p <1
Having ICs:
Qu, 0) = e (65)
and exact solution
Qu, v) = evH

we obtain the following outcome using the AT on either
side of Eq. (64):

1 [0y, 0)

ApLRw I= 5 ¥ =70
r=0 ; (66)
. A[Za 2.v) _ 09, V) ]
ovou ou

We obtain the following outcome by using the AIT on
either side of (66):

1[0, 0) 2°Qu, v)
| il
Q(H, V) A sP ZO sz—p+r +A ava‘u2
(67)
_ 0Q(u, v)

ou

The following is the equation that results from applying the
AT iteratively:

-252k?sech %(lu) + (48k — 2) cosh (2lu) + 72k(3k — 1) + cosh(4lu) - 3

3
Q(u, v) = Ekﬁvzl’ sech 6(l,u)[

3kl4pvpr[p +3

+

T'2p +1)

(61)

tanh ({u) sech *(lu)(6k + cosh(2lu) + 1)((24k - 2) cosh(2lu) - 36k + cosh(4lu) - 3)

JT(p + DI3p + 1)

The ATIM gives this final solution:

Qu, v) = Qo, v) + Qu(u, v) + o, v) + ...
3klvP tanh (lu) sech 4(lu)(6k + cosh(2lu) + 1)

Q(u, v) = 3k sech 2(lu) +

(62)

I(p+1)

-252k%sech %(lu) + (48k — 2) cosh(2lu) + 72k(3k — 1) + cosh(4lu) - 3

+ %klzvzl’ sech 6(ly)[

3kl4pvpr[p +3

+

T2p +1)

(63)

tanh (lu) sech *(lu)(6k + cosh(2lu) + 1)((24k - 2) cosh(2lu) - 36k + cosh(4lu) - 3)

JaT(p + DI3p + 1)
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1

Qo(u, v) = A1 o
r=0

§2-p+r

Loy, 0
5 2w )]

The Riemann-Liouville integral of Eq. (64) implies

°Qu,v) 99y, v)

68
ovou? ou (68)

Qu,v) = e - A2

The following terms may be acquired by using the ATIM
procedure:

Qo(u, v) = e,

Qi v) = %,

0, v) = - (ez‘;vjl’l)’ (69)
011, V) = %

The ATIM gives this final solution:
Q(xua V) = QO(#: V) + 91(11, V) + QZ([J) V) + 93(#, V)

(70)
+ ...
9 ~ ety e Hy3p e Hyp »
W) =10 " 1epen T T ¢ o
+ ...

Example 3.4. Consider the fractional-order RLW nonlinear
PDE:

o*Q(u,
DPQ(u,v) = —%, where 0<p<1, (72)
Having ICs:
Q(u, 0) = sin(u) (73)

Novel analysis of fractional regularized long-wave equation =—— 9

and exact solution

Qu, v) = e7sin(u).
We obtain the following outcome by using the AT on either
side of Eq. (72):

ADPR, V)] = —

e (74)

n-1
Q(u, 0 a4Q(y,
> zgﬂ ) +A[— (u, v)
s ptr au4

r=0

We obtain the following outcome by using the AIT on
either side of (74):

The following is the equation that results from applying the
AT iteratively:

1

Qu,v) = A1 7 . (75)

n-1 (r) 4
5 &7w0 A{_a o, v)
§2-p+r 6[14

r=0

1

Qo(uy V) = A_l sP

n-1 Q(r)(u, 0)
rg() sz—p+r

= A—l[_g(‘s‘; 0) ]

= sin(u).

The Riemann-Liouville integral of Eq. (72) implies

a'Q(u, v)

o (76)

Qu, v) = sin(u) - A

The following terms may be acquired by using the ATIM
procedure:

Qo(y, v) = sin(u),

VP sin(u)
Q(u, v) = _T”‘lll)’
_ v sin(u) 77
Qo v) = T+ 1)’
_ v¥sin(u)
Qyu, v) = TEp D

Table 1: Analysis of different p values of ATIM solution and its comparison with VHPTM [37] and VIM [24] for v = 0.1

ATIM Errox,-1.09 VIM Erroxy-1,99 VHPTM Errory-1o

u ATIM,-g 64 ATIM,_q 4 ATIM,-1 09 Exact

0.1 0.0975762 0.0993929 0.0999001 0.0999001
0.2 0.1951520 0.1987860 0.1998000 0.1998000
03 0.2927290 0.2981790 0.2997000 0.2997000
0.4 0.3903050 0.3975720 0.3996000 0.3996000
0.5 0.4878810 0.4969640 0.4995000 0.4995000
0.6 0.5854570 0.5963570 0.5994010 0.5994010
0.7 0.6830340 0.6957500 0.6993010 0.6993010
0.8 0.7806100 0.7951430 0.7992010 0.7992010
0.9 0.8781860 0.8945360 0.8991010 0.8991010
1. 0.9757620 0.9939290 0.9990010 0.9990010

6.661672 x 10711
1.332334 x 10710
1.998501 x 10710
2.664669 x 10710
3.330836 x 10710
3.997003 x 10710
4.663169 x 10710
5.329338 x 10710
5.995504 x 1071
6.661672 x 1071

1.000000 x 10710
2.000000 x 10710
3.000000 x 10710
4.000000 x 10710
5.000000 x 10710
6.000000 x 10710
7.000000 x 1071
8.000000 x 1071
9.000000 x 107
10.00000 x 107°

1.000000 x 10710
2.000000 x 10710
3.000000 x 10710
4.000000 x 10710
5.000000 x 10710
6.000000 x 10710
7.000000 x 10710
8.000000 x 10710
9.000000 x 10710
10.00000 x 107°
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(a)

(b)

Figure 1: Comparison among exact solution (a) and approximate solution (b) for p = 1.

The ATIM gives this final solution:

Q(ﬂ, V) = QO(#) V) + 91([1’ V) + 92(;[1’ V) + Q3(xua V)

(78)
+ o
_ v®sin(u)  v¥sin(w)  vPsin(w)
V=Tt TaeD TD (9
+sin(u) + ...

4 Graphical discussion

The study systematically employs the iterative transform
method (ATIM) to explore fractional RLW equations, par-
ticularly focusing on ion-acoustic plasma waves. The

results derived from the analysis are visualized and com-
pared through various figures and tables, offering clear
insights into the dynamics of plasma waves under different
parameter settings.

Table 1 provides a comparative analysis of different
p-values for the ATIM solution against the VHPTM and
VIM methods, for v = 0.1 in Example 1. This table illustrates
how ATIM fares in terms of accuracy compared to other
established methods, highlighting its efficacy. Figure 1 pre-
sents a visual comparison between the exact solution and
the approximate ATIM solution for p = 1in Example 1. This
figure helps in understanding the approximation’s close-
ness to the exact solution, validating the method’s relia-
bility. Figure 2 (a and b) shows the effect of varying
p-values on the solution for v = 0.1 in both 3D and 2D

’f
20f Lot
-
" .
u p=0.55 b o? o]
075 15 'o' '—:»'_4‘
= p=0. S et
< P R
"p=085 A, 4 mERden 055
. e e | =0.
u p=1.00 AP P
e’ .%%%" p=0.75
051 ”:'_";5’
PR p=0.85
3%
®
[o®*0 | p=1.00
00F2 ‘ . ‘
0.0 05 1.0 15 2.0
| u
2.0
(a) (b)

Figure 2: (a and b) Effect of p values on the solution for v = 0.1, in 3D and 2D, respectively.
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Table 2: Effect of p values on ATIM solution of the model

Novel analysis of fractional regularized long-wave equation

-—_ 1"

u ATIMp-g.64 ATIMp=0.84 ATIMp-1.00 Exact Errory-1.09

0.1 1.49636 1.49626 1.49626 1.49626 1.492190 x 1077
0.2 1.48531 1.485M 1.48510 1.48510 2.938261 x 1077
0.3 1.46705 1.46677 1.46675 1.46675 4294912 x 1077
0.4 1.44196 1.44159 1.44157 1.44156 5.524302 x 1077
0.5 1.41049 1.41005 1.41002 1.41002 6.596072 x 1077
0.6 1.37324 1.37274 1.37271 1.37271 7.488684 x 1077
0.7 1.33086 1.33031 1.33028 1.33028 8.189984 x 1077
0.8 1.28409 1.28350 1.28346 1.28346 8.697005 x 1077
0.9 1.23366 1.23304 1.23300 1.23300 9.015113 x 1077
1. 1.18034 117971 1.17967 1.17967 9.156672 x 1077

(a)

05!

00},
-10

(b)

Figure 3: Comparison among exact solution (a) and approximate solution (b) for p = 1.

perspectives in Example 1. These visualizations depict how
the changes in p-values influence the behavior of the solu-
tion, emphasizing the sensitivity of the plasma wave model
to parameter variations. Table 2 focuses on how p-values
affect the ATIM solution of the model in Example 2. This
helps in quantifying the impact of varying parameters on
the solution accuracy. Figure 3 compares the exact and
approximate solutions for p =1 in Example 2, similar to
Figure 1, further validating the ATIM approach for dif-
ferent examples. Figure 4 (a and b) similarly illustrates
the effect of different p-values on the solution for v = 0.1
in 3D and 2D, showing the dynamics of the plasma waves as
influenced by these values in Example 2. Table 3 provides
an analysis for different p-values in Example 3, comparing
the ATIM solution against VHPTM and HPSTM methods for
v = 0.0000001. This highlights the robustness of ATIM in

handling small values of v = 0.0000001. Figure 5 compares
the exact and approximate solutions for p = 1 in Example 3,
reaffirming the accuracy of ATIM under different condi-
tions. Figure 6 (a and b) displays the effect of varying
p-values on the solution for p =1 in 3D and 2D, showing
the sensitivity of solutions to these parameter changes.
Table 4 presents the effect of p-values on the ATIM solution
for the general model, offering a numerical perspective to
the findings. Figure 7 visually compares the exact and
approximate solutions for p = 1, summarizing the approx-
imation capabilities of ATIM. Figure 8 (a and b) illustrates the
effect of p-values on the solution for v = 0.1 in 3D and 2D,
reinforcing the significance of the parameter variations
on the plasma wave dynamics. These figures and tables col-
lectively demonstrate the efficacy of ATIM in capturing the
dynamics of fractional ion-acoustic plasma waves, providing
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I
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Figure 4: (a and b) Effect of p values on the solution for v = 0.1, in 3D and 2D, respectively.

Table 3: Analysis of different p values of ATIM solution and its comparison with VHPTM [37] and HPSTM [15] for v = 0.0000001

u ATIMp=q.64 ATIMp=0 84 ATIMp-=1.00 Exact ATIM Errory-1 9o HPSTM Erroxy,-199 VHPTM Errox,-1 oo
0.1 0.928067 0.910395 0.905743 0.905743 3.774758 x 10714 8.396197 x 10~° 9.100000 x 10710
0.2 0.839750 0.823760 0.819550 0.819550 3419486 x 1074 2.343247 x 107° 8.200000 x 1079
0.3 0.759837 0.745369 0.741559 0.741559 3.075317 x 10714 1.098518 x 1078 7.400000 x 1070
0.4 0.687529 0.674437 0.670991 0.670991 2.786659 x 10714 2435301 x 1078 6.700000 x 1079
0.5 0.622102 0.610256 0.607137 0.607137 2.531308 x 10714 3.925301 x 1078 6.100000 x 107°
0.6 0.562901 0.552183 0.549361 0.549361 2.287059 x 10714 5.222691 x 1078 5.500000 x 1079
0.7 0.509334 0.499636 0.497082 0.497082 2.070565 x 1074 6.061930 x 108 5.000000 x 1079
0.8 0.460864 0.452089 0.449779 0.449779 1.876276 x 1074 6.351737 x 1078 4500000 x 1079
0.9 0.417007 0.409067 0.406976 0.406976 1.698641 x 1074 6.159048 x 1078 4.100000 x 10~
1. 0.377324 0.370139 0.368248 0.368248 1532107 x 1074 5.612475 x 1078 3.700000 x 1079

Figure 5: Comparison among exact solution (a) and approximate solution (b) for p = 1.



DE GRUYTER

Novel analysis of fractional regularized long-wave equation

— 13

1 . . .
L e A P =0.55
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Figure 6: (a and b) Effect of p values on the solution for v = 0.0000001, in 3D and 2D, respectively.
Table 4: Effect of p values on ATIM solution of the model
u ATIMP=0_64 ATIMI;:()_M ATIMI,:L()() Exact Errorp=1_00
0.1 0.0914801 0.0964722 0.0988401 0.0988401 4151420 x 1071
0.2 0.182046 0.191981 0.196693 0.196693 8.261361 x 1071
0.3 0.270793 0.285571 0.29258 0.29258 1.228875 x 10710
0.4 0.356835 0.376307 0.385544 0.385544 1.619336 x 10710
0.5 0.439311 0.463284 0.474655 0.474655 1.993618 x 10710
0.6 0.517398 0.545632 0.559024 0.559024 2.347979 x 10710
0.7 0.590315 0.622528 0.637808 0.637808 2.678881 x 10710
0.8 0.657333 0.693204 0.710218 0.710218 2.983016 x 10710
0.9 0.717784 0.756954 0.775533 0.775533 3.257345 x 10710
1. 0.771063 0.813141 0.833098 0.833098 3.499128 x 10710

(a)

Figure 7: Comparison among exact solution (a) and approximate solution (b) for p = 1.
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Figure 8: (a and b) Effect of p values on the solution for v = 0.1, in 3D and 2D, respectively.

both numerical and visual evidence of the method’s relia-
bility and potential for broader applications in solving frac-
tional-order wave equations.

5 Conclusion

We have studied the fractional generalized form of the
RLW equation using the Caputo derivative to describe
the ion-acoustic of the salty plasma. Using the ITM led
us to approximate solutions and helped to investigate
the effect of fractional-order derivatives on wave propaga-
tion. Although ITM is an established for analytical
methods, our research illustrates the influence of fractional
calculus onto plasma wave behavior through a comparison
between integer-order and fractional-order models. These
findings indicate that fractional derivatives lead to changes
in wave dispersion and stability, presenting a new perspec-
tive for analyzing intricate plasma behavior. While there
is still no consensus on the interpretation of memory in
plasma systems, it is well established that fractional models
can accurately describe nonlocal interactions and anoma-
lous diffusion. This demonstrates the accuracy of fractional
modeling and gives more support to the significance of frac-
tional-order in theoretical plasma physics because it
encourages the applications of fractional-order to the
system of collisional plasma.
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