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Abstract: This article investigates the traveling wave solution
of the fractional (4+1)-dimensional Davey-Stewartson—
Kadomtsev—Petviashvili model by using the complete discri-
minant system method. These solutions not only include
rational function solutions, trigonometric function solutions,
but also Jacobian function solutions. In order to illustrate the
propagation of these solutions in the field of nonlinear optics
and water wave models, some three-dimensional, two-dimen-
sional, and contour maps are drawn. Meanwhile, the phase
portrait of two-dimensional dynamical systems and its per-
turbation systems are studied using the planar dynamical
system analysis method. By drawing phase diagrams, it is
easy to observe the stability, periodicity, and chaotic behavior
of two-dimensional dynamical systems through geometric
visualization, which can also provide strong basis for
researchers to design corresponding control systems.

Keywords: truncated M-fractional derivative, complete dis-
criminant system, planar dynamical system, bifurcation,
periodic disturbance

1 Introduction

The fractional (4+1)-dimensional Davey-Stewartson—Kadomtsev—
Petviashvili (DSKP) model is described as follows [1]:
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where H = H(x,y, z,w, t) is a real-valued function. This
equation is a new equation synthesized by the ancient
Greek mathematician Fokas by combining the integrable
Kadomtsev—Petviashvili (KP) equation and Davey—
Stewartson (DS) equation. This equation is an important
mathematical model in the fields of nonlinear optics and
applied science, such as shallow water wave models, non-
linear phenomena in plasma physics, and ocean wave phe-
nomena. Currently, research on Eq. (1.1) mainly focuses on
its traveling wave solution. Alsharidi and Junjuan [1]
obtained some soliton solutions of Eq. (1.1) using two dif-
ferent methods. The research in previous studies [2-6]
mainly focuses on the study of traveling wave solutions
for (4+1)-dimensional DSKP equation. For example, Ahmad
et al [2] considered the (4+1) DSKP equation using

(g,fgl+ ~J-expansion method. El-Shorbagy et al [3]
obtained the solitary wave solutions of (4+1)-dimensional
DSKP equation using the modified Sardar sub-equation
method, the improved F-expansion method. Ahmad et al
[4] studied the exact solutions of the DSKP equation using
the modified tanh method along associated with the Ricatti
equation. Rehman et al. [5] obtained the solitary wave solu-
tion of the (4+1)-dimensional DSKP equation using Sardar
sub-equation method, the Kudryashov’s method, and the
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the soliton solutions of the (4+1)-dimensional DSKP equa-
tion using the modified extended mapping method. In
recent years, with the rapid development of fractional-
order derivatives [7,8], various types of fractional-order
derivatives have been proposed, and many experts and
scholars are studying the traveling wave solutions [9-12]
and dynamic properties [13-16] of fractional partial differ-
ential equations. Particularly, the study of fractional (4+1)-
dimensional DSKP equation is still a hot topic in current

) method, respectively. Rabie et al. [6] obtained
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research, and there are still many very important problems
that need to be solved urgently. This article will focus on the
study of traveling wave solution and dynamic behavior of
fractional (4+1)-dimensional DSKP equation.

The remaining sections are described as follows: in
Section 2, the phase portraits and chaotic behaviors of
two-dimensional dynamical system and its perturbation
system are discussed. In Section 3, the solitary wave solu-
tions of the fractional (4+1)-dimensional DSKP equation are
constructed. In Section 4, three-dimensional, two-dimen-
sional, and contour maps of some solutions of Eq. (1.1)
are drawn. In Section 5, the solution obtained in this article
is discussed in relation to existing solutions. In Section 6, a
brief conclusion is given.

2 Bifurcation and chaotic behavior

Definition 2.1. [17] Let H: [0, +%) — (-, +o), For
0 < a <1, a truncated M-fractional derivative is denoted as

H(XEy(x'"%) - H(x)
. ,

0<a

DY H(x) = lim <1,
70

Y € (0, @),
where Ey(-) is a truncated Mittag-Leffler function. The

constant a stands for a fractional-order derivative.

Remark 2.2. In definition 2.1, Ey(-) is a truncated Mittag—
Leffler function defined as [18]

Ey(z) = 3t

LT x€E[0,+).
T+ 1)

First, the wave transformation is given as follows:

H(x,y,z,w,t) = H(O),

_ T +y)
E_ a

2.1
(ax® + by® + cz®* + Tw® - At9),

where a, b, ¢, 7, and A represent the real constants.

Substituting Eq. (2.1) into Eq. (1.1) and integrating it
twice, such that the first integration constant is zero and
the second integration constant is non-zero, yields an
ordinary differential equation

ab(b? - a®)H” + 6abH? - H(4aA + 6¢7) = G, (2.2)

where C; is an integral constant.
When ab® - @b # 0, the two-dimensional dynamic
system of Eq. (2.2) can be rewritten as
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& - WH? + i H + 1,

with Hamiltonian function
1 1 1

F(H,z) = Ezz - §y2H3 - Eyle -uH=f, @4
_ 6 _ da)+6er _
where p, = =35, Uy = -y Ho =

integral constant.
Here, we suppose that G(H) = u,H? + y,H + p, and
G'(H) = 2u,H + . Furthermore, suppose that

0 1
2u,Hj + py 0

Cy .
TR fy is an

M(H;, 0) = [ is the coefficient matrix of (2.3)

at the equilibrium point, where H; (j = 1, 2, 3) is the root of
equation G(H;) = 0. Thus, we have

det(M(Hj, 0)) = -G'(H)) = -Qu,H; + py). (2.5

If yf - 4uyu, > 0 and u, # 0, we can obtain that the equa-
tion G(H) = 0 has two unequal real roots denoted as H; =

T —u + 2 -4
g~ e~ Al _ THr gy Aok, 2 _ _
e and H, = BT — If u” - 4ugu, =0

and y, # 0, we can obtain that the equation G(H) = 0 has
areal root denoted as Hs = —%2. According to the theory of

planar dynamical systems [19-21], we can draw the phase
diagram of system (2.3) for different parameters. When
,uf — 4ugu, > 0, we obtain that G'(H;) > 0, then we have
(Hy, 0) is the saddle point. When ,ulz - 4uyu, > 0, we have
G'(Hy) < 0; thus, (H,0)
,uf - 4uou, = 0, (Hs, 0) is the degenerate saddle point. Using

is the center point. When

Maple software, we have drawn the two-dimensional phase
portraits of Egs (2.3), as shown in Figure 1.

Next, we directly add a periodic disturbance to the
second equation of system (2.3)

aH _

d b

df (2.6)
@ uH? + uH + py + Asin(kg),

where A and k are the constants (Figure 2).

3 Traveling wave solutions of
Eq. (1.1)

According to the polynomial complete discriminant system
method proposed by Professor Liu [22], we can obtain the
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single traveling wave solution of Eq. (1.1) in this section. In
recent years, many experts [23-25] have utilized Professor
Liw’s complete discriminant system method to construct
single traveling wave solutions for nonlinear partial differ-
ential equations.

Multiplying both sides of Eq. (2.2) by H” integral simul-
taneously yields

4 2(2aA + 3c7)
N2 — 3 2
(H) a*- b, ab(b* - a?)
3.1
2G; 2C,

H .
Tt -ad) " ab? - @)
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Here, we suppose that

1 2
4 ) 22a) +3cr)( 4 )P
lIJz[z_ z]H’ Xo = 2_ 2 |12 - 2] )
a‘-b c:b(b a?) la*-b (32)
g 4 ]‘§ 2
5w - )l -p2) 0 K0T @t - @)

Substituting Eq. (3.2) into Eq. (3.1), we have
() =93+, 02+ W + x,, (3.3)

here, let us assume that the third-order polynomial is
P(¥) = W3+ y, W2 + y ¥ + y,, and the complete discrimi-
native system of the polynomial is

a

1

: :
2 3
H

S

1 2 3 4
H

(d)

Figure 1: 2D phase portraits of Eq. (2.3). (a) 4y = 3, 4, = 6,4, = 3,(b) uy = 2, u; = %, Uy =-1,(u, = %, Uy =5,y = 2,(d) gy - %, u; = %, u, = -1.
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Therefore, the integral expression of Eq. (3.3) is

‘[\/‘{’3+){21P2+)(1‘I’ + X

Figure 2: 2D and 3D phase portraits of Eq. (2.3). (a) ,uo =2,
(A py =

Zhao Li and Yueyong Jiang

2 2
Xz XiXs X
=g Z2 gy - A2 gy 22
27 XO 3 Xl 3
X
iy

ay

+

},Q;n:o, 0“" |
0 ‘:’": i l"{\\\ \\\\\
\\\\\\\M dina

e

ﬁ—_—_

\?

\\

~4, 41, = -5, 1, =2, A =038,k =086, (d) 4, =

: z]B(E— &), B

a’-b

DE GRUYTER

where & is an integral constant.

2 3
Case 1. A =0, D1 < 0, namely, _27(ﬁ t X - X1Xz)2

- 404 - =0, , - % < 0. At this point, the equation
PW)=0 has a double real and a single real root, ie.,

P(¥) = (¥ - B)XY - B,), where B, # f,.
When ¥ > B,, the integral Eq. (3.5) can be rewritten as

0.4+
0.3
02:

T T T T
200 150 100 50

H(E) ¢

=y =-2,A=038,k=135(b) 4y =2, 4y = =3, t, = -2, A = 038, k = 135,
=5, Uy =

2,A=038,k=0.6.
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3 % pe
. 4 B Case 2. A =0, Dy =0, namely, -27(5> + y, — 5°)*
S P KD .
- 4(y - );—z =0, y; — 5 = 0. At this point, the equation

=I__JE___
(lp - Bl)\lqj - ﬁz

P(¥) = 0 has a triple real root, i.e., P(¥) = (¥ - B,)% and
then, we obtain traveling wave solution of Eq. (1.1)

1 \/W_Bz _\/51_132 (3.6)
In| l, Hy(x,y,z,w,t)
\/:31 B, \/lp_ﬁz +\/ﬁ1_ﬁz w5 4 2 I(1 + )
_ _ 3 + V
= (B > ﬁz): - 4 a2 _ bz] { a (aX“ + bya + CZG (310)
\/_ arctan B l;z (B, < By. + W = At9) - &% + .
1
% XiXeno
Case 3. A >0, D; <0, namely, —27 +
From Eqs (2.1) and (3.6), we obtain ) ! , y G RO )
- _ %23 _h : : .
Hy(x,, 2, w, ©) 404 - 3)° >0, y; — 3 < 0. At this point, the equation
r — r P($) =0 has three different real roots, ie., P(¥)=
= %] 3{(31 - Bytanh? M 2 1 2] ’ (¥ = B)(Y — Bs)(¥ — By), where B, < 5 < B
a-b 2 a*-b When B, < ¥ < B, we make the variable replacement
Ia + (7 W=, + (B - Bsin?. From Eq. (3.6), we have
X [%(axa + bya +cz% + WY - At%) - {:0]] 4 5 4
[ 4
3
+ ﬁz’: By > By
Hy(x,y,z,w, t) J VPCE) B.1D
4 ) R 4 2(Bs = B,) sind cosIdd '
: 1~ P2 : : -
= [az — bz] l(ﬁl - B,)-coth? —  lz- bZ] JBs = By (Bs = By sind cosdIN1 — m? sin? 9
(38) -
[r(l V)( ax® + by@ + cz@ + w® - At%) . \/ﬁ - B \/l—mzsinzﬁ,
a
where m? = ﬁs_/;i
- + >
Gl * Pof B> P H(X,y, z, w, t)
1
Hy(x,y,z,w,t 4 I3 N, B; — B,
., 2w, )1 - W] |ﬁ4 + (Bs - Bsn’ 5
-3
= =B+ B) 4 Yra+y o Q1)
2 _ﬁ1+ﬁ2 4 E —bz] a (@x® + by® + ez + w
R M-N] (3.9)
- )lta) - f() , Mmig.
r(l y) a a a a a
a ———(ax® + by® + cz® + TW® - At%)
When ¥ > B, we make the variable replacement
h A ke th iabl 1
B 50] + ﬁz” By < By Yy = -ﬁszi:sizzi%' From Eq. (3.6), we also obtain the solution
of Eq. (1.1)
1
4 Y3
Hy(x,y,z,w, t) = [m]
B, - Bysuz |V ”"‘{a;‘,,z] LD (axa + byt + 2%+ T = At9) - &), m (3.13)
x 1
B=B 3 r1s
e[ ﬁ4{asz2] ("D (qx@ + byt + 20+ Twe - At9) - &), m]
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Figure 3: Graphicsof jata=2,b=5,c=4, %, =3, 4, =% =0,4=3,7=/5 - 1,y = %,a = %,y =z = w = 1:(a) 3D surface, (b) 2D surface at
t =10, and (c) contour plot.

Case 4 A<0, namely, _27(% o - B - 4 Numerical simulation

4y, - %22)3 < 0. At this point, the equation P(¥) = 0 has In this section, we plotted the three-dimensional, two-
dimensional, and contour plots of the two solutions H;
and Hs of Eq. (1.1) by controlling different parameters, as
shown in Figures 3 and 4. From Figure 3, it can be seen that
s the solution of Eq. (1.1) is a hyperbolic function solution H;
W = /B + pB; + q tan’ . From Eq. (3.6) and the definition gpq 4 bright soliton solution. From Figure 4, it can be con-
of Jacobian elliptic cosine function, we have cluded that the solution H; of Eq. (1.1) is a periodic wave

H7(X,)’, zZ,w, t)

one real root, ie, P(¥)=(¥-B)(¥%+p¥+q),
where p? - 4q < 0.
When ¥ > ., we make the variable replacement

2BF + pB; + q

1

1 3 +
B2+ pB, + q)z[aszz] [ma D(ax® + by? + cz¢ + Twe - At%) - Eo], m

1
4 Y
@ - bz] By +

(314)

1+ cn?

- B+ By + q}.

(a) (b) (©)

Figure 4: Graphics of Hs ata = J5,b=2,c= —%, X =3 41=0,x="-2,A=11= \/g,y = %,a = %,y =z = w = 1:(a) 3D surface, (b) 2D surface at
t =10, and (c) contour plot.
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solution. Figures 3(c) and 4(c) are contour maps indicating
the basic contour of the understanding.

5 Discussion of results

Alsharidi et al. [1] obtained the exact solution of the DSKP
equation using both the unified technique and modified
extended tanh-expansion function technique, respectively.
Compared with Alsharidi et al [1], this article not only con-
structs the traveling wave solution of the DSKP equation using
the fully discriminative system method, but also obtains the
dynamic behavior of the DSKP equation using the planar dyna-
mical system method. The solutions obtained in this article not
only include common rational function solutions and trigono-
metric function solutions, but also more general Jacobian func-
tion solutions. In order to obtain the dynamic behavior of the
equation more easily, this article also draws three-dimensional
and two-dimensional phase diagrams of the two-dimensional
dynamical system and its perturbation system. By analyzing
the phase diagrams, it is easy to obtain the dynamic behavior
of the two-dimensional dynamical system.

6 Conclusion

In this article, we obtained the traveling wave solution of the
fractional (4+1)-dimensional DSKP equation. We not only dis-
cussed the planar phase portraits of the two-dimensional
dynamical system of Eq. (1.1). Moreover, we have added per-
iodic perturbations to the two-dimensional dynamical system
and plotted the two-dimensional and three-dimensional
phase prrtraits of the perturbed two-dimensional dynamical
system. Based on Professor Liuw’s complete discriminant
system method, we obtained the Jacobian function solution,
trigonometric function solution, and hyperbolic function solu-
tion of Eq. (1.1). We also simulated the obtained solutions by
drawing three-dimensional, two-dimensional, and contour
maps. In future work, we will continue to study soliton solu-
tions of fractional-order partial differential equations, such as
multi-soliton solutions or experimental validations.
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