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Abstract: The isothermal gas sphere model may be bene-
ficial for understanding certain features of astrophysical
objects like stars, but it has severe limits when used for com-
pact stars. This study expands the Tolman-Oppenheimer—
Volkoff (TOV) equation of the fractional relativistic gas sphere
to contain fractional derivatives, resulting in a more general
fractional TOV equation (FTOVI). The analytical solution of
the FTOVI equation is tackled using an accelerated series
expansion. We computed models for various relativistic (o)
and fractional (a) parameters. Models with a = 1 are retained
to the relativistic integer models calculated by the integer
version of the TOV equation. We examine the effects of the
relativistic and fractional parameters on the Emden function,
mass function, and the first derivative of the Emden function
and the impact of these quantities on the pressure, density,
and mass-radius relation. Investigating the central density-
mass relation as an analog to neutron stars indicates that a
maximum mass of the sphere exists, which further increases
central density, resulting in instability and collapse. The
observed mass and radius of three neutron stars and those
predicted from the FTOVI models agreed well. The results of
high-density fractional models demonstrate that fractional
derivatives might drastically modify the expected mass and
radius of neutron stars compared to integer models, indi-
cating a possible need to reinterpret observational data of
neutron stars via the lens of fractional calculus.
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1 Introduction

Isothermal gas spheres play a vital role in understanding
the dynamics and structure of self-gravitating systems,
such as stars, galaxies, and clusters. However, the classical
isothermal sphere model has limitations because it over-
looks relativistic effects in strong gravitational fields, par-
ticularly around massive compact objects like black holes
and neutron stars. The relativistic isothermal gas sphere
(RISG) model overcomes these shortcomings by incorpor-
ating the effects of general relativity into the classical
framework.

In the framework of general relativity, Chandrasekhar
[1] developed the RISG, which integrates the effects of rela-
tivistic gravity and pressure, resulting in a more realistic
model for high-energy astrophysical systems. This relati-
vistic approach significantly alters pressure and density
distributions, a topic ‘further explored in subsequent stu-
dies [2,3]. The importance of these relativistic modifica-
tions becomes particularly pronounced when analyzing
compact stars, such as neutron stars, and certain phases
of stellar collapse, where gravitational fields and internal
gas pressures approach relativistic levels [4,5]. Chau et al.
[6] built upon the research of Edwards and Merilan [7,8] to
investigate the static structure of general relativistic, par-
tially degenerate isothermal configurations with arbitrary
temperatures. Sharma [9] examined the analytic structure
of high-density isothermal gas spheres within the context
of general relativity. Chavanis’ studies [10-12] revealed
that the RISG, similar to neutron cores, exhibits behaviors
akin to Newtonian isothermal spheres.

Over the past three decades, fractional differential equa-
tions have gained traction across various scientific and technical
fields, including mathematics, chemistry, optics, plasma, and
fluid dynamics. There has been growing interest in applying
fractional calculus within astronomy [13], for example, Jamil
et al [14] introduced a dark energy model featuring relevant
cosmological parameters by employing a powerlaw weight
function within the framework of fractional action cosmology.
El-Nabulsi [15] presented a novel theory of substantial gravity,
highlighting the distinction between zero and fractional graviton
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masses in extremely low cosmic fluid density. Addressing dyna-
mical functional equations involving fractional derivatives or
based on Einstein-Hilbert behavior [16,17] consistently yielded
effective solutions. Furthermore, El-Nabulsi [18] derived nonlocal
fractional Einstein’s field equations by generalizing the standard
Einstein field equations through fractional derivatives. He also
explored the family of Emden-Fowler differential equations, pre-
senting a generalized derivative operator [19]. In addition,
El-Nabulsi [20] examined the rapid expansion of a non-sin-
gular universe, both with and without scalar fields, utilizing
an Ornstein-Uhlenbeck-like fractional differential equation, a
generalized fractional scale factor, and a time-dependent
Hubble parameter.

Mirza [21] investigated the fractional isothermal gas
sphere by solving it through iteration using a two-term
series expansion, continuing until the Emden function at
the sphere’s center reached appropriate values. Nouh [22]
discussed the potential applications of fractional models in
stellar computations, particularly in solving the system of
fractional differential equations that model the helium-
burning phase in stars. Yousif et al. [23] developed general
analytical formulations for the fractional isothermal gas
sphere within Newtonian hydrostatic equilibrium. El-Nabulsi
[24] explored the fractional Lane-Emden equations of white
dwarf stars, while Bayin and Krisch [25] focused on the
incompressible gas sphere. Nouh and Abdel-Salam [26,27]
examined the fractional isothermal gas sphere and the poly-
tropic gas sphere using modified Riemann-Liouville fractional
derivatives and Abdel-Salam and Nouh [28] analyzed con-
formable polytropic gas spheres. A conformable Adomian
decomposition technique was applied by Abdel-Salam et al
[29] to derive a divergent series solution for Lane-Emden
type equations. Aboueisha et al [30] investigated the frac-
tional relativistic polytropic gas sphere and assessed the
influence of the fractional parameter on the mass-radius
relationship of white dwarfs.

In this work, we incorporate fractional calculus into
the RISG model to explore the effects of long-range inter-
actions and nonlocal gravitational behavior. By introdu-
cing fractional derivatives into the equations governing
the system’s equilibrium, we aim to investigate how the
fractional order impacts the structural characteristics of
the gas sphere, including density profiles, gravitational
potentials, and stability criteria. Under the physical condi-
tions of the neutron stars, we compare the mass-radius
relation of the fractional RISG (FRISG) with the observed
masses and radii of three neutron stars.

This study is organized as follows: Section 2 introduces
the concept of fractional derivatives. Section 3 proposes the
FRISG models. Section 4 outlines the series expansion method
employed to solve the modified equations and discusses the
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results obtained. Section 5 analyzes the numerical results.
Section 6 gives an application to the neutron star structure.
The conclusion of the study is presented in Section 7.

2 Conformable fractional
calculus (CFD)

CFD is an extension of traditional calculus that allows for
the differentiation and integration of functions with frac-
tional orders while preserving certain classical properties.
Unlike classical fractional calculus, which often relies on
complex definitions and can introduce complications in
analysis, conformable fractional derivatives are defined
in a way that aligns more closely with classical derivatives.
This makes them more intuitive and easier to apply in
various contexts. Applications of CFD span multiple fields,
including physics, engineering, and finance, where it is
used to model phenomena with memory effects or long-
range interactions. For instance, in physics, it can describe
nonlinear diffusion processes, while in engineering, it aids
in analyzing systems exhibiting viscoelastic behavior.

Khalil et al. [31] introduced CFD by applying limits in
the form

t+ et - v(t
pay(e) = lim JEHECD VO
-0 &€ @

a €[0,1],

v@(0) = lim v@(t).
t-0*

Here v(@(0) is not defined. When a = 1, this fractional
derivative reduces to the ordinary derivative. The CFD has
the following properties:

D tP=ptP® peR, D%=0, VYvt)=c, (2

D%av + bg) = aD% + bD%g, Va,b€R, 3)
D%vg) = vD% + gD%, 4

dv dv

a = —Da a = tl-a__
D%(g) ng , D%(t) =t i’ (5)

where v, g are two a-differentiable functions and ¢ is an
arbitrary constant. Eqs (4) and (5) are proved in the study by
Khalil et al. [31]. The CFD of some functions are as follows:
Dlect = ctl=%ct D@ gin(ct) = ct'~® cos(ct),
D2 cos(ct) = —ct'? sin(ct),
DAt = caet”, D sin(ct?) = ca cos(ct?),

D% cos(ct?) = —ca sin(ct?®).

(6)
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3 Conformable FRISG

In the context of the fractional derivative, line elements
describing the interior space-time of a static spherically
symmetric star in standard coordinates (¢, r, 3, ¢) can be
expressed in the following form [30]:

des? = eZV(r“)(Cdat)Z _ ez)t(r“)darz - regag2

- r2a sinz (aa)da(pz’

()

where v and A are functions of r® that characterize the
gravitational field and the geometry of the star’s interior,
which is governed by the fractional Einstein’s field equa-
tion. The fractional metric tensor captures the essential
features of a spherically symmetric object, allowing us to
explore the effects of fractional calculus on the structure
and dynamics of the star. By incorporating fractional deri-
vatives into the equations governing this space-time, we
can investigate modifications to the physical properties
such as pressure, density, and stability, providing deeper
insights into the behavior of compact stellar objects.

Thus, the relation between the fractional metric tensor
“gw and the fractional line element is

d%s* = g, dx dx". ®)

By comparing Egs. (7) and (8), “g# , is to be

e 0 0 0
o _| 0 -e¥ 0
8w =1 o 0 -r 0 ©
0 0 0 -r2gin2(39)

Therefore, the nonzero elements of the fractional
metric are

ty @ Ty =0y — _p2(r")
gll grr g22 e ’
a

— = —p2 a = = —p20 gin2
8o9 = 833 = T 8pp = 8u = ré@sin” g4,

g = ez‘)(ra),
1 10)

The fractional curvature tensor is defined in terms of
fractional Christoffel symbols as follows:

apA  _ arpA
RAy =T a

B al—vzﬁ’v + aFavaFl)lLa _a Zﬁal—./\

u va’
since the comma subscript notation represents the coordi-
nates fractional derivative, as, i.e.,

a

a — a _
Sy = pyr or S, = D[}S.

The fractional curvature at a point in space is fully
represented by this fractional tensor, defined as

a

[ (12)

1
apd _ “a laga a _
Fyv - 2 g (gav,[.z + gay,v
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Note that
1 1
a tt _a, 11 _ a Imr _a, 22 _ _
§ =8 = o)’ 8§ =8~ e2Ar%)’ 1)
1 1
a vw _a,33 _ __— a o9 _a 44 _ _
§ =8 = r2a’ §7 =8 = r2agin2 9a’

then we can calculate some of the fractional Christoffel
symbols, “Tt, “Tp, “Ity Ty, “Tho, “Thp Ty, TS, “Th,
and “Tg¢.

The contracted fractional Riemann tensor, which is
referred to as the fractional Ricci tensor, was obtained
from the fractional Riemann tensor by contracting over
two of the indices

_ aTk

a —apk _ ark
R,y =R r Vit

ark apm ark apm
wk — Luvk + Fyv Tim F/.tm Tk 14

This fractional tensor is symmetric, so the Ricci scalar
is then given by

R =gl R, (15)

In this fractional space-time, the fractional Einstein
tensor “Gw can be formed by using the fractional metric

tensor “gw, the fractional Ricci tensor “Rm, and the frac-

tional Ricci scalar “R became

R ——“Rag =8T[G

w 24 2 uv ct (16)

aT,uv:
where G is the gravitational acceleration, “R,, is known as
the fractional Ricci tensor, “R is the fractional Ricci scalar,
“gﬂv is a fractional metric, c is the speed of light, and “T,
is the fractional stress-energy tensor, which contains all
information about energy and matter in the space-time.

The fractional Christoffel symbols for spherically sym-
metric sources with coordinates (ct, r, v, ¢) are

apr _ap2 _ - apt _apl _
Ty =Ty = e2VODM, Ty, =Ty =0,
apt _apl _ apr _ap2 _

Iy ="Ty =Df'v, Iy, =Ty =-DfA,
apr _ap2 _ _

Tyo = ‘T3 = —are™,

apr  _apl _ _ 2l gin2 9dp—24
st Ty ar® sin® 9%, 17

a
ar¢ _ard _ 4
Fr(p_F24_ ’

a
arf _ap3 _ 2%
Fh‘)_FZB_ ra

re’
T4, = “T's, = acotd?,

apf _ap3 _ _ in9a a
Iy = Ty = —2asind“cosg”

Note that “Fl’}v = "I‘"}y. All unspecified symbols are zero
or related by symmetry relations. Independent compo-
nents can be calculated as the nonzero of the fractional
Ricci tensor “Ruv for a spherically symmetric source by
using Eqgs. (14) and (17)
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‘R = “Ry = [D,““v - DDA + (Dv)?

. 2aDfv

2v-2)
ra ¢ ’

(18)
aR — (IR = Daa _Da DOIA + Da 2 + ZaquA
uv 22 rV r VD, ( rV) ra >
“Rgg = “Ry3 = (1 + ar'Dv - ar°Df Ve - 1,

(IR =aR44

=a in2 na
o0 = "Ry, sin“ ¢“.

The fractional scalar curvature in Eq. (15) is gained as a
contraction of the fractional Ricci tensor with the frac-
tional metric

—2A
ap - _2e
rZa

(r?aDf% - r22DvDAA + r¥(DAv)? 19)

+ 2ar'D8 - 2ar®DfA - 2t + 1).

The fractional Einstein’s curvature tensor in Eq. (16)
can now be obtained from the fractional Ricci tensor and
the fractional scalar curvature

-2A

1  8nG
G =~z QErDIA = 1) + —7 = =T p(roye?, 20)

22 1

8nG
—a (1 + 2ar°Dfv) - —- i

=~ pro), @D

a
Gy =

a
“Geoon = e'ZA[Dr“ v+ (Dfv)? = DyAD;v + (DA
22)

8nG
- pw)| = i paro,
Gy = "Gy 23)

The fractional energy-momentum tensor is derived
using a given stellar object’s pressure and mass density.
We will take the substance to be described by a perfect
fluid at rest in the situation of a static, spherically sym-
metric fractional metric, such that

p( rY . 4)

au p(ra)auy ayv 4 ( ag b oV gyv)
since p(r%) is the proper mass density and p(r%) is the
isotropic pressure in the instantaneous rest frame of
the fluid, both of which may be given as functions only
of the radial coordinate r® for a static matter distribution,
and “u* the fractional velocity vector.

By the law of local fractional energy-momentum con-
servation D? “T*’ = 0, the r-component of this conserva-

tion law is
(pc* + p)Df'v = -D/p. (25)

The comfortable fractional hydrostatic equilibrium
equation describes the balance between the fractional
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gravitational force and the fractional pressure gradient.
First, we shall discuss the (¢)(t) component that is

_ZA 1

8nG
Gy = Jaa Qar®DfA = 1) + 7 = = =p(r)c?, (26)

this can be transferred into the form

DE(ra(1 - ey = pg| 228

27)

Performing the conformable fractional integration to
Eq. (27), we have

2a6m 1!

> (28)

eZA = ralra —

The (r)(r) component (Eq. (21)) of the field equations
reads

e 2 2ra 1 8nG
Gy = W[l + =D ]‘ Jag =~ PO, (29
then we obtain
aG 4nG 3a
= —apr
D = < : (30)

which enables us to put the fractional equation of
hydrostatic equilibrium into the fractional Tolman-
Oppenheimer—Volko (TOV) form as

26 4G 4y
a ) e mt gpr
Di'p = ~(pc* + p) 2 o 2 ]’ (31
ool
in another form
Gmp 8nriap 2aGm ™
Da = - , 32
rP ra [ I[ ZaCZm] cr® 32

where G is the Newtonian gravitational constant. Eq. (32) is
the fractional TOV (FTOV) equation that defines the frac-
tional relativistic hydrostatic equilibrium of the static iso-
tropic fluid sphere. This equation provides the equilibrium
pressure solution for a compact star when combined with
the mass, Eq. (28), and a microscopic explanation for the
pressure-energy density connection.

The relation between the energy density and pressure of
the fluid given by the isothermal polytropic equation of state is

p(r®) = Kp(r®), (33)
p(r®) = pe’’, (34)
Dfp = -aKp,e®D0, (35)

where K is the Boltzmann constant. The mass density is a
function of temperature for a given pressure and K
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includes the temperature implicitly. It can be proved that
K is dictated by the radius, total mass, and pc/pcc2 ratio.
Since

(pc* + p)Dfv = -Dfp, (36)
then
Kp.e™® Kp.e™®
-a pgz Df6 + [ pgz +p.|Dfv = 0, 37
with o = K/c?, Eq. (37) could be written as
-a oD + (1 + ge™9)Dfv = 0. (38)
We obtain from Eq. (21) that
e 2re 1 8nG
12 [1 =D ] T T A b (39)
or
1 2aGm(r?®) 2ra 1 8nG
ﬁ[l T T ][1 PO = e 40

Substituting Eqs. (33) and (34) in Eq. (40), we obtain
2a0(n + 1)(1 + d6)AGm

2apgag - “DFO
& cZo(n + 1)(1 + db) &D; @)
_ (1 + d6)GmA _ 8nG(1 + ab) o0pE% = 0
o(1 + n)c? 2a0(1 + n)cA? p ’
where
§=TA, (42)
8nGp, |
" 2a0¢?) @)
and the mass function is given by
a GA a
o) = T _ GAmG (44)

M 2aac?
Then, the fractional TOV Eqs (FTOVI) have the form

E¥DEO - 2a0(n + 1)EWDEH + v + v + aE“ODSV

(45)
+ 0%9°Dfv = 0,
and
Dfv = &%on, (46)
with the initial conditions
0(0)=1, v(0)=0, D&0=DIDI). @47
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4 Series solution of FTOVI

4.1 Successive fractional derivative of the
Emden function

To solve the FTOVI equations, Eqgs. (45) and (46), we con-
sider a series expansion as

08) = Y Ané™,
m=0

(48)
0(8) = Ag + Al + A8 + 4383 + ...,
We can rewrite Eq. (48) in the fractional form as
0(EY) = Ag + AE% + Ap8% + A8 + ... (49)
At6(0) =0, A, =0,
then
0N = 3 Ang™m. (50)
m=1

Applying the fractional derivative to Eq. (50) gives

o0

DfO = ) amAnEme, (5D
m=0
D{O = aAy + 204, + 3aA;E% + 4aA4E% ..
=) amA,&me,
m=1
Dg“@ = ZaZAz + 6(12A3<f“ + 12(12A4fza + 20a2A5E3“...
(52)

= Y a’m(m - DA, E™ 22,
m=2
Applying the second initial condition D{6(0) = 0, gives
a4, = 0, this gives A; = 0. Then, the differential j time where
Jj=1,2,3,.. time to be
J times *
DE-A9(") = Y Apad/m(m - 1)...(m - j + g,
m=j
at X(&% =0,
then

Jj times
DE%6(0) = jlAjd,
D{“0(0) = 2!4,a%, (53)

where A; are the constants to be determined.
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4.2 Fractional derivative of the Emden
function raised to powers

Now, we suppose that

0

ef= ) Q™= G5,

m=0

G(0) = 1,
this gives Q, = 1. Now, let
0= 2 0™ = G,
m=0

e = Qy+ Q&%+ Q8% + Q8% + Q% + .,

since

(54

D{G = -GDg6. (55)

Differentiating both sides of Eq. (54) k times a-deriva-
tives, we have

k-times k-times
a a apn] — a ana (56)
D{...DE[GD#6) = - D{...DE DSG,
or
$(k)pm e
2[]] ga-lagda = —gdla_ (57)
At & = 0, we have
Efk) 2 K o
Z []] 09-a(0)GE-2(0) = —~GY-4(0), (58)
j=0

since

j+1 k-,

J
079(0) = (j + DIAjma™l,  G(0) = (k - )!Q o,

k+1

G(0) = (K + D!Qya*™,

we have

K
2[11{] (J + DAk = )!Qy 0% = =(k + 1)!Qy,a**,
j=0

this gives
o 1 K KG+ DAk - DI
e+1 (k +1)! o Jitk = !
1k
- _ P 1};(1 + 1)A]'+1Qk—j:
let
l = k + 11

then
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1 .
Q= =720+ DAy, (59)
j=0

where

AO = 0) Al = 0’ QO = 1’ Ql = O’ QZ = _AZQO'

4.3 Fractional derivative of series expansion
of the relativistic function

From Eqg. (51), we obtain

Dg@ = Z Un+1Am+18™", Uns+1 = a(m + 1),

m=0
then
Ezanae = z Upps 1A ET420, (60)
m=0
where Dfv = §%%70 = 310,92, then
v = i 1 Q Eam+3a
m bl
m=pam + 3a
U= z N Eam+3a, (61)
m=0
where
Ny = L 0, (62)
™ am+ 3a ™

by using Eqs. (60) and (61), we obtain

¢Dg 0 =

> Um+1Am+1fam+a][ > Nmfam+3a],

m=0 m=0
where
fm = Am+1Un+1,

then

EaUDEaB — [ mefamﬂx][ Z Nmfam+3a’
m=0 m=0

(fof@ + &% + [0 + L )(NoE3@ + Np&* + NpE + )
Nofo&4 + (No f; + Ni )&% + (N f, + Ny f, + N fy)E5

(o]
- z ) 5am+3a
m b

m=0

where

m
Y = Zfl:Nm‘i’
i=0

ﬁ = Ajr U1

(63)
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By using Eq. (54), we obtain

e—()ESa - z QmEam+3a' (64)
m=0

4.4 Recurrence relations
Substituting Eqs. (61-64) in Eq. (46), we obtain

Z Um+1Am+1Eam+2a - 2a0 z ymEam+3a _ z NmEam+3a
m=0

m=0 m=0

0 0 (o]
-0 Z Nmfam+3a -0 Z Qméram+3a - g2 z meam+3a
m=0 m=0

m=0

(65)

=0.

We can rewrite this equation in the like power of ¢,
we have

Un+2Ams2 = 2a0y,, = Np = 0N, = 0Q,, - 0%Q,, = 0,

2 (66)
Ym = ZfiNm‘i'
i=0
Now, we obtain
g N,
Apsy = ——Qay, + Np + Q, + 0Q,) + ——, (67
Um+2 Um+2

where

Ap=0, 4=0, Q=1 0Q,=0.

By applying the initial condition in Eq. (67) when
m = 0, we obtain

g Ny
Ay = —{Ny + Q, + 0Q,) + —,
2= Mo+ Qo+ 000 +
where

1
fb =AU, N-= QQO’ U, = 2a.

If we put a = 1, the series coefficients will be reduced
to the integer case, i.e.,

1
A = 21+ o)1+ 30),

1

where f; =2, Ny = 3 Ui=2atog=0, then obtain the
series coefficients of the integer Newtonian case as
1
AZ = E

It has been observed that the series solution of the
Emden function remains valid for small values of &; how-
ever, beyond that range, the series begins to diverge [32,33].
Divergent or slowly converging series are common in the
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physical sciences, and various approaches have been pro-
posed to address this challenge. Nouh et al. [33,34] tackled
this problem by combining two different transforms. Spe-
cifically, the series is accelerated using the Euler-Abel
transformation [35] before being approximated by the
Padé technique.

5 Analysis of the numerical results

The complete configuration of the FRISG occurs at & = 35
[32]; this means that we try to obtain the analytical solution
from ¢ = 0 (at the center) to & = 35 (at the surface) along
the radius of the sphere. We employed power series expan-
sions to solve the FTOVI equation, deriving an analytical
solution from the center to the sphere’s surface. This analytical
solution, based on the specified initial conditions, characterizes
the fractional relativistic structure of the configuration and is
expressed in Egs. (59) and (61), along with Egs. (59)-(67). For the
fractional parameter a = 1, the series solution of the FTOVI
reduces to the series solution of the conformable isothermal
gas sphere as presented by Yousif et al. [23]. The numerical
comparison between the Emden functions derived from the
series solution and those obtained using the Runge-Kutta
method shows good agreement for dimensionless parameters
up to approximately ¢ = 3.2; beyond this value, the series
diverges. Consequently, it became essential to enhance the
power series solution of the FTOVI equation, which, in turn,
improved the approximation of the physical parameters of
stars. To accelerate the convergence of the series, we adopted
the method implemented by Nouh et al [33,34], combining
the Euler-Abel transformation and Padé approximation while
following the calculation procedure. Figure 1 displays the
Emden function () calculated for the relativistic parameter
o = 0.1 and the fractional parameters a = 0.95; as is clear, the
original series (without acceleration) diverges (the red curve),
whereas the series accelerated by Euler-Abel transformation
and Padé approximation (the blue curve) converges to the
desired value.

The inputs to the Mathematica code are the fractional
parameters (a), the relativistic parameter (o), the number
of terms in the original series (m), and the central density
(p.)- The outputs of the code are the Emden function (6),
the fractional first derivative of the Emden function (6"),
the mass function (v), the density profile (p), the pressure
profile (P), and the mass (M(r)). To analyze the physical
properties of the models, we first calculated models for
a range of the relativistic parameter o = 0 — 0.5 with step
Ao =0.05, and the range of the fractional parameter
a = 0.95 - 1 with step Aa = 0.01.
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c=0.1, a—0.95
without acceleration
with acceleration

-3 —

| | | |
20 25 30 35 40

g

Figure 1: The Emden function of the FRISG with o = 0.1, a = 0.95. The red line represents the function before series acceleration, while the blue line

represents the function after series acceleration.

Tables 1-3 present the Emden function (6), the mass
function v, and the first derivative of the Emden function 6’
across various values of the relativistic parameters ¢ and
fractional parameters a. These functions are calculated at
the zero (¢; = 35) of the FRISG. The Emden function 0 rises
as o increases, which means that the enhanced relativistic
effect (or stronger gravitational effects) leads to a faster
increase in density as one advances away from the center
of the sphere. As a decreases from 1 to 0.95, 6 usually
decreases, suggesting that smaller fractional values are

Table 1: Emden function 8 (&), the mass function v (&), and the first
derivative of the Emden function 8'(§) for the fractional isothermal gas
sphere for a = 1 and 0.99

associated with a slower decline in the Emden function,
which likely indicates a more compact structure. The mass
function v tends to decrease as ¢ increases, suggesting that
the mass contained inside a specific radius & is bigger for
higher relativistic effects. This might be due to the greater
sphere compression under higher gravity. A drop in a
tends to increase v as well, implying that the mass distri-
bution is denser or more stretched for spheres with lower
fractional values. The value of 0 tends to decrease more as
o rises, suggesting a steeper gradient in the Emden function,

Table 2: Emden function 8 (§;), the mass function v (§;), and the first
derivative of the Emden function 6’ () for the fractional isothermal gas
sphere for a = 0.98 and 0.97

(4 a=1 a=0.99 o a=0.98 a=0.97

0 (%) o (§) 0’ (&) 0 (%) 0 (§) 0" (§1) 0 (%) v (§) 0 (§) 0 (%) v (§) 0" (§1)
0 5.217 74.437 0.0630 5.217 74.437 0.0630 0 5.205 71.235 0.0647 5.193 68.168 0.0666
0.05 5.075 64.002 0.0546 5.075 64.002 0.0546 0.05 5.066 61.377 0.0565 5.057 58.850 0.0585
0.1 5.086 57.902 0.0418 5.086 57.902 0.0418 0.1 5.077 55.502 0.0706 5.069 53.196 0.0465
0.15 5.182 54.948 0.0753 5.182 54.948 0.0753 0.15 5.172 52.546 0.0767 5.161 50.247 0.0781
0.2 5.333 52.577 0.0812 5.333 52.577 0.0812 0.2 5.321 50.211 0.0826 5.308 47.949 0.0840
0.25 5.521 50.072 0.0866 5.521 50.072 0.0866 0.25 5.506 47.779 0.0879 5.491 45.591 0.0893
0.3 5.729 47.657 0.0913 5.729 47.657 0.0913 0.3 5.712 45.438 0.0927 5.695 43,323 0.0941
0.35 5.944 45,503 0.0954 5.944 45,503 0.0954 0.35 5.926 43,343 0.0968 5.907 41.287 0.0983
0.4 6.158 43.658 0.0991 6.158 43.658 0.0991 0.4 6.139 41.539 0.1005 6.119 39.528 0.1020
0.45 6.364 42.103 0.1024 6.364 42.103 0.1024 0.45 6.344 40.012 0.1038 6.324 38.030 0.1053
0.5 6.558 40.794 0.1053 6.558 40.794 0.1053 0.5 6.538 38.719 0.1068 6.517 36.745 0.1084
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Table 3: Emden function 8 (&), the mass function v (&), and the first
derivative of the Emden function 6 (§) for the fractional isothermal gas
sphere for a = 0.96 and 0.95

o a=0.96 a=0.95

0(&) o) @&  6@E) v 0 (§1)
0 5179 65229  0.0684 5166  62.414  0.0704
0.05 5048 56417  0.0606 5038  54.077  0.0627
0.1 5059  50.980  0.0737  5.050  48.850  0.0740
015 5150  48.046  0.0796 5139 45939  0.0784
0.2 5295 45788  0.0854 5282 43722  0.0831
025 5476 43501  0.0907 5460 41506  0.0880
0.3 5677 41307  0.0955  5.659  39.384  0.0927
035 5887 39332  0.0997 5868 37470  0.0972
0.4 6.098  37.617 01035  6.077 35801  0.1014
045 6302  36.151 01069 6281 34369  0.1052
0.5 6.496  34.899  0.1099 6474  33.141 0.1088

corresponding with a more steeply falling density profile.
Lower a values also lead to smaller 6 values, which corre-
spond to steeper profiles.

Figures 2—4 represent the solution curves of the FTOVI
equation in ¢ - 0, ¢ - 0, and ¢ - v, respectively. The frac-
tional parameter has a value of a = 0.99 and the general
relativistic parameter has a range g = 0 — 0.5 with steps
Ao = 0.05. The curves in Figure 1 show the behavior of the
Emden function (8(¢)) for different values of g, with the
fractional parameter a = 1, 0.99, 0.95. Each curve rises
quickly as € increases, beginning at (¢ = 0, = 0). This initial
fast climb demonstrates that the Emden function gains
value quickly when the radial coordinate increases from
0. Each curve rises first, then flattens to a plateau when the
function 6 approaches a constant value. As ¢ increases, the
system moves closer to equilibrium. The plateau’s height is
determined by the value of the relativistic parameter (a).
The curves are closely spaced, particularly at smaller o
values, demonstrating that the dependency of the Emden
function on o increases with o. Every curve ultimately
saturates, which means that after a certain &, 6 does not
increase much. The predicted physical behavior of these
gas spheres is consistent with the smooth, monotonic
curves free of oscillations and abrupt shifts. These charac-
teristics demonstrate the fluctuating nature of the Emden
function 6(¢) due to the fractional parameter a and o. So, it
is clear that, o is an important parameter in determining
the form and height of the curves.

Figure 2 displays the Emden function’s fractional first
derivative (6"). The non-relativistic situation is represented
by the curve for o = 0, and the curves for o > 0 represent
the relativistic case. The curves get peaked and tilted to the
right as the relativistic parameter o rises. This suggests that
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as the relativistic effects increase in strength, the fractional
first derivative of the Emden function concentrates closer
to the sphere’s surface and diminishes more slowly with
increasing radius. The fractional derivative at a = 0.99 is
near the classical first derivative, consequently, the graph’s
curves resemble the curves that would be obtained for the
traditional first derivative in terms of quality, while for a =
0.95, the change is remarkable. The fractional derivative
adds more characteristics, such as slower decay at large
radii and smoother behavior close to the origin. Overall,
the graph indicates that the relativistic parameter ¢ con-
siderably affects the fractional first derivative of the
Emden function. As ¢ increases, the curves are more
peaked and pushed to the right, suggesting that 6" is con-
centrated closer to the sphere’s surface and drops more
slowly as the radius increases.

The mass function is displayed in Figure 3. The curves
get steeper and attain a larger maximum value at a
smaller radius as the relativistic parameter o increases;
this suggests that when the relativistic effects intensify,
the sphere’s mass concentrates closer to the center.
Although the deviation is small for the model with a =
0.99 from the integer case, the fractional derivative adds
more characteristics, such as a slower decay at large radii
and a smoother behavior close to the origin; this deviation
becomes larger for the model with a = 0.95. Also, the graph
indicates that the relativistic parameter o considerably
impacts the mass function, as o increases, the curves get
steeper and attain a smaller maximum value at a smaller
radius, suggesting that the star’s mass is more compacted
and concentrated on the core.

Now, we shall investigate the effects of varying the
fractional parameter (a) on the FRISG. Figure 5 shows
the Emden function, the first fractional derivative of the
Emden function, and the mass function. The calculations
used fractional parameters a = 0.95-1 and relativistic para-
meters ¢ = 0.1 and 0.3.

The Emden function is shown with different colors
calculated at different fractional parameter a values in
the top panel of Figure 5. The curves fora <1land a =1
depict the fractional and integer Emden functions, respec-
tively. As a decreases, the curves flatten and reach a
smaller maximum value at larger radii. This behavior
shows that the gas sphere’s density expands as the frac-
tional parameter declines, reducing its central concentra-
tion. The moderate relativistic parameter ¢ = 0.1 shows
that the relativistic effects are of small size (consequently,
the curves illustrated in the graph display a similar quali-
tative resemblance to those generated in the non-relati-
vistic case [23]), while the size of the effect increases and
is clearer at o = 0.3.
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Figure 2: The Emden function (8) of the FRISG. The relativistic parameter varies from 0 to 0.5, while the fractional parameter is a = 1 (top panel),
a = 0.99 (central panel), and a = 0.95 (bottom panel).
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Figure 3: The first fractional derivative of the Emden function (8") of the FRISG. The relativistic parameter varies from 0 to 0.5, while the fractional
parameter is @ = 1 (top panel), a = 0.99 (central panel), and a = 0.95 (bottom panel).
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Figure 4: The mass function (v) of the FRISG. The relativistic parameter varies from 0 to 0.5, while the fractional parameter is a = 1 (top panel), a = 0.99
(central panel), and a = 0.95 (bottom panel).
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Nevertheless, the fractional derivative has supple-
mental properties, including a more gradual drop at large
radii and smoother behavior at the origin. The graphs
demonstrate that the fractional parameter a significantly
affects the Emden function. As a drops, the curves become
flatter and have a smaller maximum value at a larger
radius; this shows how the density of the gas sphere
decreases as it gets closer to the center.

The fractional derivative of the Emden function (6") is
shown in the central panel of Figure 5. The radial coordinate &
is used to represent 8’ for different values of the fractional
parameter a and relativistic parameter o. The fact that the curve
for a = 0.95 is more steep than the curve for a =1 implies that the
value of the 0" increase as a decreases. For both g values (g = 0.1
and 0.3), the fractional derivative begins at zero, increases to a
peak, and then steadily falls as ¢ increases. The larger ¢ value
(0 = 0.3) has a greater peak value. In both cases, the curve for
a =1 is somewhat higher than for a = 0.95, especially as &
increases. The figures show how the fractional derivative of
the Emden function fluctuates with the relativistic parameter
o and fractional parameter a. The derivative (0") is more sensi-
tive to changes in a for higher values of g, as demonstrated by
the greater peak and the significant difference between the
curves for various a values in the bottom figure (o = 0.3).

The bottom part of Figure 5 shows the mass function
(v) of a fractional isothermal gas sphere (mass within a ¢
sphere) for a fractional parameter a = 0.95-1 and relati-
vistic parameters ¢ = 0.1 and 0.3; for all values of a, the
mass function increases with increasing . Smaller values

DE GRUYTER

of a result in a slower rate of rise. This is because a slower
mass increase results from the fractional derivative’s
reduction of the effective gravitational force. Additionally,
the graph shows that when o increases, the mass function
increases. This is because mass develops quickly due to the
relativistic effects’ amplification of the gravitational pull.
The mass function is zero at £ = 0, increases monotonically
with ¢, and increases with rising a and o.

The mass function at the surface of the gas sphere (i.e,
the mass of the gas sphere), v(§), as a function of the
relativistic parameter (o), and the fractional parameter
(@), is shown in Figure 6. For all values of a, v (§) continu-
ously decreases as g rises. The extent of v(§;) reduction as o
increases seems to be influenced by the parameter a. The
lines representing different values of a illustrate that for
increasing values of o, decreasing a leads to a more pro-
nounced decrease in v (§;). This suggests that the variable a
has the potential to alter the dynamics of the gas sphere or
the thermodynamic equations, influencing the variations
in physical properties such as compressibility under rela-
tivistic conditions. As the value of o increases, the mass
function v () decreases for all a values. This indicates
that relativistic effects decrease the sphere’s mass or
modify its structure in a way that affects the projected
mass function. The gas sphere is more sensitive to
increases in g when a is lower, suggesting a structural or
physical change in the gas sphere. a controls how the mass
function reacts to changes in o.

(e}

Figure 6: The effect of the relativistic and fractional parameters on the mass function (u(;)) of the FRISG. The range of g = 0-0.5 with Ag = 0.05 and the

range of a = 0.95-1 with step Aa = 0.01.
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6 Application for neutron stars

According to some studies, the relativistic isothermal gas
sphere is a plausible approximation for middle-aged and
ancient neutron stars (>10° years). For example, Page [36]
indicates that neutron star interiors become almost iso-
thermal during thermal relaxation (~10* years), which
makes cooling models easier to understand. Tsuruta [37]
emphasizes that isothermal models are useful for long-
term cooling research since the hydrostatic equilibrium
and thermal evolution equations may be separated during
this period. Gnedin et al. [38] validated isothermal models
for older neutron stars by confirming that the whole core
retains a relatively uniform temperature until the core and
crust thermally equilibrate. According to Tolman’s iso-
thermal condition in general relativity, which these models
assume, the redshifted temperature stays constant. The
isothermal approximation is still a useful tool for
researching late-stage neutron star cooling, even though
genuine neutron stars may have residual temperature
changes because of magnetic fields, superfluidity, and
equation of state (EOS) effects.

Under the RISG conditions, a maximum mass exists at
which further increases in central density result in
instability and collapse [10,39,40]. This observation arises
from the interaction of relativistic pressure, density, and
gravity. It is vital to highlight that comparing neutron stars
with isothermal spheres results in general relativity. Ana-
lyzing gravity within the Newtonian framework reveals

0.14
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that the fundamental prerequisite for reaching hydrostatic
equilibrium is a connection between the mass density and
the pressure, which, for dense matter (degenerate and rela-
tivistic), is a power law with adiabatic index y = 4/3 [39].
But when gravity is considered within the context of gen-
eral relativity, the TOV equations demand a connection
between the mass-energy density and the pressure, which
for dense matter is linear. Hence, when exposed to general
relativity, the core of neutron stars shows isothermal beha-
vior. Conversely, the core of white dwarf stars, when
approached by the limiting mass, is classified as polytropic
while being solved using the same EOS as a completely
degenerate and ultra-relativistic ideal Fermi gas [10].

The star’s mass rises in correlation with the core den-
sity until a certain threshold, beyond which relativistic
influences play a significant role, leading to the star
approaching its maximum mass. This behavior is compar-
able to that seen in models of white dwarfs, neutron stars,
and other compact objects. To investigate the fractional
parameter on the central density-mass relation, we follow
the approach of Yabushita [40]; the central density may be
expressed by exp[6(&)] and the mass by M () exp[-0(¢)/2].

Figure 7 shows the central density-mass relation for
the fractional parameters a = 1 and 0.95; the relativistic
parameters range from 0.05 to 0.3. While taking into
account the relativistic parameter (g), we may investigate
the impact of the fractional parameter (a). We may
examine the effects of small deviations from the standard
model (a =1) on the system’s characteristics by examining

0.1

0.08

0.06

M() exp(-6/2)

0.04

0.02

I I 1 I I

100
exp(6)

120 140 160 180 200

Figure 7: The central density-mass relation for the fractional RISG for a = 1 (solid lines) and a = 0.95 (dashed lines); o = 0.05-0.3.
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how the difference in a from 1 to 0.95 affects the density
distribution. For the same ¢ values throughout the graph,
the dashed lines (a = 0.95) usually lie below the solid lines
(a = 1). This implies that for a given central density, a
decrease in a results in a lower central density. This indi-
cates that a decrease in a results in a less dense central
region of the system, which may indicate a decrease in the
effective interaction or mass-energy concentration in the
sphere’s core. Values similar to a and o in neutron star
models might represent the relativistic compactness of
the star and the equation of state of the matter in the
star, respectively.

Similarly, a lower a (corresponding to a lower core
density) might mean that the neutron star has a softer
equation of state, making it less resistant to compression
under gravity. The impact of the variations in g on the core
density is analogous to the effects of relativistic processes
in neutron stars, where greater densities are often attained
by increased compactness or gravitational influence up to
a certain point (the maximum mass) and then
decrease [39,40].

We calculated 18 models with p,, o, and a as input
parameters whose values are appropriate for neutron
stars; the results are listed in Table 4. Each row refers to
computations for two alternative values of the fractional
parameter a (1 and 0.95), with a given relativistic para-
meter o = 0.1, demonstrating how differences in a impact

Table 4: Mass and radius for fractional RISG. The computations are
performed for 0 = 0.1, a = 0.95 and 1

p. (kg m™3) a=1 a=0.95

R (m) M (Mg) R (m) M (Mo)
2x10"® 1.755084 x 10* 216151  1.710644 x 10*  1.72555
3x10" 1.433020 x 10*  1.76486  1.396735 x 10*  1.40891
4x10" 1.241031 x 10*  1.52841  1.209608 x 10*  1.22015
5x10'® 1110012 x 10*  1.36706  1.081906 x 10*  1.09133
6 x 10" 1.013298 x 10*  1.24794  9.876409 x 10>  0.99625
7x 10" 9381318 x 10>  1.15537  9.143778 x 10> 0.92234
8 x10'® 8.775420 x 10°  1.08075  8.541937 x 10>  0.86156
9x 10" 8.273545 x 103 1.01894  8.064054 x 10>  0.81343
1x 10" 7.848974 x 10°  0.96665 7.650233 x 10°  0.77169
2x10" 5.550063 x 10> 0.68353  5.409532 x 10°  0.54566
3x10" 4531607 x 10> 0.55810  4.416864 x 10°  0.44553
4x10" 3.924487 x 10> 0.48332 3.825116 x 10°  0.38584
5% 10" 3.510168 x 10°  0.43230 3.421288 x 10> 0.34511
6 x 10" 3.204330 x 10°  0.39463 3.123194 x 10°  0.31504
7% 10" 2.966633 x 10> 0.36536  2.891516 x 10> 0.29167
8 x 10" 2775031 x 10 0.34176  2.704766 x 10°  0.27283
9 x 10" 2616324 x 10° 032221  2.550077 x 10°  0.25723
1x10% 2482063 x 10°  0.30568 2.419216 x 10> 0.24403
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the radius and mass for the same central density. The
radius continually reduces as a decreases from 1 to 0.95;
this suggests that a lower a leads to a more compact
arrangement under the same central density circum-
stances. The mass of the sphere similarly drops with a
fall in a. This result shows that the total mass supported
by the sphere is smaller when the sphere’s structure is
impacted by a lower a, potentially suggesting less effective
gravitational support or a different distribution of mass
inside the sphere.

Neutron stars are dense, compact stellar remnants
with average radii of 1.0 x 10*-15 x 10*m and masses
between 1.4 and 2.5Mg. The ranges of radii and masses
in the table contain common values for neutron stars, espe-
cially at greater core densities. For a = 1, the radius and
mass column values align well with those anticipated for
neutron stars, particularly at higher densities where the
models predict radii and masses within the known range of
neutron stars. For a = 0.95, although the radii and masses
are often on the lower end, they are realistic for neutron
stars, especially for less massive or more compact
instances. The models, with their concentration on the
fractional isothermal gas sphere utilizing the parameters
a and g, give a theoretical framework that may indeed
simulate neutron stars, especially under specific para-
meter settings (greater central densities and a near to 1).
The drop in a leads to more compact and less massive
structures, agreeing with some of the changes in neutron
stars owing to variances in their equations of state and
interior compositions. Thus, these models are instructive
but should be understood considering the unique features
and the range of circumstances usual for neutron stars.

Now, write the mass of the isothermal gas sphere as

4
M= TR, (68)
where p is the mean density of the sphere and R is the
radius. The mass-radius relation for the isothermal gas
sphere is given by

M= 4_T[p R3m_

37 &4
From the last two equations, we can calculate the cen-
tral density from

(69)

P _ &
p 30

By calculating 6'(&) at different values of a, one can
obtain the possible values of the central density. For g = 0.1
and 0.2, we computed models for a = 0.95 and 1. Using the
observed radius and mass of neutron stars listed in Table 5,

(70)
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we determined the mean density in column 4. For different
values of g, a, and p., we determined the radius of the star
from the relation

anGp, %2

> (7))
aoc

R=§

Given its unlimited radius, the relativistic isothermal
gas sphere does provide a conceptual problem. However,
when using the FRISG model to model neutron stars, sev-
eral physical factors enable us to operate with limited,
reasonable values of the dimensionless radius & by adding
pragmatic restrictions in neutron stars.

Figure 8 locates the observed mass and radius of neu-
tron stars on the mass-radius relationship of the fractional
RISG along with the mass and radius of the three neutron
stars: PSR J1614-2230 with mass M = 1.97 + 0.04 Mp and
radius R = 1.3 x 10* + 2,000 m [41,42]. J0437-4715 with
mass M = 144 + 0.07Mg and radius R = 1.36 x 10* +
900 m [43,44]. SAX]1808.4-3658 with M = 0.9 + 0.3 Mp and
radius R = 7.951 x 10° + 1,000 m [44,45]. The physical para-
meters of the theoretical models are listed in Table 5. The
solid lines represent the predicted mass-radius relation-
ship for neutron stars with a = 1, and the dashed lines
are with a = 0.95. Table 5 shows that the FRISG model
suggested for the three stars agrees with the observed
values, considering the errors due to observations.

The value of a influences the predicted mass for a
given radius, influencing the EOS that the models utilize.
As observed, small variations in a lead to different
expected mass-radius relationships, affecting the EOS.
Higher o values, which affect the neutron star’s mass for
a given radius, often suggest a denser core or a different
composition. Denser neutron stars have a substantially
larger mass at any given radius than less dense ones, as
seen by the models with larger o values (red lines), which
exhibit a steeper mass-radius relationship. The estimated
mass for a given radius decreases dramatically when the
fractional parameter is reduced from 1 to 0.95, indicating
the sensitivity of the expected neutron star properties to
the EOS parameters. Changes in parameters may provide a
more accurate description of neutron star design since the
dotted lines (for a = 0.95) seem to fit the observed data
points better than the solid lines (for a = 1). This may be

Table 5: Predicted FRISG physical parameters of three neutron stars
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considered for understanding the effects of model para-
meters (a, g, and EOS) on expected neutron star physical
characteristics and how they match with observa-
tional data.

The observed parameters of the star PSR ]J1614-2230
are M = 2.08 My, R = 1.396 x 10*m, and the optimal para-
meters are 0 = 0.2, a = 0.95, p. = 3.0 x 10" kg/m?, P, = 5.4 x
10%* N/m? A mass of ~2 M, requires strong relativistic cor-
rections, hence a moderate relativistic parameter g = 0.2.
The choice of a = 0.95 reflects the need to slightly soften the
internal pressure gradient, allowing for a denser but still
stable configuration. The central density p. = 3.0 x 10*® kg/m?
is consistent with expectations for massive neutron stars
and helps generate the required gravitational pressure.
The star J0437-4715 have an observed M = 140M,, R =
1.396 x 10*m, and the optimal parameters are g = 0.1, a =
0.95, p. = 3.0 x 10 kg/m®, P. = 2.7 x 10** N/m? A slightly
lower mass (~1.4 M) allows for a smaller relativistic correc-
tion, so a weaker relativistic parameter ¢ = 0.1 is sufficient.
Again, a = 0.95 is used to adjust the mass-radius curve
downward, ensuring consistency with observations despite
a lower central pressure than PSR J1614-2230. Same central
density as PSR J1614-2230 implies similar internal composi-
tion, but the lower mass and pressure suggest that it is a less
compact configuration. For the star SAX ]J1808.4-3658, the
observed values of the mass and radius are M = 0.77 M, R =
7.65 x 10°m. The optimal parameters are g = 0.1, a = 0.95,
pe = 1.0 x 10" kg/m?, and P, = 9.0 x 10** N/m?* Although the
mass is relatively low, the radius is extremely small, indi-
cating a very compact object. To produce such a compact
structure under relatively low mass, a very high central
density p. = 10" kg/m® is required. The low a = 0.95 again
serves to soften the system structurally and produce a
realistic mass-radius curve for such a dense star.
Despite low mass, the high pressure indicates an unusual
internal EOS, possibly due to phase transitions or strong-
field effects (e.g., quark deconfinement). Summarizing
the results, fractional model systems with nonlocal
internal structure, i.e., deviations from ideal hydrostatic
profiles. It softens the equation of state, leading to more
compact but stable configurations. Introduces stronger
relativistic corrections (i.e., compactness), needed for
more massive stars. Compensates (p., central density)

Object M (Mo) R (m) p (kgm3) g a pc (kg m™3) P.(Nm?3)
PSR J1614-2230 2.08 1.396 x 10* 4.256 x 10" 0.2 0.95 3.0x10"® 5.4 x 103
J0437-4715 1.40 1.396 x 10* 2.717 x 107 0.1 0.95 3.0x10"® 2.7 x10%*
SAX]1808.4-3658 0.77 7.65 x 10° 8.498 x 10" 0.1 0.95 1.0 x 10" 9.0 x 10**
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Figure 8: The mass-radius relation for the three observed neutron stars PSR J1614-2230, J0437-4715, and SAX|1808.4-3658. The predicted physical
parameters for PSR J1614-2230 are 0 = 0.2, a = 0.95, and p, = 3.0 x 10" kg m™>; for the star J0437-4715, the predicted physical parameters are ¢ = 0.1,
a=0.95, and p = 3.0 x 10" kg m™>; for SAXJ1808.4-3658, the predicted values are ¢ = 0.1, @ = 0.95, and p, = 1.0 x 10" kg m™>,
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for smaller radii or lower masses by increasing pressure
to prevent collapse.

With instability and collapse occurring beyond a cri-
tical mass or density, Chavanis [10,11] showed that the sta-
bility and equilibrium of isothermal spheres, including
slowly rotating and polytropic cases, are controlled by
turning points in the energy-temperature or central den-
sity-mass diagrams. This behavior is reflected in the max-
imum mass and the onset of instability of the FRISG. The
present work’s findings, which include the existence of a
maximum mass and the qualitative features of the mass-
radius and central density-mass relations, directly parallel
these relativistic isothermal predictions. Chavanis [12] also
demonstrated that relativistic stars with a linear equation
of state, such as neutron star cores, behave similar to iso-
thermal spheres in general relativity, exhibiting a spiral
mass-radius relation and a critical mass-energy threshold.
Adding a as an extra degree of freedom, the fractional
approach used in the present study generalizes these clas-
sical and relativistic results. This allows for continuous
tuning of neutron stars' stability boundary and structural
properties, capturing a wider range of physical behaviors
and possibly reflecting nonlocal or microphysical effects
that are not considered in standard models. This illustrates
how the addition of fractional calculus enhances the theo-
retical landscape for modeling compact objects by offering
a flexible phenomenological framework that can interpo-
late between various regimes of stability and compactness,
by both classical and contemporary astrophysical theory,
while also preserving the key elements of maximum mass
and gravitational instability found in Chavanis’ work.

Also, the present study shows that sharper density
profiles and more condensed, centrally concentrated
mass distributions result from both reducing the fractional
parameter (@) and raising the relativistic parameter (o).
Notably, the occurrence of a maximum mass, beyond
which the structure collapses and becomes unstable, is
consistent with previous discoveries utilizing fractional
polytropic models and reflects the well-known behavior
in classical TOV solutions for neutron stars [30]. Neutron
star models that have softer equations of state and lower
values are less compact. Particularly because of gravita-
tional wave and NICER evidence, this is consistent with
recent observational constraints and theoretical models
that imply a range of stiffness in neutron star equations
of state [46,47]. As a result, the fractional method offers a
versatile framework for interpolating across various phy-
sical regimes and might contribute to the explanation of
the variety of observable neutron star characteristics. The
function of exotic matter and phase transitions (such as
hadron-quark deconfinement) in neutron star interiors
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has been the subject of more recent studies. The fractional
parameter a might be viewed as a phenomenological proxy
for nonlocal interactions or changes in the effective equa-
tion of state, perhaps capturing some features of these
transitions, even if the current study does not specifically
address such microphysical effects. Neutron stars with
quantum chromodynamics phase transitions, for example,
exhibit sudden changes in neutrino and gravitational wave
signals and changes in the mass-radius relation effects [47],
which might theoretically be reproduced by adjusting a in
the fractional model.

7 Conclusion

This work expands the TOV equation of the relativistic

isothermal gas sphere to include fractional derivatives

(FRISG), leading to a more comprehensive FTOVI. An accel-

erated series expansion is used to solve the FTOVI analy-

tically. We calculated models for different values of the
relativistic (o) and fractional (a) parameters. We found
that models having a value of 1 are limited to the relati-
vistic integer models derived from the TOV equation.

We can summarize the results in the following points:

* The classical isothermal model assumes a constant tem-
perature throughout the gas sphere. This simplification
is typically valid for systems where heat transfer pro-
cesses quickly equalize temperature differences. The
resulting equation of hydrostatic equilibrium leads to
the classical isothermal TOV equation, where thermal
gradients are not dominant drivers of the structure.
However, real stars may not be perfectly isothermal.
Small deviations from temperature uniformity are phy-
sically present but can be negligible if other structural
effects dominate. As revealed from the results, changing
the fractional order a has a significant impact on solu-
tions: altering density profiles, pressure distribution,
and mass-radius relations. These structural changes out-
weigh the impact of mild temperature gradients.
Mathematically, a small spatial variation in temperature
would contribute a perturbative correction to the pres-
sure, but fractional derivatives globally reshape the
differential structure of the model. Hence, while nonuni-
form temperature introduces second-order corrections
(they perturb an existing model without fundamentally
altering its structure) in thermodynamic quantities, con-
formable modeling introduces first-order changes
(instead of just altering their inputs, they substitute the
fundamental operators in the governing equations) in
the system’s physical behavior, particularly pressure
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support, gravitational stability, radius and mass distribu-
tion, and central condensation.

In the context of fractional relativistic isothermal
spheres, the behavior of the Emden function, the mass
function, and the first fractional derivative of the Emden
function for various a values offer valuable insights into
how changes in fundamental structural parameters can
influence the physical properties of dense astrophysical
objects, such as neutron stars. Lower a values corre-
spond to lower central densities, suggesting a softer
structural composition. These findings align with obser-
vations of neutron stars that exhibit a softer equation of
state, which has implications for understanding their
stability and evolution. Such insights can aid in refining
neutron star formation and behavior models, ultimately
enhancing our comprehension of these complex cosmic
entities.

Increasing the relativistic parameter o (or decreasing the
fractional parameter a) results in more condensed and
sharply declining profiles in the FRISG. These changes
highlight the enhanced gravitational and compact effects
associated with these parameters. The variations in the
mass function illustrate how these factors influence the
mass distribution within the sphere, with larger values
leading to a greater amount of mass at any given radius.
Utilizing fractional calculus to study the FRIGS provides
deeper insights into their thermodynamic balance, stabi-
lity, and dynamic evolution under extreme conditions.
Future research should prioritize developing theoretical
models, validating predictions against observational data,
and exploring innovative applications across various astro-
physical scenarios. Notably, a maximum mass exists within
the framework of the relativistic isothermal gas sphere;
beyond a certain central density, the system becomes
unstable and may collapse. This phenomenon arises from
the complex interplay of relativistic pressure, density, and
gravitational forces. As the core density increases, the mass
of the FRISG grows until it reaches a critical threshold, after
which relativistic effects become significant, resulting in
the system achieving its maximum mass. This behavior
mirrors what is observed in neutron star models and other
compact objects, enhancing our understanding of their for-
mation and stability.

Testing the mass-radius relationship of the FRISG against
the observed masses and radii of three neutron stars
shows good agreement when the fractional parameter
is less than 1. These findings can be further explored to
assess how theoretical parameters, such as a, g, and cen-
tral density, affect the physical properties of neutron
stars and how well these predictions align with observa-
tional data. This understanding could enhance models of

DE GRUYTER

neutron star behavior, improve our grasp of their
internal structures, and potentially inform searches for
new astrophysical phenomena related to these enigmatic
objects.
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