DE GRUYTER

Open Physics 2025; 23: 20250144

Research Article

Kun Zhang* and Jiangping Cao

Dynamic behavior and modulation instability of
the generalized coupled fractional nonlinear

Helmholtz equation with

https://doi.org/10.1515/phys-2025-0144
received November 20, 2024; accepted March 23, 2025

Abstract: In this work, the main objective is to study the
dynamic behavior of the generalized coupled fractional
nonlinear Helmholtz equation with cubic—-quintic term,
which describes soliton propagation in nonlinear optics
through the theory of dynamical system. First, the original
equation is transformed into an integer-order coupled
partial differential equation using Atangana’s fractional
derivative. Then, considering traveling wave and linear
transformations, a two-dimensional planar dynamical
system is constructed. Through phase portraits, stability
analysis, and parameter sensitivity analysis, the dynamical
behavior of the system is studied. Next, considering the
dynamic behavior of the system under triangular periodic
perturbation and logarithmic perturbation respectively,
the reasons for the evolution of the system behavior pat-
terns under different initial conditions are analyzed.
Through qualitative analysis, we have avoided the limita-
tions and errors of precise solution methods, and obtained
the stability of the system equilibrium point under para-
meter changes, as well as the dynamic behavior of the
system, including periodic and chaotic behaviors. Finally,
by investigating the modulation instability of the system,
the conditions for maintaining stability of the system are
obtained through the linear stability analysis method.
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1 Introduction

As is known to all, with the flourishing development of
calculus in the sixteenth century, integer-order derivative
has been widely applied in fields such as physics, engi-
neering, and biology [1-3]. But with the deepening of
applications and the emergence of high-order practical
problems, new tool-fractional-order derivative has
emerged [4]. In 1730, Euler briefly explored the meaning
of fractional-order derivative in an article and proposed
the concept of fractional-order derivative. In 1812, Laplace
provided a definition of fractional-order derivative
through integration, further advancing the development
of fractional calculus. Subsequently, Liouville formally
provided the first reasonable definition of fractional-order
derivative. Then, Riemann further supplemented the defi-
nition of fractional calculus. The definition of fractional-
order derivative based on the Riemann-Liouville integral
multiplication inverse concept proposed by him had pro-
duced profound influences on the following research in
particular. Thereafter, Griinwald proposed the limiting
form of fractional-order derivative, laying the foundation
for another definition of fractional-order derivative. Let-
nikov conducted in-depth research on the definition of frac-
tional-order derivative in limiting forms, further enriching
the theoretical system of fractional-order derivative.

Due to the fact that fractional-order derivative is a
derivative form between integer-order derivative and
integer-order integral, it can more accurately describe non-
local phenomena and the dynamic behavior of complex sys-
tems. Therefore, it has been applied in many fields such
as signal processing, control systems, physics, biology and
economics. However, fractional-order derivatives defined in
different forms have different characteristics. Riemann-
Liouville fractional-order derivative [5] is the earliest defini-
tion of fractional-order derivative in history and is currently
a relatively well-researched fractional-order derivative in
theory. It defines fractional-order derivative through a com-
bination of integer-order derivative and integral. Caputo
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fractional-order derivative [6] is easier to handle initial value
problems compared to Riemann-Liouville fractional-order
derivative. Griinwald-Letnikov fractional-order derivative
[7] is commonly used in numerical calculation, but its theo-
retical properties are relatively complex. Atangana’s frac-
tional derivative [8] solves the singularity problem in tradi-
tional Caputo fractional derivative, making the system
continuous at the initial moment.

Researchers have constructed a variety of fractional-
order differential equations when studying applied pro-
blems; they combined different types of fractional-order
derivative with different equations based on problem-sol-
ving approaches. For example, the fractional-order
Navier—Stokes equation [9,10] is used to describe the flow
characteristics of non-Newtonian fluids. The fractional
Black-Scholes equation [11] is used to depict the pricing
problem of options with memory effects in financial mar-
kets. The fractional-order Fokker-Planck equation [12] is
used to describe stochastic processes with fractional time
derivative. Due to the different equation models estab-
lished for practical problems in different fields, their char-
acteristics are also different. With further research, the
related issues of fractional-order nonlinear partial differ-
ential equation has always been a hot topic of concern. On
the one hand, researchers focus on solving the problem,
namely, the exact analytical solutions [13,14]. A large
number of classic methods have emerged, such as Fourier
transform method [15], Laplace transform method [16],
Green function method [17], integral transform method
[18], and special function method [19]. On the other hand,
they also focus on studying the existence, stability, initial
value problems, and other aspects of equation solutions
without solving the antecedent problems, such as frac-
tional-order Lyapunov method [20], Fourier spectral
method [21], and operator semigroup theory [22]. In addi-
tion, with the development of computational science, there
has been a heated discussion on using numerical calcula-
tion to approximate the numerical solutions of equations,
such as fractional finite difference method [23], fractional
variational iteration method, fractional meshless method
[24], and fractional spectral collocation method [25].

We are considering using qualitative research
methods for stability analysis, mainly including the use
of bifurcation theory and chaos theory [26-28]. Bifurcation
theory can be used to explore the occurrence and disap-
pearance of bifurcation phenomena, the emergence and
control of bifurcation instability in nonlinear systems.
The bifurcation theory also has important implications
for the study of chaotic phenomena, as continuous bifurca-
tion phenomena are often a precursor to the occurrence of
chaotic phenomena. By delving into the phenomenon of
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bifurcation, we can better understand the dynamic beha-
vior of complex systems and provide powerful mathema-
tical tools for solving practical problems.

In this article, we consider the generalized coupled frac-
tional nonlinear Helmholtz equation with cubic and quintic
nonlinear effects in fiber optic propagation as follows [29]:

k
iBlu + pBYu + E‘Bi‘}u
+(n uf* + n, vHu + (N5 lul* + Ny [v[)u =0

%))
s 2a k 2a
BV + BBV + E%X"v

+ (g (Ul + 0y Py + (g Jul* + ny [v[*)v =0,

where u = u(x, t) and v = v(x, t) are the envelope func-
tions. B describes the transmission characteristics of light
beams in optics, and B > 0 represents the Helmholtz non-
paraxial of the beam of light and reflects the interaction
between the horizontal and vertical components of mono-
chromatic light. k expresses the propagation and diffusion
characteristics of light waves. n; (i = 1, 2, 3, 4) are the real
numbers and the coefficients of each nonlinear term,
respectively; n; > 0 and n; < 0 describe the nonlinear terms
that cause the amplitude of light waves to tend to enhance
focusing or weaken diffusion during propagation. For
a=p=k=1andn, =n, =0, Eq. (L1 is transformed into
the classic coupled nonlinear Helmholtz equations
(CNLHE) [30]. For g = 0, we can obtain a coupled Schro-
dinger equation. The generalized coupled fractional non-
linear Helmholtz equation can describe more complex
wave phenomena. In the traditional Helmholtz equation,
it mainly describes linear, integer-order wave phenomena,
such as the propagation of electromagnetic waves, and
sound waves. in the uniform medium. However, in prac-
tical situations, many wave phenomena are nonlinear, and
the medium may have fractional-order characteristics.
Therefore, the generalized coupled fractional nonlinear
Helmholtz equation can more accurately describe these
phenomena, such as soliton propagation in nonlinear
optics and sound wave scattering in complex media. In
order to analyze Eq. (1.1), we consider using the Atangana’s
fractional derivative, which is defined in the following.

Definition 1.1. [31] AFD of order a € (0, 1] for
g :[a,+) - R is defined as:

1

g(X + E(X + F(a))l_a) - g(X) (12)
&

Bi[g (0] = lim

Theorem 1.2. [31] Let g and h be two a-differentiable func-
tions, satisfying g(x)(h(x)) : [a, +») > R and a € (0, 1],
and the properties can be obtained as follows:
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B (ag(x) + bh(x)) = aBig(x) + bBSh(x), Va, b €R.
(i)) B%(C) = 0, where C is an real constant.
(i) B h(x)) = h(x) BI(gM0)) + §(x)- BL(h(x)).

. g0y _ h(OBIEX)) - B (h(x))
(lv) %g(%) - hZ(X) .

Remark 1.1. AFD retains the nonlocality of general frac-
tional derivative and has the property of being continuous
at the initial moment, thus avoiding singularity problems.
We will also use the following properties about AFD:

1 )7 aeo
X+ m] i

M Bi[g)] =

2-2a
+L
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This article is organized as follows: in Section 2, the
dynamic behavior of the solutions of Eq. (1.1) is discussed
through 2D phase portraits and Poincaré section. Further
research is conducted on the dynamic behavior and
sensitivity analysis of the system under the influence of
perturbations. By visualizing and plotting, the periodic,
quasi-periodic, or chaotic behavior of the system under dif-
ferent parameter assignments is presented. In Section 3, by
analyzing the interaction between nonlinearity and disper-
sion effects, the conditions for the system to obtain steady-
state solutions are obtained. Finally, conclusion is proposed.

2 Dynamics behavior analysis

2.1 Mathematical analysis

The traveling wave transformation for Eq. (1.1) is consid-
ered as follows:

u(x, t) = p(&)e’, v(x, t) = x(§)e®,

a a

1 L 1
§D =00 1) Td @ e
g 1) w “
S—S(X,t)——EX"'@ ; +@ +,

where i? = -1, t is the velocity of the solitary wave. ¢(&),
and y (&) are the functions about ¢, which are the ampli-
tude components of solitary wave and determine the shape
of the solitary wave.
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By substituting the traveling wave transformation (2.1)
into Eq. (1.1), we can obtain

-20¢ - 2Bw’p - ka?p + i(-2tt - 4wt - 2kaT)’
+ (BT + kThp” + 2m,0° + 210 + 20,0x
+2n,0x* =0,

—Zw)(rk}q;);wz)( - ko + i(-2tt - 4pwtt - 2kar)y’ @2
+ (2T + kT + 20 + 200° + 2n,x9°
+ 209" = 0.

Next, by making the transformation y = p@, where
p #0,1and p is a real number, we can combine Eq. (2.2)
and the aforementioned transformation to yield
(2B7%% + kt?)@” + i(-27t - 4BwTt - 2kaT)g’
+ (—20 - 2Bw? - ka?)p
+ 20y + 20,p7)9* + (205 + 2,pH)9° = 0.

23

By separating the real and imaginary parts of Eq. (2.3)
and setting them to zero, respectively, we have
(2B7%% + k12)” + (2w - 2Bw? - ka¥)p
+ (20, + 2n,p2)9% + (203 + 2n,p*)9° = 0,
(-2t - 4Bwtt - 2kat)@’ = 0,

(2.4

then from the imaginary part Eq. (2.4), the relation can be
obtained as follows:

ko
L——1+2Bw. 2.5)

Now, the real part equation can be simplified and
organized as

0" = o + hod + 1305, (2.6)

_ 20+2Bwl+ka? o 2+ 200
where Al = W, A== 28722 + ke?’

2BT%% + kt® £ 0

In order to understand the characteristics described
by the real part equations, the stability and chaotic beha-
vior of dynamical systems will be discussed using qualita-
tive theory.

205 + 2n,0*
A3=—’13 4P

28742 + k2’ and

2.2 Dynamic behavior of system (1.1) via
qualitative analysis

Due to the difficulty of solving nonlinear partial differen-
tial equations, even if exact analytical solutions are
obtained through different methods, some data in the ori-
ginal system may still be lost. Qualitative analysis can be
used to analyze the local or global dynamic behavior of the
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Figure 1: 2D phase portraits of system (2.7): (a) 4 < 0,(b)4 > 0,4 > 0,4 > 0,43 > 0,(c)4 > 0,4 < 0,4 < 0,43 <0,(d)4 =0,4 > 0,4 < 0,4 >0,
(€A=0,4<0,>0,A<0,(A=0,4=2%=0,(94>0,A4>0,4<0,A3<0,(h)4>0,4>0,4>0,43<0,()4>0,%4<0,4>0,4>0,

{(HA>0,A4<0,4<0,5>0,(kA>0,4>0,4<0,4>0,and()4>0,4<0,4 >0, <0.
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system and the sensitivity of system parameters without
solving, which can comprehensively analyze the stability
of the system and the existence of solutions.

Next, we convert Eq. (2.6) into a planar dynamic
system:

do _

=y,
a @27

d
% - Alq) + /12(/)3 + A3(/’5:
with Hamiltonian function

1 1 1 1
H((D,y) = Eyz - EAl(pz - ZA2¢4 - €A3(06 = h, (28)

where h is named the Hamiltonian constant.

At this point, we can understand the asymptotic
changes of solutions and the positions of special points in
the development process of dynamic systems through
phase portrait and bifurcation theory.

Let @(9) = hp + 29® + 19> = ok + ho? + ko*);
thus, A=A -4hA, and ¢'(9) = A4 + 34Lp? + 5k0%.
Assuming that

J=

0 1
o'(9) 0’ = -¢'(9) = ~A — 3h9* - 5o, 2.9)

where ¢; (i =1,2,3, ...) satisfies ¢(¢p) = 0.

Studying the orbits and bifurcations of the planar
phase portrait requires determining the special points of
the system solution in the planar phase portrait, as well as
analyzing the asymptotic development of the solutions
under changes in system parameters. The so-called special
points are the balance points of the dynamic system.

Theorem 2.1. [32] According to the qualitative theory of the

dynamic system, the equilibrium point of the dynamic

system can be divided into the following three categories:

() If ] < 0, then the equilibrium point E(¢,, 0) is the saddle

point.

(i) If J > 0, then the equilibrium point E(¢,, 0) is the center
point.

(it}) If J = 0, then the equilibrium point E(g;, 0) is the degen-
erate saddle point.

There may be five equilibrium points in system (2.7),
and the Hamiltonian equation at these equilibrium points
is as follows: hy = H(¢;, 0) =0, hy = H(p,, 0) = H(p,, 0) =

2_9373 — 2 2 -
1202005 = 22325 + ( 112;32 + 323 0)/A /134\/2’ hs = H((p4, 0) = H(§05, 0)
1220073 - 2432 + (120AF - 3332) VA + AsAVA
485 ’

According to the relationship between the roots and coef-

ficients of system (2.7), we can obtain different phase
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portraits. We focus on equilibrium points and the evolution
trajectories of solutions in the phase portraits, then divide the
phase portraits into the following classifications.

Case 1 A<0 or A>0,A4>0,1>0,13>0
ord>0,A<0,4<0,4<0.

In the event, E (0, 0) is the unique equilibrium point.
When A < 0, E (0, 0) is the saddle point, system (2.7) has a
cross-track I that passes through the saddle point; when
A>0,4>0,4>0,4>0, E (0, 0) is the saddle point,
system (2.7) has a cross-orbit I, that passes through the
saddle point. When 4 > 0,4 < 0,4 < 0,43 <0, E (0, 0) is
the center point, system (2.7) has a periodic closed orbit I3
(Figure 1(a)-(c)).

Case2A=0,4>0,4 <0,43 > 0.

In this situation, system (2.7) has three equilibrium

A
. E[J—ﬁz,o.

them, E (0, 0) is the saddle point and the others are degen-
erate saddle points. System (2.7) has a cross-orbit Iy passing
through the saddle point and a pair of nonclosed orbits I5
passing through the degenerate saddle points (Figure 1(d)).
Case3A4=0,4<0,A4>0,43<0.
In this case, system (2.7) has three equilibrium points E

A A
(0, 0), E[—\/—Z—S,O \ "2 0

case, E (0, 0) is the center point, and the others are although
degenerate saddle points. System (2.7) has a periodic closed orbit
I and a periodic closed orbit I; passing through the degenerate
saddle points, which are cusp point (Figure 1(e)).

Case4A =0, =24 =0.

In the event, system (2.7) has the unique equilibrium
point E (0, 0), which is the degenerate saddle point. There
are a pair of orbits Iy crossing through E (0, 0). At this
point, system (2.7) may have variations of increase and
decrease in different directions, or may remain unchanged
(Figure 1(D).

Case 5 A>0,4>0,,<0,3<0 or A >0,4 >0,
A3 < 0.

In this situation, system (2.7) has three equilibrium

points E (0, 0), E[— /‘Mz;f ,0 /‘@;3“ .0

them, E (0, 0) is the saddle point and the others are center
points. There have a periodic closed orbit Iy (Ig) passing
through E (0, 0) and a pair of periodic closed orbits I}; and
I}; around the center points (Figure 1(g) and (h)).

Case 6 A>0,A <0,1,>0, 3>0 or A <0,4 <0,
A3 > 0.

In this case, system (2.7) has three equilibrium points E

_ [-k+VA
0, 0), E[ RECREN

fifth case, E (0, 0) is the center point and the others are

Among

,and E . But unlike the second

,and E . Among

_AZ*’\M 0

. But unlike the
2/\3

, and E
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saddle points. There are a periodic closed orbits I35 (Tg) and a
pair of nonclosed orbits Iy and [i5 (I17, [1g) (Figure 1()—()).
Case74>0,4>0,A4 <0,A>0.
In the event, system (2.7) has five equilibrium points E

0, 0), E[i /%,o , and E[t /ATJZO] Among them,
+ /_AZM;JZ,O] are saddle points and the
3

others are center points. There are a periodic closed orbits
Iy passing through E (0, 0), a pair of periodic closed orbits
Iy and I around the center pointsm, and a pair of non-
closed orbits I, and Iy (Figure 1(k)).

Case8A4>0,4 <0,4>0,43<0.

In this situation, system (2.7) has five equilibrium

i N - A Ay + A
points E (0, 0), E[i | o ,0 + ITB,(),

unlike the second case, E (0, 0) and E|+ /_"ZZA%JZ,O] are
3

center points and the others are saddle points (Figure 1(1)).

E (0, 0) and E

, and E| But

2.3 Perturbation analysis of system (1.1)

In practical problems, there are many small changes that
affect the system. It is very meaningful to study the impact of
small changes in the system on overall properties. We express
small changes as a perturbation term, and when the system is
based on a fundamental assumption that it is subject to small
disturbances, we analyze the impact of small disturbances on
the system. At the same time, the changes in system proper-
ties can be approximated by making small modifications to
the original state. Next, system (2.7) with perturbation term is
represented as follows:

do _
a

d
d—? = + X9’ + A9’ + I,

(2.10)

| i/’({((/( \
\«\\\\ \\\\&\\{k\k\\\\\\&&&

DE GRUYTER

where i is the perturbation term. We investigate the
impact of different categories of perturbation terms on
system (2.10).

When h = € cos(ué), where € denotes the amplitude
and u is the frequency of the perturbation term.
Specifically, this type of perturbation term is a triangular
periodic perturbation term, whose amplitude and periodi-
city determine its small and periodic impact on
system (2.10).

When i = eIn(1 + pé), where € and y are the ampli-
tude and the wave number of the perturbation term.
Specifically, the characteristic of this perturbation term is
that its amplitude changes exponentially with time or spa-
tial position. During the propagation of optical fibers, the
nonuniformity of the medium or other factors may cause
the energy of the wave to decay exponentially.

Due to the different effects of different types of pertur-
bations on the system, and the varying effects of perturba-
tions on the system when the system parameters and
initial values are different, in order to understand these
characteristics, numerical calculations and visualization
are used to draw 2D and 3D phase portraits with different
types of perturbation terms under different parameter
conditions using Maple software. In addition, since contin-
uous systems are difficult to observe motion trajectories
and analyze laws in high-dimensional situations, discreti-
zation and dimensionality reduction are performed on
high-dimensional continuous systems, transforming the
continuous trajectories that are originally difficult to
directly observe and analyze in phase space into discrete
points on the cross-section, thus simplifying the complexity
of the problem. Here, the Poincaré sections are drawn, and
the distribution law on the cross-section can reflect the
motion characteristics of the system. Of course, consid-
ering the impact of changes in system parameters, we
can also discuss sensitivity analysis of parameters and
draw sensitivity analysis figures.

Gl
N -
il \

M ‘\‘
\ \ \ \ ‘
\ ‘ M g

w MH* "

Figure 2: Perturbation analysis of system (2.10) with i = € cos(u¢) for system parameters A, = -1, &, = =4, A3 = -2, € = 0.5, u = 2: (a) 2D phase
portrait, (b) 3D phase portrait, (c) Poincaré section, and (d) sensitivity analysis.
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A/ W

Figure 3: Perturbation analysis of system (2.10) with i = & cos(u¢) for system parameters Ay = =1, &, = 3, A3 = —%, € =05, u =2:(a) 2D phase
portrait, (b) 3D phase portrait, (c) Poincaré section, and (d) sensitivity analysis.

When h = gcos(ug), for 4 =-1, 4 =-4, %=-2, ¢=05 and u = 2 in Figure 7, for 4 = —%, Ao =4, 0 =-2,

€=05,and ¢ =2 in Figure 2, for 4 = -1, 1, =3, &3 = —%, €=0.5, and u = 2 in Figure 8.

€=05, and u = 2 in Figure 3, for A = % X = =5, A = =2, When £ = eln(l + pg), for = -1, A = -4, A = _E’
e=05 and g =2 in Figure 4, for & = 3, % =4, 4 = 2, 7 OHandu=dinFigured fork =1 4 =3 4 = =,
£=05, and u = 2 in Figure 5, for 4 = _%, A= —4 dg =2 €=03,and 4 = 4 in Figure 10, for 4 = ¢, & = =5, 3 = -2,

= = i i :g = = -
£=05, andy=ZinFigure6,f0r)t1=%,/12=—4,A3=2, €=03, and ¢ = 4 in Figure 11, for 4 = ¢, b =4, &3 = -2,

IR
THI

I

(a) (b) (c) (d)

Figure 4: Perturbation analysis of system (2.10) with i = € cos(u¢) for system parameters A, = %, A =-5,4=-2,€=05, u=2:(a) 2D phase
portrait, (b) 3D phase portrait, (c) Poincaré section, and (d) sensitivity analysis.
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Figure 5: Perturbation analysis of system (2.10) with i = € cos(u¢) for system parameters A, = %, A =4,A=-2,€ =05, = 2:(a) 2D phase portrait,
(b) 3D phase portrait, (c) Poincaré section, and (d) sensitivity analysis.
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(a) (c(; (d)
Figure 6: Perturbation analysis of system (2.10) with i = & cos(u&) for system parameters A, = -g, Jo=-4,=2¢€=05,u=2:(a) 2D phase
portrait, (b) 3D phase portrait, (c) Poincaré section, and (d) sensitivity analysis.
i) g I
W g w [
(a) () (d)

Figure 7: Perturbation analysis of system (2.10) with it = & cos(u¢) for system parameters A, = %, A =4, =2,€=0.5,u = 2:(a) 2D phase portrait,

(b) 3D phase portrait, (c) Poincaré section, and (d) sensitivity analysis.

€ =0.3, and y = 4 in Figure 12, for A = —%, A
€=0.3, and u = 4 in Figure 13, for 4 = % A =

€=10.3, and ¢ = 4 in Figure 14.

Through the visualization and numerical calculation,
we can see that when system (2.10) is subjected to trian-
gular periodic perturbation # = € cos(ué), under certain

(a)

= —4, /13 = 2,

initial conditions, the system may exhibit periodic beha-
vior (Figures 2, 3, 6, 8), quasi-periodic behavior (Figure 5),
or chaotic behavior (Figures 4, 7). Specifically, the system
exists limit-cycle, such as Figure 2. The reason for the dif-
ferent types of behaviors mentioned earlier is that trian-
gular periodic perturbation may cause periodic changes in
the refractive index distribution of optical fibers. The

3
S
8

-0.3 -02 -0.1 0 15

(©) (d)

Figure 8: Perturbation analysis of system (2.10) with h = € cos(ué) for system parameters A, = —%, A =4, =-2,6=05,u=2:(a) 2D phase
portrait, (b) 3D phase portrait, (c) Poincaré section, and (d) Sensitivity analysis.
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Figure 9: Perturbation analysis of system (2.10) with i = € In(1 + u&) for system parameters 4 = -1, 4,
portrait, (b) 3D phase portrait, (c) Poincaré section, and (d) sensitivity analysis.
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Figure 10: Perturbation analysis of system (2.10) with i = eIn(1 + u&) for system parameters 4y = -1, 4 =3, A3 = —%, €=0.3, u =4:(a) 2D phase
portrait, (b) 3D phase portrait, (c) Poincaré section, and (d) sensitivity analysis.

during transmission. In addition, triangular periodic per-
turbations may also alter the dispersion characteristics of
optical fibers, including material dispersion, waveguide
dispersion, and mode-to-mode dispersion. These changes
in dispersion characteristics can affect the pulse width and

changes will affect the transmission path and speed of light
waves in optical fibers, thereby altering the phase and
group velocity of optical signals. The changes in refractive
index may also cause coupling between modes, leading
to energy transfer and redistribution of optical signals

: ,,J/m}’;
y - 3 :i ’% 0

i st 4

A o I “\‘MI\nhIH\}JHUHHHHM

o R 15 WHHH HIHH\H
ﬁ* 2
7 03 04 05 06 (pD»'/ 08 09 10
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Figure 11: Perturbation analysis of system (2.10) with i = € In(1 + u¢) for system parameters A, = %, A =-5A =-2,¢=03, u=4:(a) 2D phase

portrait, (b) 3D phase portrait, (c) Poincaré section, and (d) sensitivity analysis.
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(b)

} 2 NI
N

Figure 12: Perturbation analysis of system (2.10) with i = €In(1 + ué) for system parameters 4, = %, A =4, =-2,=03, u=4:(a) 2D phase
portrait, (b) 3D phase portrait, (c) Poincaré section, and (d) sensitivity analysis.

shape of optical signals, thereby affecting the transmission
bandwidth and signal quality of optical fibers. When the
system is affected by logarithmic perturbation
h =¢eln(1 + u&), due to the nonperiodicity of logarithmic
perturbations and their interaction with nonlinear terms,
system (2.10) exhibits chaotic behavior (Figures 9-14).

(b)

3 Modulation instability analysis

Through qualitative analysis of the dynamic behavior of
Eq. (1.1), we find that optical solitons may exhibit instability
during fiber propagation due to the influence of perturba-
tions on Eq. (1.1). This instability arises from the

10
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: 50
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Figure 13: Perturbation analysis of system (2.10) with i = € In(1 + u) for system parameters 4 = —%, A =-4,13=2,e=03, 1 =4:(a) 2D phase
portrait, (b) 3D phase portrait, (c) Poincaré section, and (d) sensitivity analysis.

Figure 14: Perturbation analysis of system (2.10) with i = € In(1 + u&) for system parameters A = %, A =-4,1=2,¢=03, u=4:(a) 2D phase
portrait, (b) 3D phase portrait, (c) Poincaré section, and (d) sensitivity analysis.
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modulation effect on the steady-state caused by the inter-
action of nonlinear and dispersion effects.

Considering the combined effect of second-order dis-
persion and nonlinear effects, and taking into account the
influence of perturbations, it is assumed that Eq. (1.1) has
the following steady-state analytical solution u(x,t) =
(JPo + q(x, )X, v(x, t) = (Py + gy(x, 1))e?™, and
0(x) = Pyox, where P, is input power, 8(x) denotes the
nonlinear phase shift, and g;(x, t) (i = 1,2) represent the
perturbations. We can substitute the aforementioned
expression into Eq. (11), and consider g¢(x,t) =
g:(x,t),i =3 -1, i=1, 2 at the same time. Taking into
account both fractional derivatives and linearization, we
can obtain

1 1-a 1 2-2a
l[“ m] @ ”*[“ m] i
k 1 3.1

_ = \2-2ap”
+ 2(x+ F(a)) Qe

+ 3Po(y + Nq + 5P02(’73 +ny)q = 0.
From Eq. (3.1), it can be seen that the expression of
perturbation q(x, t) is as follows:
. 1 )" 1)
qix,t) = alel[bl[“@] _bz[ﬁm

(3.2)

a

=i
+ ape

by

1) 1
m] "’Z[”m

il

r T T

=2 -1 0 1
b,(GHz)

0=09|

[
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Figure 15: MI gain of G(b,) with the influence of fractional derivative
order in group velocity dispersion regime for B = =5ps?/km, Py = 0.5 W,
k=1,n=-2,n=-2,n=-2andn, = -2.

Dynamic behavior and modulation instability of Helmholtz equation

-—_ 1"

where ¢; and a; are all small parameters, and b, and b, are
the wave number and frequency of the perturbation
q(x, t), respectively. The two terms of Eq. (3.2) represent
the simultaneous occurrence of two different frequency
components wy + b, and wy - b,.

Eq. (3.1) and Eq. (3.2) provide two homogeneous equa-
tions about a; and ay;, which have nontrivial solutions when
it satisfies the following dispersion relation:

(3.3)

2 6Po(n, + 1) + 10P5(n; + 1)
bl=¢b2\/-7ﬁb§+ R

From the dispersion relationship of Eq. (3.3), we can
obtain that the stability of steady-state solution under per-
turbations mainly depends on whether the transmitted
beam in the fiber is in the normal dispersion region or
the anomalous dispersion region.

When B(3Py(n, + n,) + 5P4(n; + 1)) > 0, ie., in the
normal dispersion region, the steady-state solution is stable
when subjected to perturbations. When B(3Py(n, + n,)+
5P¢(n; + ny)) < 0, ie., in the anomalous dispersion regime,
the perturbation q(x, t) will increase exponentially, and the
steady-state solution will have inherent instability in the
anomalous dispersion region.

We can obtain the gain of perturbation ¢(x,t)

power law  growth, ie, G(b(2)) = Im(by) = |by
+1,) +10P¢(n, +
\/—%bzz + 6Py(ny ﬂz)kalz()Po('lg Ny) ) when B(?’PO(rll + ’12) +

5P¢(n; + n,)) < 0. When the dispersion B = -5ps?/km, the
initial power Py = 0.5W, the nonlinearity coefficient k = 1,
N, =-2,n,=-2ny=-2, and n, = -2, the gain spectrum
function graph of modulation instability is as follows:

In Figure 15, we can see that the gain spectrum G(b,) is
symmetric about b, = 0, and the maximum value of the
gain spectrum is related to the dispersion f, the initial
power Py, and the fractional-order a.

4 Conclusion

In this work, we mainly focus on the generalized coupled
fractional nonlinear Helmholtz equation with cubic and
quintic nonlinear effects in fiber optic propagation. In
order to understand the dynamic behavior of the equation,
through processes such as fractional derivatives, traveling
wave transformations, and linear transformations, the
equation is transformed into a two-dimensional planar
dynamical system. Then through qualitative analysis,
including phase portrait and bifurcation, parameter sensi-
tivity analysis, the dynamic behavior of the system is com-
prehensively revealed. Meanwhile, considering that the



12 —— Kun Zhang and Jiangping Cao

stability of the system may be affected by disturbances, we
analyze the dynamic behavior of the system under two
different types of disturbances and provide possible rea-
sons for the changes. Finally, the conditions for the system
to maintain stability are provided through modulation
instability. Due to the fact that the original equation is a
fractional-order partial differential equation, the degree
of its nonlinear terms is relatively high, reaching three
and five degrees. Under the interaction between the non-
linear and dispersion terms, light waves produce self-
modulation and self-steeping effects. When the interac-
tion between the nonlinear and dispersion terms reaches
equilibrium, optical solitons can be formed. Meanwhile,
this interaction inevitably leads to modulation of the
steady state, resulting in modulation instability. The study
of modulation instability not only helps to deepen the
understanding of the essence of nonlinear optical phe-
nomena, but also provides new technological means
and solutions for fields such as fiber optic communication
and optical information processing. When we make a
series of transformations to the system, we may overlook
some of the effects, but such processing is a necessary
means of analysis. In future research, different methods
can be considered and comparative analysis can be
conducted.
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