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Abstract: This work is a major extension of our previous
work in which we have solved a 2D nonconstant coefficient
advection diffusion equation with nonconstant advection and
constant diffusion terms on a square domain using the coeffi-
cient of dissipation = =D D 0.00041 2 using three finite dif-
ference methods, namely, Lax–Wendroff, Du Fort–Frankel
and nonstandard finite difference methods. In this current
work, the first novelty is that we solve a 2D nonconstant
advection diffusion equation on an irregular domain with a
more complicated initial profile and considered five combi-
nations for values of D1 and D2. Moreover, the second novelty
is the study of numerical dispersion and dissipation of Lax
Wendroff scheme for the five combinations of D1 and D2.
Third, we present some numerical profiles from the three
methods for the five scenario at two times: =T 0.1, 1. The
fourth novelty is the plot of themodulus of the exact amplifica-
tion factor, modulus of amplification factor, and relative phase
error vs phase angle along x direction vs phase angle along y

direction for the Lax–Wendroff scheme at = =x y 0.5 for the
five scenarios.

Keywords: advection diffusion, Lax–Wendroff, Du Fort–
Frankel, nonstandard finite difference, nonconstant coeffi-
cient, stability, irregular domain

1 Introduction

The advection diffusion equation is one of the most impor-
tant partial differential equations in science and it repre-
sents a superposition of two different transport processes:
advection and diffusion [1,2]. This model is used to describe
several physical phenomena such as transport of pollu-
tants [1], flow in porous media [3], water transport in soils
[4], mass transfer [5], and heat transfer in a draining
film [6].

Several numerical methods have been developed to
solve advection diffusion equation with constant coeffi-
cients in one, two, and three dimensions (refer [7–14]
and references therein).

A novel finite difference scheme following the work of
Dehghan [7] is used along with the Crank–Nicolson and
Implicit Chapeau function to solve 3D advection diffusion
equation with given initial and boundary conditions [13,15].
The authors compare the performance of the three methods
by comparing L2-error, ∞L -error, and some performance
indices. Appadu et al. [10] used three numerical methods
to solve two test problems described by advection diffusion
equations. The first test problem considered has a steep
boundary layers near =x 1 and this is a challenging pro-
blem as many methods are affected by non-physical oscilla-
tion near steep boundaries.

Nonstandard finite difference methods (NSFDs) are an
established class of methods to solve reaction diffusion,
advection diffusion partial differential equations in parti-
cular. Verma and Kayenat [16] derived an exact finite dif-
ference using a solitary wave solution and also proposed a
nonstandard finite difference schemes for the generalised
Burgers–Huxley equation subject to certain initial and
boundary conditions. Some work on comparison of exact
finite difference methods and NSFDs for two classes of
nonlinear advection diffusion reaction equations and for
the nonlinear generalised advection diffusion reaction
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equations are detailed in the study by Kayenat and Verma
[17,18]. Verma and Kayenat constructed NSFD schemes for gen-
eralised Burgers–Fisher equation [19]. Nonconstant coefficient
partial differential equations have applications inmany fields
such as: engineering science, quantum mechanics, financial
mathematics, isomonodromic deformations, Seiberg–Witten
invariants and quantum field theory, shallow water waves,
plasmas, solitons, and optics [20]. Using the diffusion damping
and the variable coefficient advection methodology, El-
Nabulsi [21] concluded that the problem of non-uniform Ura-
nium burnup in nuclear reactor may be reduced.

Hutomo et al. [22] solved an advection diffusion equation
using the Du Fort–Frankel method on square and irregular
domains. The irregular domain considered is based on the lake
of Hasanuddin University. The lake is located at Tamalanrea
Campus in Makassar and is of length ± m41 and width ± m34 .

Hutomo et al. [22] solved the 2D advection diffusion
equation
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where C is the concentration of certain species, �∈x is a
space variable, t represents the time with ≥t 0, u and v are
velocity coefficients in x and y directions, D1 and D2 are
the diffusion coefficients in x and y directions, respec-
tively. They used = =D D 0.000131 2 and
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The vector field of the domain of Hasanuddin University
lake is shown in Figure 1. To run the numerical experiment,
they used the spatial step sizes, = =x yΔ 0.025, Δ 0.03125 and
temporal step size, =k 0.005. We note that no stability analysis
of the numerical method was performed by Hutomo et al. [22].

This study is organised as follows: in Section 2, we describe
the numerical experiment considered. In Sections 3, 4, and 5, we
construct the three methods namely Lax–Wendroff, Du Fort–
Frankel and NSFD and study the stability using approach of
Hindmarsch et al. [23] or obtain condition for which the NSFD
method replicates positivity of the continuousmodel. In Section 6,
we study the dissipation and dispersion characteristics of Lax–
Wendroff scheme. Numerical results are displayed in Section 7.
Section 8 highlights the salient features of the study.

2 Numerical experiment

Based on the problem considered by Hutomo et al. [22],
which was described in Section 1, we propose to solve
the following problem. We solve
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where D1 and D2 are given diffusion coefficients,
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for ∈x y, [0, 1] and [ ]∈t T0, . The initial conditions are given by
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Figure 1: The vector field of velocity flow of the domain [22].

Figure 2: Domain considered for our study.
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We note that ( ) =C x y t, , 1 along the boundary of the
domain. The irregular domain is given in Figure 2 and
the initial profile is shown in Figure 3.

We consider five scenarios.
Scenario 1: = =D D 0.00041 2 .
Scenario 2: = =D D 0.041 2 .
Scenario 3: = =D D 0.41 2 .
Scenario 4: =D 0.041 and =D 0.42 .
Scenario 5: =D 0.41 and =D 0.042 .
For stability, we use the approach of Hindmarsch et al.

[23] to find the range of values of k for two cases:
Case 1

Phase angle along x -direction, =ω πx and phase angle
along y-direction, =ω πy . We also fix = =x yΔ Δ 0.05.

Case 2

When ωx and ωy tend to zero, we also choose
= =x yΔ Δ 0.05.

3 Derivation and stability of
Lax–Wendroff method

The Lax–Wendroff method when used to discretise Eq. (1)
is given by [24]
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Eq. (2) can be written as
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and the amplification factor is
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3.1 Scenario 1

A detailed explanation on the stability of Lax–Wendroff
scheme for scenario 1 is provided in [24]. We describe
briefly some steps involved for the first scenario.

The amplification factor is obtained and we replace
D1 and D2 by 0.0004. Then, case 1 is considered whereby
we fix =ω πx and =ω πy . We replace ui j, and vi j,

by + −x y0.01 0.005 0.005i j
and − − +x y0.01 0.005 0.005i j

,
respectively. We also fix = =x yΔ Δ 0.05 in Eq. (4) and
obtain the amplification factor as

( )= − − + −ξ k k x y1 1.29 1,600 0.01 0.005 0.005 .i j

2 2

We obtain 3D plots of ∣ ∣ξ vs ∈x [0, 1] vs ∈y [0, 1] in
Figures 4 and 5. We increase k gradually, starting from a
small k say =k 0.001 until ∣ ∣ ≤ξ 1 is no longer satisfied. The
range of values of k is

< ≤k0 1.16. (5)

We then consider case 2 which is the situation whenωx

and ωy tend to zero. We consider (4), replace ui j, and vi j, by
required expressions and fix = =x yΔ Δ 0.05 and use the

approximations: ( ) ≈ω ωsin x x and ( ) ≈ −ωcos 1x
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Figure 3: Initial profile.
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Figure 4: 3D plots of the modulus of the amplification factor of
Lax–Wendroff scheme vs ∈x [0, 1] vs ∈y [0, 1] for =k 0.001, 0.01, 0.1 for
scenario 1 and case 1. (a) =k 0.001, (b) =k 0.01, and (c) =k 0.1.

Figure 5: 3D plots of the modulus of the amplification factor of
Lax–Wendroff scheme vs ∈x [0, 1] vs ∈y [0, 1] for =k 1.0, 1.16, 1.18 for
scenario 1 and case 1. (a) =k 1.0, (b) =k 1.16, and (c) =k 1.18.
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also fix = =D D 0.00041 2 and solving for ∣ ∣ ≤ξ 12 with
>k 0, gives

< ≤k0 100. (6)

Combining inequalities (5) and (6) gives the range of values
of k for stability as < ≤k0 1.16.

3.2 Scenario 2

We consider Eq. (4) and substitute D1, D2, by 0.04 and xΔ ,
yΔ by 0.05. Case 1 is considered where we fix = =ω ω πx y .

We next replace ui j, and vi j, in terms of xi and y
j
. This gives

( )= − − + −ξ k k x y1 128.01 1,600 0.01 0.005 0.005 .2 2

3D plots of ∣ ∣ξ vs ∈x [0, 1] vs ∈y [0, 1] are obtained in Figures
6 and 7. Range of values of k for stability is < ≤k0 0.015.

We next make use of Eq. (4) and study stability of the
method for case 2. This gives ∣ ∣ ( )≈ −ξ k1 0.012 2 and solving
∣ ∣ ≤ξ 12 gives < ≤k0 100.

Hence, the range of values of k for stability for sce-
nario 2 with = =x yΔ Δ 0.05 is < ≤k0 0.015.

3.3 Scenario 3

We consider Eq. (4) and work with case 1, i.e. = =ω ω πx y .
We then substitute D1, D2 by 0.4 and xΔ , yΔ by 0.05 and
replace ui j, , vi j, in terms of xi and y

j
. This gives

( )= − − + −ξ k k x y1 1280.01 1,600 0.01 0.005 0.005 .2 2

The range of values of k for stability is < ≤k0 0.0015 as
shown in Figure 8.

Figure 6: 3D plots of the modulus of the amplification factor of
Lax–Wendroff scheme vs ∈x [0, 1] vs ∈y [0, 1] when =k 0.001, 0.01 for
scenario 2 and case 1. (a) =k 0.001 and (b) =k 0.01.

Figure 7: 3D plots of the modulus of the amplification factor of
Lax–Wendroff scheme vs ∈x [0, 1] vs ∈y [0, 1] when =k 0.015, 0.016 for
scenario 2 and case 1. (a) =k 0.015 and (b) =k 0.016.
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We now consider Eq. (4) for case 2. We obtain ∣ ∣ ≈ξ 2

( )− k1 0.01 2 and solving for ∣ ∣ ≤ξ 12 gives < ≤k0 100.
Hence, the range of values of k for stability for sce-

nario 3 is < ≤k0 0.0015.

3.4 Scenario 4

Starting with Eq. (4), we substitute D1, D2 by 0.04 and 0.4,
respectively, and fix = =x yΔ Δ 0.05. Case 1 is considered
whereby we fix = =ω ω πx y . Replacing ui j, , vi j, in terms of
xi and y

j
gives the amplification factor

( )= − − + −ξ k x y k1 704.01 1,600 0.01 0.005 0.005 .2 2

3D plots of ∣ ∣ξ vs ∈x [0, 1] vs [ ]∈y 0,1 are obtained and
range of values of k for stability is < ≤k0 0.00284, as
shown in Figure 9.

We then consider case 2. We obtain ∣ ∣ ( )≈ −ξ k1 0.012 2

and solving for ∣ ∣ ≤ξ 12 gives < ≤k0 200.
Hence, the range of values of k for stability for sce-

nario 4 is < ≤k0 0.00284.

3.5 Scenario 5

Starting with Eq. (4), we substitute D1, D2 by 0.4 and 0.04,
respectively, and fix = =x yΔ Δ 0.05. We obtain exactly the
same amplification factor as in scenario 4. Hence, the
range of values of k for stability for scenario 5 with

= =x yΔ Δ 0.05 is < ≤k0 0.00284.

4 Derivation and stability of Du
Fort–Frankel method

The Du Fort–Frankel method is a modification of
the centred time centred space scheme [22,25] and when
used to discretise Eq. (1) is given by [22]
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where

Figure 8: 3D plots of the modulus of the amplification factor of
Lax–Wendroff scheme vs ∈x [0, 1] vs ∈y [0, 1] for some values of k for
scenario 3 and case 1. (a) =k 0.001, (b) =k 0.0015, and (c) =k 0.0016.
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( ) ( )

( ( ))

( ( ))

( )
( )

( )
( )

−
+

−
+

−

+
+ −

+
− − +

= − − +

+ − − +

−
+ − + −

− −

− −

ξ ξ

k

x x

x

y y

y

x y

x
I ω

x y

y
I ω

D

x
e ξ ξ e

D

y
e ξ ξ e

2

0.005

2Δ

0.005

2Δ

0.01 0.005 0.005

2Δ
2 sin

0.01 0.005 0.005

2Δ
2 sin

Δ

Δ
.

i i j j

i j

x

i j

y

Iω Iω

Iω Iω

1
1 1 1 1

1

2

1

2

2

1

x x

y y

(8)

Figure 9: 3D plots of the modulus of the amplification factor of
Lax–Wendroff scheme vs ∈x [0, 1] vs ∈y [0, 1] for some values of k for
scenario 4 and case 1. (a) =k 0.001, (b) =k 0.0028, (c) =k 0.0029.

Figure 10: 3D plots of the coefficients of −Ci j
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, 1 vs ∈x [0, 1] vs
∈y [0, 1] for scenario 1. (a) Coefficient of −Ci j
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Since = =x yΔ Δ 0.05, Eq. (8) can be rewritten as
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We next use the approach of Hindmarsh et al. [23] to find
the range of values of k when = =x yΔ Δ 0.05 for the five
scenarios described in Section 2.

4.1 Scenario 1

We make use of Eq. (9) and replace D1, D2 by 0.0004.
For case 1, fixing =ω πx and =ω πy , we obtain

( ) ( )+ + + − =k ξ kξ k1 0.64 1.3 0.64 1 0.2

Solving for ∣ ∣ ≤ξ 1, we obtain

< < ∞k0 . (10)

For case 2, we obtain the following equation:
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Figure 11: 3D plots of the coefficients of −Ci j
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, 1 vs ∈x [0, 1] vs
∈y [0, 1] for scenario 2. (a) Coefficient of −Ci j

n

1, and (b) coefficient of −Ci j

n

, 1.

Figure 12: 3D plots of the coefficients of −Ci j
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, 1 vs ∈x [0, 1] vs
∈y [0, 1] for scenario 3. (a) Coefficient of −Ci j
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1, and (b) coefficient of −Ci j
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, 1.
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For →ω ω, 0x y and on solving ∣ ∣ ≤ξ 1, we obtain

< ≤k0 8.873565. (11)

Combining the two inequalities (10) and (11) gives the range
of values of k for stability as ≤ ≤k0 8.873565.

4.2 Scenario 2

We use (9) and consider case 1. We also replace D1 and D2

by 0.04.
Fixing =ω πx and =ω πy gives

( ) ( )+ + + − =k ξ kξ k1 64 128.02 64 1 0.2

Solving for ∣ ∣ ≤ξ 1 gives < ≤k0 100.
For case 2, we obtain
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Ikξ y ω ω Ikξ x ω ω

kξ ω ω k

1 64 127.98 0.4

0.2 0.2

32 64 1 0.

x y

x y x y

x y

2

2 2

Solving for ∣ ∣ ≤ξ 12 when →ω 0x and →ω 0y gives
≤ ≤k0 0.883918. Combining the range of values of k for

cases 1 and 2 gives < ≤k0 0.883918 for stability.

4.3 Scenario 3

For case 1, replacing D1, D2 by 0.4 in Eq. (9) and fixing
=ω πx , =ω πy , we obtain the following equation:

( )+ + + − =k ξ kξ k1 640 1280.02 640 1 0.2

Solving ∣ ∣ ≤ξ 1 gives < ≤k0 1.

Figure 13: 3D plots of the coefficients of −Ci j

n

1, and −Ci j

n

, 1 vs ∈x [0, 1] vs
∈y [0, 1] for scenario 4. (a) Coefficient of −Ci j

n

1, and (b) coefficient of −Ci j

n

, 1.
Figure 14: 3D plots of the coefficients of −Ci j

n

1, and −Ci j

n

, 1 vs ∈x [0, 1] vs
∈y [0, 1] for scenario 5. (a) Coefficient of −Ci j

n

1, and (b) coefficient of −Ci j

n

, 1.
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For case 2, replacing D1, D2 by 0.4, we obtain

( ) ( )

( ) ( )

( )

+ − + −
− − + −

+ + + − =

k ξ kξ Ikξ ω ω

Ikξ y ω ω Ikξ x ω ω

kξ ω ω k

1 640 1279.98 0.4

0.2 0.2

320 640 1 0.

x y

x y x y

x y

2

2 2

Solving for ∣ ∣ ≤ξ 1 when →ω ω, 0x y gives ≤ ≤k0 0.279510.
Hence, the range of values of k for stability for scenario 3
is < ≤k0 0.279510.

Table 1: Range of values of k for stability when = =x yΔ Δ 0.05 for the three numerical methods for the five scenarios

Scenario Lax–Wendroff Du Fort–Frankel NSFD

1 < ≤k0 1.16 < ≤k0 8.873565 Not positive definite
2 < ≤k0 0.015 < ≤k0 0.883918 = × −k 1.3135 10 3

3 < ≤k0 0.0015 < ≤k0 0.279509 = × −k 1.3135 10 3

4 < ≤k0 0.00284 < ≤k0 0.376892 = × −k 1.3135 10 3

5 < ≤k0 0.00284 < ≤k0 0.376892 = × −k 1.3135 10 3

Figure 15: 3D plots of exact amplification factor and amplification factor
vs [ ]∈ω π0,x vs [ ]∈ω π0,y for the Lax–Wendroff scheme for scenario 1
using =k 0.1 and =k 0.01. (a) =k 0.1 and (b) =k 0.01.

Figure 16: 3D plots of RPE vs ∈ωx [0, 1] vs ∈ωy [0, 1] for the
Lax–Wendroff scheme for scenario 1 using =k 0.1 and =k 0.01.
(a) =k 0.1 and (b) =k 0.01.
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4.4 Scenario 4

We consider Eq. (9) and replace D1, D2 by 0.04 and 0.4,
respectively. Fixing =ω πx and =ω πy gives the quadratic
equation

( )+ + + − =k ξ kξ k1 352 704.02 352 1 0.2

Solving ∣ ∣ ≤ξ 12 gives < <k0 1.
For case 2, we obtain

( )+ − + − =k ξ kξ k1 352 703.98 352 1 0,2

and solving for ∣ ∣ ≤ξ 12 gives ≤ ≤k0 0.376892. Hence,
the range of values of k for stability for scenario 4 is

< ≤k0 0.376891.

4.5 Scenario 5

We consider Eq. (9) and replace D1, D2 by 0.4 and 0.04, respec-
tively. Fixing =ω πx and =ω πy gives the quadratic equation

( )+ + + − =k ξ kξ k1 352 754.02 352 1 0.2

Solving for ∣ ∣ ≤ξ 12 gives < <k0 1.
For case 2, we obtain

( )+ − + − =k ξ kξ k1 352 703.98 352 1 0,2

and solving for ∣ ∣ ≤ξ 12 gives ≤ ≤k0 0.376892. Hence,
the range of values of k for stability for scenario 5 is

< ≤k0 0.376892.

Figure 17: 3D plots of exact amplification factor and amplification factor
vs [ ]∈ω π0,x vs [ ]∈ω π0,y for the Lax–Wendroff scheme for scenario 2
using =k 0.01 and =k 0.001. (a) =k 0.01 and (b) =k 0.001.

Figure 18: 3D plots of RPE vs ∈ωx [0, 1] vs ∈ωy [0, 1] for the
Lax–Wendroff scheme for scenario 2 using =k 0.01 and =k 0.001.
(a) =k 0.01 and (b) =k 0.001.
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5 Derivation and stability of NSFD

To construct an NSFD for Eq. (1), we use the following
approximations [24]:

( )

( ) ( ( ))

( ) ( ( ))

∂
∂

≈
−

∂
∂

≈
− ∂

∂
≈

− +

∂
∂
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− ∂

∂
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− +
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n
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n
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n
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1, , 1,

2

, , 1
2

2

, 1 , , 1

2

where ( ) = −ϕ k e 1k , ( ) = −ψ x eΔ 1xΔ , and ( ) = −ψ y eΔ 1yΔ .
When NSFD is used to discretise Eq. (1), we obtain the
following scheme [24]:

( ) ( )

( )

( ( )) ( ( ))

−
+

∂
∂

+
−

+
∂
∂

+
−

=
− +

+
− +

+
−

−

+ − + −

C C

ϕ k

u

x
C u

C C
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v

y
C

v

C C
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D

C C C
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D

C C C
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Δ

Δ

2

Δ

2
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n
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i

i j

n
i j

i j

n

i j

n

j

i j

n

i j

i j

n

i j

n

i j

n

i j

n

i j

n

i j

n

i j

n

i j
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1

,
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, 1,

,
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, , 1

1

1, , 1,

2 2

, 1 , , 1

2

(12)

A single expression for Eq. (12) is given by

Figure 19: 3D plots of exact amplification factor and amplification factor
vs [ ]∈ω π0,x vs [ ]∈ω π0,y for the Lax–Wendroff scheme for scenario 3
using =k 0.001 and =k 0.0001. (a) =k 0.001 and (b) =k 0.0001.

Figure 20: 3D plots of RPE vs ∈ωx [0, 1] vs ∈ωy [0, 1] for the
Lax–Wendroff scheme for scenario 3 using =k 0.001 and =k 0.0001.
(a) =k 0.001 and (b) =k 0.0001.
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We choose the functional relation
( )

[ ( )]

( )

[ ( )]
= = 0.5

ϕ k

ψ x

ϕ k

ψ yΔ Δ2 2 and obtain
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We choose = =x yΔ Δ 0.05. Since ( )

[ ( )]

( )

[ ( )]
= = 0.5

ϕ k

ψ x

ϕ k

ψ yΔ Δ2 2 ,

we obtain ≈ × −k 1.31350 10 3.
The coefficients of Ci j

n

, for scenarios 1–5 are 0.999187,
0.919987, 0.199987, 0.559987, and 0.559987, respectively. We

Figure 21: 3D plots of exact amplification factor and amplification factor
vs [ ]∈ω π0,x vs [ ]∈ω π0,y for the Lax–Wendroff scheme for scenario 4
using =k 0.001 and =k 0.0001. (a) =k 0.001 and (b) =k 0.0001.

Figure 22: 3D plots of RPE vs ∈ωx [0, 1] vs ∈ωy [0, 1] for the
Lax–Wendroff scheme for scenario 4 using =k 0.001 and =k 0.0001.
(a) =k 0.001 and (b) =k 0.0001.
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obtain plots the coefficients of −Ci j

n

1, and −Ci j

n

, 1 vs ∈x [0, 1] vs
∈y [0, 1] for the five scenarios in Figures 10 and 11 in order

to check if NSFD scheme preserves positivity of the contin-
uous model. Here, we mean that the numerical solutions
remain non-negative at any time given non-negative values.

NSFD preserves positivity of the continuous model for

scenarios 2–5 when ( )

[ ( )]

( )

[ ( )]
= = 0.5

ϕ k

ψ x

ϕ k

ψ yΔ Δ2 2 and = =x yΔ Δ

0.05, as shown in Figures 10–14. However, it does not satisfy
positivity of the continuous model for some values of x and y

for scenario 1 as depicted in Figure 10(b). Hence, the NSFD is
not useful for scenario 1 as it is not positivity preserving in
that situation (Table 1).

6 Numerical dispersion and
dissipation of Lax–Wendroff

In this section, we obtain plots of the following quantities
vs ωx vs ωy for the five scenarios when the Lax–Wendroff
scheme is used to solve Eq. (1)
(i) modulus of the amplification factor.
(ii) relative phase error (RPE).

We note that phase angles along the x direction and y

direction are denoted by ωx and ωy, respectively. We also

Figure 23: 3D plots of exact amplification factor and amplification factor
vs [ ]∈ω π0,x vs [ ]∈ω π0,y for the Lax–Wendroff scheme for scenario 5
using =k 0.001 and =k 0.0001. (a) =k 0.001 and (b) =k 0.0001.

Figure 24: 3D plots of RPE vs ∈ωx [0, 1] vs ∈ωy [0, 1] for the
Lax–Wendroff scheme for scenario 5 using =k 0.001 and =k 0.0001.
(a) =k 0.001 and (b) =k 0.0001.
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plot the modulus of the exact amplification factor vs ωx

vs ωy.

6.1 Exact amplification factor

We consider Eq. (1) with ( ) = + −u x y x y, 0.01 0.005 0.005

and ( ) = − − +v x y x y, 0.01 0.005 0.005 . We use the pertur-
bation for ( )C x y t, , as e e eαt Iθ x Iθ yx y [13,26], where α is the
dispersion relation. Using this perturbation for ( )C x y t, ,

in Eq. (1) gives

( ) ( )+ + + = − −α u x y Iθ v x y Iθ D θ D θ, 0.01 , .x y x y1
2

2
2

Hence,

( ) ( )= − − − − −α Iθ u x y Iθ v x y D θ D θ, 0.01 , .x y x y1
2

2
2

We now obtain the exact amplification factor denoted as
ξexact which is the perturbation for ( )+C x y t k, , divided by
perturbation for ( )C x y t, , [26,27].

( ( )) ( ( )) ( )

=

= − − − − −

ξ e

e e e .

αk

Iθ u x y k Iθ v x y k D θ D θ k

exact

, , 0.01x y x y1
2

2
2

The modulus of the exact amplification factor is given by

∣ ∣ ( )= − − −ξ e ,D θ D θ k
exact

0.01x y1
2

2
2

where =θx

ω

xΔ

x and =θy

ω

yΔ

y . Since in this work, we choose
= =x yΔ Δ 0.05, we therefore have

∣ ∣ ( )= − − −ξ e .D ω D ω k
exact
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Figure 25: Contour plots of numerical solution vs x vs y using = =x yΔ Δ 0.05

using Du Fort–Frankel scheme for scenario 1 at =k 1 at time =T 1.
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Figure 26: Contour plots of numerical solution vs x vs y with
= =x yΔ Δ 0.05 using Lax–Wendroff, Du Fort–Frankel schemes for sce-

nario 1 at some values of k at time =T 0.1. (a) Lax–Wendroff when
=k 0.1, (b) Lax–Wendroff when =k 0.01, (c) Du Fort–Frankel when
=k 0.1, (d) Du Fort–Frankel when =k 0.01.
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6.2 RPE

The RPE is a measure of the dispersive characteristics of a
scheme [28]. The RPE is calculated as [28]

( )

( )
=

ξ

ξ
RPE

arg

arg
,

exact

where ξ is the amplification factor of the numerical method.
We can rewrite ξexact as

( )( )( )= + +− − −ξ e A I A B I Bcos sin cos sin ,D θ D θ k
exact

0.01x y1
2

2
2

where
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Figure 27: Contour plots of numerical solution vs x vs y with
= =x yΔ Δ 0.05 using Lax–Wendroff, Du Fort–Frankel schemes for sce-

nario 1 at some values of k at time =T 1. (a) Lax–Wendroff when =k 0.1,
(b) Lax–Wendroff when =k 0.01, (c) Du Fort–Frankel when =k 0.1,
(d) Du Fort–Frankel when =k 0.01.

0 0.2 0.4 0.6 0.8 1

 x

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 y

1

1.5

2

2.5

3

3.5

4

(a)

0 0.2 0.4 0.6 0.8 1

 x

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 y

1

1.5

2

2.5

3

3.5

4

(b)

Figure 28: Contour plots of numerical solution vs x vs y with
= =x yΔ Δ 0.05 and = × −k 1.3135 10 3 using the NSFD scheme for sce-

nario 1 at time =T 0.1 and =T 1. (a) NSFD when =T 0.1 and (b) NSFD
when =T 1.
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( )

( )

= −
= −

A θ u x y k

B θ v x y k

, ,

, .

x

y

The argument of ξexact is given by

( ) = ⎛
⎝

+
−

⎞
⎠ξ

A B A B

A B A B
arg arctan

cos sin sin cos

cos cos sin sin
.exact

The resulting expressions for ξexact and RPE consist of the
parameters ω ω x, ,x y , and y. We can fix = =x y 0.5 and
obtain 3D plots of ∣ ∣ξexact , ∣ ∣ξ , and RPE vs ωx vs ωy for the
Lax–Wendroff scheme for
(i) Scenario 1 using =k 0.1, 0.01.
(ii) Scenario 2 using =k 0.01, 0.001.
(iii) Scenario 3 using =k 0.001, 0.0001.
(iv) Scenario 4 using =k 0.001, 0.0001.
(v) Scenario 5 using =k 0.001, 0.0001.

6.3 3D plots of ∣∣ ∣∣ξexact , ∣∣ ∣∣ξ , RPE vs ωx vs ωy

Figures 15–24 display the plots of modulus of exact ampli-
fication factor, modulus of the amplification factor of Lax–
Wendroff scheme, RPE of the Lax–Wendroff scheme vs ωx

vs ωy. The modulus of exact amplification factor and mod-
ulus of amplification factor of Lax–Wendroff are relatively
close to each other for the five scenarios considered.

7 Numerical results

All numerical experiments are done in MATLAB platform
using Dell core i7 machine.
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Figure 29: Contour plots of numerical solution vs x vs y using
= =x yΔ Δ 0.05 for Du Fort–Frankel scheme for scenario 2 when =k 0.1.

(a) Du Fort–Frankel when =T 0.1, (b) Du Fort–Frankel when =T 1.

0 0.2 0.4 0.6 0.8 1

 x

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
 y

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

(a)

0 0.2 0.4 0.6 0.8 1

 x

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 y

1

1.05

1.1

1.15

1.2

1.25

(b)

Figure 30: Contour plots of numerical solution vs x vs y with
= =x yΔ Δ 0.05 and = × −k 1.3135 10 3 using NSFD schemes for scenario 2

at =T 0.1 and =T 1. (a) NSFD when =T 0.1 and (b) NSFD when =T 1.
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Figure 31: Contour plots of numerical solution vs x vs y with
= =x yΔ Δ 0.05 using Lax–Wendroff and Du Fort–Frankel schemes for

scenario 2 at some values of k at time =T 0.1. (a) Lax–Wendroff when
=k 0.01, (b) Lax–Wendroff when =k 0.001, (c) Du Fort–Frankel when
=k 0.01, (d) Du Fort–Frankel when =k 0.001.
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Figure 32: Contour plots of numerical solution vs x vs y with
= =x yΔ Δ 0.05 using Lax–Wendroff and Du Fort–Frankel schemes for

scenario 2 at some values of k at time =T 1. (a) Lax–Wendroff when
=k 0.01, (b) Lax–Wendroff when =k 0.001, (c) Du Fort–Frankel when
=k 0.01, and (d) Du Fort–Frankel when =k 0.001.
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7.1 Scenario 1

From the analysis of stability for the three methods for
scenario 1, we find that the Lax–Wendroff and Du
Fort–Frankel schemes are stable when < ≤k0 1.16 and

< ≤k0 8.873565, respectively. We obtain numerical pro-
files at =T 0.1 and =T 1 using Lax–Wendroff when

=k 0.1 and =k 0.01 and using Du Fort–Frankel when
=k 1,0.1 and =k 0.01. We note that for the functional rela-

tionship ( )

[ ( )]

( )

[ ( )]
= = 0.5

ϕ k

ψ x

ϕ k

ψ yΔ Δ2 2 with = =x yΔ Δ 0.05 and

= × −k 1.3135 10 3, NSFD is not positively preserving. The
contour plots are shown in Figures 25–28. For scenario 1,
Lax–Wendroff and Du Fort–Frankel schemes give quite
similar profiles at =k 0.1 and =k 0.01 at times =T 0.1

and =T 1. The range of the numerical solution is between
1 and 3.5 in these cases. Some dispersive oscillations are
seen when Du Fort–Frankel is used at =k 1 at time =T 1.
NSFD is not positive definite for scenario 1 and we observe
some overshooting with range of numerical solution being
1–4 at times 0.1 and 1.

7.2 Results for scenario 2

From Section 4, we find that Lax–Wendroff and Du For-
t–Frankel schemes are stable when < ≤k0 0.015 and

< ≤k0 0.883918, respectively. We present the profiles at
=T 0.1 and =T 1, using Lax–Wendroff when =k 0.01 and
=k 0.001 and using Du Fort–Frankel when =k 0.1,0.01 and
=k 0.001. NSFD is positivity preserving when = ×k 1.31350

−10 3. The contour plots of the numerical profiles are shown
in Figures 29–32.
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Figure 33: Contour plots of numerical solution vs x vs y using
= =x yΔ Δ 0.05 using NSFD scheme when = × −k 1.3135 10 3 at

time =T 0.1.
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Figure 34: Contour plots of numerical solution vs x vs y using
= =x yΔ Δ 0.05 for the Lax–Wendroff and Du Fort–Frankel schemes for

some values of k at time =T 0.1. (a) Lax–Wendroff when =k 0.001, (b)
Lax–Wendroff when =k 0.0001, (c) Du Fort–Frankel when =k 0.01, and
(d) Du Fort–Frankel when =k 0.001.

Numerical solution of nonconstant coefficient  19



For scenario 2, NSFD is positive definite and range of
numerical solution is 1–3 at time 0.1 and 1–1.25 at time 1.
The profiles using Lax–Wendroff and Du Fort–Frankel at

=k 0.01 and 0.001 are quite similar at time 0.1 and the range
of the numerical solution is 1–2.2. However, at time =T 1, there
are some minor oscillations when Du Fort–Frankel is used
with =k 0.01, 0.001 while the corresponding profiles from
Lax–Wendroff are relatively smooth and range of numerical
solution is 1–1.1. There are considerable non-physical oscillations
when Du Fort–Frankel is used with =k 0.1 at times 0.1 and 1.0
with some values of the numerical solution being negative.

7.3 Results for scenario 3

From the stability analysis, we find that Lax–Wendroff and
Du Fort–Frankel are stable when < ≤k0 0.0015 and
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Figure 35: Contour plots of numerical solution vs x vs y with
= =x yΔ Δ 0.05 and = × −k 1.3135 10 3 using NSFD schemes for scenario 4

at =T 0.1 and =T 1. (a) NSFD when =T 0.1 and (b) NSFD when =T 1.
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Figure 36: Contour plots of numerical solution vs x vs y with
= =x yΔ Δ 0.05 using Lax–Wendroff and Du Fort–Frankel schemes for

scenario 4 at some values of k at time =T 0.1. (a) Lax–Wendroff when
=k 0.001, (b) Lax–Wendroff when =k 0.0001, (c) Du Fort–Frankel when
=k 0.01, and (d) Du Fort–Frankel when =k 0.001.

20  Appanah Rao Appadu and Hagos Hailu Gidey



< ≤k0 0.279510, respectively. We present the profiles
at =T 0.1, using Lax–Wendroff when =k 0.001 and =k

0.0001 and using Du Fort–Frankel when =k 0.01 and =k

0.001. NSFD is positivity preserving when = × −k 1.31350 10 3.
The contour plots of the numerical profiles are shown in
Figures 33 and 34. There are massive dispersive oscillation
when Du Fort–Frankel is used at =k 0.01 but reasonable
profiles are obtained at =k 0.001.

7.4 Results for scenario 4

From the stability analysis, we find that Lax–Wendroff
and Du Fort–Frankel are stable when < ≤k0 0.00284

and < ≤k0 0.376892, respectively. We present the profiles
at =T 0.1, using Lax–Wendroff when =k 0.001 and =k

0.0001 and using Du Fort–Frankel when =k 0.01 and
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Figure 37: Contour plots of numerical solution vs x vs y with
= =x yΔ Δ 0.05 using Lax–Wendroff and Du Fort–Frankel schemes for

scenario 4 at some values of k at time =T 1. (a) Lax–Wendroff when
=k 0.001, (b) Lax–Wendroff when =k 0.0001, (c) Du Fort–Frankel when
=k 0.01, and (d) Du Fort–Frankel when =k 0.001.
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Figure 38: Contour plots of numerical solution vs x vs y with
= =x yΔ Δ 0.05 and = × −k 1.3135 10 3 using NSFD schemes for scenario 5

at =T 0.1 and =T 1. (a) NSFD when =T 0.1 and (b) NSFD when =T 1.
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Figure 39: Contour plots of numerical solution vs x vs y with
= =x yΔ Δ 0.05 using Lax–Wendroff and Du Fort–Frankel schemes for

scenario 5 at some values of k at time =T 0.1. (a) Lax–Wendroff when
=k 0.001, (b) Lax–Wendroff when =k 0.0001, (c) Du Fort–Frankel when
=k 0.01, and (d) Du Fort–Frankel when =k 0.001.
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Figure 40: Contour plots of numerical solution vs x vs y with
= =x yΔ Δ 0.05 using Lax–Wendroff and Du Fort–Frankel schemes for

scenario 5 at some values of k at time =T 1. (a) Lax–Wendroff when
=k 0.001, (b) Lax–Wendroff when =k 0.0001, (c) Du Fort–Frankel when
=k 0.01, and (d) Du Fort–Frankel when =k 0.001.
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=k 0.001. NSFD is positivity preserving when =k

× −1.31350 10 3. The contour plots of the numerical profiles
are shown in Figures 35–37. There are massive dispersive
oscillations when Du Fort–Frankel is used at =k 0.01 but
reasonable profiles are obtained at =k 0.001. The shape of
the circular profile becomes an ellipse as time progresses
in scenarios 4 and 5 as in these cases ≠D D1 2.

7.5 Results for scenario 5

From the stability analysis, we find that Lax–Wendroff and
Du Fort–Frankel are stable when < ≤k0 0.00284 and

< ≤k0 0.376892, respectively. We present the profiles at
=T 0.1, using Lax–Wendroff when =k 0.001 and =k 0.0001

and using Du Fort–Frankel when =k 0.01 and =k 0.001.
NSFD is positivity preserving when = × −k 1.31350 10 3. The
contour plots of the numerical profiles are shown in
Figures 38–40. There are massive dispersive oscillation
when Du Fort–Frankel is used at =k 0.01 but reasonable
profiles are obtained at =k 0.001.

8 Conclusion

This work is a major extension of the work by Appadu and
Gidey [24] where three numerical schemes, namely, Lax–
Wendroff, Du Fort–Frankel and NSFD are used to discretise
a 2D nonconstant coefficient advection diffusion equation.
A range of values of time-step size of = =x yΔ Δ 0.05 for the
three methods at a fixed spatial step size for five scenarios is
obtained for which the methods are stable. Numerical results
from the three methods are presented for each of the five
scenarios where an irregular domain is considered. The pro-
blem considered has no known exact solution.

The Du Fort–Frankel scheme has a much wider range
of stability than the Lax–Wendroff scheme. However, it
causes considerable dispersive oscillations at values of
k close to its maximum k for stability and much smaller
k must be used to obtain reasonable results. When the
values D1 and D2 are decreased by factors of 100,
1,000, we observe that the ranges of values of k for stability
also decrease by the same factors, in the case of
Lax–Wendroff. We are able to construct useful nonstan-
dard finite difference schemes with positivity preserving
properties for scenarios 2–5 when the functional relation-

ship is ( )

[ ( )]

( )

[ ( )]
= = 0.5

ϕ k

ψ x

ϕ k

ψ yΔ Δ2 2 .
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