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Abstract: This study employs the Hirota bilinear transfor-
mation method to investigate solitary and soliton solutions
resulting from different symmetry wave functions asso-
ciated with nonlinear atom chain models. These models
are complex dynamic systems that have an impact on a
variety of scientific areas. In this work, we derive exact
solutions for several symmetry wave functions. Our results
reveal a wide range of wave structures, including anti-kink
waves (resulting from the interaction of exponential wave
functions), M-shaped waves with single and double kinks
(generated by combining M-shaped and kink wave func-
tions), and periodic multiple lump waves (produced by the
interaction of multi-lump and periodic wave functions).
Solitary waves and numerous periodic lump waves have
also been reported as a result of various multi-wave function
combinations. In the present report, we also derive periodic
bright lump waves, periodic cross-kink waves, and dark lump
strip waves caused by interactions between exponential, tri-
gonometric, and hyperbolic functions. Additional solutions
include solitary waves from mixed wave functions and bright
breather waves obtained from homoclinic breather functions.

For illustration purposes, we provide three-dimensional visua-
lizations of these solutions as well as accompanying contour
plots.

Keywords: nonlinear atomic chain model, solitary wave
solutions, soliton solutions, Hirota bilinear transformation
method

1 Introduction

Nonlinear partial differential equations (NLPDEs) are one
of the primary approaches in the modeling and analysis
of numerous complex processes [1–3]. These processes
include, but are not limited to, plasma physics [4], non-
linear optics [5], chemical kinetics [6], physics of condensed
matter [7], and even certain aspects of biology [8]. The
reason for this is that NLPDEs are able to catch the
dynamics of complex systems with various independent
variables. While linear equations possess the property of
being relatively simple, NLPDEs embrace the complexities
existing within the natural and artificial systems. In this
context, one avenue of investigation in NLPDEs is the
search for exact solutions which can be used to interpret
some physical reality. To that end, many different analy-
tical and numerical approaches have been suggested. Some
of the most notable methods involve the modified exp-
function method [9], the modified generalized Kudryashov
method [10], the extended Jacobi elliptic function rational
expansion method [11], Riccati’s equation expansion method
[12], the sine-Gordon expansion method [13], the ′G

G
-expan-

sion technique [14], the F -expansion approach [15], the
Sardar sub-equation scheme [16], the Darboux transforma-
tion technique [17], the bilinear convolutional neural net-
work method [18], the natural transform decomposition
method [19], the modified fractional homotopy technique
[20], the Laplace decomposition method [21], the Adomian
decomposition method [22], the perturbation method [23],
and the bilinear residual network method [24]. These
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approaches are useful for integrable classes of some NLPDEs.
However, some of these methods do not provide a general-
ized approach that can be used for any nonlinear problem.
Therefore, there is always an urge to modify the existing
methods or come up with new ones that can help in solving
more difficult equations.

Among themultiple existing techniques, theHirota bilinear
transformation technique has received special emphasis in
view of its application on many complex integrable NLPDEs.
This technique is used to convert NLPDEs to bilinear equa-
tions, which are easier to deal with. This method allows us to
derive soliton solutions, which play an important role in most
systems. In the present work, the Hirota bilinear method is
used to study solitary and soliton waves in a nonlinear atom
chain (NAC) model. It is worth recalling that soliton theory,
which is primarily concerned with solitary waves and their
propagation, has been quickly established as one of the cor-
nerstones of modern nonlinear physics and mathematics.
Solitary waves are a class of waves that can propagate in
certainmedia without changes due to dispersion. These waves
propagate and keep their speed for a long time, which is an
optimal condition for these waves to be used in describing
localized physical processes, such as energy propagation in
crystals [25], strain in crystal [26], as well as wave motion in
a solid state [27]. Solitary waves have been studied by scien-
tists in many contexts, including aqueous flows, light in fibers,
and mechanical waves. For example, some reports investigate
solitonic rogue waves induced by the modulation instability
in a split-ring-resonator-based left-handed coplanar wave-
guide [28], ( )+2 1 -dimensional variable coefficient equa-
tions in the investigation of oceanic solitons and localized
wave solutions [29] and the effects of higher-order disper-
sion on solitary waves andmodulation instability in a mono-
mode fiber [30]. In addition, some reports investigate rogue
wave dynamics in barotropic relaxing media [31], N -rotating
loop-soliton solutions of the coupled integrable dispersionless
equation [32], traveling wave-guide channels of a coupled
integrable dispersionless system [33], and their scattering
behaviors [34]. In other situations, solitons serve to study
the stress, strain, and material responses of structures under
different conditions [35–38].

Usually, the behavior of solitary waves is governed by
NLPDEs, which are generally complex and often require
advance techniques to solve them. What sets these equa-
tions apart from their linear counterparts is that they are
frequently intractable. Instead, in order to obtain mean-
ingful results, we need sophisticated analytical methods,
such as the Hirota bilinear transformation approach or
numerical approximations. In many industrial and scien-
tific applications, systems are frequently affected by severe
circumstances like high temperatures, high pressures, or

fast deformation. The nonlinearities of these equations
are essential for capturing those behaviors. Consequently,
bettering the design and safety of mechanical systems
requires an understanding of nonlinear equations. One
area where NLPDEs have proven particularly valuable is
in the modeling of NACs. These chains are widely used in
the study of materials science and solid mechanics, as they
provide insights into the behavior of materials at the atomic
level [38–41]. NACs can model a variety of phenomena,
including thermal conductivity, wave propagation, defect
formation, and material deformation under stress [38,39].
By studying these chains, researchers may obtain a deeper
understanding of howmaterials behave under extreme con-
ditions, leading to the development of high-performance
materials for various applications in science, engineering,
and technology.

It is also important to point out that wave propagation
and solitons in NACs have attracted attention in the last
couple of years. In fact, several techniques have been
designed to study them rigorously. For instance, Foroutan
et al. [42] employed the extended trial equation technique
and the improved Bernoulli sub-ordinary differential equa-
tion method to solve an NAC problem. They obtained trigo-
nometric, soliton, hyperbolic, and kink solutions. These
solutions have applications in generalized momentum for
long-range interactions and Hamilton’s equations. In order
to analyze NACs, Junaid-U-Rehman et al. [46] made use of
the Lie symmetry technique. They generated traveling-wave
solutions and utilized the multiplier method to discover the
conservation laws. Their results show the dynamics and
patterns of the system. Shakeel et al. [47] applied the gen-
eralized auxiliary equation method to construct bright, per-
iodic, singular, W-type, and M-type soliton solutions for the
NAC model. Among many other reports available in the
literature, these solutions form an important aspect in
material and structural nanoscience.

On the other hand, the Hirota bilinear transformation
technique has made significant contributions to our com-
prehension of the complex wave solutions produced by
various NLPDEs. Notably, a number of researchers have
used this technique in recent years to provide exact solu-
tions to a range of NLPDEs. For instance, Ceesay et al. [48]
employed the modified regularized long-wave equations to
analyze the impact of different M-shaped waves in coastal
environments. In order to obtain bilinear equations for
NLPDEs with indeterminate coefficients, Yang and Wei
[49] also applied Hirota’s bilinear approach. By applying
the tanh-coth and Hirota bilinear methods, Wazwaz [50]
was able to find many solutions to the Sawada–Kotera–Ka-
domtsev–Petviashvili model. Furthermore, Rizvi et al. [51]
used the Hirota bilinear approach to investigate saturated
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ferromagnets. Khan and Wazwaz [52] also employed this
technique using ansatz functions to derive numerous novel
soliton solutions and multi-breather solutions for the Calogero–
Bogoyavlenskii–Schiff (CBS) model, whereas Wang et al. [53]
adopted a study of plasma and fluid dynamics for the general-
ized (3 + 1) Kadomtsev–Petviashvili model. Zhao et al. [54] also
employed the bilinear approach to produce various lump,mixed
lump-stripe solutions using the asymmetric (2 + 1) Nizhnik–
Novikov–Veselov model. Using this method, Ren et al. [55] inves-
tigated the CBS-type system in the extended (2 + 1) dimensions.
In turn, Rizvi and colleagues [56] investigated the coupled Higgs
equations using the Hirota bilinear transformation method.

It is worthwhile mentioning that the Hirota bilinear
approach extends beyond the traditional study of solitons,
and gives margin to study other number of interesting
wave forms (including rogue, singular, kink, anti-kink,
breather, M-shaped, and lump waves). This fact demon-
strates the method’s broad application. These solutions
(which are not just theoretical in nature) have real-world appli-
cations in fields like biomembrane, fluid dynamics, wave
optical pulse, shallow water modeling, etc. Furthermore, given
their significant advancements in our knowledge of waves and
soliton solutions and their practical applications, these exam-
ples show the applicability of the Hirota bilinear technique
across fields. In the present study, we departed from the
Hirota bilinear transformation method and applied it to an
NCA model. After examining earlier research conducted by
different investigators who employed the NCA model, they
reveal that the Hirota bilinear transformation techniques
have not been applied to this system. The purpose of this study
is to fill this vacuum in the research literature. In terms of
originality, the present work derives novel solutions of an
NACmodel. Indeed, as some of the reviewers pointed out, there
are already some solutions for particular NACmodels reported
in the literature. However, the investigation of NAC models
with an associated Hamiltonian is a problem for which exact
solutions have not been derived. Additionally, the Hirota
bilinear transformation method has not been employed in
those contexts. In that sense, the present work is one of the
first in the literature, which tackles the derivation of analytical
solutions for NAC models using the methodology proposed by
Hirota.

2 Preliminaries

2.1 Physical model

The purpose of this subsection is to provide an overview of
the NAC model under investigation. In our physical model,

we will assume only one degree of freedom. The Hamiltonian
of the system under study is provided by [42]
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where (∣ ∣)−M L Ln l is the nonlinear potential, m is the
mass of atom, and the dot represents the first derivative
with respect to time. All functions depend only on the
temporal variable, and the inner-most sum at the right-
hand side of this equation takes into account only the
nearest neighbors, that is, = ±l n 1. Moreover, in what
follows, we will consider the following potential function:
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Here the relative displacement between the lth and the
nth atoms is denoted by knl. The unique particle-to-particle
interactions are displayed by index i. Recall that Hamilton’s
equations are given by
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Applying Hamilton’s equations to Eqs (1) and (2), we derive
the approximate equation of motion
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whereQ
n
denotes the generalized momentum in Hamilton’s

equations. It is important to mention here that, in addition
to chain atom models with long-range interactions [42], the
present model is an extension of various other models stu-
died in the literature. Some of them are models in which
authors investigated the existence of dynamic solitary wave
solutions [43], the presence of conservation laws using Lie
analysis [44,45].

If the inter-atom spacing ε is sufficiently small to attain
the continuum limit, then we can let →ε xn . As a result, we
obtain the expansions
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and
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Hence, Eq. (4) can be expressed as the NLPDE given by
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It is worthwhile to mention that Eq. (7) may find useful
applications in the investigation of one-dimensional chains
of atoms when they are studied from a microscopic point
of view, in which case, the assumption that ε is sufficiently
small is physically justified. In this study, we will apply the
Hirota bilinear transformation approach and some ansatz
functions to obtain various wave solutions for the NAC
model given by Eq. (7).

2.2 Analytical method

At this stage, we recall the steps of the Hirota bilinear
transformation method and apply them to solve Eq. (7)
analytically. We start by applying the Cole–Hopf transfor-
mation, which is a logarithmic transformation for the
dependent variable L, and we suppose that the solution
to Eq. (7) is given by

( ) ( ( ( )))=L x t R x t, ln Γ , ,x (9)

where R is a constant to be determined. To find R, we begin
by using the following function: ( ) = +L x t e, α x ω ti i . Here, αi

and ωi represent wave numbers and dispersions, respec-
tively. Substituting this equation in Eq. (7) yields the dis-
persion relation

= +ω α a dα .i i i
2 2 (10)

As a consequence, it follows that
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We then consider the function ( ) = + + +x t eΓ , 1 α x α a dα ti i i

2 2

,
and substitute it in Eq. (9). The result is then substituted in
the linear part of Eq. (7), and then we solve for R to obtain

=R
d
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12 and =c 0. Hence, the logarithmic transformation
becomes
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In this way, we transformed Eq. (7) into the bilinear form
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Finally, we can write Eq. (13) as
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3 Results

Next we will consider various types of forms for the func-
tion Γ and substitute them in Eq. (15). Then, we expand,
evaluate, collect similar terms, and set them equal to 0.
Finally, we solve this system of equations to obtain a
number of potential sets of solutions for each case.

3.1 Interaction via double exponents
integral equation (IE)

Following the results in the study by Ceesay et al. [57], this
wave structure is derived by letting

( ) ( ( ( ) ))

( ( ( ) ))

= + +

+ + +

x t h l r λt x r

h l r λt x r

Γ , exp

exp ,

1 1 2

2 3 4

(16)

where ri (for ≤ ≤i1 4), hj (for ≤ ≤j1 2), and ≠l 0 are arbi-
trary constants, and the parameter ≠λ 0 is the wave
speed. Eq. (16) and its first four partial derivatives were
substituted in Eq. (15). Then, we reduce the terms algebrai-
cally in order to obtain a simplified expression. Assembling
similar terms together and equating each expression’s
coefficient to zero, the following set of constant values
resulted:

Set 1. = − −
r

dl r dλ l a dl

dl3

2
1

2 2 2 2

2 .
Substituting this constant in Eq. (16) and the outcome

in Eq. (12), we obtain
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where ≠a b d, , 0 are free parameters. Figure 1(a) depicts
the solution ( )L x t,IE1 corresponding to Eq. (17) for selected
parameter values =r 2.21 , =r 1.22 , =r 1.64 , =h 2.41 , =h 1.42 ,

=a 0.4, =b 0.62, =d 0.5, =l 3.9, =λ 0.34. Figure 1(b) shows
the contour of Figure 1(a).

3.2 Interaction of M-shaped rational wave
with one kink (M1K)

This wave configuration is provided by using [58]
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where ri (for ≤ ≤i1 7), and h1 are arbitrary constants, and
the parameter ≠λ 0 is the wave speed. Let us substitute Eq.
(18) and its partial derivatives up to the fourth order in Eq.
(15) and simplify algebraically. Proceeding as in the pre-
vious Section 3.1, we obtain one set of constant values from
the resulting system.
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r
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Substituting these values in Eq. (18), and then the
resulting equation in Eq. (12), we obtain
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where ≠a b d, , 0 are free parameters. The solution
( )L x t,M K1 1 corresponding to Eq. (19) is shown in Figure

2(a) for the parameter values =r 3.22 , =r 0.54 , =r 0.16 ,

=r 2.37 , =h 4.11 , =a 0.5, =b 0.68, =d 0.7, =λ 0.18. Mean-
while, Figure 2(b) shows its corresponding contour plot.

3.3 Interaction of M-shaped rational wave
with two kinks (M2K)

This wave configuration is provided by [58]
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where ri (for ≤ ≤i1 9) and hj (for ≤ ≤j1 2) are arbitrary
constants, and the parameter ≠λ 0 is the wave speed.
Substitute Eq. (20) and its partial derivatives up to the
fourth order in Eq. (15) and simplify. Proceeding as before,
we obtain a set of constant values.
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After inserting these values in Eq. (20) and the outcome
in Eq. (12), we readily obtain
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where ≠a b d, , 0 are free parameters. Figure 3(a) depicts
the solution ( )L x t,1M2K from Eq. (21) with chosen para-
meter values =r 2.02 , =r 4.64 , =r 7.26 , =r 3.39 , =h 0.31 ,

=h 1.92 , =a 0.5, =b 1.08, =d 0.1, =λ 0.11. Figure 3(b) illus-
trates its corresponding contour plot.

Figure 1: The three-dimensional (3D) (a) and contour diagram (b) representing the IE-type wave.
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3.4 Interaction of multi-lump and periodic
solutions (MLP)

This wave configuration is provided by [52]
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where ri (for ≤ ≤i1 4) and hj (for ≤ ≤j1 4) are arbitrary
constants, and the parameter ≠λ 0 is the wave speed, once

again. We substitute Eq. (22) and its first four partial deri-
vatives into Eq. (15), and we simplify algebraically. In
similar fashion as with the previous wave structures, we
obtain a single set of parameter values.
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Substituting these parameter values in Eq. (22) and

then the result in Eq. (12), we obtain

Figure 2: The 3D (a) and contour diagram (b) of M1K wave-type.

Figure 3: The 3D (a) and contour diagram (b) of M2K wave-type.
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where ≠a b d, , 0 are free real parameters. Figure 4(a) is
obtained from the solution ( )L x t,1MLP , corresponding to
Eq. (23) for the parameter values =r 0.22 , =r 4.04 , =h 3.12 ,

=a 2.3, =b 0.82, =d 0.3, =Λ 0.087. Figure 4(b) represents
its respective contour plot.

3.5 Multi waves (MU)

This pattern of waves is derived when [59]

( ) ( ( ) ) ( ( )

) ( ( ) )

= + + + +
+ + + +

x t h r λt x r h r λt x

r h r λt x r

Γ , cos cosh

cosh ,

2 3 4 1 1

2 3 5 6

(24)

where ri (for ≤ ≤i1 6) and hj (for ≤ ≤j1 3) are arbitrary
constants, and ≠λ 0 is the wave speed. Let us substitute Eq.
(24) and its first four partial derivatives in Eq. (15), and then
we reduce algebraically. Proceeding as in the previous Sec-
tion 3.4, we obtain two sets of parameter values.

Set 1. = −
r

λ a

d
1

2

2 2

, = −
r

i λ a

d
3

2

2 2

, = −
r

λ a

d
5

2

2 2

.
Substituting them in Eq. (24), and then the result in Eq.

(12), yields the solution

Figure 5: The 3D (a) and contour diagram (b) of MU wave-type.

Figure 4: The 3D (a) and contour diagram (b) are obtained from the MLP wave-type.

( )
( ( ) ( ) ( ))

( ( ) ( ) ( ))
=

− + + − + +
+ + − + +

L x t
d λ a h A r h A ir h A r

b h A r h A ir h A r
,

6 sinh sinh sinh

cosh cosh cosh
,1MU

2 2
1 1 2 2 1 4 3 1 6

1 1 2 2 1 4 3 1 6

(25)
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where ( )= − +
A

λ a λt x

d
1

2

2 2

, and ≠a b d, , 0 are free para-
meters. Using the solution ( )L x t,1MU from Eq. (25), Figure
5(a) is obtained by selecting the parameter values =r 2.32 ,

=r 5.24 , =r 2.16 , =h 6.91 , =h 0.22 , =h 9.13 , =a 4.9, =b 2.28,
=d 0.3, =λ 2.9. The associated contour plot is portrayed as

Figure 5(b).

Set 2. =h 03 , = −
r

λ a

d
1

2

2 2

, = −
r

i λ a

d
3

2

2 2

.
Substituting them in Eq. (24) and then the result in Eq.

(12), we obtain

Figure 6: The 3D (a) and contour diagram (b) of MU wave-type.

( )

( ) ( )

( ) ( )

=
− ⎛

⎝
⎛
⎝ + ⎞

⎠ + ⎛
⎝ − ⎞

⎠
⎞
⎠

⎛
⎝

⎛
⎝ + ⎞

⎠ + ⎛
⎝ − ⎞

⎠
⎞
⎠

− + − +

− + − +
L x t

d λ a h r h ir

b h r h ir

,

6 sinh sinh

cosh cosh

,

λ a λt x

d

λ a λt x

d

λ a λt x

d

λ a λt x

d

2MU

2 2
1

2
2 2

2
4

1
2

2 2
2

4

2 2 2 2

2 2 2 2

(26)

where ≠a b d, , 0 are free parameters. The solution
( )L x t,2MU given by Eq. (26) is represented in Figure 6(a)

by selecting the parameter values =r 0.92 , =r 2.44 , =h 1.21 ,
=h 3.22 , =a 3.6, =b 0.67, =d 0.7, =λ 0.1. The corre-

sponding contour plot is shown in Figure 6(b).

3.6 Periodic lump (PL)

This wave structure is given by [59]

( ) ( ( ) ) ( ( ) )

( ( ) )

= + + + + +
+ + + +

x t r λt x r r λt x r

r λt x r r

Γ ,

cos ,

1 2
2

3 4
2

5 6 7

(27)

where ri (for ≤ ≤i1 7) are arbitrary constants, and the
parameter ≠λ 0 is, as usual, the wave speed. Substituting
Eq. (27) and its partial derivatives in Eq. (15), and

proceeding then as before, we obtain a single set of para-
meter values.

Set 1. = −r ir1 3, =r 02 , =r 04 , = −
r

i λ a

d
5

2

2 2

, =r 07 .

By replacing these parameter values in Eq. (27), and
the outcome in Eq. (12), we obtain

( )

( )

=
− ⎛

⎝ − ⎞
⎠

− +

L x t

d λ a ir

b
,

6 tanh

,

λ a λt x

d

1PL

2 2

2
6

2 2

(28)

where ≠a b d, , 0 are free parameters. The solution
( )L x t,1LP corresponding to Eq. (28) is depicted in

Figure 7(a) with the chosen parameter values =r 1.26 ,
=a 3.77, =b 0.47, =d 4.8, =λ 7.41. Figure 7(b) portrays

its corresponding contour.

3.7 Periodic cross kink (PCK)

This type of solution is obtained when [59]

( ) ( ( ( ) ))

( ( ( ) ))

( ( ( ) ))

( ( ( ) ))

= + +
+ − + +
+ + +
+ + + +

x t h l r λt x r

l r λt x r

h l r λt x r

h l r λt x r r

Γ , exp

exp

cos

cosh ,

1 3 4

1 2

2 5 6

3 7 8 9

(29)
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where ri (for ≤ ≤i1 9), hj (for ≤ ≤j1 3), and ≠l 0 are arbi-
trary constants, and the parameter ≠λ 0 is the wave speed.
Substitute Eq. (29) and its first four partial derivatives
in Eq. (15). Simplifying algebraically and proceeding as
previously, we derive two sets of parameter values in
this case.

Set 1. = − −
r

λ a

d l
1

2

2 2

, = −
r

λ a

d l
3

2

2 2

, = −
r

i λ a

d l
5

2

2 2

,

= − −
r

λ a

d l
7

2

2 2

, =r 09 .
Inserting them in Eq. (29) and then the outcome in Eq.

(12), we have

Figure 7: The 3D (a) and contour diagram (b) obtained from PL type wave.

Figure 8: The 3D (a) and contour diagram (b) representing the PCK-type wave.

( )

( )

( )

( )

( )

( )

( )

⎟

⎟

⎜

⎜

=
− ⎛

⎝
⎛
⎝ + + ⎞

⎠ + + ⎞
⎠

⎛
⎝

⎛
⎝ + + ⎞

⎠ + + ⎞
⎠

− +

− +

− +

− +
L x t

d λ a h l r r e A e

b h l r r e A e

,

6 exp

exp

,

λ a λt x

d

lr

λ a λt x

d

lr

1PCK

2 2
1

2
2 4 2

1
2

2 4 3

λ a λt x

d

λ a λt x

d

2 2
2 2

2 2

2 2
2 2

2 2

(30)

where

( )

( )

⎟

⎟

⎜

⎜

=
⎛

⎝
− +

−
⎞

⎠

−
⎛

⎝
⎜

⎛

⎝
+

− + ⎞

⎠

⎞

⎠
⎟

A h
λ a λt x

d
lr

ih l r
i λ a λt x

d l

sinh
2

sin
2

,

2 3

2 2

8

2 6

2 2

(31)

( )

( )

⎟

⎟

⎜

⎜

=
⎛

⎝
− +

−
⎞

⎠

+
⎛

⎝
− +

−
⎞

⎠

A h
λ a λt x

d
lr

h
λ a λt x

d
ilr

cosh
2

cosh
2

,

3 3

2 2

8

2

2 2

6

(32)
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and ≠a b d, , 0 are free parameters. Using the solution
( )L x t,PCK1 from Eq. (30), Figure 8(a) is obtained by selecting

the parameter values =r 2.32 , =r 1.84 , =r 3.16 , =r 3.18 ,
=h 7.11 , =h 9.42 , =h 1.73 , =a 1.1, =b 4.32, =d 0.3, =l 0.9,

=λ 0.2. As expected, its corresponding contour plot is
shown in Figure 8(b).

Set 2. =h 01 , = −
r

λ a

d l
1

2

2 2

, = −
r

i λ a

d l
5

2

2 2

,

= −
r

λ a

d l
7

2

2 2

, =r 09 .
Plugging these parameter values in Eq. (29) and then

the result in Eq. (12), we readily reach

( )

( )

( )

⎟

⎟

⎜

⎜

=
− ⎛

⎝
− ⎞

⎠
⎛
⎝

+ ⎞
⎠

− −

− −

− +

− +
L x t

d λ a A e

b e A

,

6

.

lr

lr

2PCK

2 2
2

3

λ a λt x

d

λ a λt x

d

2 2

2
2

2 2

2
2

(33)

The solution ( )L x t,2PCK corresponding to Eq. (33) is repre-
sented in Figure 9(a) for the parameter values =r 6.32 ,

=r 1.46 , =r 4.88 , =h 9.12 , =h 4.33 , =a 2.8, =b 3.16, =d 0.5,
=l 2.1, =λ 2.5. The corresponding contour plot is depicted

in Figure 9(b).

3.8 Interactions of exponential,
trigonometric, and tanh (ETH)

This wave structure is given by [60]

( ) ( ( ) )

( ( ( ) ))

( ( ) )

( ( ) )

( ( ) )

= + +
+ − + +
+ + +
+ + +
+ + +

x t h r λt x r

h r λt x r

h r λt x r

h r λt x r

h r λt x r

Γ , exp

exp

sin

cos

tanh ,

1 1 2

2 1 2

3 3 4

4 5 6

5 7 8

(34)

where ri (for ≤ ≤i1 8) and hj (for ≤ ≤j1 5) are arbitrary
constants, and the parameter ≠λ 0 is the wave speed.
Substitute Eq. (34) and its first four partial derivatives in
Eq. (15), and proceed as before. In this case, we derive a
single set of parameter values.

Set 1. =h 02 , = −
r

a λ

d
3

2 2

, =r 05 , = − −
r

i λ a

d
7

2 2

2 2

.
By replacing them in Eq. (34) and the outcome in Eq.

(12), we obtain

( )

( )( )

( )

( )( ) ( )

( )

=

⎛
⎝ − + ⎛

⎝ + ⎞
⎠ − ⎞

⎠
⎛
⎝−

⎛
⎝ + ⎞

⎠ + + ⎞
⎠

− + +

− +

L x t

d h a λ a λ r A

b ih ir A h r

,

3 4 cos

tan cos

,

a λ a λ λt x

d

λ a λt x

d

1ETH

3 4 4

5
2 2

8 5 4 6

2 2

(35)
where

( )

( )

⎟⎜

= + −

×
⎛

⎝
− +

+
⎞

⎠

+ +A d h r e i h λ a

λ a λt x

d
ir

4 2

sec
2 2

,

r λt x r
4 1 1 5

2 2

2

2 2

8

1 2

(36)

( )( ) ( )

( )

⎜ ⎟=
⎛

⎝

− + +
+

⎞

⎠
+ + +

A h
a λ a λ λt x

d
r

h e

sin

,r λt x r

5 3 4

1
1 2

(37)

and ≠a b d, , 0 are free parameters. The solution ( )L x t,1ETH

given by Eq. (35) is shown in Figure 10(a) for the parameter
values =r 2.31 , =r 2.32 , =r 1.84 , =r 3.16 , =r 3.18 , =h 7.11 ,

=h 9.43 , =h 1.74 , =h 1.75 , =a 1.1, =b 4.32, =d 0.3, =λ 5.2.
Figure 10(b) shows the related contour plot.

3.9 Mixed waves (MI)

This pattern of waves is derived by letting [61]

Figure 9: The 3D (a) and contour diagram (b) representing the PCK-type wave.
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( ) ( ( ( ) ))

( ( ( ) ))

( ( ( ) ))

( ( ( ) ))

= + +

+ − + +

+ + +
+ + +

x t h l r λt x r

h l r λt x r

h l r λt x r

h l r λt x r

Γ , exp

exp

sin

sinh ,

1 1 2

2 1 2

3 3 4

4 5 6

(38)

where ri (for ≤ ≤i1 6), hj (for ≤ ≤j1 4), and ≠l 0 are arbi-
trary constants, and the parameter ≠λ 0 is the wave speed.
Proceeding as before, we obtain two sets of parameter
values in this case.

Set 1. = −
r

λ a

d l
1

2

2 2

, = −
r

i λ a

d l
3

2

2 2

, = −
r

λ a

d l
5

2

2 2

.
In this case, we derive the solution

( )

( ) ( )

( ) ( )

⎟

⎟

⎜

⎜

=
− ⎛

⎝
+ − ⎞

⎠
⎛
⎝

+ + ⎞
⎠

+ +

+ +

− + − +

− + − +

L x t

d λ a A e h e h

b A e h e h

,

6

,

lr lr

lr lr

1MI

2 2
6 1

2
2

7 1
2

2

λ a λt x

d

λ a λt x

d

λ a λt x

d

λ a λt x

d

2 2

2
2

2 2

2

2 2

2
2

2 2

2

(39)

where

( )

( )

⎟

⎟

⎜

⎜

=
⎛

⎝
− +

+
⎞

⎠

+
⎛

⎝
− +

−
⎞

⎠

A h
λ a λt x

d
lr

ih
λ a λt x

d
ilr

cosh
2

cosh
2

,

6 4

2 2

6

3

2 2

4

(40)

( )

( )

⎟

⎟

⎜

⎜

=
⎛

⎝
− +

+
⎞

⎠

+
⎛

⎝
⎜

⎛

⎝
+

− + ⎞

⎠

⎞

⎠
⎟

A h
λ a λt x

d
lr

h l r
i λ a λt x

d l

sinh
2

sin
2

,

7 4

2 2

6

3 4

2 2

(41)

and ≠a b d, , 0 are free parameters. The solution ( )L x t,1MI

given by Eq. (39) is depicted in Figure 11(a) by selecting the
parameter values =r 7.72 , =r 1.84 , =r 3.16 , =h 7.11 , =h 9.42 ,

=h 1.73 , =h 4.54 , =a 2.1, =b 1.26, =d 1.3, =l 0.9, =λ 0.8. In
turn, Figure 11(b) shows the corresponding contour plot.

Set 2. =h 02 , = −
r

λ a

d l
1

2

2 2

, = −
r

i λ a

d l
3

2

2 2

, = − −
r

λ a

d l
5

2

2 2

.
In this case, we obtain the solution

( )

( )

( )

=
− ⎛

⎝ − ⎛
⎝ − ⎞

⎠
⎞
⎠

⎛
⎝ − ⎛

⎝ − ⎞
⎠
⎞
⎠

− +

− +

L x t

d λ a A h lr

b A h lr

,

6 cosh

sinh

,

λ a λt x

d

λ a λt x

d

2MI

2 2
8 4

2
6

9 4
2

6

2 2

2 2

(42)

where

( )

( )

⎟⎜

=

+
⎛

⎝
− +

−
⎞

⎠

+− +
A h e

ih
λ a λt x

d
ilrcosh

2
,

lr
8 1

3

2 2

4

λ a λt x

d

2 2

2
2

(43)

( )

( )

⎟⎜

=

+
⎛

⎝
⎜

⎛

⎝
+

− + ⎞

⎠

⎞

⎠
⎟

+− +
A h e

h l r
i λ a λt x

d l
sin

2
,

lr
9 1

3 4

2 2

λ a λt x

d

2 2

2
2

(44)

and ≠a b d, , 0 are free parameters. The solution ( )L x t,1MI

corresponding to Eq. (42) is shown in Figure 12(a) for
the parameter values =r 1.42 , =r 0.64 , =r 4.66 , =h 4.81 ,

=h 5.73 , =h 7.84 , =a 8.4, =b 2.83, =d 4.2, =l 3.1, =λ 0.5.

The corresponding contour plot is shown in Figure 12(b).

3.10 Homoclinic breather (HB)

This pattern of waves is reached when [61]

( ) ( ( ( ) ))

( ( ( ) ))

( ( ( ) ))

= + +
+ − + +
+ + +

x t h l r λt x r

h l r λt x r

h l r λt x r

Γ , exp

exp

cos ,

1 1 2

2 3 4

3 5 6

(45)

Figure 10: The 3D (a) and contour diagram (b) representing the ETH-type wave.
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where ri (for ≤ ≤i1 6), hj (for ≤ ≤j1 3), and ≠l 0 are arbi-
trary constants, and the parameter ≠λ 0 is the wave speed,
as usual. Eq. (38) and its first four partial derivatives were
substituted in Eq. (15) and we obtain a simplified expression.
We collecting similar terms and equated their coefficients to
zero, resulting in the following sets of constant values.

Set 1. =r ir1 5, = −r ir3 5, = −
l

i λ a

d r2

2 2

5

.
Inserting them in Eq. (45) and then the outcome in Eq.

(12), we obtain

Figure 11: The 3D (a) and contour diagram (b) representing the MI-type wave.

Figure 12: The 3D (a) and contour diagram (b) representing the MI-type wave.

( )

( ( ) )

( ( ) )

( )

( )

⎟

⎟

⎜

⎜

= −
−

⎛
⎝
− ⎛

⎝
⎞
⎠ + +

⎞
⎠

⎛
⎝

⎛
⎝

⎞
⎠ + +

⎞
⎠

− + +

− + +

+ −

+ −
L x t

d λ a A h h e h

b A h h e h

,

6 sinh

cosh

,

λ a r λt x r

d r

λ a r λt x r

d r

1HB

2 2
10 3

2
1 2

10 3
2

1 2

i r r λ a

d r

i r r λ a

d r

2 2
5 6

5

2 4
2 2

2 5

2 2
5 6

5

2 4
2 2

2 5

(46)
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where

( ( ) )
⎟⎜=

⎛

⎝
− + + ⎞

⎠
A

λ a r λt x ir

d r
exp

2
,10

2 2
5 4

5

(47)

and ≠a b d, , 0 are free parameters. Based on the solution
( )L x t,1Hom given by Eq. (46), Figure 13(a) is obtained by

selecting the parameter values =r 9.22 , =r 0.24 , =r 0.35 ,
=r 0.46 , =h 3.51 , =h 1.72 , =h 3.63 , =a 2.0, =b 3.16, =d 1.3,
=λ 5.4. The corresponding contour plot is given by

Figure 13(b).

Set 2. =h 01 , = −r ir3 5, = −
l

i λ a

d r2

2 2

5

.
In this case, we derive the exact solution

Figure 13: The 3D (a) and contour diagram (b) representing the HB-type wave.

Figure 14: The 3D (a) and contour diagram (b) representing the HB-type wave.

( )

( ( ) ) ( ( ) )

( ( ) ) ( ( ) )

= −
− ⎛

⎝ − ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎞
⎠

⎛
⎝ + ⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠
⎞
⎠

− + + − + +

− + + − + +
L x t

d λ a h h

b h h

,

6 exp sinh

exp cosh

,

λ a r λt x ir

d r

λ a r λt x r

d r

λ a r λt x ir

d r

λ a r λt x r

d r

2HB

2 2
2 3

2 2

2 3
2 2

2 2
5 4

5

2 2
5 6

5

2 2
5 4

5

2 2
5 6

5

(48)
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where ≠a b d, , 0 are free parameters. The solution
( )L x t,2Hom given by Eq. (48) is shown in Figure 14(a) for

the parameter values =r 0.24 , =r 0.35 , =r 0.46 , =h 1.72 ,
=h 4.23 , =a 5.5, =b 3.7, =d 2.5, =λ 9.9. The respective con-

tour plot is given by Figure 14(b).

4 Discussion

Beforehand, it is important to point out that the functions
obtained in Section 3 were substituted into the mathema-
tical model using Mathematica software. The results
confirm that, indeed, the functions are solutions of our
mathematical model. The 3D graphs and their corre-
sponding contour plots for the solutions derived in the
previous section were obtained using Mathematica. The
graphs are displayed in Figures 1–14 in order to help in
visualizing the characteristic of the solutions. Figure 1(a)
shows an anti-kink wave obtained from an interaction
between two exponential wave functions. Figure 2(a)
shows an M-shaped wave with single kink obtained from
an interaction between one M-shaped and one kink wave
functions. In Figure 3(a), an M-shaped wave with double
kinks is portrayed arising from the wave function of
M-shaped and two kinks interactions. Figure 4(a) depicts
multiple PL waves obtained from the interaction of multi-
lump and periodic wave functions. In turn, Figure 5(a)
shows a solitary wave derived from a multi wave function,
and Figure 6(a) show multiple PL waves obtained from
multi wave functions. Figure 7(a) shows periodic bright
lump waves obtained from PL wave structures. Figures 8(a)
and 9(a) show PCK waves. In Figure 10(a), we have three dark
lump strip waves obtained from the interactions of ETH func-
tions. In Figures 11(a) and 12(a), we obtained solitary waves
solutions derived from mixed wave functions. In Figure
13(a), we witnessed three bright breather waves from the
HB function, whereas in Figure 14(a) we obtained a single
layer of bright breather from the same HBwave function. In
each case, Figures 1(b) through 14(b) show the corre-
sponding contour plots. These plots assist in the visualiza-
tion of the wave profiles by displaying changes in both
shape and intensity in different spatial areas at different
times. Moreover, concrete physical interpretations of these
solutions could be provided by scientists in the context of
atomic physics.

These wave phenomena obtained from an atomic
chain model each represent distinct physical behaviors.
The anti-kink wave transitions between two states in a
smooth, sharp manner, but the M-shaped wave with a
single kink has a peak structure and a sharp transition

point, suggesting localized energy concentration. The M-
shaped wave with multiple kinks increases complexity with
two abrupt transitions, resulting in steeper atomic move-
ment. Periodic multiple lump waves result from multi-lump
and periodic wave interactions, with recurrent localized dis-
ruptions indicating oscillating energy. Solitary waves travel
without changing form and indicate steady energy transmis-
sion across the chain, whereas multiple PL waves cause these
localized disruptions to repeat on a regular basis. Periodic
bright lump waves identify places with significant energy
concentration. PCK waves are the outcome of multidimen-
sional kink interactions that generate crossing wave struc-
tures. Dark lump strip waves have a lesser intensity resulting
in localized amplitude depressions. Solitary wave solutions
formed from mixed wave functions exhibit stable, non-dis-
persive wave forms. Bright breather waves and their single-
layer counterparts show localized, periodic energy variations
as they surface in and out over time. These waves together
demonstrate complicated energy transfer and atomic displa-
cement dynamics in nonlinear atomic systems.

5 Conclusion

This work investigated a diverse spectrum of solitary and
soliton solutions resulting from various symmetry wave
functions in a nonlinear atomic chain model. The Hirota
bilinear transformation approach was used to unveil a
wide range of complicated wave phenomena, including
anti-kink waves, M-shaped interacting with kink waves,
and PL waves. The combination of exponential, trigono-
metric, and hyperbolic functions has demonstrated its effi-
ciency in revealing various wave forms such as bright
breather waves, periodic bright lump waves, and dark
lump strip waves, all of which are required to understand
localized energy dynamics in these systems. The graphical
illustrations, which included 3D and contour plots, contrib-
uted to a better understanding of waveform behavior by
showing how solitary and periodic wave structures change
spatially and temporally. These findings may shed light on
the mechanics of energy transfer and atomic displacement
in nonlinear atomic chains, highlighting both stability and
the possibility for complex wave interactions. Finally, this
study not only adds to the theoretical framework of wave
dynamics in nonlinear systems, but it also has potential
applications in fields like condensed matter physics and
material science, where understanding wave interactions
in atomic structures is critical for developing new technol-
ogies. The discoveries pave the way for further research
into more complicated wave phenomena and their
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practical consequences in advanced scientific and indus-
trial applications.

As a follow-up to this work, various avenues of
research are still open. For instance, the problem of inves-
tigating the physical model which considers long-range
interactions is an interesting topic of research. In that
case, the continuum-limit approximation leads to a fully
fractional partial differential equation. In that case, the
fractional derivatives appear in the spatial variables. For
such system, the derivation of solitary wave solutions and
soliton-like solutions is a task that merits attention. In addi-
tion, it is worthwhile to point out that the mathematical
model studied in the present work is a one-dimensional
system in space. This model corresponds to the conti-
nuum-limit of a system of particles distributed on a
straight line. The case when the atoms are distributed on
a plane or inside a three-dimensional volume was not
tackled in the present investigation. This is a limitation
of our work and, at the same time, a potential direction
for future work in the area. Moreover, the elucidation of
real-life applications of the results obtained in the present
work is also an important problem which needs future
attention. Finally, as one of the reviewers pointed out,
the exact solutions obtained in this work possess a lot of
parameters, and the choice of parameter values to guar-
antee that a particular solution has a specific wave pattern
is certainly a complex task. Such analysis could be the topic
of a future report in the context of nonlinear physics.
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