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Abstract: Practical fields, including materials processing,
space technology, ocean technology, and many mechanical
machineries, play a major part in advancing the modern
world. Lack of energy production and energy reduction
have been noticed as one of the main challenges in recent
decades. To properly address this, one should need to
modify the thermal characteristics of traditional materials
with different surface dynamics involvement. The present
investigation examines the heat transfer performance and
pumping power of destructive flow patterns of rheological
materials caused by viscous stress is significant due to phy-
sical aspects. One key objective is to demonstrate the conver-
sion of kinetic energy into internal energy, highlighting its
applications across various fields of engineering, science,
and technology. The current study is about to address the
impacts of viscous stress, stagnation point, gravity, slip flow,
and thermal slip in the typical swirling motion of Cross liquid.
The main problem that arises from these physical aspects is
presented in the form of dimensionless mathematical equa-
tions. The flow problem configured in this study is based on
the higher viscous forces and lower inertial forces. The
leading dimensionless equations are formulated by using
the Lie symmetry analysis. A well-known modified colloca-
tion formula is used to examine the higher radial flow speed
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of the material with the parallel variation in the Richardson
number, and the other components decline with the same
variation. The temperature of the dissipated materials is
enhanced by considering the higher values of the Eckert
number. Time relaxation caused a reduction in the resistance
forces in the r-direction and is noticed with the opposite trend
in the case of 6-direction which is more prominent. An excel-
lent agreement is observed by introducing a comparison with
the existing works.

Keywords: Thermally radiated flow, rotational motion, Cross
liquid, stagnation point, viscus dissipation, mixed convection

1 Introduction

A non-Newtonian fluid is a type of fluid whose viscosity
changes based on the applied stress or force. Non-Newtonian
fluids have a wide range of applications, including food proces-
sing, industrial processes (such as drilling fluids), starch sus-
pension, toothpaste, shampoo, ketchup, custard, etc. The beha-
vior of non-Newtonian fluids has been extensively studied by
numerous researchers. For instance, over the surface of an
elastic medium, the steady-based dynamical behavior of a
non-Newtonian fluid was discussed by Bilal et al [1]. With
the consideration of permeable channel walls, the purpose of
Qureshi et al’s [2] work was to deliberate the flow character-
istics of a Casson nanofluid. The characteristic of Brownian and
thermophores motion for nanosized particles of Casson fluid
flow problem over a semi-infinite disk was introduced by
Rehman et al. [3]. However, the flow analysis caused by a solid
rotating disk is extensively recognized by various researchers,
and scientists like Kdrmén [4] initially examined the viscous
fluid flow caused by a rotating solid disk. Von Karman initially
introduced and considered a special transformation (Von
Karman transformation). These transformations are executed
to convert the basic Navier Stokes equations in terms of partial
differential equations into ordinary differential equations.
After this work, many researchers carried out the character-
istic and modeling of both Newtonian and non-Newtonian
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fluid over a swirling disk. The Von Karman work is further
extended by Turkyilmazoglu and Senel [5]. Ahmed et al [6]
studied fluid flow with nanoparticle over a spinning surface
affected by temperature and chemical reaction. In a stretching
porous medium ternary composition with considering the
impact of heat generation bioconvective nanofluid flow was
investigated by Arafa et al [7]. Turkyilmazoglu [8] analyzed
heat and mass transfer in electrically conducting fluid flow
over a porous rotating disk, considering Hall current effects.
The Cross fluid [9] is a generalized fluid that refers to a
type of fluid that exhibits a non-Newtonian behavior while
still adhering to certain aspects of Newtonian fluid beha-
vior under certain conditions. Generalized Newtonian
fluids (GNF) can be found in various industries, including
lubricants, artificial organs, the oil and gas industry, aero-
dynamics, etc. Understanding their behavior is crucial for
designing processes and equipment that handle these
fluids efficiently. A revolving disk with the presence of
power-law fluid flow was inspected by Andersson et al.
[10]. Khan et al [11] examined the physical features of
Carreau liquid over an irregularly textured surface when
different molecule orientations were present. A general-
ized characteristic of fluid thermal conductivity and heat
transfer assessment of a Carreau liquid regarding a
rotating disk was disclosed by Ming et al. [12]. The combi-
nation of free and forced convection heat transfer process
is known as mixed convection, which is used in a lot of
industrial and engineering applications like heat exchan-
gers, radiators of automobiles, nuclear reactors, cooling of
electronic devices, food and chemical processing, and solar
collectors. Several scholars are studying the structure of
complicated flow systems, such as vented enclosures, to
use them to cool electronic equipment [13-15]. In wavy
wall, Abu-Nada and Chamkha [16] investigated the mixed
convection laminar time-independent flows taking water-
CuO nano-fluid in a lid-driven cavity. Kalteh et al [17]
explored the convection heat transfer along with the
effects of nanomaterial thickness and volume fraction.
For enhancement of the Richardson number, they used
different nanomaterials such as TiO,, Al,03, CuO, and Ag
in base fluid (water). In a square cavity that is heated,
Garoosi et al [18] examined the heat transfer rates of
Al,Oswater nanofluid under mixed and natural convection
conditions. Turkyilmazoglu and Pop [19] analyzed the beha-
vior of Bingham fluid which flow when a certain force is
applied considering stretching and rotating geometry. Yasmin
et al. [20] studied the flow of a special blood-based fluid with
nanoparticles over a heated surface in a porous material.
The velocity slip is defined as the velocity difference
between the fluid and the surface is called the slip velocity.
For instance, if a disk rotates and the fluid near the surface
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does not move at the disk’s speed, the difference is the slip
velocity. Velocity slip is relevant in various contexts, such
as fluid flow over surfaces, lubrication, and aerodynamics.
Thermal slip refers to the phenomenon where there is a
difference in temperature between a fluid and a solid sur-
face it is in contact with, and the heat transfer between
them does not occur perfectly. This may lead to a temperature
gradient or variations in heat flux across the interface.
Thermal slip is important in various applications, including
heat exchangers, electronic cooling, and boundary layer stu-
dies in aerodynamics. Many researchers explain the velocity
and thermal slip in fluid flow. For instance, in fluid flow, the
linear velocity slip boundary condition (BC) was studied by
Navier [21]. Maxwell [22] showed that temperature variations
in rarefied gas were the origin of the velocity slip BC in the
study of stress. Hayat et al. [23] focused on how velocity slips
under a magnetic field and with conductivity depending on
temperature, initiated by the expansion of a cylindrical
object, and noted that the resultant number boosts with
the increase in the velocity slip parameter. Mathur et al
[24] analyzed the development of velocity slip in a micro-
polar nanofluid. Additionally, Motsa et al. [25] studied the
stagnation point flow of Maxwell material over a shrinking
surface. Turkyilmazoglu [26] investigated the dynamics of slip
flow and heat exchange between two corotating disk. Yasmin
et al. [27] investigated water-based nanofluid flow with carbon
nanotubes over a stretching surface, with considering slip and
heat transfer. Asghar et al [28] investigated the electrically con-
ducted ferrofluid flow including slip condition over a shrinking/
stretching surface.

Viscous dissipation is the process in which the kinetic
energy of a fluid flow is transformed into thermal energy
as a result of viscous forces. This phenomenon is particu-
larly significant in flows with high velocities or in fluids
with high viscosity. Viscous dissipation plays an important
role in various fields including heat transfer in slurries,
geothermal energy, aerodynamics and aircraft design, tur-
bine and engine efficiency, etc. The importance of viscous
dissipative in the form of heat flow and isothermal in the
plate in free convection was studied by Gupta [29]. Effects
of viscous consumption on a winding surface in external
natural convection were reported by Gebhart and Mollen-
dorf [30]. Boutoutaou and Fontaine [31] reported the flow
of power law fluid filled in a micro-cylinder. Sondalgekar
and Murty [32] analyzed two dimensional unstable heat
flow on an infinite porous vertical plate. In a convective
spinning rigid disk, the impact of ohmic heating on radia-
tive viscoelastic nanofluid flow was considered by Ahmed
et al. [33]. Ontela et al [34] analyzed and optimized the
movement of microorganism in a nanofluid flow with
elastic properties over a spinning disk. Ali et al [35]
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analyzed the numerical investigation for viscoelastic fluid
with heat transfer analysis during rollover-web coating
phenomena. This study can further extend in the direc-
tions as presented by many researchers [36-38].

Keeping in view these aspects regarding the dynamics
and physical analysis of such complex nature materials, we
can extend this work in the directions and works presented in
previous studies [39,40]. Because these works are mostly rele-
vant in order to explore the different unique features of the
generalized materials while applying the said approaches.

1.1 Novelty

As per the aforementioned literature, the rheological study
of Cross materials with magnetohydrodynamics (MHD)
stagnation point, viscous dissipation, and mixed convec-
tion in the spinning or rotational devices has not been
brought under consideration. Moreover, a remarkable
influence of the gravity factor due to a vertically rotating
disk is another new attempt. The flow velocity and tem-
perature are considered for the first time with the signifi-
cant influence of thermally and dynamically slipped
rotating disk filled with Cross liquid. From application per-
spective, this work has a wide range of applications in
those areas of modern arena where the optimized heat
transfer is declared as an essential need.

1.2 Significance and objectives

* To examine the rheological nature of Cross fluid flow
with gravitationally affected swirling disk.

* To explore the unique nature of the stagnation points,

flow of Cross liquid placed on moving disk.

To present the thermal and velocity slips of the materials

on a spinning disk.

To portray the destructive flow situation with the vari-

able involvement of viscous forces.

1.3 Physical interpretation and assumptions

A disk is fixed vertically as shown in Figure 1 and rotating
with angular velocity 2, which is assumed realistically. The
shear stress-dependent viscosity of Cross liquid is assumed
to portray the unique rheology of the materials. The heat
and mass flows are formulated with the assumption of

Tensor dependent spinning motion of Cross nonlinear materials
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Figure 1: Physical interpretation.

mixed convection and viscous dissipation. The disk is
assumed to have an anticlockwise swirling motion having
velocity field V = [u(r, z), v(r, z), w(r, z)]. The surface tem-
perature T, and concentration C,, are effectively differen-
tiated from the infinite temperature T.. and concentration
C.. This unique work produced the vector form of mathe-
matical equations, i.e., momentum, energy, and concentra-
tion while using cylindrical coordinates.

V- V=0, @

p(V-VV)=-VP + V-1 + gBrp(T - T..) + gBcp(C - Cx) @
- aB3(U - w),

pcp(V -VT) = V-(kVT), ®))

(V-VC) = V-(DVC). 4

where the velocity vector is V, p is the density, P is the
pressure, ¢, is the specific heat, and t [9] is the stress tensor.
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where 0, B,, Dg are the electrical conductivity, magnetic
field, and diffusion coefficient, respectively.

The non-zero components of the tensor are deliberated
as follows:

Cou oyt S w) u
Tr = E’ rz = f’ Too 7)
_[r)o(v _[1)fov
Tor = 5]5 7], Tz0 = [E][a],

where the dynamic viscosity (u) for the rheology of Cross
fluid [9] is given by

1
=u, + - — 12
lu Ha + (U = M) T (ry)n] 12)
The newly proposed BCs are as follows:
ou
z=0 w=0,v=rQ, u=L—, C=Cy,,
0z
oT . (13)
T=1L
Yoz
Z = Zo vo>0, u-U=1r2, C— Co, T~ T

Where L; and L, are the velocity and thermal slip, respectively.
Letting [12]:
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Using Eq. (13), Egs. (5)-(13) can be transformed into the
following forms:
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the dimensionless form of tensor (u) is stated as
2 2
=2 [a“] 1)

where (Ri) is the Richardson number, Schmidt number is

deliberated by Sc =

v . .
D—B], M = 5, is the magnetic parameter,

Q2R?

Ec=coa-m

is the Eckert number, (Nc) is the Buoyancy-

ratio parameter, and Pr = [p—"] is Prandtl number.

To non-dimensionalize the governing equations, the
following variables [12] are used:

n=2,p=0m, w=H(), a=7F@n), V=
T =06, C= oM}
By using Eq. (22), Egs. (15)—(21) take the following form:
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=[1+ @+ et (30)
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Table 1: Comparative values for F=0 and Pr=n=1
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Physical Anderson Khan Ming Current results
quantities et al. [10] et al. et al. [12]

(11
F(0) 0.510 0.5102  0.5102320  0.510235189
-G'(0) 0.616 0.6159  0.6159216  0.615921929
—H(e0) 0.883 — 0.8843802  0.884378965
-0(0) 0.39 — 0.3962493  0.391064518
and

— -2
B = -n[HIHE" + )2

n11l
A1+ THF? + 6Hy)z| .BD

Conditions with transformed form are deliberated as
follows:

n=0: F=AF,G=1H=0,0=40,0=1

32
’7—)00:F:1’G:H:0:Q:(p:0 .()

In the above equation, A = L—f and A = LTZQ are the

velocity and thermal slips, respectively.

1.4 Practical quantities

The associated physical quantities for Cross liquid are
expressed as:

25

n=05———-
n=1.5

M =2.0,4.0,6.0,8.0

o

b n=05———-
n=1.5

M=1.0,5.0,10.0,15.0

o
-
N

n=0.5
n=1.5

2,=2.0,4.0,6.0,8.0

0.8
0.75
0.7
0.65
0.6
0.55
0.5
045
o4k
0.35
0.3 1
0.25 §
02F
0.15 F
0.1
0.05

n=05———-
n=1.5

2,=0.1,0.3,0.5,0.7

o

Figure 2: (a)-(d) Impact of M and 4, on (1) and G().
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Figure 3: Impact of Ri on (a) (1), (b) G(n), (c) H(n), and (d) 8(n).

1.4.1 Drage coefficients

Cfr=

Cf@

Trz
1(r6)?
Tz0

1(rQ)>*

drag coefficient in r-direction

. (33)
drag coefficient in 6-direction

1.4.2 Heat flow rate

Nu

rq,

T k(T - T

heat flow rate in r-direction. (34)

1.4.3 Mass flow rate

T

Sh = -’

(35)

where [ is the characteristic length, the heat and mass fluxes are
defined as g, = -kdT/dz and j, = —DpdC/dz, respectively.
In dimensionless form

(Re -

(Re -

1
=2\1/2 —
TG S T T E O + GO
1
l_"z)l/ZCf 0= (36)

1+ (FAF(0)* + G(0)H)?
(Re - P2 V2Nu = -6/(0),
(Re - F2)7128h = -¢’(0).

2 Comparison of the current
method

A comparison through Table 1 exhibits exceptional matching
with already available works, as presented in previous
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Figure 4: Impact of Nc on (a) F(n) and (b) G(n).

literature [7-9]. It is demonstrated that the following method
is perfectly implemented with excellent accuracy. However,
the comparison of this work is provided in limited cases,
because the leading Egs. (23)—(28) with BC’s are very time-
consuming for suitable expression while examining the flow
conducts by considering all the leading impacts.

3 Results analysis

The interpretation of various physical characteristics is
examined by taking different values of pertinent

o
-
N

parameters. By keeping in view the three cases of GNF,
ie, 0 <n <1 for pseudo plastic, n = 1 for Newtonian, and
n > 1 for dilatant fluids. For the overall approximation
findings, the fixed ranges for each parameter are specified
as: I'=0.01;Pr=03;Sc=0.1,Ec=01,4,=05;4,=05 M=
2.0; Ri = 50; Nc = 0.001.

Figure 2(a)-(d) illustrates the effect of the magnetic
parameter and velocity slip on the velocity field, repre-
sented by (7) and G(n), respectively. From the figures, it
is noted that for ascending magnitude of M, the radial and
tangential velocities of the fluid are diminished. Physically,
magnetic field generates a type of forces called Lorentz
forces, which is a type of resistive force that reduces the

025 a n=05 ———-
n=1.5

Nc=0.1,0.5,1.0,1.5
0.2

ol ity
125 15 175 2 225 25

n

n=05 ———
n=15
Ec=0.1,0.3,0.5,0.7

AT T

6(n)
o o o o o
N w s (4] (2]
OHHl\\HlHHl\\Hl\\\\l\\\\l\\

©
o

o

Figure 5: Impact of (a) Nc and (b) Ec on (n).
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Figure 6: Impact of (a) Nc and (b) Ri on ¢(n).

fluid velocity. The uplifted values of A;, caused an escala-
tion in the radial velocity and declined is noticed in the
tangential velocity of the fluid. Actually, velocity slip
reduced the drag and viscous forces that typically slow
down the fluid near the boundary, allowing the fluid to
move faster along the boundary. Figure 3(a)-(d) shows
the impact of (Ri) on the velocity and temperature profile,
respectively, ie., (), G(), H(), and 6(n). The figures show
that the higher (Ri) values improved the redial velocity but
diminished the fluid’s tangential and azimuthal velocities
and temperature as well. In general, the influence of (Ri) in
the vertically spinning disk is an exceptional one that
boosts the velocity whenever increasing directly. The fluid

velocity in the radial direction shows differences as corre-
sponding to the tangential and the azimuthal velocities, i.e.,
(n) and H(n), respectively. The patterns of both fields (1)
and G(n) regarding the higher intensity of (Nc) parameter
are manifested in Figure 4(a) and (b). These graphs yield
the result that the larger values of (Nc) enhanced the radial
velocity and declined the fluid’s tangential velocity in the
context of both shear thinning and shear thickening fluids.
Physically, an increase in the buoyancy ratio parameter
enhances radial velocity as the dominant solutal buoyancy
forces drive stronger radial convection currents. Conver-
sely, an increase in the buoyancy ratio parameter decreases
tangential velocity because the energy is redirected toward
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Figure 7: (a) and (b) Influence of T on (Re - F2)V2C; .
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Figure 8: (a) and (b) Influence of A on (Re - F2)Y2C; 4.

enhancing radial flow, and the system becomes more stabi-
lized against the rotational instabilities. Figure 5(a) and (b)
depicts the effects of the buoyancy ratio parameter and
Eckert number on the pattern of the temperature. From
the figures, larger values of (Nc) reduced the temperature
of the fluid. Physically, when the buoyancy ratio increases, it
indicates that the concentration effects become more domi-
nant compared to the temperature effects. This can suppress
the temperature-driven buoyant forces, leading to a weaker
thermal convection, which can lower the overall tempera-
ture difference in the fluid as the temperature gradients
diminished. But, on other hand, the ascending values of
Ecker number increased the fluid temperature. Physically,
it is defined as the ratio of kinetic energy and enthalpy. The
uplifted values of Eckert number signifies that a greater
proportion of the fluid’s kinetic energy is being converted
into thermal energy due to viscous dissipation, which in
turn raises the temperature of the fluid. The impacts of

Table 2: Impact of Ec on Nusselt number and Nc, Ri on Sherwood
number

Ec Nc Ri (Re - 72)*5Nu (Re - F2)05Sh
0.1 — — 0.188772 —

0.2 — — 0.521255 —

0.3 — — 1.411790 —

— 0.1 — — 0.671517

— 0.2 — — 0.682423

— 03 — — 0.692853

— — 0.1 — 0.466369

— — 0.2 — 0.467227

— — 0.3 — 0.468076

=20 ————
r=3.0————
r=40———-
r=5.0
o
o
N: ___________
[
x© —
T L
1.25 1.5

buoyancy ratio parameter (Nc) and Richardson number
on concentration is shown in Figure 6(a) and (b). From the
figures, the ascending values of Nc declined the concentra-
tion of the fluid, because when we decrease the buoyancy
ratio parameter, the thermal buoyancy dominates over
solutal buoyancy. This stronger thermal convection
enhances mixing, which tends to reduce concentration gra-
dients. And it is the same for Richardson number, the
ascending values of Ri diminished the concentration of the
liquid. Physically, when the Richardson number increases,
the buoyancy-driven convection dominates, leading to less
horizontal mixing and more stratification. This reduces the
effectiveness of mixing causing concentration to remain
localized in specific regions and reduce the overall concen-
tration in the fluid. Figure 7(a) and (b) demonstrates the
influence of the relaxation time constant on the radial and
tangential skin friction coefficients. The high values of (I)
maximizing the radial skin friction and a reverse action
were perceived for tangential friction drag. Physically, a
higher relaxation time indicates that the material retains
its deformed state for a longer period before relaxing.
When such a fluid flows through a pipe or around an object,
radial deformation (compression or expansion perpendi-
cular to the flow) induces an elastic response. The longer
relaxation time means that this elastic response is sustained
longer, increasing resistance to radial deformation and thus
increasing radial friction. An increased relaxation time con-
stant results in a slower response to shear stresses, leading
to reduced immediate resistance to tangential deformation.
This manifests as lower effective viscosity, increased slip at
the boundary, distributed shear forces over time, and ulti-
mately decreased tangential skin friction. Figure 8(a) and (b)
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shows the impact of velocity slip parameter A, on redial and
tangential skin fraction. Here the velocity slip increases the
radial skin friction and vice-versa for tangential skin fric-
tion. Physically, the reduction in the radial skin friction with
the variation in velocity slips is due to the decline in the
velocity gradient and which decreases the shear stress.
And hence alters the boundary layer and minimize the
momentum transfer between the fluid and the solid
boundary. These factors together result in less resistance
to the flow, which manifests as reduced skin friction.
Velocity slip decreases the tangential velocity profile
because it reduces the velocity gradient, weakens the
momentum transfer between the boundary and the fluid,
and alters the boundary layer dynamics. Table 2 shows
the impact of Eckert number on Nusselt and the buoyancy
ratio parameter and Richardson number on Sherwood
number. The higher value of Ec increases the Nusselt
number. In general, the Eckert number represents the
ratio of Kkinetic energy to the enthalpy differences in a
fluid flow. When the Eckert number increases, the kinetic
energy of the fluid becomes more significant relative to
the temperature difference, and this can lead to an
enhancement in the Nusselt number. The larger values
of Nc and Ri enhanced the Sherwood number. Both the
buoyancy ratio and Richardson number increase natural
convection processes. This enhancement of convective
forces leads to better mass transfer, reflected by an
increase in the Sherwood number.

4 Conclusion

The dissipative flow pattern of rheological material has
been examined to address the energy loss. A typical
rotating stagnation point flow of Cross materials has
been analyzed in the presence of thermal radiation, mixed
convection, and magnetic force. The significant viscous
dominant flow analysis explored the concept of boundary
layer region flow. The gravitationally effected flow pattern
has been phenomenal during the approximation of dif-
ferent physical features including material rotating speed,
thermal flow, mass flow, surface resistance, mass, and heat
rate flows. Every new finding was effective in the practical
sense while exploring the physical features of the newly
modeled problem. A difference in the surface velocity, sur-
face temperature, material velocity, and temperature was
assumed in the spinning motion of the generalized Cross
materials. The material speed, concentration, temperature,
surface force, pressure, and flow rates of mass and heat are
graphically interpreted with variation in various physical

DE GRUYTER

factors. A well-matched comparison was reported to show

the accuracy of the implemented method. The entire study

has been very significant in terms of its key findings, which
are listed below.

* The fluctuation in Richardson number enhanced the
radial component of liquid velocity, while the other com-
ponents showed opposite tendencies.

¢ The flow slip factor enhanced the radial flow speed of the
material and an opposite demeanor was detected in the
case of tangential flow speed.

* The purpose of the augmentation of the Lorentz forces
factor is to deteriorate the movement of the consid-
ered fluid.

* The flow speed has been enhanced for higher relaxation

factor I'and by considering the shear thinning and thick-

ening cases.

The radial and tangential resistive forces declined and

enhanced, respectively, by varying the relaxation time

constant I

* The dissipative Eckert number enhanced the material
temperature significantly.

¢ The pressure of the material has been noticed higher for
the growing values of the Richardson number.
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