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Abstract: The present study constructs and investigates soli-
tonic phenomena in the complex structured (3+1)-dimen-
sional conformable Heisenberg ferromagnetic spin chain
equation (CHFSCE). This model explains the behavior of fer-
romagnetic spin chains and is an extension of the integer-
order Heisenberg equation in nonlinear physics that controls
the magnetization of the ferromagnetic solid. We present a
new array of soliton solutions in the form exponential,
rational, hyperbolic, and rational-hyperbolic functions, using
the Riccati modified extended simple equation method
(RMESEM). The proposed anstaz uses a complex structured
wave transformation to convert CHFSCE into a moremanage-
able nonlinear ordinary differential equation (NODE) and
constraint conditions. The resulting NODE is assumed to
have a close form solution that further converts it into a
system of nonlinear algebraic equations via substitution in
order to identify fresh plethora of optical soliton solutions.
Moreover, the fundamental characteristics and theory of the
employed conformable derivative, specifically, the chain rule,
have been described. We demonstrate the existence of quasi-
periodic solitons, including smooth-, multiple-, and periodic-
periodic solitons, in the context of CHFSCE using a range of

3D, 2D, and contour visual representations. The obtained
quasi-periodic solitons prominently result in the development
of fractal structures while their squared norms result in
the development of hump, peakon, and parabolic solitons.
Additionally, we investigate bifurcating and chaotic behavior,
detecting its existence in the perturbed dynamical system and
finding advantageous results that suggest quasi-periodicity
and fractal behavior in the model. According to the results
we obtained, the suggested strategy is a powerful method for
detecting novel soliton phenomena in such types of nonlinear
settings.

Keywords: nonlinear fractional partial differential equa-
tions, conformable fractional derivatives, Riccati modified
extended simple equation method, quasi-periodic solitons

1 Introduction

The study begins by framing the intended model inside the
context of its earlier findings and providing a thorough
analysis of pertinent literature. In this section, the main
goals of the study are outlined, knowledge gaps highlighted,
and the study’s organizational structure is explained.

1.1 Overview and background of the
conformable Heisenberg ferromagnetic
spin chain equation (CHFSCE)

Nonlinear fractional partial differential equations (NFPDEs)
have become increasingly important for modeling and pre-
senting complex phenomena as they allow for the precise
capture of the memory and inherited characteristics of the
system being modelled. These mathematical equations are
particularly helpful in explaining anomalous diffusion phe-
nomena and have wide-ranging applications in disciplines
such as biology, physics, chemistry, finance, engineering,
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and economics [1–6]. The problem of comprehending and
evaluating the dynamics of NFPDEs, which describe a broad
range of complex phenomena in numerous scientific domains,
has captured the attention of scientists and researchers in the
fields of mathematics and physics as a result of their applica-
tions. However, the nonlinearity and nonlocality of fractional
derivatives pose unique challenges for their interpretation
and resolution. The solution and analysis of these equations
may require the development of unique approaches and tools,
as typical analytical and numerical processes can occasionally
not be pertinent. In spite of these challenges, research on
NFPDEs has led to major breakthroughs in various areas of
scientific and engineering domains [7–9]. The emergence of
novel analytical and numerical methods [10–14] for solving
and evaluating NFPDEs has expanded research prospects
and enhanced our comprehension of complex systems [15–17].

The study of soliton solutions is an intriguing develop-
ment in NFPDE’s research in recent years. Soliton solutions
are remarkable solitary wave solutions to NFPDEs, which
possess unique and stable properties [18–21]. These solu-
tions differ significantly from regular waves and offer cru-
cial insights into the behavior of nonlinear systems. Com-
prehending and characterizing solitons have been the
main topics of current research attention. Researchers
have worked hard to identify novel solitons in a variety
of nonlinear systems in addition to understanding the fun-
damental characteristics of solitons. Analytical techniques
such as the Sardar sub-equation technique [22], tan-func-
tion method [23], the Kudryashov methodology [24], the
Khater approach [25], the sub-equation strategy [26], the extended

direct algebraicmethod (EDAM) [27,28], ′G

G
( )-expansion approach

[29], exp-function approach [30], amongst others [31–37], have
been significant in these discoveries by providing the mathema-
tical tools needed to explore these complex wave phenomena.
While these approaches greatly advance our knowledge of
soliton dynamics and assist us in connecting them to the theories
that explain phenomena, it is crucial to acknowledge that they
may have drawbacks and restrictions (e.g., the seven common
mistakes) [38,39]. Moreover, several of these methods depend on
the Riccati equation [40]. Since the Riccati equation has solitary
solutions, these techniques are useful for studying soliton phe-
nomena in nonlinear models [41].

Recent developments in soliton theory, especially fractal
soliton theory [42–44], which examines the complex relation-
ship between solitons and fractals, have led to intriguing new
avenues for mathematical research. A fractal soliton is a
stable, constrained wave packet that possesses both a soli-
tonic and a fractal structure. Fractal solitons are nonuniform
bordered solitons that display complex geometric patterns at
different sizes and self-replicate at a steady pace. Insights into
nonlinear processes in physics, engineering, and biology

can be gained by connecting soliton with fractal geometry
[45–47]. As a result, the concept of fractal soliton has several
real-world uses across a range of fields. Because of their
unique property, fractal solitons are helpful in the study
of chaos theory as they help us comprehend the dynamics
and resilience of chaotic systems. Fractal soliton research is
becoming more popular in modern mathematics, and as it
develops, new concepts in theoretical and practical mathe-
matics should be supported.

The present work investigates and analyzes new plethora
of soliton solutions for (3+1)-dimensional CHFSCE, which is a
prominent complex structured NFPDE with intricate interac-
tions between fractional derivatives and magnetic spins.
This nonlinear Schrödinger-type equation was developed
by Latha and Vasanthi [48] to explain nonlinear waves
inside the Heisenberg ferromagnetic spin chain system by
combining the logical state ansatz with the Holstein–Pri-
makoff bosonic analysis of spin operators. This model is
represented as follows [35,49]:
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4, ≡s s x y t, ,( ), < ≤δ α β0 , , 1, ν is the
lattice structure parameter, κ2 represents the adjacent
interaction along the diagonal length, B is the anisotropy
parameter of the uniaxial crystal fieldwhileκ andκ1, respec-
tively, are the corresponding coefficients of the bilinear
exchange interactions in the x and y-axes.

1.2 Literature review of the CHFSCE

Many other academics have used various numerical and
analytical techniques to handle (1) in both fractional and
integer senses prior to this scholarly study. For example,
the (G′/G)-expansion approach was utilized by Ullah et al.
[35] to obtain kink, periodic, multiple periodic, and shock
soliton solutions for (1). Ma et al. [49] created a number of
exact solutions, including doubly periodic, periodic, bright,
and dark soliton solutions in the form of hyperbolic func-
tion, Jacobi elliptic function exponential and trigonometric
function for (1) in integer form, by using the Jacobi elliptic
method and the improved F-expansion method. In another
research effort, Devnath et al. [50] used ′∕ ∕G G G, 1( )-expan-
sion and extended Kudryashov methods to generate some
general and novel solutions in the form of trigonometric
functions, bell-shaped functions, and their rational forms,
revealing the existence of singular periodic, periodic, kink,

2  Rashid Ali et al.



flat kink, and V-shaped solitons in the context of CHFSCE
with β-order derivative. Finally, Hashemi used the simplest
equation and Nucci’s approach to report bright and dark
solitons with other precise solutions for time-fractional
conformable CHFSCE [51].

Researchers have recently concentrated greatly on ana-
lyzing the chaotic and bifurcating features of nonlinear models
using concepts from knot theory [52,53]. In order to show that
themodel underlying the perturbed dynamical system exhibits
bifurcating and chaotic behavior, a number of techniques from
the corpus of previous research are employed. Lyapunov expo-
nent method [54], Lyapunov spectrum theory [55], time series
method [56], Poinćare map method [57], and phase portrait
method [58] are a few of these approaches. When bifurcation
and chaotic theories are used for the study of nonlinear sys-
tems, the dynamics and stability of models and their solutions
are better understood. Moreover, they are used to examine
how a change in a parameter affects the qualitative behavior
of a system and its solutions. A great deal of research has been
done in this field. Using the Galilean transformation, for
instance, Muflih Alqahtani et al. produced a number of con-
ventional results, including sensitivity, bifurcations analysis,
and chaotic flows [59]. Similarly, Hosseini et al. [60] performed
a more comprehensive study of a generalized Schrödinger
equation by using the theory of the planar dynamical system
to carry out its bifurcation and the Galilean transformation to
derive the dynamical system of the governing equation. By
considering a perturbed component in the resulting dynamical
system, several two- and three-dimensional phase portraits are
provided, further examining the existence of chaotic behaviors
of the model. In another study, Iqbal et al. developed a Hamil-
tonian dynamical system from the leading equations for the
nonlinear electrical transmission lines in order to analyze
the bifurcation characteristics with chaos and nonlinear
coherent structures for the voltage wave propagation [55].
Additionally, they used the Lyapunov spectrum theory to sup-
port the existence of chaos in the targeted model. Inspired by
the current study of nonlinear model analysis, the Galilean
transformation technique and time series approach are used
to examine the chaotic behavior of the perturbed dynamical
systems of CHFSCE, noting its existence in the dynamical
system that has been perturbed and obtaining favorable out-
comes about the chaotic behaviors of CHFSCE.

1.3 Research gap in the present
investigation

As the literature cited above demonstrates, soliton dynamics
in CHFSCE have been examined earlier, but no investigation
has been conducted to look into and assess how fractals are

formed when solitons undergo periodic oscillations inside the
intended model. This finding points to a sizable gap in the
corpus of existing knowledge. Our work closes this gap by
offering a thorough and unique analysis of the fractal soli-
tonic phenomena in the model using the suggested Riccati
modified extended simple equation method (RMESEM).

1.4 Objectives and aims of the research

The study’s goals and objectives are as follows: The intended
CHFSCE will first be transformed via a complex transforma-
tion into a single manageable nonlinear ordinary differen-
tial equation (NODE). Next, we will convert the NODE into
an algebraic system of equations by supposing a series-form
solution and using the RMESEM. Finally, the system will be
examined using the Maple tool to determine the CHFSCE’s
soliton solutions. The necessary conditions for the existence
of these solutions will also be described in detail. Our results
demonstrate the existence of smooth-, multiple-, and peri-
odic-periodic solitons in the context of CHFSCE, which lead
to the formation of fractal structures. On the other hand, the
squared norms of the acquired periodic solitons result in
the emergence of hump, peakon, and parabolic solitons.
These findings are presented using a range of 3D, 2D, and
contour visual representations. We also study bifurcating
and chaotic behavior, observing its presence in the per-
turbed dynamical system and obtaining favorable outcomes
that imply fractal and quasi-periodic motion. Our results
show that, in the context of such nonlinear situations, the
suggested technique is a powerful tool for detecting novel
soliton phenomena.

1.5 Layout of the current research

The remaining study is arranged as follows: The resources
and the working mechanism of the suggested RMESEM are
covered in Section 2. Section 3 presents the CHFSCE’s
soliton solutions. A discussion and numerous graphs are
given in Section 4. Our findings are summarized in Section 5,
and an appendix is given after that.

2 Materials and methods

The definition of CFD and the operational mechanism of
the RMESEM are given in this section.
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2.1 Description of CFD

By using CFD’s advantage over alternative fractional deri-
vative operators, we can find soliton solutions for NFPDEs.
For example, since they do not obey the chain rule [61,62],
different fractional derivative forms are unable to yield the
soliton solutions of CHFSCE stated in (1). As a result, frac-
tional derivatives in (1) were defined in the sense of CFDs.
The expression for this derivative operator with order α is
as follows [63]:
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The chain rule is thus satisfied by CFD. □

2.2 Working methodology of RMESEM

The Riccati equation is the foundation of many analytical
techniques. These techniques may be used for the investi-
gation of solitary wave phenomena in nonlinear models as
the Riccati equation contains solitary solutions [41]. The cur-
rent work, which incorporates the Riccati equation with
RMESEM to generate and assess solitary wave dynamics
in the CHFSCE, was inspired by these applications of the
Riccati hypothesis. In this section, we outline the RMESEM’s
mechanism [34]. Look at the following NPDE:
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where = t τ τ τ τ, , , , …, r1 2 3S S( ).
The steps listed below will be taken to address (6):
1. The first step involves performing a variable-form

transformation =t τ τ τ τ, , , , …, r1 2 3S H Z( ) ( ), where Z has sev-
eral representations. The following NODE is obtained by
transforming equation (6) in this way:

′ ′ =B , , , … 0,H H H H( ) (7)
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d
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Z
. Sometimes, the NODE is integrated one or

several times to satisfy the homogeneous balance condi-
tion (7).

2. Next utilizing the solution of the extended Riccati-
NODE, the resulting closed form solution for the NODE in
(7) is proposed
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In this solution, =b j γ0, …,j( ) and = −a j γ0, …, 1j( )

indicates the constants that are needed to be found, and
U Z( ) indicates the solution to the resultant extended
Riccati-NODE

′ = + +U p qU r U ,2Z Z Z( ) ( ) ( ( )) (9)

where p q, , and r are constants.
3. We obtain the positive integer γ needed in Eq. (8) by

homogeneously balancing the greatest nonlinear compo-
nent and the highest-order derivative in Eq. (7).

4. Following that, all the terms of U Z( ) are combined
into an equal ordering after substituting (8) in (7), or in the
equation that emerges from the integration of (7) which
generates an expression in U Z( ). An algebraic system of
equations in =b j γ0, …,j( ) and = −a j γ0, …, 1j( ) with addi-
tional accompanying parameters is obtained when the coef-
ficients in the resulting expression are set to zero.

5. With Maple, the set of nonlinear algebraic equations
is solved analytically.
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6. To acquire analytical soliton solutions for (6), the next
step is to calculate and enter the undetermined values with

Z( )U (the Eq. (9) solution) in Eq. (8). We might potentially
use the general solution of (9) to derive other sets of soliton
solutions. These clusters are shown in Table 1.

3 Execution of RMESEM

In this section, we apply our proposed approach to CHFSCE
in (1) in order to obtain soliton solutions for it. We start
with the complex transformation that follows:
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Eq. (12) yields the following constraint condition:
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Applying this constraint, the system in (11) and (12) is hence
reduced to the single NODE displayed below:
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We may determine =γ 1 by evaluating the homogeneous
balance between ″S and S3. When this value of γ is entered
in Eq. (8), the RMESEM produces the ensuing series-form
solution for Eq. (14):
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We may infer an expression in terms of U Z( ) by substi-
tuting (15) for (14) and collecting all terms that have the
same powers of U Z( ). If we set all the coefficients to zero,
we obtain a system of nonlinear algebraic equations. The
following sets of solutions are found by using Maple to
solve the aforementioned system of nonlinear equations:
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= = = =

= = =

=
−
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+ + −

=
− − − − +

= =

b
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p
b a a

σ σ σ σ

ω
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κ
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κ κ κ κ

1

2
, 0, , ϱ ϱ ,

ϱ ϱ , , ,

2
2ϱ 2ϱ 2ϱ 2ϱ 2ϱ
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2
, , .

0

0

1 0 0 1 1

2 2 1 1 2 2

4

2
1

2 1

2
0

2

1

2 2
2

2
1 1

2
2

2
2

2 2
0

2
1

2

2

2
1

2
1

2

2

2 2
1

2
2

1

2
2

2
1 2 1

2
0

2
2 1 2

2
1

2

2
2 1 2

2
1

2
2

2
2

2
1

2
2

2
2 0

2

2
1

2 1 1 2 2

(

)

(16)

Case 2

= − = = −

= = = =

=
−
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− − − + +
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ω
ν
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2
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4

2
1

2
2

2
2

2
2

2
2

2
1

2
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2
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=
−
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b
b q

b b a b p

σ σ σ
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σ
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ω
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ϱ ϱ , 0, ,
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1
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4
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2
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2
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2
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2
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2

2

2
1

2

2
2
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Case 4

= = = =
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=
−
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− − − + +
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ω
ν
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ϱ ϱ , , ,

2
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2
1

2
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2
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)
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Case 5

= = = =
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σ σ σ ν ν
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κ κ κ κ B

, , , ϱ ϱ ,
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4

1 2

4

2

2
1

4

2

2

1 1 2

(20)

where = + + + +
Ω

σ κ κ σ σ σ κ σ κ σ κ

B

21
2

2 1 2 2
2

1 2
2

2 1
2

2 .

Assuming case 1, we gain the resulting soliton solution clusters for (1).
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Cluster 1.1: When < ≠r0 0G ,
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Cluster 1.2: When > ≠r0 0G ,
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p
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1

2

1

2

1

2
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1,5

0

0

1

2

1
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( ) (25)
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⎝
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⎠
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⎠
⎟

−

s x y t e
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p
a

q

r

i

r
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1

2

1

2

1

2
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1

G GZ GZ
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⎠
⎟

−
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i

r
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2
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2
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2
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0
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1

G GZ GZ
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and

⎜
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⎝
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⎟
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⎟
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p
a

q
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1
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1

2

1

4
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0
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Cluster 1.3: When = ≠q0, 0G ,

⎜ ⎟= ⎛
⎝

−
+

⎞
⎠

s x y t e
qa

p

a q

p q
, ,

1

2

1

2 2
.iψ

1,9

0 0
2Z

Z
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( )
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Cluster 1.4: When = 0G , in case when = =q r 0,

⎜ ⎟= ⎛
⎝

⎞
⎠

s x y t e
a

p
, , .iψ

1,10

0

Z
( ) (30)

Cluster 1.5: When =q m, = ≠p lm l 0( ), and =r 0,

= ⎛
⎝ +

−
⎞
⎠s x y t e

a

l

a

l
, ,

1

2 e
.iψ

m1,11

0 0

Z
( ) (31)

In the above solutions, = σ x

α

α
1

Z + −σ y

β

β
2

+ + +ρ σ ρ σ σ ρ σ t

δ

2 ϱ 2 ϱ ϱ ϱ δ
1 1 1 2 2 2 2 1 3 1 2( ( )) , =ψ

x

α

ϱ α
1 + −y

β

ωt

δ

ϱ β δ
2 , where ω

is defined in (16).
Assuming case 2, we gain the resulting soliton solution

clusters for (1).
Cluster 2.1: When < ≠r0, 0G ,
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p
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Ω
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2
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Ω
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2
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( )
( ( ))

( )( ( ) ( ) )

( ( ) ( ))
(34)
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Cluster 2.2: When > ≠r0 0G ,
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and
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Cluster 2.3: When = 0G , ≠q 0,
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Cluster 2.4: When = 0G , in case when = =q p 0,
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Cluster 2.5: When =q m, = ≠p lm l 0( ), and =r 0,
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In the above solutions, = σ x
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α
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1 2 , where ω

is defined in (17).
Assuming case 3, we gain the resulting soliton solution

clusters for (1):
Cluster 3.1: When < ≠r0, 0G ,
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Cluster 3.2: When > ≠r0, 0G ,
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b p
, ,

1

2

1

2

1 tanh 1 2

tanh

,iψ

q

r r

3,5 1

1
2

1

2

1

1

2

1

2

tanh
1

2

G GZ

G GZ G GZ

( )
( ( ( )) ) (50)

⎜

⎜ ⎟

=
⎛
⎝

− − +
+ +

−
⎛
⎝
− −

+ ⎞
⎠

−
⎞

⎠
⎟

−

s x y t e
b i

q i

b p
q

r

i

r
b q

, ,
1 sinh

cosh cosh sinh

1

2

1

2

tanh sech 1

2
,

iψ
3,6

1

1

1

1

G GZ

GZ GZ G GZ G

G GZ GZ

( )
( ( ))

( )( ( ) ( ) )

( ( ) ( ))
(51)

⎜

⎜ ⎟

=
⎛
⎝

− +
− − +

−
⎛
⎝
− −

− ⎞
⎠

−
⎞

⎠
⎟

−

s x y t e
b i

q i

b p
q

r

i

r
b q

, ,
1 sinh

cosh cosh sinh

1

2

1

2

tanh sech 1

2
,

iψ
3,7

1

1

1

1

G GZ

GZ GZ G GZ G

G GZ GZ

( )
( ( ))

( )( ( ) ( ) )

( ( ) ( ))
(52)

and

⎜ ⎟⎟

⎟

⎟

⎜

⎜

⎜

=

⎛

⎝

⎜
⎜
⎜
⎜

−

⎛

⎝
⎛
⎝

⎛
⎝

⎞
⎠
⎞
⎠ −

⎞

⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎛
⎝−

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠ + ⎞

⎠

−

⎛

⎝

⎜
⎜
⎜
− −

⎛
⎝

⎛
⎝

⎞
⎠ − ⎛

⎝
⎞
⎠
⎞
⎠
⎞

⎠

⎟
⎟
⎟

−

⎞

⎠

⎟
⎟
⎟

−

s x y t e

b

q

b p
q

r r
b q

, ,
1

4

2 cosh 1

cosh sinh 2 cosh sinh

1

2

1

4

tanh coth
1

2
.

iψ
3,8

1

1

4

2

1

4

1

4

1

4

1

4

1

1

4

1

4

1

1

G GZ

GZ GZ GZ GZ G

G GZ GZ

( )

(53)

Cluster 3.3: When = ≠q0, 0G ,

⎜ ⎟= ⎛
⎝
− −

+
+

+
⎞
⎠

s x y t e b q
b

q

b q

q
, ,

1

2
2

2

1

2 2
.iψ

3,9 1

1 1
2

Z Z

Z

Z
( )

( )
(54)

Cluster 3.4: When = 0G , in case when = =q p 0,

⎟= − ⎛
⎝

⎞
⎠s x y t e

b
, , .iψ

3,10

1

Z
( ) (55)

Cluster 3.5: When =q m, = ≠p lm l 0( ), and =r 0,

⎜ ⎟= ⎛
⎝
− +

−
−

−
⎞
⎠

s x y t e b m
b m

l

b ml

l
, ,

1

2

e

e e
.iψ

m

m m3,11 1

1 1
Z

Z Z
( ) (56)

Cluster 3.6: When =q m, = ≠r lm l 0( ), and =p 0,

= ⎛
⎝− −

− +
⎞
⎠s x y t e b m

b m

l
, ,

1

2 1 e
.iψ

m3,12 1

1

Z
( ) (57)

Cluster 3.7: When =p 0, ≠r 0, and ≠q 0,

⎜

⎟

= ⎛
⎝
−

+
−

− + −
⎞
⎠

s x y t e b q

b q q q

q q k

, ,
1

2

sinh cosh

cosh sinh
,

iψ
3,13 1

1

2

Z Z

Z Z

( )

( ( ) ( ))

( ) ( )

(58)

and

⎟⎜= ⎛
⎝
− +

+ +
⎞
⎠

s x y t e b q
b qk

q q k
, ,

1

2 cosh sinh
.iψ

3,14 1

1 2

2Z Z
( )

( ) ( )
(59)

In the above solutions, = − +σ y

β

ρ σ ρ σ t

δ

2 ϱ ϱβ δ
2 2 2 2 3 1 2

Z
( ( ))

,

=ψ
x

α

ϱ α
1 + −y

β

ωt

δ

ϱ β δ
2 , where ω is defined in (18).

Assuming case 4, we gain the resulting soliton solution
clusters for (1).
Cluster 4.1: When < ≠r0, 0G ,
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= ⎛
⎝ + ⎛

⎝− +

×
− ⎛

⎝ − ⎞
⎠
⎞

⎠

⎟
⎟⎟

⎞

⎠

⎟
⎟
⎟

−

s x y t e q p
q

r

r

, ,
1

2
Ω Ω

1

2

1

2

tan

,

iψ
4,1

1

2

1

G GZ

( )

(60)

= ⎛
⎝ + ⎛

⎝−

−
− ⎛

⎝ − ⎞
⎠
⎞

⎠

⎟
⎟⎟

⎞

⎠

⎟
⎟
⎟

−

s x y t e q p
q

r

r

, ,
1

2
Ω Ω

1

2

1

2

cot

,

iψ
4,2

1

2

1

G GZ

( )

(61)

⎟

= ⎛
⎝ + ⎛

⎝− +

×
− − + − ⎞

⎠

⎞

⎠
⎟

−

s x y t e q p
q

r

r

, ,
1

2
Ω Ω

1

2

1

2

tan sec
,

iψ
4,3

1

G GZ GZ

( )

( ( ) ( ))
(62)

and

⎟

= ⎛
⎝ + ⎛

⎝− +

×
− − − − ⎞

⎠

⎞

⎠
⎟

−

s x y t e q p
q

r

r

, ,
1

2
Ω Ω

1

2

1

2

tan sec
.

iψ
4,4

1

G GZ GZ

( )

( ( ) ( ))
(63)

Cluster 4.2: When > ≠r0, 0G ,

= ⎛
⎝ + ⎛

⎝− −

×

⎛
⎝

⎞
⎠
⎞

⎠

⎟
⎟⎟

⎞

⎠

⎟
⎟
⎟

−

s x y t e q p
q

r

r

, ,
1

2
Ω Ω

1

2

1

2

tanh

,

iψ
4,5

1

2

1

G GZ

( )

(64)

⎟

= ⎛
⎝ + ⎛

⎝− −

×
+ ⎞

⎠

⎞

⎠
⎟

−

s x y t e q p
q

r

i

r

, ,
1

2
Ω Ω

1

2

1

2

tanh sech
,

iψ
4,6

1

G GZ GZ

( )

( ( ) ( ))
(65)

⎟

= ⎛
⎝ + ⎛

⎝− −

×
− ⎞

⎠

⎞

⎠
⎟

−

s x y t e q p
q

r

i

r

, ,
1

2
Ω Ω

1

2

1

2

tanh sech
,

iψ
4,7

1

G GZ GZ

( )

( ( ) ( ))
(66)

and

⎟⎜

=

⎛

⎝

⎜
⎜⎜

+

⎛

⎝

⎜
⎜⎜
− −

×

⎛
⎝

⎛
⎝

⎞
⎠ − ⎛

⎝
⎞
⎠
⎞
⎠
⎞

⎠

⎟
⎟
⎟

⎞

⎠

⎟
⎟
⎟

−

s x y t e q p
q

r

r

, ,
1

2
Ω Ω

1

2

1

4

tanh coth

.

iψ
4,8

1

4

1

4

1

G GZ GZ

( )

(67)

Cluster 4.3: When = ≠q0, 0G ,

⎜ ⎟= ⎛
⎝

−
+

⎞
⎠

s x y t e q
q

q
, ,

1

2
Ω

1

2

Ω

2
.iψ

4,9

2Z

Z
( ) (68)

Cluster 4.4: When = 0G , in case when = =q r 0,

⎟= ⎛
⎝

⎞
⎠s x y t e, ,

Ω
.iψ

4,10
Z

( ) (69)

Cluster 4.5: When =q m, = ≠p lm l 0( ), and =r 0,

= ⎛
⎝ +

−
⎞
⎠s x y t e m

ml

l
, ,

1

2
Ω

Ω

e
.iψ

m4,11 Z
( ) (70)

Cluster 4.6: When =q m, = ≠r lm l 0( ), and =p 0,

= ⎛
⎝

⎞
⎠s x y t e m, ,

1

2
Ω .iψ

4,12( ) (71)

Cluster 4.7: When =p 0, ≠r 0, and ≠q 0,

= ⎛
⎝

⎞
⎠s x y t e q, ,

1

2
Ω ,iψ

4,13( ) (72)

In the above solutions, = σ x

α

α
1

Z + −σ y

β

β
2

+ + +ρ σ ρ σ σ ρ σ t

δ

2 ϱ 2 ϱ ϱ ϱ δ
1 1 1 2 2 2 2 1 3 1 2( ( )) , = + −ψ

x

α

y

β

ωt

δ

ϱ ϱα β δ
1 2 , where ω

is defined in (19).
Assuming case 5, we gain the resulting soliton solution

clusters for (1).
Cluster 5.1: When < ≠r0, 0G ,

⎜ ⎟⎟⎜

=

⎛

⎝

⎜
⎜
⎜
⎜

−

⎛

⎝
+ ⎛

⎝
⎛
⎝ − ⎞

⎠
⎞
⎠

⎞

⎠

− + − ⎛
⎝ − ⎞

⎠

+

⎛

⎝

⎜
⎜⎜
− +

− ⎛
⎝ − ⎞

⎠
⎞

⎠

⎟
⎟⎟

⎞

⎠

⎟
⎟
⎟

−

s x y t e b

b

q

a
q

r r

, ,
1

2

1 tan

tan

1

2

1

2

tan

,

iψ
5,1 0

1

1

2

2

1

2

0

1

2

1

G GZ

G GZ

G GZ

( )

(73)

⎜ ⎟⎟⎜

=

⎛

⎝

⎜
⎜
⎜
⎜

+

⎛

⎝
+ ⎛

⎝
⎛
⎝ − ⎞

⎠
⎞
⎠

⎞

⎠

+ − ⎛
⎝ − ⎞

⎠

+

⎛

⎝

⎜
⎜⎜
− −

− ⎛
⎝ − ⎞

⎠
⎞

⎠

⎟
⎟⎟

⎞

⎠

⎟
⎟
⎟

−

s x y t e b

b

q

a
q

r r
, ,

1

2

1 cot

cot

1

2

1

2

cot

,iψ
5,2 0

1

1

2

2

1

2

0

1

2

1

G GZ

G GZ

G GZ

( ) (74)
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⎜

⎜ ⎟

=
⎛
⎝

− + −
− − − + − − + −

+
⎛
⎝
− +

− − + − ⎞
⎠

+
⎞

⎠
⎟

−

s x y t e
b

q

a
q

r r
b

, ,
1 sin

cos cos sin

1

2

1

2

tan sec
,

iψ
5,3

1

0

1

0

G GZ

GZ GZ G GZ G

G GZ GZ

( )
( ( ))

( )( ( ) ( ) )

( ( ) ( ))
(75)

and

⎜

⎜ ⎟

=
⎛
⎝

− −
− − − + − − − −

+
⎛
⎝
− +

− − − − ⎞
⎠

+
⎞

⎠
⎟

−

s x y t e
b

q

a
q

r r
b

, ,
sin 1

cos cos sin

1

2

1

2

tan sec
.

iψ
5,4

1

0

1

0

G GZ

GZ GZ G GZ G

G GZ GZ

( )
( ( ) )

( )( ( ) ( ) )

( ( ) ( ))
(76)

Cluster 5.2: When > ≠r0, 0G ,

⎜ ⎟⎟⎜

=

⎛

⎝

⎜
⎜
⎜
⎜

−

⎛

⎝
− + ⎛

⎝
⎛
⎝

⎞
⎠
⎞
⎠

⎞

⎠

+ ⎛
⎝

⎞
⎠

+

⎛

⎝

⎜
⎜⎜
− −

⎛
⎝

⎞
⎠
⎞

⎠

⎟
⎟⎟

⎞

⎠

⎟
⎟
⎟

−

s x y t e b

b

q

a
q

r r
, ,

1

2

1 tanh

tanh

1

2

1

2

tanh

,iψ
5,5 0

1

1

2

2

1

2

0

1

2

1

G GZ

G GZ

G GZ

( ) (77)

⎜

⎜ ⎟

=
⎛
⎝

− − +
+ +

+
⎛
⎝
− −

+ ⎞
⎠

+
⎞

⎠
⎟

−

s x y t e
b i

q i

a
q

r

i

r
b

, ,
1 sinh

cosh cosh sinh

1

2

1

2

tanh sech
,

iψ
5,6

1

0

1

0

G GZ

GZ GZ G GZ G

G GZ GZ

( )
( ( ))

( )( ( ) ( ) )

( ( ) ( ))
(78)

⎜

⎜ ⎟

=
⎛
⎝

− +
− − +

+
⎛
⎝
− −

− ⎞
⎠

+
⎞

⎠
⎟

−

s x y t e
b i

q i

a
q

r

i

r
b

, ,
1 sinh

cosh cosh sinh

1

2

1

2

tanh sech
,

iψ
5,7

1

0

1

0

G GZ

GZ GZ G GZ G

G GZ GZ

( )
( ( ))

( )( ( ) ( ) )

( ( ) ( ))
(79)

and

⎜ ⎟⎟

⎟

⎟

⎜

⎜

⎜

=

⎛

⎝

⎜
⎜
⎜
⎜

−
⎛

⎝
⎛
⎝

⎛
⎝

⎞
⎠
⎞
⎠ −

⎞

⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎛
⎝−

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠ + ⎞

⎠

+

⎛

⎝

⎜
⎜
⎜
− −

⎛
⎝

⎛
⎝

⎞
⎠ − ⎛

⎝
⎞
⎠
⎞
⎠
⎞

⎠

⎟
⎟
⎟

+

⎞

⎠

⎟
⎟
⎟

−

s x y t e

b

q

a
q

r r
b

, ,

2 cosh 1

4 cosh sinh 2 cosh sinh

1

2

1

4

tanh coth

.

iψ
5,8

1

1

4

2

1

4

1

4

1

4

1

4

0

1

4

1

4

1

0

G GZ

GZ GZ GZ GZ G

G GZ GZ

( )

(80)

Cluster 5.3: When = ≠q0, 0G ,

⎜ ⎟= ⎛
⎝

−
+

−
+

⎞
⎠

s x y t e b
b

q

a q

p q
, , 2

2

1

2 2
.iψ

5,9 0

1 0
2

Z Z

Z

Z
( )

( ) ( )
(81)

Cluster 5.4: When = 0G , in case when = =q r 0,

⎜ ⎟= ⎛
⎝

+ + ⎞
⎠

s x y t e b
b a

p
, , .iψ

5,10 0

1 0

Z Z
( ) (82)

Cluster 5.5: When = 0G , in case when = =q p 0,

⎟= ⎛
⎝ − − ⎞

⎠s x y t e b
b

a r, , .iψ
5,11 0

1

0
Z

Z( ) (83)

Cluster 5.6: When =q m, = ≠p lm l 0( ), and =r 0,

⎜ ⎟= ⎛
⎝

+
−

+
−

⎞
⎠

s x y t e b
b m

l

a

l
, ,

e

e e
.iψ

m

m m5,12 0

1 0
Z

Z Z
( ) (84)

Cluster 5.7: When =q m, = ≠r lm l 0( ), and =p 0,

⎜ ⎟= ⎛
⎝

−
− +

+
− ⎞

⎠
s x y t e b

b m

l

a l
, ,

1 e

1 e

e
.iψ

m

m

m5,13 0

1 0

Z

Z

Z
( )

( ) (85)
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Cluster 5.8: When =p 0, ≠r 0, and ≠q 0,

⎜

⎟

= ⎛
⎝

+
−

− + −

−
− + ⎞

⎠

s x y t e b
b q q q

q q k

a r q q k

k q

, ,
sinh cosh

cosh sinh

cosh sinh

iψ
5,14 0

1

2

0 2

1

Z Z

Z Z

Z Z

( )
( ( ) ( ))

( ) ( )

( ( ) ( ) )
(86)

and

⎜

⎟

= ⎛
⎝

+
+ +

−
+ +

+
⎞
⎠

s x y t e b
b qk

q q k

a r q q k

q q q

, ,
cosh sinh

cosh sinh

cosh sinh
.

iψ
5,15 0

1 2

2

0 2

Z Z

Z Z

Z Z

( )
( ) ( )

( ( ) ( ) )

( ( ) ( ))

(87)

In the above solutions, = − +σ x

α

ρ σ σ t

δ

2 ϱ ϱα δ
1 1 1 1 2 1

Z
( )

,

=ψ
x

α

ϱ α
1 + −y

β

ωt

δ

ϱ β δ
2 , where ω is defined in (20).

4 Discussion and graphs

This section provides a more thorough analysis of the soli-
tons’ dynamical behavior as seen in CHFSCE. Using RMESEM,
we obtain these soliton solutions, allowing us to fully com-
prehend the intricate dynamics of the CHFSCE. By varying the
model’s parameter values, we were able to generate several
2D, 3D, and contour graphs that demonstrated the wave beha-
vior of the resulting soliton solutions. These graphs show
how wave amplitudes and spatial characteristics are related
and may be used to investigate several profiles found in the
solution. These depictions show the solitonic phenomena,
including fractal, internal envelope, periodic, multiple peri-
odic, parabolic, and hump solitons, by emphasizing the cor-
poreal aspect of periodic oscillations in the solitons. Every
profile is distinct from others and provides important infor-
mation on the underlying dynamics of the CHFSCE system.

Since this technique has never been used for the CHFSCE
before, the findings of this study are revolutionary. Because
RMESEM is a simple algebraic ansatz that does not involve
complex procedures like linearization, perturbation, and
other transformation techniques – which are sometimes
necessary in other approaches – we have specifically chosen
it. We can obtain accurate closed-form responses without the
headaches of more complicatedmethods thanks to RMESEM’s
simplicity and effectiveness. One of RMESEM’s primary char-
acteristics is its ability to offer a wide range of solution
families, including exponential, rational, hyperbolic, and tri-
gonometric functions, among others. This variation enables a
more comprehensive analysis of the model by revealing a
broad range of wave characteristics that other methods could

overlook or be unable to capture. RMESEM offers a variety of
solution forms in contrast to more conventional methods,
allowing for a deeper and more comprehensive under-
standing of the dynamics inherent in the model under study.
It should be mentioned, nonetheless, that the suggested
approach is useless if the greatest nonlinear component
and the highest derivative terms do not balance uniformly.
Due to the method’s inability to balance the nonlinear com-
ponent with dispersion, soliton generation is not possible in
this scenario. Notwithstanding this limitation, the present
investigation demonstrates that the methodology employed
in this work is very dependable and efficient for nonlinear
problems in a range of scientific domains.

4.1 Dynamics of (( ))s x y t, ,

Inside CHFSCE, graphs for obtained complex soliton solu-
tions s x y t, ,( ) clearly show quasi-periodic such as smooth-
periodic, multiple periodic, and periodic-periodic soliton
phenomena. The emergence of fractal geometries in the
aimed model can be attributed to various factors, such as
the existence of periodic solitons, the fractional derivative,
the nonlinearity, and soliton interactions in the context of
CHFSCE. Periodic oscillations in solitons can be responsible
for the creation of fractals because they cause self-simila-
rities at different sizes. The CFD may also be responsible
for the emergence of fractals since noninteger spin values
introduces scaling symmetries which are hallmark of
fractal structures since this similarity also allows for pat-
terns that are self-similar in pattern which emerge at dif-
ferent scales. The combination of fractional derivative with
nonlinear terms can lead to chaotic behavior in the system,
due to which fractal may arise. In some profiles, periodic
soliton were found in interaction with internal envelope
soliton. The phenomenon of soliton amplitude modulations
caused by each additional structure that forms in the pri-
mary soliton is referred to as the internal envelope soliton.
The presence of periodic and internal envelope soliton
might provide important information about the stability,
phase transitions, interactions, disorders, and complexity
of magnetic spins. Such solitons draw attention to the rich
dynamics at work and imply that the interactions between
the solitons may result in complicated and chaotic beha-
viors that are essential for comprehending the dynamics of
the system as a whole. These occurrences imply different
levels of stability and complexity because of the effect of
the fractional derivative involved. Various other informa-
tion can be encoded in fractal soliton structures, such as
the spatial distribution to the spin correlation (providing
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Figure 2: These 3D, contour, and 2D (when =x 100) visuals for smooth-periodic soliton solutions s x y t, ,1,9( ) in (29) are sketched when =p 1, =q 2,
=r 1, = −Eϱ 0.1

1

2, = −Eϱ 0.53
2

1, = −σ E0.451
1, = −σ E0.2252

1, =κ 11 , =κ 42 , =α 0.7, =β 0.8, =δ 0.9, =t 100, =a 10 , =B 2, and =ν 5.

Figure 3: These 3D, contour, and 2D (when =y 100) visuals for double-periodic soliton solutions s x y t, ,2,1( ) in (32) are sketched when =p 4, =q 0,
=r 1, =ϱ 0.2

1
, =ϱ 0.1

2
, = −σ E0.11

1, = −σ E0.12
2, =κ 21 , =κ 0.52 , =α 1, =β 1, =δ 0.5, =t 0, =B 1, =ν 2, and =κ 1.

Figure 1: These 3D, contour, and 2D (when =x 2,000) visuals for apart periodic-periodic soliton solutions s x y t, ,1,5( ) in (25) are sketched when =p 1,
=q 5, =r 4, = −Eϱ 0.1

1

2, = −Eϱ 0.3
2

2, = −σ E0.51
2, = −σ E0.152

1, =κ 11 , =κ 22 , =α 1, =β 1, =δ 1, =t 1, =a 20 , =B 3, and =ν 1.
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valuable insight into the magnetic ordering/disordering of
the system), critical behavior by indicating proximity to
critical points, describing system’s energy distribution
(revealing the information about energy maxima and
minima), quantum computing (since fractals may be rele-
vant to it particularly in the realm of many-body localiza-
tion and quantum spin chain) and dynamical properties
such as relaxation rate, propagation, and thermal conduc-
tivity of spin-wave propagation.

Moreover, Figure 1 corresponds to s x y t, ,1,5( ) pre-
sented in (25), which forms fractal soliton profile due to
the propagation of apart periodic-periodic solitons. Figure 2
corresponds to s x y t, ,1,9( ) presented in (29), which forms
fractal soliton profile due to the propagation of smooth-

periodic soliton. Figure 3 corresponds to s x y t, ,2,1( ) pre-
sented in (32), which forms fractal soliton profile due to
the propagation of double-periodic soliton. Figure 4 corre-
sponds to s x y t, ,2,10( ) presented in (41), which forms fractal
soliton profile due to the propagation of internal envelope-
periodic soliton. Figure 5 corresponds to s x y t, ,3,5( ) pre-
sented in (50), which forms fractal soliton profile due to
the propagation of perturbed-periodic soliton. Figure 6 cor-
responds to s x y t, ,3,9( ) presented in (54), which forms fractal
soliton profile due to the propagation of smooth-periodic
soliton. Figure 7 corresponds to s x y t, ,4,10( ) presented in
(69), which forms fractal soliton profile due to the propaga-
tion of breather type internal envelope-periodic soliton.
Figure 8 corresponds to s x y t, ,4,13( ) presented in (72), which

Figure 4: These 3D, contour, and 2D (when =y 0) visuals for internal envelope-periodic soliton solutions s x y t, ,2,10( ) in (41) are sketched when
= =p q0, 0, =r 5, =ϱ 0.1

1
, =ϱ 0.2

2
, =σ 0.51 , =σ 0.32 , =κ 11 , =κ 22 , =α 1, =β 1, =δ 1, =t 10, =B 2, =ν 1, and =κ 5.

Figure 5: These 3D, contour, and 2D (when =y 100) visuals for perturbed-periodic soliton solutions s x y t, ,3,5( ) in (50) are sketched when =p 1, =q 5,
=r 4, = −Eϱ 0.91

1

1, = −Eϱ 0.12
2

1, =σ 01 , = −σ E0.752
2, =κ 12 , =α 0.5, =β 0.9, =δ 0.1, =t 0, =B 1, =ν 2, =κ 5, and =b 11 .
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Figure 6: These 3D, contour, and 2D (when =y 1) visuals for smooth-periodic soliton solution s x y t, ,3,9( ) in (54) are sketched when =p 2, =q 4,
=r 2, =ϱ 2

1
, = −Eϱ 0.2

2

1, =σ 01 , = −σ E0.52
1, =κ 22 , =α 0.9, =β 1, =δ 0.8, =t 1, =B 2, =ν 1, =κ 0.5, and =b 21 .

Figure 7: These 3D, contour, and 2D (when =y 0) visuals for internal envelope-periodic soliton solutions s x y t, ,4,10( ) in (69) are sketched when =p 5,
=q 0, =r 0, = −Eϱ 0.45

1

1, = −Eϱ 0.15
2

1, = −σ E0.351
1, = −σ E0.652

1, =κ 31 , =κ 12 , =α 1, =β 1, =δ 0.5, =t 100, =B 2, =ν 1, and =κ 4.

Figure 8: These 3D, contour, and 2D (when =y 3,000) visuals for double-periodic soliton solutions s x y t, ,4,13( ) in (72) are sketched when =p 0, =q 1,
=r 3, = −Eϱ 0.1

1

1, = −Eϱ 0.5
2

2, = −σ E0.31
1, = −σ E0.1752

1, =κ 11 , =κ 22 , =α 1, =β 0.4, =δ 0.3, =t 5, =B 1, =ν 2, =κ 5, and =k 22 .
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forms fractal soliton profile due to the propagation of degen-
erated double-periodic soliton. Figure 9 corresponds to
s x y t, ,5,8( ) presented in (80), which forms fractal soliton
profile due to the propagation of double-periodic soliton.
Figure 10 corresponds to s x y t, ,5,12( ) presented in (84),
which forms fractal soliton profile due to the propagation
of multiple-periodic soliton.

4.2 Dynamics of ∣∣ (( ))∣∣s x y t, ,

2

In the domain of CHFSCE, the graphs for the squared
norms s x y t, , 2∣ ( )∣ of the obtained soliton solutions show
hump, corresponding to dark and bright soliton, peakon,
and parabolic soliton phenomena. Because of the localized

drop in the soliton amplitude, dark hump solitons are iden-
tifiable by them. This soliton phenomena can be related to
the areas where magnetic spin decreases, which would
suggest a localized spin density depletion area or a zone
of destructive interference. In contrast, bright solitons are
characterized by a concentrated peak or rise in amplitude
that results in a hump in the waveforms. Unlike dark soli-
tons, this soliton is representative of the areas where the
magnetic spin density rises and the interactions between
the particles result in a coherent state that propagates
without dissipating. To sum up, these soliton occurrences
are distinct states of the magnetic spin density. Peakon on
the other hand is a soliton with a sharp peak. Finally para-
bolic soliton is a soliton with parabolic structure. A com-
pacton parabolic is a parabolic soliton with compact

Figure 9: These 3D, contour, and 2D (when =x 200) visuals for double-periodic soliton solutions s x y t, ,5,8( ) in (80) are sketched when =p 8, =q 10,
=r 2, = −Eϱ 0.22

1

1, = −Eϱ 0.15
2

1, = −σ E0.251
1, =σ 02 , =κ 51 , =κ 12 , =α 1, =β 1, =δ 0.3, =t 20, =B 0, =ν 3, =κ 1, =b 20 , =b 11 , and =a 50 .

Figure 10: These 3D, contour, and 2D (when =y 0) visuals for multiple-periodic soliton solutions s x y t, ,5,12( ) in (84) are sketched when =m 2, =l 3,
=p ml , =q m, =r 0, = −Eϱ 0.2

1

2, = −Eϱ 0.35
2

1, = −σ E0.1351
1, =σ 02 , =κ 21 , =κ 32 , =α 1, =β 1, =δ 8, =t 10, =B 0, =ν 2, =κ 2, =b 10 , =b 51 ,

and =a 10 .
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Figure 11: These 3D, contour, and 2D (when =x 200) visuals for squared norm s 2∣ ∣ of the soliton solutions s x y t, ,1,5( ) in (25) are sketched when =p 1,
=q 5, =r 4, = −Eϱ 0.1

1

2, = −Eϱ 0.3
2

2, = −σ E0.51
2, = −σ E0.152

1, =κ 11 , =κ 22 , =α 1, =β 1, =δ 1, =t 1, =a 20 , =B 3, and =ν 1.

Figure 12: These 3D, contour, and 2D (when =x 0) visuals for squared norm s 2∣ ∣ of the soliton solution s x y t, ,2,1( ) in (32) are sketched when =p 4,
=q 0, =r 1, =ϱ 0.2

1
, =ϱ 0.1

2
, = −σ E0.11

1, = −σ E0.12
2, =κ 21 , =κ 0.52 , =α 1, =β 1, =δ 0.5, =t 0, =B 1, =ν 2, and =κ 1.

Figure 13: These 3D, contour, and 2D (when =y 1) visuals for squared norm s 2∣ ∣ of the soliton solutions s x y t, ,2,10( ) in (41) are sketched when =p 0,
=q 0, =r 5, =ϱ 0.1

1
, =ϱ 0.2

2
, =σ 0.51 , =σ 0.32 , =κ 11 , =κ 22 , =α 1, =β 1, =δ 1, =t 10, =B 2, =ν 1, and =κ 5.
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support showing a well defined and finite boundary. The
emergence of such solitons in the context of CHFSCE sug-
gest integrability in certain limits (due to the availability of
peakons), dispersive effect (due to the presence of com-
pacton parabolic soliton), scaling and fractal properties
(due to compacton and parabolic interactions) and many
more. For instance, these soliton structures may also repre-
sent spin wave dynamics such as compacton shows
bounded spin wave states, parabolic soliton shows disper-
sion in spin wave while hump and peakons represent loca-
lized spin waves.

Moreover, Figure 11 corresponds to squared norm s 2∣ ∣

of s x y t, ,1,5( ) presented in (25), which forms fractal soliton
due to the periodic-dark hump soliton profile. Figure 12
corresponds to squared norm s 2∣ ∣ of s x y t, ,2,1( ) presented
in (32), which forms fractal soliton due to the compacton
parabolic soliton profile. Figure 13 corresponds to squared

norm s 2∣ ∣ of s x y t, ,2,10( ) presented in (41), which forms
double peakons soliton profile. Figure 14 corresponds to
squared norm s 2∣ ∣ of s x y t, ,3,5( ) presented in (50), which
forms fractal soliton profile due to the interaction of para-
bolic soliton with kink soliton. Figure 15 corresponds to
squared norm s 2∣ ∣ of s x y t, ,5,8( ) presented in (80), which
forms peakon soliton profile.

5 Phase portraits and chaotic
analysis of the governing system

This section provides phase portraits using bifurcation
analysis and time-series analysis to demonstrate the
chaotic analysis of the dynamical system.

Figure 14: These 3D, contour, and 2D (when =x 0) visuals for squared norm s 2∣ ∣ of the soliton solutions s x y t, ,3,5( ) in (50) are sketched when =p 1,
=q 5, =r 4, = −Eϱ 0.91

1

1, = −Eϱ 0.12
2

1, =σ 01 , = −σ E0.752
2, =κ 12 , =α 0.5, =β 0.9, =δ 0.1, =t 0, =B 1, =ν 2, =κ 5, and =b 11 .

Figure 15: These 3D, contour, and 2D (when =y 0) visuals for squared norm s 2∣ ∣ of the soliton solutions s x y t, ,5,8( ) in (80) are sketched when =p 8,
=q 10, =r 2, = −Eϱ 0.22

1

1, = −Eϱ 0.15
2

1, = −σ E0.251
1, =σ 02 , =κ 51 , =κ 12 , =α 1, =β 1, =δ 0.3, =t 20, =B 0, =ν 3, =κ 1, =b 20 , =b 11 , and =a 50 .
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Figure 16: Phase portrait of (88) for =ρ 0.1
1

, =ρ 0.2
2

, =ω 0.2, =ϱ 0.3
1

, =ϱ 0.2
2

, =σ 0.51 , =σ 0.12 , =ρ 0.3
1

, =ρ 0.1
2

, =ρ 0.2
3

, and =ρ 0.003
4

.

Figure 17: Phase portrait of (88) for = −ω 3, =ϱ 0
1

, =ϱ 0
2

, =σ 11 , =σ 12 , =ρ 1
1

, =ρ 1
2

, =ρ 1
3

, and = −ρ 6
4

.

Figure 18: The quasi-periodic pattern in perturbed system (94) for =ρ 0.1
1

, =ρ 0.2
2

, =ω 0.2, =ϱ 0.3
1

, =ϱ 0.2
2

, =σ 0.51 , =σ 0.12 , =ρ 0.3
1

, =ρ 0.1
2

,
=ρ 0.2

3
, =ρ 0.003

4
, =c 20 , and =ϖ π3 .
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5.1 Bifurcation analysis

Using the concepts of bifurcation theory, we investigate the
emergent dynamical system of the CHFSCE. Eq (14)’s planar
dynamical system is illustrated as follows:

= ′ =
= ′ = +

g S R S R

h S R R A S A S

, ,

, ,1 2
3

( )

( )
(88)

where

=
+ + −

+ +

=
+ +

A
ρ ρ ρ ω

ρ σ ρ σ ρ σ σ

A
ρ

ρ σ ρ σ ρ σ σ

ϱ ϱ ϱ ϱ
,

.

1

1 1

2

2 2

2

3 1 2

1 1
2

2 2
2

3 1 2

2

4

1 1
2

2 2
2

3 1 2

(89)

This system has a certain integral and demonstrates the
ensuing Hamiltonian

= − −H S R
R A S A S

,
2 2 4

.

2
1

2
2

4

( ) (90)

We examine the bifurcations of phase portraits within the
parameterized space denoted by A1 and A2 for (88) when
the Hamiltonian constant is present. Three equilibrium
points are identified by the dynamical system analysis
along the S-axis: 0,0( ), V , 01( ), and V , 02( ), where V1 and V2

are given by:

= − = − −V
A

A
V

A

A
, .1

1

2

2

1

2

(91)

Furthermore, according to the Jacobian matrix,
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S
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, (92)

The system’s Jacobian is

= − −J S R A A S, 3 .1 2
2∣ ( )∣ (93)

The point is saddle if J S R,∣ ( )∣ is less than zero, center if it is
greater than zero, and cuspidal if it is equal to zero. By adjusting
the parameter’s values, various results may be obtained.

Remark 1. The closed-circular loop centered at the equili-
brium point 0,0( ) in Figure 16’s phase portrait of (88) for

<A 01 and >A 02 suggests that the system is behaving
quasi-periodically. This might be seen as an ordered, dynamic
evolution brought about by the interaction of many solitonic
modes and energy exchange.

Remark 2. In a similar vein Figure 17’s phase portrait of (88)
for >A 01 and <A 02 reveals a homoclinic orbit with two
centers, suggesting the existence of quasi-periodic soliton in
the model.

5.2 Chaotic analysis of the governing system

We use (14) to investigate the chaotic dynamics in the gov-
erning system throughout this inquiry. We apply a

Figure 19: The fractal-like periodic pattern in perturbed system (94) for = −ω 3, =ϱ 0
1

, =ϱ 0
2

, =σ 11 , =σ 12 , =ρ 1
1

, =ρ 1
2

, =ρ 1
3

, = −ρ 6
4

, =c 50 ,
and =ϖ π3 .
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perturbation term to the planar dynamical system formed
by converting (14) using the Galilean transformation in
order to disturb the periodic motion of the system and
obtain valuable results of chaotic behavior. Therefore,
the following is an expression for the dynamical system
of (14) that is perturbed and subject to an external periodic
force:

= ′ =
= ′ = + +

g S R S R

f S R R A S A S c ϖχ

, ,

, cos .1 2
3

0

( )

( ) ( )
(94)

The degree and frequency of the applied external force are
represented by the parameters c0 and ϖ in system (94),
respectively. To understand this phenomena, a number
of techniques from the corpus of current research are
employed, including the Lyapunov exponent, time series, Poin-
caré map, and phase portrait approaches, to show that the
model underlying the perturbed dynamical system exhibits
chaotic behavior. The presence of chaotic dynamics in the
perturbed nonlinear system is shown in Figures 18 and 19
with initial conditions = = − ∕S π P π π1, 1( ( ) ( ) ) and with addi-
tional suitable parameter values.

Remark 3. The complicated temporal and spatial develop-
ment of the obtained quasi-periodic solitons is likely the
cause of the fractal-like and quasi-periodic oscillations in
Figure 18 for <A 01 and >A 02 . Given that quasi-periodic
solitons exhibit oscillating behavior in both space and time,
the curve’s periodicity might be a reflection of this under-
lying structure. Hence, (94)’s system is quasi-periodic.

Remark 4. Similarly, quasi-periodic solitons are reflected
in the fractal-like periodic oscillations for <A 01 and >A 02

in Figure 19. As a result, the system in (94) is quasi-periodic.

6 Conclusion

In summary, soliton dynamics in complex-structured (3+1)-
dimensional CHFSCE involving CFDs was effectively exam-
ined and studied in this work. Using the RMESEM, we dis-
covered a range of soliton solutions subjected to the obtained
constraint conditions from the model. By the means of 2D,
contour, and 3D visual representations, our findings revealed
the existence of quasi-periodic solitons such as smooth-, mul-
tiple-, and periodic-periodic solitons in the context of CHFSCE,
which lead to the formation of fractal structures, whereas
the squared norms of the obtained periodic solitons lead to
the development of hump, peakon, and parabolic solitons.
Additionally, we clarify that in the cases where =b 01( ) or

=a 00( ) spontaneously occur, the solutions may correspond
to solution structures that can be obtained using other tech-
niques such as EDAM, the ′∕G G( )-expansion method, etc.
However, in the cases where ≠b 01 and ≠a 00 spontaneously
occur, new wave structures that have not been reported in
previous studies are produced. We also study bifurcating and
chaotic behavior, observing its presence in the perturbed
dynamical system and obtaining favorable outcomes that
imply fractal and quasi-periodic motion. The findings we
obtained indicated the efficacy of the proposed strategy as
a potent approach for discovering new soliton phenomena in
the context of such nonlinear settings. Moreover, our findings
also showed that the proposed method works well as a strong
ansatz method to investigate novel soliton solutions in non-
linear evolution systems. Although the RMESEM has greatly
advanced our knowledge of soliton dynamics and how they
relate to the models we are studying, it is crucial to recognize
the limits of this approach, especially in situations where the
nonlinear component and greatest derivative term are not
homogenously balanced. Despite this drawback, the current
study shows that the approach used in this work is very pro-
ductive, dependable, and adaptable for nonlinear issues in a
range of natural scientific fields. Future goals of this research
include figuring out the scaling factors of fractal theory,
including fractional derivatives and their effect on fractal soli-
tons, sensitivity of fractal solitons, and stability of the soliton.
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Appendix

Several analytical techniques rely on the Riccati equation
as their foundation. These methods are helpful for analyzing
soliton occurrences in nonlinear models since the Riccati
equation exhibits solitary solutions [41]. These applications
of the Riccati hypothesis served as inspiration for the current
study, which created and applied the Riccati equation-incor-
porating RMESEM to generate and assess soliton dynamics in
CHFSCE [34]. The adjustment was advantageous since it pro-
duced a large number of additional soliton solutions for the
selected model in the rational, exponential, hyperbolic, peri-
odic, and rational-hyperbolic families of solutions. The given
solutions significantly advance our understanding of soliton
dynamics by enabling us to relate the observations in the
focused model to underlying theories. Limiting our techni-
que’s solutions results in specific solutions from other
approaches. The analogy is given in subsection:

A.1 Comparison with alternative analytical
techniques

Our method produces results that are exactly the same as those
of a number of different analytical methods. For instance,

Axiom 7.1.1: The subsequent solution structure is
formed by setting =b 01 in (15)

⎜ ⎟= + ⎛
⎝

⎞
⎠

S b a
U

1
.0 0Z

Z
( )

( )
(A1)

This displays the closed form solution for EDAM and the
F-expansion approach. Thus, our results can also lead to
the solutions obtained by EDAM [64,65] and the F-expan-
sion technique, attaining =b 01 .

Axiom 7.1.2: Similarly, after substituting =a 00 in Eq.
(15), the following structure of the solution is formed:
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This is the closed form solution that is obtained by incor-
porating the Riccati equation with (G′/G)-expansion
approach.

Consequently, the results of our investigation may pro-
vide a wider range of solutions generated by the (G′/G)-
expansion technique [29], the tan-function method [66],
F-expansion method [67], and EDAM [28].
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