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Abstract: The present study investigates different types of
wave symmetries in the (3 + 1)-dimensional Chafee-Infante
equation via the Hirota bilinear transformation technique. In
this work, we derived exact solutions that include bright and
dark solitons, periodic cross kink, multiple waves, mixed
waves, homoclinic breathers, M-shaped related waves and
periodic lump waves. These solutions exhibit stability, energy
confinement, and dynamic interactions. It is observed that
the Hirota method captures the highly nonlinear complex
phenomena that result from the balance between the nonli-
nearity and the dispersion. These factors lead to a stability
and coherent formation of wave forms. We employed
Mathematica 11.1 software to obtain 3D, contour, and 2D
graphs of our solution. The graphs present the spatial and
temporal evolution of these solutions. The periodic struc-
tures, oscillatory solitons, and cross-kink configurations
have dynamic interaction while maintaining fundamental
properties of waves. Breather and homoclinic breather solu-
tions present the basis of oscillatory local dynamics, which
stress on energy transfer and phase modulation. The novelty
of this article is in the use of the Hirota bilinear technique to
the Chafee-Infante equation in (3 + 1)-dimensional dimen-
sion, which allows the derivation of a wide variety of exact
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multidimensional wave solutions, including intricate hybrid
solutions previously unreported for the equation. This pro-
vides great value by extending the analytical theory and
improving the understanding of nonlinear wave behaviors
in high-dimensional environments. It is worth noting that all
the solutions have been verified and found to satisfy the
governing equation.
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1 Introduction

Solitons are solitary waves (or self-reinforcing waveforms)
that travel at a constant speed, keeping their shape in the
way. They form the core of nonlinear science, and they
result from the balance of nonlinearity and dispersion.
As a consequence, they are critical to understanding sev-
eral fundamental physical and mathematical systems.
Solitons abound in most fields, such as fluid [1], plasma
physics [2], optical communication [3], stellar environ-
ments [4], and biology [5], to mention only a few. Among
many equations modeling the behavior of solitons,
such as the nonlinear chains of atoms model [6], the bis-
table Allen-Cahn equation [7], and the coupled nonlinear
Schriidinger-type equations [8], as well as the (3 + 1)-
dimensional Calogero-Bogoyavlenskii-Schiff (CBS) equa-
tion, the CBS-Bogoyavlensky—Konopelchenko (CBS-BK)
equation [9], the unstable NLSE and the modify unstable
NLSE [10], and so on, the Chafee—Infante equation (CIE) can
rightly be classified as a celebrated reaction—diffusion
model [11]. This equation describes the energy balance
between equator and pole of the solar system, which
transmit energy via heat diffusion [12].
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The one-dimensional CIE has emerged as one impor-
tant topic of mathematical research. This equation has
been analyzed with the sole aim of discovering its attractor
structure and developing various stability characteristics
[13]. For example, Caraballo et al. [14] shed light on the
effects of stochastic perturbations on this equation through
their investigations, which led to an intriguing conclusion
on the noise and system synthesis. Such investigations
showed how multiplicative It6 noise could stabilize the
origin, while Stratonovich noise preserved the attractor’s
dimension. They also showed that sufficiently rich additive
noise could reduce the random attractor to a single point.
They also emphasized the importance of noise in modu-
lating the dynamics of reaction—diffusion systems. In turn,
Debussche et al. [15] addressed thoroughly the determi-
nistic CIE with special reference to its long-time dynamics
and attractor structures. Their work showed how stable
and unstable manifolds direct solutions toward equili-
brium. The initial results formed a basis for future
research efforts concerning the equation’s response to per-
turbations and modification of parameters.

Undoubtedly, the CIE has been extended from the one-
dimensional case into higher-dimensional transitions. An
application of the equation to mass transport, particle dif-
fusion, and energy transfer has been made for two and
three spatial dimensions. Rosa [16] applied the inertial
manifold theory in designing exact finite-dimensional feed-
back control laws for the equation to demonstrate its
potential in control theory. The investigation highlighted
the capacity of the CIE as a model for the controlled non-
linear systems. As a follow-up, Carvalho et al. [17] studied
the nonautonomous version of the equation, providing a
detailed analysis of its pullback attractor structure and the
bifurcations that arise when parameters are varied. Such
works are examples of dynamic behavior captured with
this versatile equation in various settings. In addition, sto-
chastic modifications of the CIE have also attracted much
interest. Blumenthal [18] investigated pitchfork bifurca-
tions in the face of stochastics and found that, even with
the destruction of random pullbacks, finite-time Lyapunov
exponents persist. The contribution provides new pro-
spects the regarding bifurcation theory in stochastic sys-
tems by demonstrating that noise acts to simultaneously
destabilize and preserve important dynamical features.

On the other hand, analytical techniques have played a
very vital role in exploring the solutions and properties of the
CIE. For example, using the modified F-expansion method,
Tang and Wang [19] derive bright and kink soliton solutions
and provide stability analyses of their behavior. Hossain et al.
[20] have contributed to this work by incorporating conform-
able fractional derivatives into this equation and discovering
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multisoliton interactions and waveforms in trigonometric,
hyperbolic, and exponential forms by applying the nonlinear
M-shaped expansion method. More work has been done con-
cerning novel solutions of the CIE. Rached [21] used the
enhanced modified simple equation method to construct
exact solutions and extend the range of analytical solutions
known until now. Mahmood et al. [22] presented the modified
Khater method for solving the (2+1)-dimensional version of
the equation that describes a wide variety of propagating
wave patterns, including bright and dark solitons, as well
as periodic solitons. Arshed et al. [23] employed this equation
to gain soliton solutions in hyperbolic, trigonometric, and

rational form with the extended %-expansion method and

new g-expansion method. The applicability of the equation
was further highlighted for phenomena in fluid-dynamics,
plasma physics, and nonlinear optical systems. They stressed
the role of conservation laws in understanding the integr-
ability of the equation.

Furthermore, Arshed et al. [24] hastened the study of
this equation by finding solutions such as bright, dark,
periodic, kink, anti-kink, and singular traveling wave pat-
terns with the extended sinh-Gordon equation expansion
technique. Kumar et al. [25] employed the generalized
exponential rational function (GERF) technique to derive
quite a number of soliton solutions to the (2+1)-dimen-
sional CIE. Their work yielded closed-form solutions in
the form of bright soliton and dark solitons, combined
and singular profiles, periodic oscillatory waves, and
kink-wave structures. Akbar et al. [26] used first integral
method to realize solitary wave solution for NLEEs such as
CIE. They showed how the solutions obtained can be used
in physical applications. Also, Cimpoiasu [27] put forth an
introduction of a modified auxiliary equation (MAE)
method associated with stochastic differential equations
for soliton solution investigation of the CIE. This new
method uses stochastic processes such as Wiener process
to study magnitude and behavior of solitons under their
stochastic influences. Their work brought in new insights
into the stochastic dynamics of solitons and helps for
understanding soliton behavior against random perturba-
tions. Khater and Ghanbari [28] also employed the general-
ized expansion method to solve this equation under time-
variable coefficients. Such an approach included nonlinear
wave variables along with auxiliary equations such as Ric-
cati equations and Jacobian elliptic equations to present
nonautonomous solutions formed by triangular, rational,
or doubly-periodic structures showing the effect of vari-
able coefficients on the performance of solitons.

It is worth noting that the studies mentioned earlier
were all based on either (1 +1) or (2 + 1)-dimensions.
From the literature, one of the few works on the
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(3 + 1-dimensional CIE are those by Sebogodi et al. [29],
who derived soliton solutions using methods such as GERF,
first integral, and expansion techniques. Likewise, Khater
and Alfalq [30] employed the fractional nonlinear general-
ized (3 + 1)-dimensional CIE to model wave propagation in
dispersive media. However, these include analytical and
numerical solutions that demonstrate that wave dynamics
were simulated efficiently using the Khat II and He’s var-
iational iteration method. Collectively, these works speak
of the multifunctional character of the equation as a model
of nonlinear systems. The results embody the efforts to
create and sustain high-level computations for the inter-
pretation of analytical solutions. The generalized (3+1)-
dimensional CIE provides an important ground to harvest
nonlinear wave dynamics in multidimensional systems.
This equation is formulated in the form [29]

Nyt = N + aN3N, + DN, + CNyy + dn;; = 0, m

where N(x,y,z,t) represents the wave function in the
entering parameters a, b, ¢, and d, which govern the non-
linearity and dispersion as well as the reaction—diffusion
effects. Also, higher dimensional terms make this equation
a candidate for very complex interactions, like in the case
of high energy physical processes, environmental systems, or
optical waveguides. The model is an essential generalization
of the reaction-diffusion model, where extra spatial direc-
tions are added to explain intricate wave behavior in systems
of higher dimension. The model has important implications
in nonlinear optics for explaining propagation of ultrashort
pulses through multimode fibers, in plasma physics for
understanding ion-acoustic waves in magnetized plasmas,
and in fluid mechanics for studying formation of rogue waves
in three-dimensional oceanic domains. The inclusion of mul-
tiple spatial dimensions (y, z) enables cross-directional wave
interaction and pattern formation to be examined, making it
especially applicable for the understanding of energy trans-
port in anisotropic media. In the quantum field theory, it can
be used as a model for the investigation of spontaneous sym-
metry breaking in (3 + 1)-dimensional systems. The non-
linear terms of the model account for key aspects of wave
self-focusing and modulation instability, while its dispersive
terms explain wave broadening effects, making it important
in predicting extreme wave events in natural and engineered
systems. Recent uses include biophysics to model signal pro-
pagation in three-dimensional neural networks and materials
science to analyze nonlinear elastic waves in crystalline mate-
rials. The versatility of the equation to accommodate various
solution types (solitons, breathers, rogue waves) under var-
ious parameter regimes renders it a valuable instrument
for exploring nonlinear wave phenomena across various
disciplines.

Wave symmetries in (3+1)-dimensional Chafee-Infante equation
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The Hirota bilinear transformation technique has
proven to be a very capable device both for the solving
of nonlinear partial differential equations and the dis-
covery of different forms of wave phenomena, such as
solitons, breathers, lumps, M-shaped, periodic, kink, and
rogue waves. By demonstrating the versatility of this tech-
nique, Yin et al. [31] took this procedure into (3 + 1)-dimen-
sional equations to facilitate rational transformations for
deriving complex solutions of generalized shallow water
wave equations that present rogue waves and interaction
solutions. Furthermore, Li et al. [32] proposed an extended
Hirota’s method developing modification rules in summa-
tion to reveal more complicated structures as M-shaped,
molecular, or web-like solitons in the (2+1) Sawada-Kotera
equation and much more. These improvements highlight
the flexibility of the method to give suitable treatment for
complex wave motions within a variety of dimensions and
contexts. More researchers delve into real-life application
and computational techniques for Hirota’s method. How-
ever Yokus and Isah [33] go a step further and combine it
with a new exponential function technique to study sec-
tions of KdV solutions about soliton stability and nonlinear
wave interaction. Zhang et al. [34] considered shock wave
responses of equations of type KdV-Burgers and Zakhar-
ov-Kuznetsov-Burgers and tried to relate them to dissipa-
tion effects with physical wave behavior. According to
Ceesay et al. [35] about M-soliton solutions of the modified
regularized long wave equation, these reflect real life in
terms of coastal dynamics with possible insights into sedi-
ment transport and erosion effects. Kumar and Mohan [36]
on the hand gain multi-soliton solutions to high-dimen-
sional equations using this method. Ahmad et al. [37]
applied to nonlocal KdV equations and came out with
bright soliton solutions with some interesting features.
By using the Hirota bilinear transformation technique,
Gu et al. [38] analyzed the (2+1)-dimensional Kadomtsev—
Petviashvili-Sawada—Kotera—Ramani (KPSKR) equation,
obtaining its soliton, breather, and lump solutions, and
explore their interactions along with the concerned chaotic
dynamics of the model. In a similar work, Gu et al. [39] also
explore the (3+1)-dimensional Kadomtsev—-Petviashvili—
Boussinesqg-like equation employing the same approach
to derive soliton, lump, and traveling wave solutions as
well as exploring the model’s chaotic behavior. Shehzad
et al. [40] used the Hirota bilinear method for a wider set
of nonlinear wave structures such as lump, rogue,
breather, and periodic waves, with focus on their interac-
tions and physical importance in plasma systems, ocean
wave dynamics, and other realistic applications. These
works and numerous others prove the profound effect
that the Hirota bilinear method has on mathematical
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physics, applied sciences, and the changing of theoretical
insights into the practical domain.

Despite significant advances in studying the CIE in
lower dimensions, not much work has been done investi-
gating its (3+1)-dimensional version using the Hirota
bilinear transformation method. This research fills that
void by deriving a wide range of exact wave solutions
such as bright and dark solitons, breathers, lumps,
M-shaped waves, and periodic cross kink waves within
this higher dimensional context. The novelty of this work
lies in the rigorous application of Hirota’s technique for
deriving and visualizing intricate wave interactions that
are still analytically manageable but dynamically complex.
These results not only deepen the theory of soliton dynamics
in multidimensional systems but also expand the applicability
of the CIE to nonlinear waves in physics and engineering.
Hence, this work enhances the study of nonlinear wave ana-
lysis and provides a solid base for further theoretical research
and applications in real-life situations concerning multi-
dimensional soliton phenomena.

The rest of this article is structured as follows. In
Section 2, the Hirota bilinear approach is briefly
reviewed, and the bilinear form of the (3+1)-dimensional
CIE is established. We also exhibits a set of exact solutions
for this model. In Section 3, we highlight the graphical
representations and a detailed analysis of the dynamical
behavior of these solutions. Section 4 shows the results
comparison of the manuscript, and Section 5 ends the
article by summarizing main findings and possible areas
of the future work.

2 The Hirota bilinear method

The Hirota bilinear technique is a popular and powerful
analytical method for determining exact solutions of non-
linear partial differential equations (NLPDEs). Its main
advantage consists of being systematic and constructive
in nature, enabling to derive soliton, lump, breather, and
other interactive solutions without needing to linearize or
approximate. The technique operates effectively by trans-
forming the NLPDE into a bilinear form through depen-
dent variable transformations so that the process of solution
can be treated algebraically. Another benefit is that it can treat
multisoliton and higher-dimensional solutions, and it is appro-
priate for the investigation of complex wave structures
such as those in the (3+1)-dimensional CIE examined in this
research. In addition, it allows one to build up solutions with
controllable parameters for in-depth wave behavior, stability,
and interactions analysis.
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There are, however, some weaknesses in the approach.
One is that it commonly depends on specific transforma-
tions and assumptions (e.g., exponential forms of the solu-
tions), which are not necessary for all forms of nonlinear
equations especially nonpolynomial or nonintegrable ones.
Also, the approach does not deal with boundary or initial
conditions directly, so its use is mainly within the frame-
work of determining formal exact solutions but not com-
plete boundary value problems. Moreover, although the
bilinear form is compact, the algebra may grow more com-
plicated when dealing with higher-order or generalized
equations, necessitating the use of symbolic computation
tools for effective application. In spite of these constraints,
the Hirota method is still a very efficient and flexible
method, particularly for researchers who wish to investi-
gate the rich structure of nonlinear wave dynamics in both
lower and higher dimensions.

We now proceed to use this method in Eq. (1). To do so,
first, we make the Cole-Hopf transformation; that is, we take
the logarithmic transformation of the dependent variable N,
giving us the assumption that the solution to Eq. (1) is,

N(X)y) Z: t) = R(ln(k(x)y) Z: t)))X) (2)

where R is a constant to be determine. To find R, we begin
by using the following function:

N(x,y,z,t) = e*By+hiz + (it 3

where q;, B;, and A; represent the wave numbers, and w;
represents the dispersion. By putting Eq. (3) into the linear
parts of Eq. (1), we obtain the dispersion relation as follows:

~ba; - cB? - dA} + af

a;

@

Wi

We now replace the function

k(x,y,z,t)
t(-ba; - cB? - dA? + a)
= exp ! ﬁla ! =+ xa; + B+ zA| (5)
i
+1,

into the Cole-Hopf transformation in Eq. (2), and by using
the result in Eq. (1), we can solve for R to obtain

NG

R=——. (6)
Ja
Therefore, the logarithmic transformation becomes
6
N= %(ln(k(x, Y, 2, ). ™)

We transformed the linear terms of Eq. (1) into bilinear
form as follows:
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We would enter into Eq. (8) all forms of wave functions under
study with means of Mathematica. Then for each specific
case, we will expand and evaluate and arrange related terms
as related to one another, setting them to 0. This will lead us
to solutions of these systems of equations, finding various
potential families corresponding to each case.
(1 Interaction via double exponents: This wave struc-
ture is given in the following equation [41]:
k(x,y,z,t) = Prexp(h(Li(tw + x + y + z) + Ly))

9
+ Prexp(h(Ls(tw + x +y + z) + Lg)).

When Eq. (9) and its first three partial derivatives are sub-
stituted into Eq. (8), and the resulting expression simpli-
fied, the like terms are combined, and the coefficients of

LLy(wi + w§ + wy)(m? - ug(, + 1)) exp
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(2) Interaction of M-shaped rational wave with one kink:
This wave configuration is provided in the following
equation [41]:

k(x,y,z,t) = Pyexp(Li(tw + x + y + z) + L)
+ (Ly(tw + x +y + 2) + Ly)?
+ (Ls(tw + x +y + z) + Lg)* + L.

(12)

The following category of constant value is obtained when
Eq. (12) and its first three partial derivatives are substituted
into Eq. (8) and the resulting expression simplified. The like
terms in the expression combined and the coefficients of
each term set to zero.

——,L3 = 0,L5 = O,W = - -

Li==37 7

¢ - d. By substituting them into Eq. (12) and then substi-

tuting the result into Eq. (7), we obtain

(3) Interaction of M-shaped rational wave with rogue
and kink: This wave configuration is provided in the
following equation [41]:

Category 1: Wb /b

Jm? - ud(uz + 1) (mt +x) +

N w2

N (X, y, 2, t) =

mA{Liez + (W} + wg + wy)e

each term are set equal to zero, we obtain the following
categories of constant values.

b

Category 1: Ly = 0, Ly =~ w = _3ub

N3
put them into Eq. (9) and inject the outcome into Eq. (7), we

obtain the result as follows:
NENT i

- Werrdxy-n)  (10)
Ja|Pe: +hiy 4 PzehL4+ V2

-c-d.Ifwe

Niue(x,y,2,¢t) = -

Category 2: L; = % Ly = —%, w=-c-d. If we put

them into Eq. (9) and inject the outcome into Eq. (7), we
obtain the result as follows:

Noe(x, y, 2, t)
i\/g\/z(_})zehL4 + P1€hL2+iﬁﬁ(—Ct—dl+x+y+z))
\/E(PzehLA‘ + PlehL2+i\/§\/3(—ct—dt+x+y+z))

1n

iVb (-ct-dt+x+y+z)

J3Jb [Pleﬁ

sin [

Jr-ug D v | (13)
m.fug
k(x,y,z,t) = Pyexp(L3(tw + x + y + z) + Ly)
+ Picosh(Li(tw + x +y +z) + L
1 (Lq( X+y+2z)+Ly) (14)

+ (Ls(tw + X +y + z) + Lg)>
+ (L,(tw + x + y + z) + Lg)* + Lq.

Eq. (14) and its partial derivatives up to third order are
substituted into Eq. (8), followed by simplification. The
like terms are then collected so that for every expression,
the coefficients of each expression set to zero. Thus, a cate-
gory of constant values emerges from this system of
equations:

ib

72 3=~ Ls = ~ily, Lg = 0,
Lg=0,Ly =0, w=-c - d. When we substitute these into
Eq. (14) and insert the outcome into Eg. (7), we then end up
with the result as follows:

Category 1: L, = Wb

ﬁ(—ct—dt+x+y+z)

7 + iLz] + ieL4P2]

Nire (X, Y, 2, t) = =
\/E[QL‘lPZ + Pe

ivb (-ct-dt+x+y+z)
2 COoS

(15
Jb(-ct-dt+x+y+z)
V2

+ le]]
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(4) Mixed waves: This wave configuration is provided in
the following equation [42]:

k(x,y,z,t) = Prexp(h(Li(tw + x +y + z) + L))
+ Pyexp(-h(Ly(tw + x +y + 2) + Ly)) (16)
+ Pysin(h(Ls(tw + x +y + z) + Ly))

+ Pysinh(h(Ls(tw + x +y + z) + Lg)).

While substituting Eq. (16) along with its three immediate
partial derivatives into Eq. (8), a simplified expression

DE GRUYTER
ivb Vb ivD
Category 2: P, =0, L; = IJ—W, Ly= 55 Ls = _lfﬂ’

w = —c - d. If we substitute them into Eq. (16) and then
that result into Eq. (7), we have

NZMI(X:y: Z, t)

i3y 7

_ W+ ) +x+y+2)
F3 + P1 eXp[hL2 + ]] (18)

va 7

E+P eXp[hLz + w]] ’

emerged. Then we grouped similar terms together, and for where
every expression, set its coefficient equal to zero. This pro- 7
vides us with the following categories of constant values: F;=iP, cos[ bt(lc+ D)+ x+y +2) + hL 4]
N S Y A V2
Category 1: Ly =-7, L3= g5 Ls=—5F, W=
et : Vh(t(-(c+ d)) + x +y +2)
—c - d. By inserting them into Eq. (16), and then the result - P, cos + ihLg|,
into Eq. (7), we have V2
b(t(-(c+d)+x+y+z
NlMI(Xaya Z, t) . H — P3 Sin \/—( ( ( )) y ) + hL4
_ JBb(iPelV2 B iy D) 4 By (<)) (1) V2
JA(PyeN 2D (Ccrdyixiysa) 4 ) 4 pie2hiz) L Nbh(-(c+a) +x+y+z) |
- [Py sin + ithLg|.
where V2
JD(t(~(c + d) + x +y + 2) (5) Multiwaves: This pattern of waves is offered in [42]
F, =|P;5 cos + hL
T 2 4] k(x,y,2,t) = Pycos(Ly(tw + x +y + z) + Ly)
Jb(t(=(c+ d) + x +y +2) + Pycosh(Ly(tw + x +y + z) + Ly) (19)
- iP cos[ 72 + ithl + Pycosh(Ls(tw + x +y + z) + Lg).
iND(t(=(c + d)) + x +y + z) By substituting Eq. (19) as well as its first three partial
‘exp|hL, + N , derivatives into Eq. (8) and simplifying the expression,
we then group together similar terms and equate them
F, = |p,sin Vb(t(=(c+d)) + x +y + 2) . hL‘J to zero with respect to the coefficient of each expression:
V2 The resultant was the following category of constant
values:
b(t(-(c+d)+x+y+z
—ip4sm*/_((( ) Y )+ihL5 Cate 1 P=0L =2 1,="2 w=—c-a B
J2 agory.g—,l—ﬁ,g—ﬁ,w—c . By
lugging them into Eq. (19) and subsequently into Eq. (7),
-exp|hL, + Whb(t(-(c+d) +x+y+2) \I/)vegoitagin B ! ’ =0
p 2 \/E .
3B |py sin|YRCetzdx ey ) g b p gip|YRCmd ey
V2 V2
N].MU(X)y) Z, t) = (20)
Ja|p, cos[—m_“_dj—;“y”) + L4] + Py coS —m_“_d};“y”) - iLz]]

(6) Periodic lump: This wave structure is given in the fol-
lowing equation [43]:

k(x,y,z,t)=(L(tw + x + y + 2) + L,)?
+ (La(tw + x +y + 2) + Ly)? (21)
+ cos(Ls(tw + x +y + z) + Lg) + L.

By substituting Eq. (21) and its first three partial deri-
vatives into Eq. (8) and simplifying the resulting

expression, we will assemble like terms together,
and equate each expression’s coefficients to zero.
We obtained the following category of constant
values:

Vb

Category 1: Ly = iL3, L, =0, Ly =0, Ls = L L, =0,

w = —c - d. By placing them into Eq. (21) and the outcome
into Eq. (7), we obtain the result as follows:
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Nipr(x,y,2, t)

V3+/b tan —ﬁ(_“_(g“y”) + Lg

Ja

(22)

(7) Periodic cross kink: This pattern of waves is offered in
the following equation [43]:

k(x,y,z,t)=Prexp(h(Ls(tw + x +y + z) + Ly))
+ exp(h(Li(tw + x +y + 2) + Ly))
+ Py cos(h(Ls(tw + x +y + z) + Lg))
+ Pycosh(h(L;(tw + x +y + z) + Lg)) + L.

(23)

With the substitution of Eq. (23) and its first three partial
derivatives into Eq. (8), we simplified the equation. We
then assemble and group together similar terms and
equate zeroes to each one’s coefficient. Thus, we obtain
the following categories of constant values:

B R NN )
Category 1: L1 = 5, Ls = 57, Ls = — 517 = — 5,

Ly =0,w = -c - d. By replacing these into Eq. (23) and
then the result into Eq. (7), we obtain

Nipck(X, ¥, 2, t)

ix/3/b|F; + exp

, BBt d)txsy+2)
hL; 7z 24)

Ja|Fs + exp|hL, +

/B <t(—(c+d>)+x+y+z>]] '

NO)
where
F5=ipzsin[ﬁ(t(_(“dj%“”y”) —hL6]
+ Pysin Jb(t(~(c + cf/)%+x+y+z) . ith]'
+ prexp|nz, + ib (t(~(c + %) FXHYH z)]’
Foe pycos \/B(t(-(c+(f/)%+x+y+z) —hLG]
+ Pycos ﬁ(t(—(e+d>f;+x+y+z) +l.hL8]
+ prexplnz, + ivD(t(~(c + ii/)z) XY+ z)]-

ivh Vb iv'b
Category 2: P1 =0, L; = _IJ’W’ Ls= -5 L7 = _i/‘ﬂ’

Lg = 0, w = —c - d. By substituting them into Eq. (23) and
then the result into Eq. (7), we have
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Nopex(X, Y, 2, 1)

. | Vb(et-dt+x+y+z) .
) l\/§\/3[1-‘7 - iPysin| 57— + thg]] 25)
Ja|Fs + Ps cos[—ﬁ(_a_‘f/t;“y”) + ith]]
where
F7 _ ehLZ_NZ(_Ct_\‘gWWM)
Jb(-ct-dt+x+y+z
_ ip, sin| Y2< SALINSVN|
N3
ﬁ(—ct—dt+x+y+z)
F3 =P, cos - hL
8= P, 7z 6
. ehLz-NE(th;)(wﬂ)

(8) Homoclinic breather: This form of waves is given in
the following equation [44]:

k(x,y,z,t) = Prexp(h(Li(tw + x +y + z) + L,))
+ Pyexp(~h(Ls(tw + x +y + z) + L)) (26)
+ Pycos(h(Ls(tw + x +y + z) + Lg)).

With the substitution of Eq. (26) and its first four partial
derivatives into (8), and simplified. We then assemble and
group together similar terms and equate zeroes to each
one’s coefficient. Thus, we obtain the following categories
of constant values: Category 1: Ly = iLs, L3 = iLs, W =

Vb

—C—d,h=\/—2—L5.

then the result into Eq. (7), we obtain

By inserting these into Eq. (26) and

Nip(X, y, 2, t)
iv3Jb [—Fg + Pyexp

Jb(-2iLs(ct + dt - x -y - z) + L + L)
V2Ls 27)

JB(-2iLs(ct + dt - x -y -2) + 5 + La) ]]
=
V2Ls

Ja [Fw + Py exp

where

F=P,+ iP3eXp

JD(Ly + iLs(—ct - dt + x + y + z))]

V2Ls
| NbEs(-ct - dt + x +y + z) + Lg)
X Sin s
V2Ls
JD(Ly + iLs(—ct —dt + x + y + z))]
Fyp= P, + Psexp
10 2 3 \/ELS
Jb(Ls(-ct - dt + x + y + z) + Lg)
X C0S .
V2Ls

Category 2: P, = 0, L3 = —iLs,w = -c - d,h = \/_ZLI; By

exporting them into Eq. (26) and then the result into Eq.
(7), we have
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. . Vb(Ly-iLs(-ct-dt+x+y+2)) | . [VD(Ls(-ct-dt+x+y+z)+Lg)
ix/3+/b|P, + iPsexp NP sin o
NZHB(X)y: Z, t) = (28)
Ja P, + Ps exp \/E(Lz;‘iLs(—Ct—dt+x+y+Z))JCOS[\/E(LS(—Ct—dt+x+y+z)+L6)]]

V2Ls

3 Discussion

The 3D figures, their corresponding contours, and 2D plots
for the obtained solutions are constructed using
Mathematica and are displayed in Figures 1-12, which
aid in the visualization of the solutions’ characteristics.
The 3D surface plot in Figure 1(a) describes the event
from the superposition of two exponentially propagating
waves that yield a bright solitons, localized wave packets
that keep their amplitude and shape while propagating
along a certain medium. These solitons are formed as a
balance of nonlinearity and dispersion in a single energetic
and stable compact form, which is a property common for
solitons in nonlinear systems such as shallow water waves
and plasmas. The contour plot in Figure 1(b) shows how the
soliton’s space changes as time progresses. This set of con-
tours is able to visualize the translation of the wave along
the x-axis at fixed amplitudes. In Figure 1(c), the 2D plot
depicts the amplitude of the solitary wave at t = 0 (in red),
t =1 (in blue), and t = 2 (in green). This indicates that the
solitary wave propagates without dispersion, an important
feature of soliton dynamics. The 3D graph shown in Figure
2(a) describes wave interactions from two exponential
functions demonstrating the interaction of two solitons
as they coalescence and then again repulse each other
with time, and represents dark solitons which are
trough-like structures found within the wave profile. The
significant property of soliton dynamics indicates that the

V2Ls

solitons have an elastic collision, preserving the shape and
velocity. The interaction itself shows the system’s nonli-
nearity and stability. The contour plot in Figure 2(b) shows
dark soliton stability in space and time. The oscillating
regions of high and low energy density indicate stable
wave profiles with dark troughs retaining their positions.
In Figure 2(c), the coexistence of dark solitons is depicted in
the 2D plots — they are at different moments, with depth
and all shapes remaining constant at t =0 (red), t =1
(blue), and ¢t = 2 (green), showing a strong robustness and
stable dynamics as well as showing how the amplitudes
and structures are preserved after the collision. Profiles
verify that the interaction is elastic, and no energy is lost
during the process.

Figure 3(a) deals with a 3D plot obtained from an M-
shaped wave interaction with single kink. It reveals a pro-
nounced M-shaped wave with solely one side being kinked,
with the M-shape propagating along the space domain over
the time. The kink is a site-specific and abrupt transition in
the amplitude of the wave, which may be associated with a
nonlinear phenomenon. Such a wave is a traveling wave
that bears localized perturbations that, in course of time,
do not change their configuration. Figure 3(b) is a contour
map showing the M-like structure propagating periodically
along with the kink as a sudden and time-consistent dis-
continuity in phase across space and time. This implies that
the system is dynamically stable living under a balance of
dispersion and nonlinearity characteristics typical of, for
instance, a solitonic wave. The 2D graph in Figure 3(c)
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—
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Figure 1: The 3D, contour, and 2D representations depict the interaction through a two-exponent type wave.
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Figure 3: Shows the 3D, contour, and 2D graphs of an M-shaped rational wave containing a single kink.

shows the M-shaped wave profiles at varying time steps is indicative of robustness under propagation, which
(¢ = 0)red, (t = 1) blue, and (¢ = 2) green, and how the wave seems to characterize nonlinear wave systems or traveling
moves while keeping the spatial configuration intact. This wave solutions. Figure 4(a) is a 3D plot showing a wave
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Figure 4: Exhibits a 3D, contour, and 2D charts of an M-shaped rational wave interacting with rogue and kink.
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Figure 5: The 3D, contour, and 2D diagrams are obtained from the mixed waves function.

with an M-shape and acting with rogue and kink. The point
of a double peak due to the nonlinear interaction effects.
The peaks are symmetric, indicating the equilibrium
between effects due to amplitude and dispersion. Figure 4(b)

is a contour plot depicting the coherent propagation of M-
shaped waves, which exhibit a perfect double-peak structure.
An identical geometry of double peaks is thus a sign of
their nonlinear stability in time and space. The 2D plots in
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Figure 6: The 3D, contour, and 2D diagrams are obtained from the mixed waves function.
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Figure 8: The 3D, contour, and 2D representations depict the periodic lump-type wave.
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Figure 9: The 3D, contour, and 2D plots show a periodic cross-kink wave.
Figure 4(c) illustrate the propagation of the M-shaped waves. The 3D illustration in Figure 5(a) is obtained from

They have the same symmetrical double peaks, which do not mixed waves structure. The mixed-frequency wave shows
change for t = 0 (red), t =1 (blue), and t = 2 (green) this several modes oscillating, thus superimposing the waves as

confirms its persistence stability. a representation of phenomena like wave interference.
t 5 Napek(x, ¥, 2, 1)
5
]
¢ 3
Nopck(x.y.z4)
2
2
1
X 0
5 x -4 -2 0 2 4
(a) (b) (c)

Figure 10: The 3D, contour, and 2D plots show a periodic cross-kink wave.
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Figure 11: The homoclinic breather wave is represented via 3D, contour,

The contour plot of Figure 5(b) shows the superposed wave
forms and in semblance to the structure of a grid, which
indicates interaction between different wave frequencies
or wavelengths; it may signify constructive and destructive
interferences. As indicated in Figure 5(c), the 2D plots of
wave amplitude for t =0 (red), t =1 (blue), and ¢ =2
(green). The profiles display the phase and amplitude shifts
due to combined effects of waves signifying dynamic inter-
ference. The 3D graph of Figure 6(a) is gained from a mixed
wave configuration. It shows oscillatory solitons that com-
bine the two features of periodic wave forms as well as loca-
lized wave structures in their manifestation. Their motion
suggests an equilibrium between the nonlinearity and disper-
sion, which results in that these repetitive states are always
observed to be present even as they oscillate for long periods
of time. The contour plot in Figure 6(b) captures the solitons
repetitive and oscillatory features whereby the crests of the
wave form traces a consistent shape revealing an indication
that they propagate through time in a stable fashion with an

and 2D diagrams.

overall periodic redistribution of energy. The 2D plot in
Figure 6(c) indicates representation at t =0 (red), t=1
(blue), and ¢ = 2 (green), showing how their movement is
oscillatory. The amplitude periodically varies due to the con-
tribution of the effects of focusing and defocusing. Figure 7(a)
depicts the 3D plot that shows multi waves interacting. In fact,
it show some periodic breather waves. Amplitude oscillation
represents the energy exchanged within the system, a phe-
nomenon typical of breather solutions. Figure 7(b) depicts
contour plot corresponding to the periodical spatial distribu-
tion of the breather waves, confirming the evidence that they
form a pattern and grants dynamism with the energy
exchange and localization itself. The 2D plot is shown in
Figure 7(c) illustrates the oscillatory behavior of the breather
waves att = 0 (red), t = 1 (blue), and t = 2 (green). The stable
modulation is what affirms that the breather solution
remains so through time.

Figure 8(a) shows a periodic lump wave in a 3D plot
that consists of a periodic arrangement of lumps in the

Myt
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Figure 12: The homoclinic breather wave is represented via 3D, contour, and 2D diagrams.
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spatial domain. Each lump exhibits the behavior of a soli-
tary localized wave, similar to a typical lump wave and has
an area of decay on either side from the center of each
peak. The periodic structure in a lump wave configuration
arises out of nonlinear interactions in the system that
make it possible to obtain a stable repetitive configuration.
Contour plot display in Figure 8(b) displays the time stable
states of the multisolitons. Clearly defined peaks in them
attest their coherent propagation. The 2D plot in Figure 8(c)
present the formation and movement of multi-soliton
waves. The t = 0 (red), t =1 (blue), and t = 2 (green) pro-
files are distinct and stable, characteristic of the solitonic
interaction. The 3D representation of a periodic cross-
kink wave is shown in Figure 9(a). It captures repetitive
periodicities of cross-kinks. Periodic overlap of structures
indicates possible nonlinear interaction effects of wave
propagation by kink-like waves propagating at different
orientations. The contour plot of Figure 9(b) captures the
cross-pattern of periodic distribution of the kinks, indi-
cating stable propagation and periodic overlaps of the
kink structures. The 2D plot of Figure 9(c) demonstrate
the stability of cross-kinks. The coherent dynamics and
robust structure of the periodic waveforms are shown at
t =0 (red), t =1 (blue), and ¢ = 2 (green). The 3D represen-
tation of a periodic cross-kink wave is shown in Figure
10(a). It flexes the traveling solitons periodically with a
train structure. These solitons maintain their amplitude
and phase during propagation uniformly in the medium.
It reflects soliton stability and periodicity in the wave
system. The contour plot of Figure 10(b) captures its peri-
odic nature with equally spaced and uniform stripes of
solitons. Such patterns show the coherent propagation of
solitons without any amplitude decay and with minimal
interaction. The 2D plot of Figure 10(c) with varying time
att =0 (red), t = 1 (blue), and ¢ = 2 (green) shows the soli-
tons keeping their amplitude and the wavelength remain
the same with shape over time, thus proving its solitary
nature and stable periodic soliton trains supported by the
medium. The 3D surface plot delineated in Figure 11(a) is
derived from a homoclinic breather wave structure; it
depicts the breather solution, with oscillatory growth and
decay localized within certain regions. While in Figure
11(b), the contour plot highlights periodic localizing and
delocalizing of the wave energy, which is a feature of
breather solutions observed in nonlinear systems. In
Figure 11(c), the 2D graph shows ¢ = 0 (red), t = 1 (blue),
and t = 2 (green), where there is an oscillatory amplitude
increase and decrease, conferring to the period energy
trapping and releasing of the breather. In Figure 12(a), it
is evident from the 3D plot, which indicates a unique
energy concentration in the center and has oscillations
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decayed symmetrically toward the boundaries, which
this localized oscillatory form is indicative of the localized
oscillatory nature of homoclinic breathers. The contour
plot in Figure 12(b) emphasizes the central localization of
energy, with oscillatory patterns tapering off in the sur-
rounding areas, also supports the interpretation homo-
clinic breather in this regard. The 2D plot in Figure 12(c)
show plots att = 0 (red) and t = 1 (blue) representing the
wave amplitude. They demonstrate localized oscillations,
which grow and decay symmetrically; it indicates homo-
clinic breather dynamics. The amplitude decreases as the
oscillations move outward, a characteristic feature of
homoclinic structures.

These analysis provides overall insight into the rich
dynamical behaviors displayed by the exact solutions of
the (3+1)-dimensional CIE. Figure 1 shows shape and ampli-
tude preserving bright solitons in propagation, indicating
stability. Figure 2 shows localized dips (dark solitons) that
move without distortion, which suggests elastic interac-
tions. Figure 3 shows an M-shaped wave with a single
kink that displays a sudden amplitude transition along
with symmetric wave motion. In Figure 4, the interaction
of an M-shaped wave with a rogue structure and a kink
displays intense nonlinear effects such as the sudden
amplification of energy. Figure 5 depicts mixed waves cre-
ated by several functional components, resulting in inter-
ference complexity and oscillatory modulation. Figure 6
shows oscillatory solitons with periodic modulation of
the amplitude, supported by nonlinear dispersion balance.
Figure 7 presents multi wave structures with breather-like
behavior, wherein periodic exchange of energy takes place
between wave modes. Figure 8 illustrates periodic lump
waves with sharp, localized crests and periodic intervals,
indicating strong spatial confinement. Figure 9 illustrates
periodic cross-kinks resulting from the intersection of kink
structures, exhibiting multidimensionality propagation.
Figure 10 shows periodic kink trains that travel uniformly,
which is characteristic of repeated nonlinear transitions
with phase coherence. Figure 11 displays homoclinic
breathers with space- and time-localized symmetric oscil-
lations, indicative of temporary energy trapping. Finally,
Figure 12 highlights a sharper and more localized homo-
clinic breather with intense central localization and con-
trolled decay of oscillations. Collectively, these confirm the
analytical results and illustrate the wealth of nonlinear
wave dynamics described by the Hirota bilinear technique
in a multidimensional context.

Figure 1(a) illustrates the 3D plot of solution
Nye(x,y,z,t) for Eq. (12) for choosing parameters
L,=02, Ly=125 P, =87, P,=153, a=68, b=03,
c=07, d=61, h=07, y=18, z=112. Figure 1(b)
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provides the contour diagram, and Figure 1(c) presents its
2D plot.

Figure 2(a) illustrates the 3D plot of solution
Nyg(x,y,z,t) for Eq. (13) for choosing parameters
L,=19, Ly=12, P;=11, P,=74, a=31, b=0.09,
c=11,d=11,h=37,y =64,z = 2.7. Figure 2(b) provides
the contour diagram, and Figure 2(c) presents its 2D plot.

Solution Nyy1x(X, y, z, t) associated with Eq. (15) is por-
trayed as a 3D in Figure 3(a) by the choice of parameter
values Ly =147, Ly =22, Lg=21, L, =101, P, =38,
a=88, b=01, c=43, d=24, y=17, z=3.7. Figure
3(b) and (c) demonstrate, respectively, its contour and 2D
plots.

The 3D plot for solution (Nypyzrk(X, Y, z, t)) of Eq. (17) at
the chosen parameter values of L = 0.35, Ly = 1.3, P; = 2.6,
P,=09,P=99,a=16,b=20,c=02d=01, y =10,
z = 5.5 is shown in Figure 4(a). Figure 4(b) and (c) provide
its contour and 2D plots, respectively.

The 3D in Figure 5(a) is depicted from the solution
Nui(x,y, z, t) corresponding to Eq. (19) for chosen para-
meter values L, = 2.3, Ly = 13.3, Lg = 4.1, P, = 2.7, P, = 1.6,
P3=27,P=16,a=107,b=08,c=25d=12, h=19,
y =16, z=182. Figure 5(b) and (c) show the corre-
sponding contour and 2D plots.

The 3D in Figure 6(a) is depicted from the solution
Noyi(X,y, z, t) corresponding to Eq. (20) for chosen para-
meter values L, = 5.6, Ly = 12.6, Lg = 9.3, P; = 3.6, P3 = 4.1,
P,=17,a=13,b=05 c=18,d=65 h=05 y=51,
z = 2.3. Figures 6(b) and (c) show the corresponding con-
tour and 2D plots, respectively.

The 3D plot in Figure 7(a), corresponding to Eq. (22),
generated from solution Nyyy(X,y, z, t) for the parameter
values L, =0.09, L, =89, Py=28, P,=173, a=19,
b=159, c=14.8, d =10.2, y =112, z = 15.8. Figure 7(b)
provides the contour, while Figure 7(c) shows the 2D plot.

Figure 8(a) illustrates the 3D plot of solution
Nipp(x,y,z,t) for Eq. (24) for choosing parameters
Lg=25 a=08 b=167, c=15 d=105 y=103,
z = 3.5. Figure 8(b) provides the contour diagram, and
Figure 8(c) presents its 2D plot.

The 3D graph of solution MNpcx(X,V,z,t), corre-
sponding to Eq. (26), Figure 9(a) is obtained by selecting
parameter values L, = 10.7, Ly = 5.3, Lg = 14.5, Lg = 11.2,
P =95 P, =123, P;=78,a=71,b=12¢c=87d=17,
h = 8.6, y =23, z=425. Figure 9(b) and (c) shows the con-
tours and 2D images, respectively.

The 3D graph of solution Nypck(X,y,z,t), corre-
sponding to Eq. (27), Figure 10(a) is obtained by selecting
parameter values L, =54, Lg =28, Lg =43, P, =123,
P3=32,a=22,b=06,c=87.d=17 h=01, y=103,
z = 12.2. Figure 10(b) and (c) shows the contours and 2D
images, respectively.
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The 3D visualization of solution Nigp(x, y, z, t), corre-
sponding to Eq. (28), Figure 11(a) is obtained by selecting
parameter values L, = 15.3, Ly = 15.0, Ls = 7.7, Lg = 10.8,
P;=06, P,=08 P;3=18, a=188, b=01 c=168,
d =180, y =18.9, z = 1.7. The corresponding contour and
2D graphs are shown in Figure 11(b) and (c), respectively.

The 3D visualization of solution Npyp(x,y, z, t), corre-
sponding to Eq. (28), Figure 12(a) is obtained by selecting
parameter values L, =24, L; =3.6, Lg =18, P, =238,
P;=97,a=68,b=01,c=28,d=187y=162,z =171.
The corresponding contour and 2D graphs are shown in
Figures 12(b) and (c), respectively.

4 Result comparison

The solutions thus derived in this research with the Hirota
bilinear method clearly differ from the solutions produced
by other popular analytical methods that were previously
used on the CIE. This research systematically derives a
wide range of exact solutions in (3+1) dimensions of the
CIE such as bright and dark solitons, M-shaped waves,
periodic cross-kinks, rogue-kink interactions, lump waves,
breathers, and multiwave forms with rich spatial-temporal
dynamics. Contrarily, the GERF method, first integral
method, and expansion methods have been used mostly
to the (1+1) and (2+1)-dimensional forms of the equation.
These techniques generally obtain bright solitons, dark
solitons, kink and anti-kink solutions, and singular and
periodic waveforms [24-26]. For instance, the GERF and
expansion methods have generated combined soliton
and oscillatory patterns [25,29], whereas the first integral
method has been able to generate solitary waves and per-
iodic patterns in a more limited dimensional framework
[26]. Also, Khater and Alfalq [30] investigated the fractional
nonlinear generalized (3+1)-dimensional CIE to model
wave propagation in dispersive media via the Khat II and
He’s variational iteration approaches, obtaining both ana-
lytical and numerical solutions. These studies, despite
being indicative of the multifunctional nature of the equa-
tion, are more directed toward system simulation and sta-
bility rather than the synthesis of wide families of diverse
interacting solutions.

While approaches like modified F-expansion [19], mod-
ified Khater method [22], MAE method [27], and stochastic
formulations [14,18] have given useful results in examining
the dynamics of a system, these lack the complete under-
standing of intricate multisoliton interactions as well as
the combination wave formations possible with natural
revelation using Hirota’s bilinear method. In addition,
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the Hirota scheme has already been used effectively in more
recent studies of higher-dimensional nonlinear systems,
further solidifying its image as a versatile and robust scheme
for the study of complex wave symmetries. Thus, the present
research not only extends the class of previously known solu-
tions to the (3+1-dimensional CIE but also enhances our
knowledge of nonlinear wave dynamics by symbolic deriva-
tion and visual interpretation, going beyond the capabilities
of most of the methods employed earlier.

5 Conclusion

The Hirota bilinear transform method has shown to be an
effective technique to investigate different types of wave
symmetries of the (3+1)-dimensional CIE. It has worked
well in this study using the power of the Mathematica
program by deriving and graphing a number of exact solu-
tions such as bright and dark solitons, periodic cross kinks,
breathers, multi waves, mixed waves, and lump waves,
among others, which form part of a very important class
of solutions, each having its own dynamic properties yet
retained in symmetry to the original equation. Indeed,
such solutions made one appreciate the really fine balance
that exists between nonlinearity and dispersion for stable
wave propagation in high-dimensional nonlinear media.
Such solutions were also analyzed graphically to obtain
better insights as regarding their spatial and temporal
behaviors, while under various conditions, the latter
expounding on their stability and coherence.

These phenomena and other effects are properties of
the equation in modeling complex and highly nonlinear
interactions, such as the elastic collisions of solitary waves
or periodic overlaps of kinks. Breather and homoclinic
breather solutions produce localized oscillatory states
that encode information concerning the energetic modula-
tion and phase evolution. With these features, it is possible
to note the capacity of the (3+1)-dimensional CIE to cater
some rich and multidimensional wave behavior and make
it an excellent model for theoretical and practical studies.

The originality of the present work is in the use of the
Hirota bilinear formalism to the (3+1)-dimensional CIE, an
area that has not received much attention in the literature.
Through the production of a rich diversity of exact wave
patterns from M-shaped waves, lump, and breathers to mixed
interactions, this research contributes to the analytical knowl-
edge of multidimensional soliton dynamics. The importance
of these results lies in their potential to simulate real non-
linear processes in physical systems in which dimensional
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complexity is of decisive importance. Not only do these
results extend the range of applications of soliton theory,
but they also represent a useful starting point for future
research in applied mathematics and physics.

It is worth noting that all the solutions obtained have
been verified and found to satisfy the governing equation.
Finally, this contribution will further our understanding of
nonlinear wave dynamics by opening up new avenues for
discovering and enlarging wave symmetries in the (3+1)-
dimensional CIE. The results demonstrate the power of the
Hirota bilinear transformations method in awakening
coherently and stably wave structures within various non-
linear regimes. Moving with this solid analytical backbone,
the work encourages further research on high-dimensional
systems and expands the scope of the nonlinear wave
theory, catering to basic and applied science.

Future work can focused on extending the Hirota
bilinear transformation approach to fractional and vari-
able-coefficient forms of the (3 + 1) dimensional CIE, and
other higher-order NLPDEs. In addition, incorporating per-
turbation effects, external potentials, or numerical simula-
tions can be employed to validate and generalize the ana-
lytical findings, leading to better understanding into real-
world applications such as nonlinear optics, fluid
dynamics, and signal transmission in complex media.
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