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Abstract: To comprehend nonlinear dynamics, one must
have access to soliton solutions, which faithfully portray
the actions of numerous physical systems and nonlinear
equations. Notable nonlinear equations in relativistic physics,
quantum field theory, nonlinear optics, dispersive wave phe-
nomena, contemporary industrial applications, and plasma
physics include the Klein-Gordon and Sharma-Tasso—Olver
equations, which shed light on wave behavior and interac-
tions. This study introduces a powerful approach to unco-
vering some novel soliton solutions for these equations,
namely, the new generalized (G’/G)-expansion method. The
derived soliton solutions are articulated in terms of rational,
trigonometric, and hyperbolic functions, each embodying the
physical implications of the equations through meticulously
specified parameters. The resulting solutions encompass sev-
eral waveforms, including sharp solitons, singular periodic
solitons, flat kink solitons, and singular kink solitons. The
results indicate that the employed method is both robust
and very effective for the analysis of nonlinear evolution
equations (NLEEs). It is compatible with computer algebra
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systems, facilitating the generation of more generalized
wave solutions. The strength and versatility of the new gen-
eralized (G’/G)-expansion method suggest its potential for
further research, particularly in exploring exact solutions
for other NLEEs. The approach represents a significant
expansion in the methodologies available for handling non-
linear wave equations, opening new avenues for theoretical
and applied investigations in nonlinear science. Furthermore,
the bifurcation analysis is carried out, which reveals the com-
prehension and precise representation of the dynamics of
these two nonlinear partial differential equations. It offers
the information required to build a comprehensive and sig-
nificant phase portrait, including insights into solution beha-
viors, stability changes, and parameter dependencies.

Keywords: soliton solutions, Klein—-Gordon equation, Sharma—
Tasso—Olver, nonlinear equations, new generalized (G/G)-
expansion method; bifurcation analysis

1 Introduction

The natural world exhibits a range of complex physical
phenomena, from fluid dynamics and light propagation
to plasma behavior and ecosystem interactions. These
diverse phenomena are often effectively described by non-
linear key equations, which capture the intricate interde-
pendencies and interactions inherent in such systems. A
crucial category of these equations is the nonlinear evolu-
tion equations (NLEEs), a specific subset of partial differ-
ential equations (PDEs). NLEEs play a significant role in
mathematical physics, applied mathematics, and engineering.
They are particularly valuable for modeling dynamic pro-
cesses in various fields: quantum mechanics, where they
describe the evolution of quantum states; nonlinear optics,
where they capture the propagation of light pulses through
optical fibers; plasma physics, where they help understand
the behavior of charged particles in electromagnetic fields;
biophysics, where they model biological patterns and
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structures; and ecology, where they describe population
dynamics and species spread [1-5].

Given their broad applicability, NLEEs are central to
research in nonlinear science. They enable the modeling of
phenomena where linear approximations are inadequate,
particularly when interactions, feedback mechanisms, or
other nonlinear effects are involved. Finding exact solu-
tions to these equations provides critical insights into the
nature and properties of physical systems, revealing stable
configurations like solitons, shock waves, and traveling
waves. Such solutions are essential for validating numerical
simulations and providing benchmarks for approximations.
Among NLEEs, the Klein—-Gordon (KG) equation and the
Sharma-Tasso-Olver (STO) equation are notable for their
roles in nonlinear dynamics, offering significant insights
into wave behavior and interactions. Investigating these
exact solutions is not just a theoretical pursuit but a key
aspect of advancing our understanding of complex systems
and developing new technologies [6-10].

The KG equation is a fundamental relativistic wave
equation in quantum field theory that characterizes scalar
particles, such as the Higgs boson and specific mesons,
which possess no intrinsic spin. Designed to reconcile
quantum mechanics with special relativity, it guarantees
the uniform behavior of particles in all inertial frames.
Initially designed to represent the wave function of a single
particle, it was discovered to encompass both positive and
negative energy solutions, which presented conceptual dif-
ficulties. This issue was addressed by reinterpreting the
equation within quantum field theory to depict fields that
generate and annihilate particles, with negative energy solu-
tions representing antiparticles. This reinterpretation corre-
sponds with discoveries in particle physics, where each par-
ticle possesses a corresponding antiparticle. The KG
equation is crucial in both particle physics and cosmology,
as it delineates scalar fields pertinent to cosmic inflation and
dark energy, so linking the quantum realm with the uni-
verse’s large-scale structure and evolution. Due to its impor-
tance, several academics have addressed the KG equation to
derive soliton solutions through diverse methodologies
[11-15]. Some of the methods employed to find these solu-
tions include the Sobolev gradients technique [11], the Jacobi
elliptic function method [12], the F-expansion method [13],
the Exp-function technique [14], and the Homotopy analysis
technique [15], among others. Each of these techniques
offers a unique pathway to derive exact or approximate
solutions, enhancing our understanding of soliton behavior
in nonlinear dynamics.

The STO equation is a nonlinear partial differential
equation that plays a significant role in understanding
wave phenomena across various scientific fields, including
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fluid dynamics, nonlinear optics, and plasma physics. As an
integrable system, it can be solved exactly using advanced
mathematical techniques such as the inverse scattering
transform (IST) and Hirota’s direct method. This exact sol-
vability allows researchers to explore soliton solutions,
which are stable, localized waves that retain their shape
and speed even after interacting with other waves. The
STO equation is particularly valuable for modeling systems
where both nonlinearity and dispersion are important,
such as shallow water waves, nonlinear lattice dynamics,
and optical pulse propagation in fibers. Its ability to
describe complex wave behavior makes it a critical tool
in both theoretical studies and practical applications,
offering insights into how nonlinear waves evolve,
interact, and propagate in various media. The STO equa-
tion helps in predicting and controlling wave dynamics,
enhancing our understanding of wave-based phenomena
in both natural and engineered systems. The STO equation
has recently attracted significant interest from the scien-
tific community for its crucial role in modeling traveling-
wave phenomena [16-24]. This equation is widely applied
in fields such as nonlinear optics [16], plasma physics [17],
dispersive wave dynamics [18], conservation laws [19], Lie
symmetry analysis [20], and quantum field theory [21]. In
particular, Wang [22] investigated the dynamic character-
istics of the STO model and assessed the stability of its
traveling wave solutions using the spectral energy estimate
method. Additionally, Wang and Xu [23] employed the Lie
group analysis method to find exact and explicit solutions
to the STO equation, enhancing our understanding of its
complex behavior. The soliton solutions of the STO equa-
tion are particularly noteworthy, as they demonstrate
unique behaviors like the capacity to split into several
solitons or merge into one under certain conditions [24].

Given the importance and significance of NLEEs in var-
ious fields, researchers have developed and expanded
numerous techniques for deriving their exact solutions over
recent years. For example: the double (G’/G, 1/G)expansion
method [25], the Backlund transformation method [26], the
Hirota’s bilinear transformation method [27], the Sardar sub-
equation method [28], the modified generalized Kudryashov
methods [29], the modified extended direct algebraic method
[30], the modified extended tanh function method [31], the
Riccati-Bernoulli sub-ODE method [32], the extended trial
equation method [33], the improved Sardar sub-equation
method [34], the tanh-coth method [35], the improved mod-
ified extended tanh-function method [36], the extended tanh
function method [37], the extended Kudryashov-expansion
technique [38], etc.

In a recent development, Naher et al. [39] introduced
the new generalized (G’/G)-expansion method, which is
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simpler and more comprehensible for a class of NLEEs.
This approach enables the discovery of a broader range
of new traveling wave solutions with additional para-
meters. A more versatile solution ansatz, richer auxiliary
equations (use of more complex, higher-order, or non-
linear differential equations for the function of G, and
extended algebraic structures are some of the ways in
which the new generalized (G’/G)-expansion approach sur-
passes earlier versions. Its versatility makes it an invalu-
able resource for researchers in many fields who face non-
linear differential equations. Through expanding the
structure of G to incorporate higher-order and nonlinear
auxiliary equations, the approach can discover new exact
solutions that were previously unavailable using conven-
tional methods. A brief comparison of this method with the
other methods is presented in Table 1.

Consequently, the objective of this investigation is to
investigate novel exact solutions for both the KG equation
and the STO equation by employing this methodology. The
study is structured as follows: initially, we present an intro-
duction to the methods, which is followed by the application
of the method to the aforementioned equations to identify
soliton solutions. Subsequently, we discuss the bifurcation
analysis of the dynamical system corresponding to those
equations. The following section delves into the graphical
behavior of the solitons that were obtained and compares
our results to those of previous studies. The study concludes
with a reference section that lists the sources that contrib-
uted to this research and a summary of our findings.

2 Interpretation of the method

The new generalized (G’/G)-expansion method is a mathe-
matical tool designed to obtain exact solutions for NLEEs,
particularly within the realms of mathematical physics and

Table 1: Comparison of present method with other established methods
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applied mathematics. This method builds upon the tradi-
tional (G’/G)-expansion technique, which is recognized for
generating traveling wave solutions to differential equa-
tions. By introducing more general forms and additional
parameters, the new method broadens the range of pos-
sible solutions, offering greater flexibility and diversity in
solving complex equations [40—48].
Suppose the general form of the NLEEs is

F(u, Ug, Wy, Usg, Uy, Uyys -.) = 0, »

where u = u(x, t) is an unknown function, F is a polyno-

mial in u(x, t), x is the spatial variable, and ¢ is temporal

variable, which has the highest order derivatives and non-

linear terms and the order of this method is as follows:
Step 1: We consider the combination of real variables x
and t be the variable 1 as follows:

ux,t) =uln),n =x £ vt, 2)

where v is the speed of the traveling wave. By means of
Eq. (2), Eq. (1) can be converted into an ordinary differ-
ential equation (ODE) in the following form:

H(u,u’,u”,u”, ..)= 0, 3)

where H is a polynomial of u and its derivatives and the
superscripts indicate the derivatives with respect to 1.
Step 2: Depending on the situation, Eq. (3) can be inte-
grated term by term, potentially multiple times, with the
integration constant possibly being zero. This approach
is suitable as we are specifically seeking solitary wave
solutions.

Step 3: The traveling wave solution of Eq. (3) can be
expressed as a polynomial of the following form:

M M
u(n) = Y ap(d + Wk + Y b(d + W)Yk, (@
k=0 k=1

where either ax or by may be zero but both a; and
by could not be zero at a time since aZ + b # 0,

Method Strengths Limitations

Advantages of present method

Hirota’s method Multi-soliton solutions

Requires bilinearization, works best for

No need for bilinear form, works for

IST Exact soliton solutions for

integrable systems

Tanh-Coth Hyperbolic solutions
method

Sine-Cosine Trigonometric solutions
method

Exp-Function
method

Very simple for some PDEs

integrable equations

Complex spectral analysis, applies only to
integrable equations

Limited to certain forms of PDEs

Better works mainly for periodic waves

Does not always capture all solutions

broader equations

No spectral transforms needed, applicable
to non-integrable PDEs

Gives more diverse function solutions

More general wave solutions

More systematic algebraic structure
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ar(k=0,1,2,3,.. M, b(k=1,2,3, ..
trary constants to be determined.
Here

M), and d are arbi-

W = (G'/G), (5)

where G = G(n) satisfies the following auxiliary non-
linear ODE

AGG” - BGG’ - EG* - C(G')* = 0, (6)

where prime indicates the derivative with respect to n
and A, B, C, E are parameters.

Step 4: To determine the positive integer M, it needs to
take the homogeneous balance between the highest
order nonlinear term and the highest order derivative
appearing in Eq. (3).

Step 5: Inserting Eqgs. (4) and (6) including Eq. (5) into
Eq. (3) and utilizing the value of M obtained in step 4,
we obtain polynomial in (d+ W)™, (M=0,12,..)
and (d+ W)™, (M =1,2,...). Equating the coefficient
of the resulted polynomial to zero. We obtain a class
of algebraic equations for ax(k=0,1,2, ..,M),
b(k=1,2,..,M),d, and v.

Step 6: The general solution of Eq. (3) is known
to us, substitute the value of aip(k=0,1,2,..,M),
by(k=1,2,..,M),d, and v into Eq. (4), we then obtain
more general type and new exact traveling wave solu-
tion of the NLEE (D).

Step 7: Using the general solution of Eq. (6), we obtain
W(n) as follows:

Family 1: Hyperbolic function solution, where B # 0,
¢=A—C,andQ=BZ+4E(A—C)>0,

\/_ l smh(

20 lcosh( n) + msinh|-

n+m cosh(ﬂr))
Bl

W) = %

Family 2: Trigonometric solution, when B #0,
¢p=A-C,and Q=B2+4EA - C) <0,

- —lsm( o n) + mcos( r])
wn) = 2, e o — - ®
20 29 1) + msin ZAQ '1]

ZA

Family 3: When B#0, ¢ =A-C, and Q=B+
4E(A-C) =0,

B
W) =——+

20 l+mp’ ©)

Family 4: Hyperbolic function solution, when B = 0,
¢p=A-C,and P = ¢E > 0,
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f lsmh( n) +m cosh(g-n)
w(n) = S - 10
lcosh( q) + msinh(=--n

Family 5: Trigonometric solution, when B =0,
¢=A-C,and P = ¢E < 0,

J-P —lsm(— -n) + mcos( r])

(0 P VP
o]

W) = (1

Lcos(——n) + msin|——

These are the general solutions of W(n) that can be
employed to establish the solutions of the KG and the STO
equations.

3 Applications

In this section, we explain two applications of the men-
tioned method to extract abundant soliton solutions in
Sections 3.1 and 3.2.

3.1 KG equation

Let us consider the KG equation of the form [11,12]

Uy — Ay + bu — kud = 0 (12)

Eq. (12) can be converted to the following ODE via the
transformation u(x, t) = u(n), where n = x + vt. Then, we
attain

(V2 -a)u” +bu - ku®=0. (13)

Now the homogeneous balance between the highest
order nonlinear term (u)® and linear term of the highest
derivative u” appears in Eq. (13), we obtain M =1. As a
result, the solution to Eq. (13) has the following form:

u(n) = ao + a(d + W) + by(d + Wy, (14)

where ag, a;, b1, and d are constants which are to be deter-
mined. We will determine these constants later replacing
Eqgs. (5) and (14) in Eq. (13), we note that the left-hand side
of Eq. (13) is translated into the polynomials (G’/G)Y,
M=0,1,2 3 .) and (G/G)™, (M =1, 2, 3,..). Then,
we obtain every coefficient to be zero in these generated
polynomials and after obtaining the system of algebraic
equations and solving the algebraic equations for the con-
stants aq, a;, by, v, d, we are able to find three sets of
solutions, as follows:
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Set 1:
de-B 0 ey -2k(4P + B®)b
- 2¢)a0_ , M =t 4P+B2 b
b(4P + B?
bl =z ( ) ) (15)
2/-2k(4P + B)b ¢
_. J-(4P + B?)(4Pa - aB? + bAZ)
veE (4P + B?) '
Set 2:
k(4P + B®)b
ap,=0,a; = iw s
b(4P + B?)
by = t——=—, (16)
4./k(4P + B®)b ¢
_. J(@P + B>)(8Pa + 2aB> +bA*) B
vEE V2(4P + BY) TS
Set 3:
2dd + B)b
d=d,a0=i(¢7),a1=0,
k(4P + B%)b
; 2/b(4P + BY)k T + B  E
=4 + _
1=+ k(4P +B2) ( (p ):
J(4P + B®)(4Pa + aB* + 2bA?)
v=+ . an
(4P + B?)
Set 4:
2do + B)b 2./ b(4P + BYk
a0= iu? 1 = 0,a1= i(42)7
k(4P + BY)b k(4P + B%) a8)
J(4P + B*)(4Pa + aB? + 2bA%)
= 4+ .
vEE (4P + BY)

Set 1: The constant values arranged in Eq. (15) should
be inserted in Eq. (14), as well as Eq. (7) and simplifying, for
bothl=0 butm=# 0 and m = 0, but [ # 0, we derive the
traveling wave solutions as follows:

= nl{z—\/g coth \/6 11 + nz[\ég coth[\/a q”_ ,

———tanh|—
2¢
b(4P + B%)
2/-2k(4P+B2b ¢’

242

= m[_o J0 ”

2

_ 2k(4P + BHb
where n; = +,/- “@riE) o, ny =

In a similar fashion, substituting the values of the con-
stants arranged in Eq. (15) in (14), as well as Eqs. (8)-(11)
and simplifying, for I =0 butm # 0 and m = 0 but [ # 0,
we obtain the following traveling wave solutions:
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1 -1
Us = nl(ﬁ) tn _] s

16 = My

2 + % coth[%q]

_B AP NP
2 ¢ coth r]]

JP

+ —tanh

2 ¢
B@[«/—

VP
YRl

U7 = nll_
-1

2 Tta h{—n

u =n—£+\/$cotE
18 = My 2 " n

A
B P (e
20 ¢ Tal

[W

+ny

o5

Set 2: Substituting the values of the constants held in
Eqs (16) in (14), along with Eq. (7) and simplifying, we
obtain the following traveling wave solutions for [ =0
but m # 0 and m = 0 but [ # 0, which are as follows:

Sl gl

i

Uz =y

n

)

2
] nl{@

——tanh tanh

2¢

242

k(4P + BHb +B?
where n; = tﬁq&, ny = iwﬁifﬁ.

Similarly, by substituting the values of the constants con-
tained in Eq. (16) in (14), together with Egs. (8)-(11) and sim-
plifying, we obtain respectively the following traveling wave
solutions for! = 0 butm # 0 and m = 0 but! # 0 as follows:

NI NENET]

cot + Ny

Uz = nl{
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-1
uz4=n1—2££tan \/;r] + Ny 2¢Q tan \/;n]] ,
B P NP
Uzs = My 2¢+ s oth 2
N R N N
el el
VP VP
Uz n1—2¢ 7ta hT”
+n—£ £t h£ ’
2 2¢ ¢ a Arl )
[P (P
Uz7 n1—2¢+ P COtTI”[
+n—£+ﬁcotﬁ b
2 2¢ ¢ A ’7 )
wog = -2 = L2 an[ 2,
2¢ (0] A
B VP (P "
T T e A T

Set 3: Inserting the values of the constants from Eq. (17)
in (14), as well as Eqgs. (7)-(11) and simplifying, we obtain
the following traveling wave solutions for! = 0 butm # 0
and m = 0 but ! # 0 as follows:

Jo

B
+ — + ——coth
d 2 2¢cot

U =n+n

@,,]‘

J_ ]_l

B
Ugy=n+ nz[d + — + — tanh

2¢ 2¢
B Q@

u33=r1+n2d+%+ 2¢ cot|—— ,
-1
B -0 \~Q
u34—r1+n2[d+% 2 tan q} ,
1
P
Uss =1 + nZ[d + %coth £r]] s
P N
Usg =1 + nzld p ——tanh —/7 ,
— -1
Us; =N+ nyd + cot 4
37=1 2 é A nr »
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-1

Usg = 1 + nyd ;Ptan il
=ntn P A n »
(2d¢ + B)b 2,/b(4P + BHk
wherenp = + \/k(4(i+B2)b n =+ K@+ 5 \d2¢+Bd E).

Set 4: In a similar fashion, replacing the values of the
parameters from Eq. (18) in Eq. (14), including Egs. (7)-(11)
and simplifying, we obtain the following traveling wave
solutions for =0 but m#0 and m=0 but [#0,
respectively.

)

B

B
Uy =1+ njd + — + ——coth

]

2¢ 2¢ 2A
Ugp=n+ nz{d + ﬁ + zigtanh gn],

n

Uz =N + nz[d+ % + \/27? cot‘

%[

Ugg =11 + nlld + % - 2_¢Q tan 2?40 n ],
p P
Ugs =n + n1[d + % coth[%n ]
p p
Usg =1 + nl[d + %tanh %r} ’
— — -1
Ug7 =1 + npd + P cot—
ar=n+tmnm & A ni »
Usg =1 +n d—itani
48 =N 1 @ A ny
(2d¢ +B)b _2/b(aP+BMk
wheren, = % JkapEp” ,m =z K@P+ B

3.2 STO equation

The STO equation comprises evenly the double nonlinear
terms (u®), and (u?),x and linear dispersive term tyyy. This
demonstrated that the equation is one of the evolution
equations that have infinitely many symmetries. This is a
widely used model equation for nonlinear dispersive wave
transmission in inhomogeneous mediums. The STO equa-
tion attracted a significant amount of research work by
both physicists and mathematicians due to its appearance
in scientific applications. Consider the STO equation of the
following form [16,49]:
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3 a 2¢d + B
U + AWy + (U + Atk = 0. (19) Set5: d=d, c=0, v= —8 a= 248
2 A A @7)
2 -
Now, we reduce Eq. (19) into an ODE by choosing the a4 =0 b= _w_
transformation u(x, t) = u(n), where n = x — vt. Then, we A
obtain —-3B + /B2 + 4P
3 Set6:d = T
_ /+ 3/+_ 2//+ ///=0' (20)
v+ a@’)" + ey’ + au - 20(BAER + 12ABE - 8ER + 2B°R - 12BCE + 38°)
. . . . - 2743 ’
Thus, integrating Eq. (20) with respect to n gives
g g Lq P ng _ 7a(4p + BY)
-vu+ aud+3uau’ + au” + ¢ =0, @y VI T 3z
where ¢ is an integrating constant that is to be determined. 3B+ JB? + 4P + 3B 20
Now taking the homogeneous balance between the highest @o =~ 34 ’W=ZU
order nonlinear term u® and linear term of the highest 2(4P + B?) (28)
derivative u” occurring in Eq. (21), we obtain M = 1. There- b, = 94¢
fore, the solution of Eq. (21) is of the following form: T
where R = ———.
u(n) = ag + ay(d + W) + by(d + W), (22)
-3B + VB% + 4P
where ay, aj, b, and d are constants which are determined. 3“7td='___7ﬂf___’
Substitute Eqgs. (5) and (22) in Eq. (21), then the left-hand 20a(SAER + 124BE — SER + 2B°R — 12BCE + 3B°
+ - + - +
side of Eq. (21) is translated into polynomial in (G’/G)™, =- al 3 )’
(M=0,1,23,..) and (G/G)™, (M= 0,1,2,3,..) and we 274
collect each coefficient of this resulting polynomials equal _ Ta(4P + B?) _ =3Bt B2+ 4P + 3B
to zero. We attain a class of algebraic equations and solve V= 342 » do= 3A ’ 29)
the algebraic equations for the constants ag, a;, by, v, d and ¢ _ 24P + B?)
find nine sets of solutions as follows: @M= by = 94¢
B Aa _ -3B++B2+4P
Setl: d= _ﬂ’ c=0, = T? a, =0, where R = —————.
26 0 @3 setgia=d, c= %{(Az + C1)(3d?B - 2dE) + ¢(Bd - BE - 6d°AC)
aq=—, b1 = —.
A 2A¢ + 643ad? + 643a2d — 2A4%a0F + 3A2a2BAacB® + 2a0ACE
B - 12aA*Cd? + 6agAC%d? + 6A*ayBd - 6A%alCd + 4dACE
Set2: d=-—, c=2al4 - Q)aa,, aod aod @B 0
2¢ 24) + BABCd? - 6a,ABCd + 2d3A3 - 2C3d3 + 2a3A%)},
(3a¢4* + Q)a _ a(3d%p? + 6apAd¢ + 3Bdg + P + 3a,AB + 3aiA’ + B?)
V=T’a°=a0’al=2’bl=m' - A2 ’
a
Set3: d=d, c=0, \)=Xg, ap, =0, a0=a0,a1=%,b1=0. (30)
o 0 (25)
_ a
W=y b= g Set9: ¢ = ~—5{(4 + C1)(3d"B - 2dE) + $(Bd - BE
a 20d + B - 6d%AC) - 6ayd’p? + 2d3%(A° - C3) + 6A%ald
Setd: d=d, c=0, v=—(2'),a0= 9 , 5 0
A A (26) + 2a0A%E + 3ajA’B — AagB? — 2a0ACE - 6A%aoBd
a = % b=0 - 6alA’Cd + 4ACEd - 6ABCd* + 6a,ABCd

- 2a3A%},

AZ

a{3d2(A + C?) - 6aoAd¢ + P + 3Bdg — 6ACA> + 3a2A* - 3a,AB}

3D
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d%¢ + dB - E
ap=ag,a;=0,by = —¢7,
A
where ¢=A-C, P=¢E, Q=B>+4E(A-C), and
A, B, C, E areparameters.
Similarly, for set 1:
Usy = % Qcoth Q
7 20 24 2A¢ z¢
_ f N N
usz— tanh ” 2A¢{ 2 tanh q]

Substituting the values of the constants provided in Eq.
(23) in (22), including Egs. (8)-(11) and simplifying, we
obtain the following traveling wave solutions for I =0
butm # 0 and m = 0 but [ # 0, respectively.

A2 2P 42]

usg__ 2 249 | 29

42

J-Q
2

Lol ve
2A¢[ 20

uss = 2Ly 02
A 25

_B NP (VP
2¢> 5 th[ 1
L VP

2¢

Usy =
A

2¢

A

L0
249

Use =

B

2" ¢ th[T

DE GRUYTER

Similarly, for set 2:

ASS

b

T 29 9

Similarly, for set 3:
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¢

urn = —

A

d+ % g coth[ﬁr]]]

Q

+ —

4A¢d+—+—coth

il

" Wtah‘ ]}

W

o

¢

B
= —id+ — tnh
2= 40T 29

.ol
ag|*

COt

o[ VP (VP
4A¢ld + TCOth[—n

u77_¢[d+£t h[in
¢

Lo+ S a7
4A¢[d ¢t nh n

VP[P
¢coAn

-1

¢

Urg = —
A

d+

Similarly, for set 4:

d
”81‘2¢A+B %‘“w fcoth[ﬂfl],
Ugy = 2¢dA+B 2IZ)d+2— tanh —n’,
s - 2¢dA+B . %m Z. Cot J_ l
20d +B 2 B - -
- 282 Tmﬂ-gt 52
_2¢d + B _¢ 1
Uss = — (d 2¢ '1)’
e A f )
d
u87=2¢A+B+%d+% h[%ﬂ]
20d + B 2 -P P
0t ||
2¢d + B 20 J_p ﬁ
Uso = == "4 é el i

Similarly, for set 5:

2¢d + B
Ugy = ¢A d+2—+—coth[%’ )
-1
2¢d + B B
Ugy = ¢A +n1d+%+$tanh%’ ,
-1
_2¢d+B N
Uog = —— + myd cot 2A ,
20d + B N
+
Ugy = ¢A + myjd 1 } )
2 +B B 1
Ugs = ¢ [d+%+ﬁ],
-1
2¢d + B p p
Ugg = ¢A +n1|d+§coth[%q]
-1
2¢d + B p p
Ug7 = ¢A +n1[d+%tanh %r)]
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u -2¢d+B+nd+ _Pcoti

98 = A 1 ¢ A ’] s

u -2¢d+B+nd—;Ptan;P )

99 A 1 ¢ A rl )
where, "1=_M~

4 Bifurcation analysis

Bifurcation analysis is an important tool for understanding
the qualitative changes in nonlinear dynamical systems
that support physical events. It investigates how changes
in system characteristics cause shifts in equilibrium, stabi-
lity, or the creation of complex behaviors like oscillations
or chaos. These changes, known as bifurcations, are essen-
tial for modeling and studying critical physical processes
such as phase transitions, fluid instabilities, and wave pro-
pagation. Physicists can predict and define system beha-
vior under different conditions by finding critical points
and categorizing bifurcations. Additionally, bifurcation
analysis simplifies the study of intricate physical models
by exposing common patterns among seemingly unrelated
systems. It is essential for gaining understanding of theo-
retical models and directing experimental investigations of
the related phenomenon because it offers a rigorous fra-
mework for investigating the relationships between stabi-
lity, symmetry, and nonlinear interactions [50-53]. A brief
bifurcation analysis of the KG and STO equations is given
in this section. It is regarded as a planner dynamical
system in this sense and can have the following forms:

4.1 KG equation

Eq. (13) is used to define the planner dynamical system in
this instance as follows:

uw=N
32
N = B1u3 - Bzu]’ (32)
k k
where By = 75,  and By = ;.

To analyze the phase portrait of this system, it is cru-
cial to first determine the equilibrium points by setting the
derivatives u’ = 0 and N’ = 0. By solving these equations,

\/?,o

. These equilibrium points are dependent on the

we obtain three equilibrium points: e;(0, 0), e, , and

eg[—\/g, 0
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Figure 1: Phase behavior of Eq. (32) when v> - a > 0, where k = 2,
b=3,a=1andv=2.

system’s parameters, namely, a, b, k, and v. The location
and nature of these equilibrium points play a key role in
understanding the system’s dynamic behavior depending
onv? - a.

Case I: When v? - a > 0, (Figure 1) the eigenvalues of
the Jacobian matrix are real and have opposite signs, indi-
cating a saddle point. This means one eigenvalue is positive
(unstable) and the other negative (stable), creating both
stable and unstable directions in the system. Depending
on the exact relationship between v and v, the eigenvalues
could also be purely imaginary, leading to center-like beha-
vior with closed orbits, representing periodic or oscillatory
motion.

Case II. When v?-a <0, (Figure 2), the system
behaves in an oscillatory or spiral fashion, and the

N

-

'
-

'
N

Figure 2: Phase behavior of Eq. (32) when v2 - a < 0, where k = 0.5,
b=3,a=2andv = 1.
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Jacobian is a complex conjugate. Trajectories spiral inward
when the real part is negative, signifying stable spirals
(stable focus). Trajectories exhibit unstable spirals
(unstable focus) when the real portion is positive. The
system exhibits periodic motion with closed orbits around
the equilibrium point if the eigenvalues are entirely
imaginary.

Case IIl: When v? — a = 0, in this scenario, the system
undergoes a bifurcation as the eigenvalues of the Jacobian
matrix become degenerate. This can lead to a dramatic
change in the nature of the equilibrium point, causing a
qualitative shift in the system’s dynamics. The system may
transition from stable to unstable behavior or change from
one type of equilibrium (e.g., stable point) to another, such
as a limit cycle.

4.2 STO equation

Eq. (13) serves as the basis for defining the planar dyna-
mical system in this case considering that the integrating
constant is zero that gives

uw=N
33
N’=C1u2—u3—3uN” 33)
where C; = g
Similarly, the equilibrium points for this system are

determined as f;(0, 0), fz[\/g ,0] and jg[—\/g s 0]. These

points depend on the system’s parameters, @ and v. The
position and characteristics of these equilibrium points are

5 4 3 2 - 0

u

(9]

Figure 3: Phase behavior of Eq. (33) whenv > 0, buta <0 or
but a > 0, wherea = -0.1, v = 0.3.

v<0,
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crucial for analyzing and interpreting the dynamic beha-
vior of the system.

Case I: Whenv >0, buta<0or v<0, buta>0,
the eigenvalues at f; correspond to a saddle point, exhi-
biting real values with opposing signs, which is indicative
of saddle behavior (Figure 3). However, for f, and f;, the
Jacobian determinant is zero, suggesting that these are
non-hyperbolic equilibria. A more detailed nonlinear ana-
lysis is necessary to fully understand their dynamics.
Although nonlinear terms may influence their behavior,
potentially giving rise to phenomena like limit cycles or
other complex dynamics, non-hyperbolic points with a
zero determinant typically correspond to degenerate equi-
librium points.

Case II: Whenv>0,and a>0 or v<0, and a <0,
Thus, fora = 1 and v = 3, the system exhibits a saddle point
at f;, a stable node at f,, and an unstable node at f; (Figure 4).
The nature of the system’s dynamics will depend on the initial
conditions. The equilibrium points play a crucial role in iden-
tifying the types of attractors and repellents present in the
system, helping to categorize the behavior of trajectories and
how they evolve over time.

5 Discussion and graphical
representations of the solutions

The solutions obtained through this method are straight-
forward and easier to interpret, effectively capturing the
mechanisms underlying complex nonlinear physical phe-
nomena. Graphical representations play a crucial role in

Figure 4: Phase behavior of Eq. (33) whenv > 0, buta > 0or
buta < 0, wherea=1,v =3.

v<0,
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Figure 5: Shape of sharp soliton of uy; for the values of the parameters
k=-1,b=5A=2,B=1C=1,E =3, and v =1 within the
range -10 < x, t < 10.
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Figure 8: Shape of the singular kink soliton of uss for the values of the
parameters,l =20,m=30,b=5,A=2,B=2,C=1,E=-1,andv=1
within the interval =10 < x, t < 10.

Figure 6: Shape of kink soliton of uy; for the values of the parameters,
k=-1,b=1,A=2,B=1,C=1,E =3, and v = 1 within the
interval —=100 < x, t < 100.

simplifying and clarifying these solutions, providing a
visual means to understand the dynamics involved in
such phenomena. The graphical illustrations of some of
the derived traveling wave solutions are presented in
Figures 5-10, generated using computational tools like
Maple. These visualizations help to clearly demonstrate
the behavior of the solutions over time and space, offering
valuable insights into their properties, such as amplitude,
frequency, and wave speed. By employing graphical tools,

Figure 9: Shape of flat kink soliton of us; for the values of the para-
meters, A =2,B=5,C=1, E=3, and v = 1 within the interval
-15<x,t<15.

the intricate nature of the solutions becomes more acces-
sible, allowing for a deeper understanding of the nonlinear
dynamics they represent.

The graphical analysis reveals that when the velocity
of the traveling wave is set to 1, the resulting graphs of
the obtained solutions clearly exhibit characteristics of
an exact kink soliton, a singular kink soliton, and singular
periodic solutions. However, as the velocity of the traveling
wave deviates from this value, the shapes of the graphs

Figure 7: Shape of the singular periodic soliton of uig for the values of
the parameters,k=-1,b=1,A=2,B=5,C=3,E=3,andv=1
within the interval =100 < x, t < 10.

Figure 10: Shape of periodic kink soliton of usy for the values of the
parameters, A =2,B =5,C =1, E=-3, and v = 1 within the interval
-15<x,t<15.
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begin to deform, indicating changes in the structure and
behavior of the solutions.

In soliton dynamics, these soliton solutions provide
important insights and have practical applications across
multiple disciplines. Sharp solitons play a critical role in
optical fibers by preserving the shape of light pulses over
long distances, which is essential for high-speed data trans-
mission [34,54]. They also aid in understanding solitary
waves in shallow water systems. Kink solitons, character-
ized by their smooth transitions, are important in field
theory and particle physics for representing domain walls,
and they also describe gradual changes in light intensity in
nonlinear optics [4,55]. Singular periodic solitons, which
feature periodic patterns with singularities, are valuable
for studying wave behavior in media with periodic struc-
tures and defects, such as optical lattices and plasma envir-
onments [2,56]. Singular kink solitons, which combine
kink-like transitions with singular features, are useful for
analyzing shock waves and boundary interfaces. Flat kink
solitons, exhibiting constant amplitude with sharp transi-
tions, are applied in examining phase changes in materials
and stable light pulses in nonlinear optics [8,9]. Finally,
periodic kink solitons, with their periodic structures and
kink-like transitions, are employed to investigate wave
propagation in periodic media and lattice systems, enhan-
cing the understanding of phenomena in condensed matter
physics [28,30]. Each soliton type contributes to a compre-
hensive understanding of complex systems and supports
the advancement of both theoretical research and practical
applications.

6 Conclusion

In conclusion, this study highlights the effectiveness of the
new generalized (G’/G) expansion method for obtaining
soliton solutions of the KG and STO equations, both of
which are pivotal in numerous fields, including relativistic
physics, quantum field theory, nonlinear optics, dispersive
wave phenomena, and plasma physics. The method is
shown to generate a wide range of soliton solutions,
including rational, trigonometric, and hyperbolic forms,
each reflecting distinct physical properties of the nonlinear
systems being studied. A comparative analysis indicates
that several of the obtained soliton solutions, particularly
the sharp soliton and periodic soliton, are novel contributions
to the literature. The study demonstrates the robustness and
adaptability of the (G’/G) expansion method, suggesting
that it is a powerful technique for exploring soliton dynamics
in a variety of NLEEs. Additionally, its compatibility with

Investigation on soliton solutions of two nonlinear PDEs in mathematical physics
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computer algebra systems makes it highly practical for both
theoretical analysis and real-world applications. This
approach broadens the toolkit available for researchers in
nonlinear dynamics, opening new directions for future
exploration and discovery in this area. Furthermore, bifurca-
tion analysis offers a detailed and accurate understanding of
the dynamics associated with these two nonlinear PDEs. It
sheds light on solution patterns, shifts in stability, and how
the system responds to changes in parameters. This informa-
tion is crucial for developing a thorough and well-represented
phase portrait. Additionally, such analyses pave the way for
applying these mathematical models effectively to address
real-world challenges, highlighting their practical signifi-
cance. This study provides significant insights into soliton
dynamics within these equations; however, it possesses sev-
eral limitations. Its usefulness is predominantly restricted to
idealized situations, and extending its use to non-integrable
systems poses difficulties. Moreover, the practical uses are
constrained. Furthermore, empirical confirmation of theore-
tical findings is frequently absent. Subsequent research must
confront these limitations to improve practical applicability
and substantiate theoretical conclusions.
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