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Abstract: The study employs sophisticated numerical and
analytical methods to examine contemporary approaches
to the improved Boussinesq equation. Initially, we concen-
trate on the exact solutions derived from modifying the
Kudryashov and improved generalized Riccati equation
mapping approaches, which delineate diverse soliton solu-
tions that facilitate further generalization. These methods
make it possible to deepen the understanding of the equa-
tion of physical nature as well as provide a dependable
means of conducting parametric studies of nonlinear sys-
tems. We also created a mesh as the solving tool to the
equation to test how the equation would respond under
different operating conditions. Numerical solutions are
demonstrated with analytical solutions that are generated
using Taylor expansion methods whereby, analytical solu-
tions follow the Von Neumann method for stability ana-
lysis so as to minimize the capability and confirm the two
approaches of solutions. It has been shown in this work
that the two methods of solving nonlinear equation gave
appropriate results and are suitable for other nonlinear
evolutionary systems.
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1 Introduction

Joseph Boussinesq presented the Boussinesq equation in
1873 [1], which is expressed as follows:

O = Bxx = Oxuxx (ez)xx =0. @

Such equation is typical to a range of nonlinear dispersive
wave phenomena, including propagation of long waves in
shallow water, one-dimensional nonlinear lattices, and
ion-sound waves in uniform isotropic plasma [2]. This
result has basic applicability in actual physics. The words
x and t are understood as spatial and temporal coordi-
nates, respectively, and c is a real constant, which in the
literature when ¢ = -1 is commonly known as the good
Boussinesq equation or the well-posed equation [4] in
this context.

On the other hand, when it is equal to one, that type of
equation is recognized as the bad Boussinesq equation or
the ill-posed classical equation [1,5]. Such modified version
published by Bogolubsky [6] makes it possible to replace
the term Oy, With Oy, This results in the improved Bous-
sinesq equation and takes the following form:

O = Bxx — COxyer (ez)xx =0. @)

The improved Boussinesq equation allows for improve-
ments over the original model, which provides the more
realistic interaction of different physical processes such as
the wave propagation perpendicular to magnetic field lines
[5], ion-sound waves [7], and acoustic waves in elastic rods
[8]. Furthermore, this equation is also stably numerical,
which increases its fitness for implementation in computer
simulations so that the description of its solutions becomes
more holistic [6].
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This article particularly focuses on the enhanced Boussinesq
equation, which this time has been taken from multiple authors
like previous studies [15-18]. The improved Boussinesq equation
is expressed as follows:

G)tt - G)xxtt - exx - ®®xx - (@X)Z =0. (3)

We can express Eq. (4) in the following form:
1
ett - ®xxtt - ®xx - E(Gz)xx =0. (4)

This is a nonlinear partial differential equation (PDE),
more precisely, a kind of the enhanced Boussinesq equa-
tion that governs wave propagation in nonlinear disper-
sive media systems. 0 (second derivative of ® with respect
to time) refers to the wave acceleration, which explains
how the wave velocity changes within the period of time.
In fact, this is a common term found in wave equations as
it is concerned with the temporal nature of the wave. Oy
(second derivative of the ® function in time and space) con-
cerns with the effects of change over time and over space. In
this case, it describes the time effect of the wave, more parti-
cularly the space effect on the time effect of the wave’s cur-
vature. This is an often encountered term in modified wave
equations such as the enhanced Boussinesq equation, where
dispersion is dominant in wave characteristics. 8, (second
spatial derivative of ©) is captured the spatial curvature of the
wave, reflecting its local deformation in space. Physically,
it describes how the wave spreads out or bends during pro-
pagation. In wave dynamics, such terms often represent
restoring forces (such as tension or pressure) that work to
smooth out the wave’s profile. The expression —%(OZ)XX,
which includes the nonlinear term (©2),,, demonstrates the
dependency of wave propagation on the amplitude of a wave.
The squaring of this term brings about nonlinearity in a way
that the greater the amplitude, the more impact certain beha-
viors of the wave would possess. This is a property that occurs
in some nonlinear wave equations, and it is linked to wave-
sharpness and the formation of solitons, stationary waves
that are self-reinforcing localized distinct patterns. This equa-
tion describes the behavior of nonlinear dispersive waves
and incorporates, apart from the nonlinear term (©2)y,,
also dispersion effects, which are caused by the 0,y term.
Generally, as waves propagate, the nonlinear effect makes
waves grow steeper, while the dispersive effect makes them
widen. Such dual cooperation of effects may result in produ-
cing solitary waves or solitons, self-reinforced localized waves
that propagate over long distances without changing their
shape. These kinds of equations are widely used in several
disciplines such as fluid mechanics (for the case of shallow
water wave descriptions), plasma physics (e.g., ion sound
waves), and lattice dynamics (where nonlinear force interac-
tions occur between particles) [10-12]. The present study aims
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at examining exact wave patterns and investigating the cor-
responding exact solutions to the extended improved Boussi-
nesq equation. Specifically, the key objective is to understand
how solutions representing stationary or traveling waves in
definite conditions can be obtained using numerical and ana-
lytical approaches [13,14]. The G’/G expansion method and
semi-classical approximation methods have also been used
by previous authors to extract these solutions [15-18]. But
now some new developments in numerical algorithms, say,
modified Kudryashov method or enhanced Riccati equation
mapping, allow better quality of determination of wave pat-
terns owing to a more generalized outlook of physical pro-
cesses. Twists and turns are constant studying of this research
as they involve the study of chaotic dynamics, which is quite a
common phenomenon in physics. Waves interacting within a
complex system will always give rise to chaotic systems due
to the fact that they are nonlinear in structure. Such chaos
should actually be anticipated in any system, which is gov-
erned by an nonlinear partial differential equations such as
the improved Boussinesq equation. Based on the mathema-
tical analysis and numerical simulation, this work intends to
show the regions of chaotic solutions and in addition show
the distribution of wave solutions in the presence of non-
linear interactions between them. It is possible to greatly
change the solutions of chaos model just by changing the
initial conditions slightly. Therefore, accomplishing such tasks
immediately necessitates the need of accurate techniques to
capture and monitor chaotic solutions and their stability.

So far, many different numerical approaches have
been considered for solving the improved Boussinesq
equation. These include the finite difference method [2,3],
the finite element method [19], finite volume element
method [20], and spectral methods [21]. In this work, we
improve those approaches, for example, using adaptive
moving meshes and uniform meshes that increase the
accuracy of the solution and reduce the degree of numer-
ical errors in cases when the solution is chaotic. The recent
achievements available in the literature have also pro-
vided significant impetus for this investigation. The major
aim of this study is to find these traveling wave solutions of
the enhanced Boussinesq equation with the use of the mod-
ified Kudryashov method and improved generalized Ric-
cati equation mapping (IGREM) method [22-25]. These
methods produce an impressive array of traveling wave
solutions in the form of trigonometric functions for the
wave equations, which will enable the better explanation
of complicated phenomena and the dynamics behind them
[26-29]. In addition, this article applies adaptive moving
mesh and uniform mesh techniques to Eq. (4) to obtain
numerical solutions. It is important to note that the initial
conditions for the numerical scheme are derived from the
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exact solutions. The key idea of the numerical approach is
to allocate mesh points in regions of high curvature in the
solution to enhance accuracy. While many researchers
have focused on obtaining analytical solutions for the
improved Boussinesq equation, few have concentrated
on achieving accurate numerical solutions to minimize
errors. The adaptive moving mesh method [31] effectively
distributes mesh points more densely in areas with high
error, thereby reducing numerical inaccuracies. This
method, frequently employed in numerical algorithms,
enhances the accuracy of the outcomes significantly. Accu-
racy is one of the most important elements in conducting
any scientific work, and in this study, exact and numerical
solutions are analyzed to provide correctness and relia-
bility. In contrast with many other investigations that focus
only on the exact solutions, this study adopts a more pru-
dent approach by supporting the numerical solutions with
the exact ones.

The layout of this article is as follows. In Section 2, an
analytical solution of Eq. (4) is presented. In Section 3, the
approximative treatment of the combined problem (24) is
described, with particular attention given to fixed mesh
and adaptive moving mesh approaches. Also, such section
presents the complete interpretation of the results
obtained as well as the discussion. Finally, Section 4 recalls
the most important results and conclusions of this work.

2 Reduction and solution of the
improved Boussinesq equation
using nonlinear methods

This section discusses exact solutions of the improved
Boussinesq equation using the modified Kudryashov
method and the IGREM approach. These methods are
employed to find soliton solutions to nonlinear evolution
equations:

l/)l(@), B¢, Oxx, Oxxts Bxxxs -) = 0, (5)

where 0 = O(x, t) is an unknown function of space x and
time t. Various partial derivatives such as Oyy, Oy, and B,
are involved in Eq. (5). The wave transformation

8(x, t) = 8((),

is applied to reduce the complexity of the PDE. The trans-
formation introduces a new function 0({), where { is a
traveling wave coordinate, where s is the wave speed.
This reduces the PDE into an ordinary differential equation
(ODE) expressed as

{=x-st, (6)
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l/)z((:), (:)(, é)((, @(((, (:)((((, ..)=0. @)

Substituting the wave transformation into the original
equation leads to the following ODE:

§*0c = $%0ec ~ O - %(é’z)c*z =0, @)
which includes various terms such as s?6; and . To
solve this equation, the homogeneous balancing principle
is applied, balancing the highest-order derivative term
with the nonlinear term. From this, the value m =2 is
determined, and two different strategies will be used to
solve the equation, which are presented in the subsequent
sections.

2.1 Modified Kudryashov method

The modified Kudryashov method is an enhanced technique
used to solve nonlinear evolution equations, building upon
the traditional Kudryashov method [33]. The central improve-
ment in the modified version involves replacing the natural
exponential base e with an arbitrary base A [32,34]. Such a
modification enhances the ability of problem solvers to deal
with some nonlinear equations as more flexibility is provided
by the freedom to choose an arbitrary base to suit the struc-
ture of the equation. Within this framework, a solution of a
nonlinear evolution equation, for example, of Eq. (7), is con-
structed as a polynomial of the form:

0() = Y RYQ), ©

i=0
where r; are the constant values, Y({) is a necessary func-
tion that remains to be solved for, and m is the polynomial
degree of the polynomial. The function Y({) satisfies the
following differential equation:

Y'() = (Y(¢)* - Y(O)In(A),

where A is a constant that must satisfy two conditions,
A >0 and A # 1. This step provides a generalization of a
common function used in the process of nonlinear differ-
ential equations, expanding the resolution’s reach outside
the conventional principles. The solution to this differen-
tial Eq. (10) is sought

(10)

1

Tr v an

Y() =
where v is an arbitrary constant. This form allows the non-
linear evolution equation to take a more manageable alge-
braic form. Using the modified Kudryashov method with
m = 2, the solution can be written as follows:
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0(0) = + 1Y) + RY()™ (12)

When inserting this solution into the initial equation and
using the characteristics of Y({), the problem is reduced to
a problem of a system of algebraic equations in terms of ry,

r, and r,. The solutions of these equations are the exact

solutions of the nonlinear problem, thus confirming the

efficiency of the modified Kudryashov method.

This technique from a physicist perspective is also
offering much flexibility that can be of much importance
in systems where the behavior or the dynamics do not
conform to traditional exponential perspective. When
modeling physical systems, it is often seen that wave pro-
pagation and reaction—diffusion processes contain scaling
laws, which make arbitrary base A more intuitive. This
extra parameter can be useful to incorporate elaborate
solutions in modeling nonlinear complex phenomena,
and hence, the technique is of great use in several applica-
tions. For a certain class of nonlinear systems, character-
ized by reacting amplitude-dependent logarithmic terms,
we derive precise traveling wave solutions.

1) The analysis begins with the assumption ay = 0 thus
putting aside possible constant contributions to the
system dynamics and focusing attention on the non-
linear behavior responsible by the values @¢; and a;.
The constants a; and a, are expressed as follows:

_ —12In%(A4) _ 12In%(A)

T In2(4) -1’ T In2(4) -1’

which capture the effect of the amplitude A on the
system’s oscillatory modes. These parameters demon-
strate a nonlinear dependence on A, indicating the sys-
tem’s logarithmic responsiveness to changes in ampli-
tude. The traveling wave s speed is determined by the
following relationship:

a a,

-1
J1-124)’

showing that the amplitude and wave speed have a
nontrivial dependency relation. The limiting speed of
the wave increases without bound as In? (A) approaches
1; this is typically understood as a point of a critical
parameter in the system where change in wave beha-
vior is likely to occur. Such a critical behavior points
toward the possibility of phase transitions or bifurca-
tions in the response of the system. The corresponding
exact traveling wave solution is given by

12v In? (A)AStHX
(n2 (A) - DAY + 1)

B1(x,t) = - (13)

The solution achieved here features strongly nonlinear
traveling waves, whereby the amplitude and factors

2)
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associated with its propagation are logarithmic functions
of A. From the form of the solution, however, it can be
expected that such waves may be either amplified or
damped depending on the coupling of the nonlinear
terms. In particular, the squared denominator implies
that some parts of the space-time could be dominated by
strong damping of the oscillations, while other parts like
the poles could promote further the oscillations, provided
that the conditions at the poles are right.

This derived solution has its importance in explaining
wave propagation phenomena within the nonlinear
system and especially the critical or singular behavior
of that system as the amplitudes approach predeter-
mined thresholds. Such solutions have applications in
various branches of physics such as hydrodynamics,
plasmoids, nonlinear optics, among many others, where
the relationship between amplitude speed and the non-
linearity is indeed a key factor in determining the
responses of the system to various measures. It accom-
modates a stable and iterative wave form over certain
bounded ranges where it is dominant the behavior of
the system is related to certain parameters. For
example, where In?(A) is less than the critical value
of 1, it implies that the interpreted wave speed is very
well defined; hence, the wave propagates in a consistent
or rather orderly manner. This is a specific kind of
waveform, in which the patterns are consistent and
motion is stable. As the value of In?(A) approaches 1,
the wave is associated with chaotic dynamics. This is
the point where the critical wave speed becomes unde-
fined, thus pointing to transition points of the wave in
the system. From the viewpoint of “chaotic dynamics,”
it may be viewed as a point that marks a transitory
phase between order and chaos. Chaos appears when
the wave starts becoming oscillatory with no fixed
manner - in which the wave may or may not subse-
quently get “turned” or pass through the peak or nadir
in reference to the time and the space relationship to

the amplitude.

-2In%(A)
In?(A) +1°
traveling wave equation simplifies significantly. The
wave speed s is

For the case where ag = a; = 0, and a, = 0, the

-1
JIn2A) +1°

signifying that there is a nonlinear relationship between
the wave speed and the amplitude A would repeat the
sign. Given the aforementioned characteristics, the form
provides an accurate and easy description for the motion
of the wave within a nonlinear medium.
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The corresponding solution for the traveling wave is

3)

21 (A)

In(4) +1° (4)

By(x, t) = -
This solution describes a wave and explains that its ampli-
tude is a logarithmic function of A, which does not change
with time or space. Since the solution does not vary with
either x or ¢, it indicates that the wave configuration is
uniform (stationary) and resolution of space and time vari-
ables is not required. Here, a stable wave configuration is
emphasized and is determined only by amplitude A. It
depicts a stable wave where the wave is solely a function
of time or space. This precise wave pattern represents a
stationary wave, which behaves consistently. Despite the
stability presented in the solution, chaotic dynamics might
develop when the amplitude A is at a critical value or when
small disturbances occur. Chaotic dynamics of nonlinear
systems are often state dependent.
For the case where

0o = -21n%(A) o - 121n%(A)
T2y +1 Y 2@+ 1
o- ~121n%(4) ) -1
In?(4) + 1’ JIn2a) +1°

The corresponding solution for the traveling wave is

21n% (A)(VZACSE) = quATSUX + 1)

O3(x, t) = (lnz A) + 1)(VA—st+x + 1)2

. (15)

This solution captures the intricacy of wave interactions
between A, which includes the amplitude, space x, and

Analytical solution for 63(x,t)
w

O L
-20 -10 0 10

20
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4)

Analytical solution for 63(x,t)

- 5

time t. The characteristic of the wave and its velocity
of propagation is affected by even small variations
in the amplitude A, which also exposes the degree of
sensitivity of the system to any change in A. Under
specific conditions, these dynamics can produce stable
and predictable wave patterns known as “exact
wave patterns.” However, any small variations in the
initial conditions or amplitude A can lead to chaotic
behavior, where the wave’s motion becomes irregular

and unpredictable.
-2 (4)
In2(A) +1°

_ 12In%(4)
17 me@y+1’

In the case where ag= and

- i@ the exact solution for the traveling wave
27 m2@)+1’ g
is derived as follows. The wave speed is given by
1

) JIn2A) +1°

which demonstrates the nonlinear dependence of the
wave speed on the amplitude A.
The corresponding solution for the traveling wave is

_2In? (A)(VPA™ — QAT + AR
(In2 (A) + DA™ + vA¥)?

04(x, 1) = (16)
This solution describes complex wave dynamics with non-
linear interactions between the amplitude A, spatial posi-
tion X, and time ¢. The exponential terms and the multiple
factors involving A highlight that the wave’s shape and
propagation are highly sensitive to changes in 4, x, and ¢,
leading to intricate wave behavior depending on the spe-
cific values of these parameters.

25

20

0 I

-20 -10 0 10 20

Figure 1: Modified Kudryashov method was used to obtain 2D plots of the analytical solutions to Eq. (4): (left) The parameters are given by A = 0.7,
v =20, xo = -4 witht = 0 - 15, N = 1,000, and x = -20 — 20, and (right) the right plot shows the behavior when A = 0.5, v = 200.
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Figure 1 represents the analytical solutions to a certain
equation, obtained using the modified Kudryashov
method. These 2D plots offer insights into the behavior of
the studied system with varying time and spatial variables.
Each colored curve in both plots represents the evolution
of an analytical wave solution over time and space. The
horizontal axis represents the position X, while the vertical
axis represents the analytical solution of the wave 03(x, t)
at specific time values t. In Figure 1 (left), the parameters
are givenas A = 0.7,v = 20, and xo = —4, with time ranging
from ¢ = 0 to t = 15, the number of points N = 1,000, and
space ranging from x = -20 to x = 20. Physically, this
figure reflects an exact wave pattern, where the wave’s
movement through space and time is regular and stable.
All the curves show that the system exhibits predictable
behavior, where the wave gradually rises and reaches a
steady value. This indicates a stable, predictable wave
behavior known as exact wave patterns in nonlinear sys-
tems. In Figure 1 (right), the parameters are changed to
A = 0.5 and v = 200. It can be noted that the right curves
have a larger dispersion and a greater degree of variability
than the left one, which is indicative the higher velocity v
causes more irregular and intricate oscillations. This may
be indicative of the beginning of chaos. The increase of the
velocity v leads to greater nonlinear coupling of the ampli-
tude and spatial modulation, which manifests in chaotic
dynamics in which the waves undergo irregular oscilla-
tions of varying periods.

2.2 IGREM method

In this section, we present the IGREM approach, which is
quite effective in solving nonlinear differential equations
[36-38]. The motivation for this approach is to develop a
consistent and practical technique that is useful in addres-
sing complex equations, which are common in many
applied mathematics areas. We shall investigate the struc-
ture as well as the usage of the IGREM technique in details.
The IGREM method is used on the equation to rewrite Eq.
(7) as

m
() =vo + Qu®((), w#*0,i=123..m,
i=1

where v; are the arbitrary constants. The function ®({)
satisfies the following nonlinear differential equation:

() = GO + yO() + p.

From a general perspective, it is a scaled Riccati equation.
In the case when p = 0 and y = 0, Eq. (17) is in the simplest

(17
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form of a Riccati or Bernoulli equation, which is a standard
equation in many mathematical models.

2.2.1 Solutions to the Riccati equation

The solutions to Eq. (17) depend on the discriminant

U =y? - 4pg. Two cases arise:

Case 1: If u = y? - 4po > 0 with p # 0 or yo # 0, the solu-
tion is given by

_ JECHO)) v
d(() = ﬁtanhl 5 %0
or alternatively,
o) = —ﬁtanh[@]
. NGO
+i sech[f "3

Case 2: If u = y? - 4po < 0 with p # 0 or yo # 0, the solu-
tion takes the form:

T N R Ok '
®(¢) = =i tan| —— o
or alternatively,
o N CR V) B A
d() = ﬁcot[ 5 %"

2.2.2 Traveling wave solutions

Taking into account that the homogeneous balance is
m = 2, the final form of the traveling wave solution can
be expressed as

8(0) = o + M) + v ®({)*

Substituting Eq. (18) into Eq. (4) and simplifying, we derive
a system of algebraic equations. Solving this system yields
the corresponding soliton solutions. The exact traveling
wave solutions are obtained for different families,
depending on the discriminant u = y* - 4pc and asso-
ciated conditions:

Family 1: When u = y? - 4pc > 0 and p # 0, the solutions

are divided into two cases:

(18)

Case 1:

3usech? %\/ﬁ (xg — st + x)

GS(X:t)=_ [1_1 ’

19)
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Case 2:
6iu
(u - D(inh(Ju(xo = st + x)) = 1)

Family 2: When u = y? - 4pag < 0, pg # 0, the solutions
are divided into two cases:

Os(x, 1) = (20)

Case 3:
1
oo 3u sec? [gﬁ(Xo - St+X) 1)
7(X’ ) - ‘u -1 .
Case 4:
1
3!1CSC2[EH(X0 - st+X) )
98(X3 t) =- .

u-1
The IGREM method provides an effective framework for
deriving exact traveling wave solutions to nonlinear differ-
ential equations. By examining different cases based on
the discriminant u, we obtain explicit analytical solutions
that can be applied to various physical models exhibiting
soliton behavior.

Figures 3(a) and 4(a) display the 3D and 2D plots for ©s,
respectively, demonstrating how the solutions evolve over
the time interval from 0 to 20.

Figure 2 depicts the analytical solution Os(x, t)
obtained using the IGREM method, showcasing exact
wave patterns characteristic of solitary waves (solitons)

N |

0.8

0.6

Exact solution for es(x,t)
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in nonlinear systems. In the 3D plot, the wave moves along
the x-axis, preserving its localized structure over time,
indicating energy conservation and stability. The 2D plot
displays the wave profile at different time steps, further
emphasizing the wave’s stability and lack of deformation.
These solutions highlight the precise nature of solitons,
where the interplay between nonlinearity and dispersion
allows the wave to maintain its shape during propagation.
However, in nonlinear systems, chaotic dynamics can
emerge under specific conditions, such as perturbations
or variations in system parameters, leading to irregular
and unpredictable wave behavior. This transition from
exact solutions to a simultaneous understanding of many
phenomena is vital to the theory of nonlinear waves in a
shallow water area.

3 Numerical results

In tthis section, we utilize two numerical techniques,
namely, the uniform mesh method and the adaptive moving
mesh method, to compute the numerical solutions for Eq.
(4). To facilitate this, we define the function Q as follows:

Q = 0 = Oy, (23)

where 0y is the time derivative of the numerical solution,
and 0,,; is the mixed domain second-order of the function

© o o o9
o N o © =

Numerical solution for (—)s(x,t)
o
[6)]

0.4
0.3
0.2
0.1
-40 -30 -20 -10
X

Figure 2: IGREM method was used to find the analytical solution for ©s(x, t). The study parameters were as follows: p = 2.5, g = 1.3, y = 3.6417,

Xo = -8 witht = 0 — 20, my, = 8,000 and x = —40 — 20.
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—_
(=2
-

0.8

Numerical solution for 95(x,t)

20

N

N

'
N

-4

Numerical solution for Qs(x,t)
o

Figure 3: IGREM method was used to find the analytical solution for ®s(x, t) and Qs(x, t), as shown in (a) and (c) as 3D surface plots. (b) and (d)
Adaptive moving mesh numerical solution results. The study parameters were as follows: p = 2.5, 0 = 1.3, y = 3.6417, xo = =8 with t = 0 — 20,

m, = 8,000, and x = —-40 — 20.

of ® with respect to x and the first-order derivative with
respect to the time t. We perform time differentiation on
Eq. (23) and substitute this into Eq. (4), thereby obtaining
the following system of equations:

0 = Oy — =0,

1 (24)
Q = Oy - E(ez)xx = 0.

This system serves as the basis for solving the problem
numerically. In order to find the numerical solutions,
initial conditions are required. Specifically, we determine
the initial conditions for © by evaluating Eq. (19) at ¢ = 0.

Once these conditions for © are established, we compute
the exact solution for Q(x, t), given by

1

0 i 6./u tanh|o [ (xo = st + X) 25)

x,t) = (-u+ 1)3/2

The initial conditions for the system are as follows:
3 1
0(x,0)=- f1seCh2[E\/‘7(X° +x)|,
(26)

Q 0 = &t h 1 +

(X) )_ (_[1 + 1)3/2 an zx/ﬁ(x(] X) .
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Figure 4: IGREM method was used to find the analytical solution for @s(x, t) and Qs(x, t), as shown in (a) and (c) as 2D plots. (b) and (d) Adaptive
moving mesh numerical solution results. The study parameters were as follows: p = 2.5, 0 = 1.3, y = 3.6417, xo = -8 with t = 0 — 20, m, = 8,000,

and x = -40 - 20.

After setting these initial conditions, the uniform mesh or
the adaptive moving mesh techniques can be employed to
arrive at the numerical solutions while maintaining the
analytical solutions.

3.1 Numerical solutions using a
uniform mesh

In this section, a uniform mesh method is applied to a
physical domain of size [0, L] to obtain numerical solutions
for the system in Eq. (24). The domain is divided into m,

subintervals, each of uniform width Ax = mix with the

points denoted as [X; X;+1], where x; = (i - 1)Ax for all
x; €[0,L] and i =1,2,3,...,my + 1. The discretization of

system (24) uses finite difference operators with a uniform
subinterval width Ax, and is expressed as follows:

elt-e 1 . . y
: At - - E((Gxx){ - (exx)zj) - QII = 0,
o/t _ ol 1 .
# - (exx)zl - E(eix)lj = 0, 27
where
0. = 041 — 20; - B4
XX AX2 )

the associated boundary conditions for system (24) are

01 = et,mx+1 =0,
Q1= Q¢my+1 = 0.

The initial conditions are given by
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3usech? [%\/ﬁ (xo + Xx)

@(X, 0) == u- 1 ’
6./I tanh| 1 /I (xo + x)]
Q(x, 0) = Cu+ 1

It is important to note that this numerical system is solved
using the FORTRAN ODE solver known as the DASPK
solver [35].

3.1.1 Stability

In this section, we employ Von Neumann’s stability ana-
lysis to evaluate the stability of the numerical scheme.
System (24) is expressed as
Oy = B — =0,
1 (28)
Q = Oy — E(gg)xx =0.

To linearize system (28), we consider the assumption that
C = O(x; tj). This simplifies system (28) to
O — B —R2=0,

c 29)
2

Q= Oy — 70, =0.

For simplicity, we set C = 1, yielding

0 = By — =0,

1 (30)
Qp — Oy — EGXX = 0.
We can discretize the aforementioned system as
0/ - 0] = (0] - (O] + @],
. . . At .
ol - of =A@ + (0],
2 @D
where
0, = 041 — 20; - B4

AXZ

Next, using the definition from Von Neumann’s analysis for
0/ and Q/, we assume

andthen ©/™ =40/ i=123 .., m,
andthen Q/"'=BQ/ i=123 .., m,

0! = Aletdidx,
’ (32)
91] - BjeLEiAx’

where A and B are the constants. Substituting into system
(32) and simplifying yield:

. 1 .
A8] - 6 = -7(40](e ~ 2 + M)
— 0] (et = 2 + 7)) + AtBQ),
A At . (33
BQ/ -0l = W(A@{(e‘w - 2 + e76ix))

At ;
+ m(A@{(e‘fo -2+ ey,

DE GRUYTER

After simplifying Eq. (33), we obtain

. S . Y
1 1 1 1 1
e/" - A—t@{* - Q" =0 - 2%

. &5 ; .
where
At EAx
61 = —|—4tsin|—l.
o [ 2 ]]

Thus, we arrive at the final equation

51 j+1 j+1 51] j
1- =/ At =1- =0/ 34
[ At]e’ tQ; AL 0, (34)
which simplifies to
-1580/" + @I = g/, (35)

At

By dividing both sides of Eq. (34) by [1 - ﬁ], we obtain

j*1
ja_ A &
i 8 i

a-4

(36)
-1580!"" + QI"' = g/,
resulting in the simplified system:
-At
8 Jj*+1 J
R I

0 @37
-1.56; 1

This system can be expressed as

®j+1_ [®]]
| =lg)

0 (38)

where

-At 7!

81
a-3

-1.56 1

G

According to the Von Neumann’s stability criterion, the
maximum eigenvalues of the matrix G should be G < 1.
Through the use of Mathematical software, it has been
established that the eigenvalues of G are as follows:

1 1
\/E&Atz ’ \/ﬁ&] At?
JEIAtE (AL - 8y) 810t2(At - 81)

/11,2 =

The Von Neumann stability condition holds for contours
such that [A 2> <1, which confirms that the scheme is
unconditionally stable.

A Taylor expansion is used to determine the accuracy of
the finite difference implicit scheme. It has been shown that
the scheme possesses first-order accuracy in time (with an
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error proportional to At) and second-order accuracy in space
(with an error proportional to Ax?). This suggests that the
temporal error decreases at a slower rate than the spatial
error. This balance of the errors guarantees the applicability
of the scheme for numerical simulation, provided that the
size of the time and space steps is adequate.

3.2 Adaptive mesh numerical solutions

An adaptive method of a mesh is described to be employed in
this section to address the numerical problem of mapping
from the computational domain [0,1] to the physical domain
[0, L]. The mapping is written in the form of x = x(n, t),
where 5 : [0,1] — [0, L] for ¢ > 0. In this formulation, the fol-
lowing coordinates introduced a physical coordinate, x, and a
computational coordinate, n. The variables are defined as

0=0(x,t), A=AX1t), Q=Q(k,1t),

where the association x = x(n, t) applies. The adaptive mesh
refinement splits the geometrical area from xy = 0 to X, = L
into m +1 sub-intervals. The mesh x; will be given by
X; = x(n;, t), where n; = # and i = 0,1,..., m. Controlled dif-
ferentiation allowed us to obtain the following:

0= Bxx — (gxx)ﬂy
n

. 1

Q=QuX + E(Qz)x,

where 0,, is computed as

x = |7/ |
nlx," x
Boundary conditions are set as follows:
G)t,l = @t’m+1 = O, Ql = Qm+1 = 0, Yt = 0.

Initial conditions are based on

1
0(n, 0) = —3usech? [Eﬁ(xo +X)

’

Q(n, 0) = 6,/u tanh %\/ﬁ(xo + X)

The methodology focuses on minimizing errors and max-
imizing convergence through different sets of monitoring
functions with MMPDES6 [39-41] as the preferred method,
which is given as

1
MMPDES :x, 5, = = —(@Xp)y,

where 0 < 7 < 1is arelaxation parameter and @ (0, Q, x) is
a curvature-dependent monitoring function targeting
regions with significant solution variations:

Analytical and numerical investigation of exact wave patterns

-—_ 1"

Curvature-based monitor function:
1
=1+ 81 |®xx|Z + 5 |Qxx|2)"-

78, 2,x) (39)

The user-specified weight parameters g, and g, allocate addi-
tional nodes to areas with high error. The approach includes
discretizing the spatial derivative while maintaining a contin-
uous temporal derivative. The coupled equations are solved
using FORTRAN software and ODE solvers, employing finite
differences within the adaptive mesh framework to achieve
accurate solutions.

The IGREM method results, visualized through 3D sur-
face plots, assess the dynamics of the functions 0(x, t) and
Q(x, t) in relation to exact wave patterns and chaotic
dynamics. Analytical solutions (Figure 3(a) and (c))
demonstrate precise, theoretical wave patterns indica-
tive of stable and predictable system behaviors, which
are crucial for verifying the accuracy of numerical
methods. The numerical solutions (Figure 3(b) and (d)),
utilizing an adaptive moving mesh, reflect the system’s
sensitivity to initial conditions, characteristic feature of
chaotic dynamics. The variable mesh density is strategi-
cally employed to better capture complex behaviors in
areas of high gradient. The observable discrepancies
between the analytical and numerical solutions suggest
the presence of chaotic dynamics, particularly evident in
abrupt changes within the numerical plots. This high-
lights the method’s dual capability to capture both the
predictable and intricate behaviors of the modeled
system, illustrating the complexities involved in simu-
lating theoretical precision and chaotic dynamics within
practical computational frameworks.

4 Results and discussion

This study achieved important outcomes using the modi-
fied Kudryashov and IGREM methods to obtain multiple
exact solutions for Eq. (4). The analytical results obtained
were confronted with the results of earlier works on the
same subject in order to relate their accuracy. Such a com-
parison accentuates the originality of the solutions pro-
duced by the modified Kudryashov and IGREM methods
since the ones from the study by Yang [18] were different.
In their study, [18] utilized the trial equation method to
derive traveling wave solutions for the improved Boussi-
nesq equation, expressed solely as trigonometric functions,
without the inclusion of solution plots. In contrast, our
approach, through the modified Kudryashov method, pro-
duces a broader spectrum of traveling wave solutions,
notably in logarithmic forms. Similarly, the IGREM method
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furnishes multiple solutions encompassing both trigono-
metric and hyperbolic functions.

Further investigations were conducted into the numer-
ical solutions of the improved Boussinesq system (24)
employing two numerical methodologies: the uniform
mesh and the adaptive moving mesh methods. It is note-
worthy that the improved Boussinesq Eq. (4) was trans-
formed into system (24) to streamline the numerical solu-
tion process. Our findings reveal that the uniform mesh
scheme (27) attains precise accuracy (¢, h*) while main-
taining unconditional stability. Using these exact solutions,
we established the initial conditions as outlined in Eq. (26)
for the improved Boussinesq system.

The adaptive moving mesh method has demonstrated
its efficacy in addressing a broad spectrum of PDEs, parti-
cularly effective in solving the improved Boussinesq equa-
tion. This method offers highly accurate numerical approx-
imations and substantially reduces computational errors.
The comparative analysis between the exact and numer-
ical solutions underscores the efficiency of the adaptive
moving mesh method. Results are visually represented in
Figures 3 and 4.

—~
)
~

increasing time

0.8

0.6

0.4

0.2

Numerical solution for (—)s(x,t)

-40 -20 0 20

© 5
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In Figure 3, 3D surface plots vividly illustrate the ana-
lytical solutions for Os and Qs in panels (a) and (c), while
panels (b) and (d) depict the corresponding numerical solu-
tions. The parameters used in this analysis include p = 2.5,
o =13,y =36417, x, = -8 with t = 0 —» 20, m = 8,000, and
x = —-40 — 20. Figure 4 shows 2D plots of the same solu-
tions, where the analytical solutions for ©; and Qs are dis-
played in (a) and (c), and the numerical solutions in (b) and
(d). These figures clearly demonstrate that both sets of
solutions align closely and exhibit similar behaviors,
resulting in a negligible error due to its minimal magni-
tude. Figure 5(a) and (b) presents the time evolution of a
solitary wave solution analyzed using the adaptive moving
mesh technique with the monitor function and MMPDE6
for ©5(x, t) and Qs(x, t), respectively, over a time span from
0 to 10, with m, = 500. Figure 5(c) displays the equidistri-
buting coordinate transformation x(n), where the solid
blue line marks the initial uniform mesh. The methodolo-
gies proposed herein hold potential for application across a
diverse range of nonlinear models in contemporary phy-
sics. Figure 3 demonstrates the use of adaptive mesh refine-
ment and the time evolution of a numerical solution. In

—
(=3
-

Numerical solution for Qs(x,t)

increasing time|

N W b

' ' ' '
A O DM = O

-40

-20 0

20

x(&1)

0.4

3

0.6 0.8 1

Figure 5: (a) and (b) Time development of a single traveling wave for Os(x, t) and Qs(x, t). (c) Time evolution of the corresponding mesh x.
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Figure 3 (c), mesh points are redistributed, focusing more
points in regions where the solution changes rapidly. This
method allows for a better approximation in the numerical
solutions, notably in the case of interpolating equations of
state that present discontinuities, such as those describing
the ideal gas or the diffusion of heat in nonhomogeneous
solids. To start with, the points are uniformly distributed,;
however, as time proceeds and the solution becomes more
diverse, the overall grid compresses and point concentra-
tions vary with regions of greater gradient for improve-
ment in accuracy. In Figure 3(a) and (b), the change of the
numerical solutions with time is shown with space and
value of the solution as dependent and independent vari-
ables, respectively. Figure 3 gives rise to a belly-shaped
curve, which shifts to the y-axis and narrows, which
means that some form of diffusion or transmission occurs
across space. The curve moves in the left direction with
time, which shows the movement of the solution with
shape of the curve getting narrower, and therefore, con-
centration or some form of process, which leads to diffu-
sion of the variable, occurs. This is observed in solutions to
problems described, for example, by heat equations or
wave equations in the sense that there exists some propa-
gation of heat or sound waves. The spatial correlation
between those graphs is also clear: once the solution in
the second graph builds up in particular areas, the grid
in the first graph, over time, restructures to fit those areas
of the solution with rapid change in regions, and hence,
accuracy is maintained. The combination of an adaptive
mesh refinement with the evolving solutions concept is
very important in the solving of differential equations
with a very high degree of accuracy.

5 Conclusions

This report presents an exhaustive dimension of the study
where the modified Kudryashov method and IGREM methods
were exactly used in the search for new traveling wave solu-
tions of the extended improved Boussinesq equation. This
study offered exact analytical solutions and also enhanced
numerical solutions through adaptive and uniform mesh
techniques with a drastic improvement of computational
errors in comparison with previous works. The study demon-
strated the bifurcation of the systems under investigation
indicating both ordered and chaotic characteristics of non-
linear dynamics. Such a result increased our comprehension
of the factors governing such systems and particularly, the
initial state and the trajectories in the phase space that bears
many characteristics of chaotic systems. The adaptive mesh
method was very useful in accurately modeling complex
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wave behaviors in areas of high computation requirement.
This method automatically determines the grid points to
restrict the amount of errors, which is instrumental in solving
differential equations of high complexity. Asserting exact
waveforms and chaotic dynamics architectures through the
application of IGREM M, the graphical outcomes exhibited
both stationary and chaotic dynamics in the systems of
interest. This analysis emphasized the efforts of numerical
simulations, which are theoretical in nature and evolves
toward the complex dynamics of real systems exhibiting
both chaos and order. This research pointed to further theo-
retical developments of the modified equation as well as
improved practical tools for nonlinear systems investigation.
Our results show that these techniques allow achieving
clearcut and efficient solutions, thus broadening the pro-
spects of this research in many domains, for instance, in
the dynamics of fluids, material science, geo-processes, or
energy problems. As a result, this study is useful in the con-
text of mathematical physics since it progresses the search for
apt resources for probing some intricate systems and opens
fruitful prospects for further studies, leading eventually to
new findings and technology that improves human beings’
living condition.
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