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Abstract: This research deals with the theoretical and
numerical investigations of a memristor system with mem-
ductance function. Stability, dissipativity, and Lyapunov
exponents are extensively investigated and the chaotic ten-
dencies of the system are studied in depth. The memristor
model, where a piecewise memductance function is incor-
porated, is modified with fractal-fractional derivatives
with exponential decay, power law, and Mittag—Leffler ker-
nels, which provide powerful tools for modeling complex
systems with memory effects, long-range interactions, and
fractal-like behavior. Employing the Krasnoselskii-Krein
uniqueness theorem and the fixed point theorem, the exis-
tence and uniqueness of the solutions of the model including
fractal-fractional derivatives with the Mittag—Leffler kernel
are proven. The fractal-fractional derivative model is solved
numerically using the Lagrange polynomial approach, and
the chaotic tendencies of the system are exhibited through
numerical simulations. The findings indicated that the
memristor model with fractal-fractional derivatives was
observed to exhibit chaotic behavior.
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1 Introduction

Incorporating fractal and fractional properties into mem-
ristors can significantly increase their potential. These
models aim to account for the complex, self-similarity
behaviors in certain phenomena that are not captured by
traditional memristor, which typically rely on integer-
order differential equations. Fractals are geometric struc-
tures characterized by self-similarity, meaning their struc-
ture appears similar at any scale. In terms of memristors,
fractal-based models could be used to represent devices
where the internal state changes at different scales or
exhibit multi-scale dynamics. For instance, the device’s
current-voltage curve might exhibit repeating or scaling
behaviors across different ranges. The internal memory
states of the device could have multi-scale, fractal-like
structures that enable more complex memory behavior.
When applied to memristors, fractional dynamics could
be described as follows [1-3]. Memristors with fractional-
order dynamics would exhibit non-exponential memory
decay or recovery, capturing more realistic behaviors
found in real-world materials that show non-local memory
effects. The resistance of the memristor could change
according to fractional powers or integrals of time, vol-
tage, or charge. This could model complex, non-linear
resistance switching characteristics seen in advanced
memory devices. The concept of fractal-fractional deri-
vative made a significant contribution to the literature by
combining these two concepts. A memristor with fractal-
fractional properties would exhibit a more complex and
versatile set of behaviors, offering potential advantages in
various fields like non-volatile memory, artificial intelli-
gence, and modeling of complex physical systems. By
incorporating fractional calculus and fractal geometry
into the traditional memristor model, researchers could
create new devices and technologies with enhanced per-
formance and capabilities [4-12].
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The memristor, also known as a memory resistor, is a
recently discovered passive circuit component with two term-
inals. In 1971, Dr. Leon Chua proposed the assumption of
introducing a new circuit element that has a relationship
between its flux and charge, in addition to the resistor,
inductor, and capacitor. Memristor and memristor systems
play a crucial role in various fields including computer archi-
tecture, electronics, signal processing, image processing, pro-
grammable logic circuits, filter circuits, and communication
electronics systems. Expected to revolutionize multiple
domains, there are several models of the memristor discussed
in the literature. Bao et al. [4] conducted research into the
dynamic behaviors of the new smooth memristor oscillator
with the variations in circuit parameters and initial condi-
tions. Apollos discusses mathematical models of memristors,
including linear, non-linear, exponential, Simmons tunnel
barrier, and TEAM models. Various window functions are
explored for modeling memristor behavior. These models
help understand the relationship between voltage and cur-
rent in memristors for potential applications in computing
and electronics [5]. Radwan et al. proposed a mathematical
model for memristors with linear dopant drift, matching
SPICE simulations. They derived frequency response, pinched
i-v hysteresis fundamentals, and analyzed resistance models,
including comparisons and peak current analysis [6]. Elgabra
et al. proposed a modified exponential model for memristor
device modeling, enhancing memory design. They compared
linear, nonlinear, and exponential models, highlighting the
superior performance of the exponential model [7]. Abro
and Atangana proposed a novel mathematical model based
on a fifth-order chaotic circuit with two memristors, dis-
cussing chaotic behavior under varying fractal and fractional
orders using numerical schemes [8]. The article presents a
generalized mathematical model of memristor to confirm its
characteristics. The model includes HP memristor, piecewise-
linear memristor, and others as special cases. Sun et al. pro-
posed a model to distinguish memristors from other mathe-
matical models, enhancing reliability in identifying memris-
tors through simulations [9]. The objective of this study is to
analyze the outputs of a modified memristor system, in which
the memductance function is taken as a piecewise function
and fractal-fractional derivatives are employed.

Now, we present some definitions of the fractal-frac-
tional derivatives with power law, exponential decay, and
Mittag-Leffler kernels [13-17]. The fractal derivative intro-
duced in the study by Chen [14] is defined by

d w(t) - w(t)
—w(t) = lim 7#‘ - tlﬁ

def t-t M
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where § > 0. The fractal-fractional derivative with expo-
nential decay kernel of the function w(t) is represented by
(13]

EDOr) =

Iw(c) exp| - (¢t - o]dc @

- adth

where 0 < a, f < 1. The associated integral is given by
t
LI () = (1 - Ot () + g Ie)dg. ©)
0

The fractal-fractional derivative with power-law of the
function w(t) is defined by [13]

Do) = Iw(()(t -, @

( a) dt?

where 0 < a, § < 1. The associated integral is represented
by

P yaP () = I(ﬁ W) - oA 6

[(a){

The fractal-fractional derivative with Mittag—Leffler
kernel of the function w(t) is defined as [13]

UDEae) = —@Iw(m[ -0 ©

where 0 < a, f < 1. The associated integral is given by

FEM P 6y(1) = (1 - aﬂ?tﬂ‘lw(”

B-1 t - a—ld_ (7)
r()( w(O)(t = O)* ¢

Now, we present some Banach and Krasnoselskii’s fixed
point theorem.

Lemma 1.1. (Banach’s fixed point theorem) Assume X is a
Banach space, and D C X, D is a closed subset. If the
operator Q : D —» D holds the contraction condition, then
Q has a unique fixed point in D.

Lemma 1.2. (Krasnoselskii’s fixed point theorem [18])
Assume D is a closed convex nonempty subset of a Banach
space X. Assume Q and P are two operators such that
() Qu + Pv € D, whenever u,v € D;
(ii) P is compact and continuous;
(iii) Q is contraction mapping. Then, there exists w € D
such that z = Qw + Pw.



DE GRUYTER

2 Memristor system

The need for memristors arises from their unique advan-
tages in modern electronics. For instance, the memristor is
beneficial for low-power computation and storage,
enabling data retention without power. This characteristic
is crucial for developing energy-efficient devices, as it
reduces power consumption and extends battery life.
Additionally, the memristor’s nonlinear properties and
memory characteristics make it ideal for designing chaotic
circuits, advanced memory devices, and neural networks.
These applications are essential for the advancement of
artificial intelligence and machine learning, as they allow
for more efficient and powerful computing architectures.
Thus, incorporating memristors into electronic systems
can lead to significant improvements in performance and
energy efficiency [12].

The memristor system introduced by Bao et al. [4] is
the focus of this section. The associated model under inves-
tigation is represented by the following system:

X(@) =m(ly - x + & - Ww)x)
yO)=x-y+z

i(t) = -By - yz

w(t) = x,

®)

where the function W(w) = %(aw +bw?) = a+ 3bw? is
the memductance function. The functions x, y, z, and w
describe two capacitors, the inductor, and the memristor,
respectively.

The descriptions of the parameters of the model are
presented in Table 1.

We will now present the numerical simulations for the
considered memristor model by using the parameter
values in Table 1 and the following initial data:

x(0) = 0.001, y(0) = 0.001, z(0) = 0.001, w(0) = 0.00L.

The numerical simulations for memristor system are per-
formed in Figure 1.

Table 1: Descriptions of the parameters of the model

Parameter Description Value
o The reciprocal of capacitance 16.4
I3 Conductance 1.4

B, The reciprocal of inductance 15

y The ratio of resistance to inductance 0.5

a Positive constant of cubic function 0.2

b Positive constant of cubic function 0.4

Theoretical and numerical investigation of a memristor system = 3

2.1 Some analysis of the considered
memristor system

This section provides some analyses including equilibrium
points, stability analysis, Lyapunov exponents, and dimen-
sion for the memristor system presented earlier [4].

2.1.1 Equilibrium point and stability analysis

We start our analysis with obtaining the equilibrium
point. To achieve our aim, we need to solve the following
system:

ay = x+ & - Ww)x) =0,

xX-y+z=0,
Y ©)

-By - yz=0,

x=0.

Then, the equilibrium point is calculated as
E=(0, 0, 0, &), (10)

where £ is a constant.

The Jacobian matrix is a powerful tool for analyzing
the stability of equilibrium points in nonlinear systems. By
examining the eigenvalues of the Jacobian, one can deter-
mine whether the equilibrium is stable or unstable. The
stability of a system described by nonlinear differential
equations is often studied using the Jacobian matrix to
linearize the system around equilibrium points. We now
calculate the Jacobian matrix at E

—yt+taé-aqla+3md) @ 0 -6abwx
1 -1 1 0
= (1D
e 0 B -y 0
1 0 0 0
Then, the characteristic equation is obtained as
M+ + el +al=0, (12)

where
a=1+y+a - aé+ ala+ 3bw?)),
6=@ + 1+ a)y - ail+y)+a(a+3bwH1 a

+ ),
6 =a(B, + (a+ 3bw? - E)(B, + ).

3)

We shall write Hurwitz matrix which is given by

q G 0
H=|1 ¢ 0f.
0 aq G

(14)
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Figure 1: The graphical representation of the memristor system with initial conditions x(0) = y(0) = z(0) = w(0) = 0.001.

According to the Routh—Hurwitz condition, all eigenvalues
have negative real parts except for one, which has a value
of zero under the conditions:

Hi:¢q >0,
Hy:q6-¢G>0,
H;: (e - ¢) > 0.

(15)

2.1.2 Dissipativity of system

A dissipative system is defined by the formation of com-
plex structures, sometimes chaotic, in which interacting
particles display long-range correlations. The dissipativity
of system is formulated by

ox dy 9z ow
— =+ — + —
ox 9y 0z oOw
=—a1(a+1)+a1€—a13bw2—y.

VD = (16)

We conclude that when a;¢ < ay(a + 1) + 3asbw? + p, the
considered system is dissipative, meaning that its asymp-
totic motion converges toward an attractor and each
volume surrounding the system’s trajectory decreases
exponentially as ¢t — .

o = p-m(@+D+aE-a3bw’-y.

17
i an

Consequently, the attractor’s volume decreases by a factor
of —ay(a + 1) + wé — ay3bw? - y.

2.1.3 Lyapunov exponents

A qualitative representation of the dynamics of a system is
provided by the sign of the Lyapunov exponent. One-
dimensional maps have a single Lyapunov exponent that
is positive for chaos, zero for a marginally stable trajectory
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and negative for a periodic trajectory. In a continuous dis-

sipative dynamical system with three dimensions, the

spectra and attractors that can be described are character-

ized under the following conditions:

» The chaotic system is a strange
M>0,1=0,1<0.

* The chaotic system is a torus if A; = 0, 4, = 0, A3 < 0.

¢ The chaotic system is a limit cycle if 4; < 0,4 = 0, 43 < 0.

e The chaotic system is a fixed point if A4 <0,
A <0,43 <0.

attractor if

We intend to calculate Lyapunov exponents with the
help of Wolf’s algorithm [19]. The Lyapunov exponents are
evaluated as follows:

L1=31948, L,=09884, L;=0, L,=-6.0166, (18)
and the Lyapunov dimension is
1 < 0.9884 + 3.1948
Do=n+ Ly=3+—"——""—=3695 (19
" Lo ,Zl k 6.0166 (19)

In light of the phase portraits, Lyapunov exponents, and
Lyapunov dimension, it is evident that the fourth-order mem-
ristive circuit is exhibiting chaotic behavior. The Lyapunov
exponents for the considered model are depicted in Figure 2.

2.2 Existence and uniqueness of the
memristor model with fractal-fractional
derivative with Mittag-Leffler kernel

This section delves into analyzing the existence and unique-
ness of the memristor model with a fractal-fractional

Dynamics of Lyapunov Exponents

Lyapunov Exponents

Time

Figure 2: The visualization of the dynamics of the Lyapunov exponents.
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derivative with Mittag-Leffler kernel by employing the
Banach’s fixed-point and Krasnoselskii’s fixed-point theorem
[18,20-23]. Before proceeding with the analysis, we consider a
Banach space on A =[0,T] of all continuous real-valued
functions denoted as X = C(A x R4 R) equipped with
the norm

Y = ) ) b
Y11= 1Cx, y, z, w| 20)
=|Ixll + 1yl + llzll + [wll,
and
1%l = sup|¥i(¢)], ¥; € X. @1

teA

In order to avoid intricacy, we also define the following
notations:

0]
n)|
BO| |z
n| |w
Gi(t, Y(1))
Got, Y)| _|x-y+z
Gyt YO)| |-By - yz
Gy(t, Y(1)) X

x(t)
Y ()= y(®

(22)
@y = x+ & - Ww)x)

G, Y(@)=

Lemma 2.1. LetG € X andY € C(A, R), then the memristor
model with fractal-fractional derivative with Mittag-Leffler
kernel can be written as

DAY (6) = G(t, Y (1), if t> b

fo (23)
YO =Yy, if t=t

The integral equation that corresponds to the above
equation is derived by applying the associated integral as
follows:

Y(t) = BtF11 - a)G(t, Y (1))

ap |
I'(a) !

+ sB1(t - 5)*1G(s, Y(s))ds.

We shall define an operator T : X — X such that

(RY)(®) = BtP~(1 - a)G(t, Y (1))

t
Q
+ _B

B-1(¢+ — ¢)a-1
T(@) 0s (t - $)*1G(s, Y(s))ds.

In order to explore the fixed point theory, we convert the
given model into the fixed point problem (Y = TY). Our
following step involves proving the existence of a unique
solution for the memristor model incorporating a fractal-
fractional derivative with a Mittag-Leffler kernel.
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Theorem 2.1. Suppose that G € X satisfies the following where B(f,a) is the Beta function. From the above

condition: inequality, we conclude that TD,, C D,,.
(Ay) There exists a constant Ly.x > 0, where Lyax = Step II. We shall show that T is a contraction.
max{L, Ly, L3, L4}, such that Assuming that ¥, € D,,, Y, € D,,, then we have

(26) I(BY)(t) = (LY
< BtPI(1 - @Gt %i(t) - Gi(t, Y)(t)|

4
Y I%() - V(1))

i=1

1G(t, Y(1)) = G(t, Y ()] < Lmax

foranyY, € X andt € A. If ap t
B-1(t+ — \a-1|¢3. 4
* T {s (t = )G, H(s))

_1  apTehl
b - ot + BB )l <1, @D
I'(a) .
then the memristor model with fractal-fractional derivative = Gi(s, Y{(s))lds < P11 - a)L; Zl 1Y;(0)
with Mittag—Leffler kernel has a unique solution. . g 31)
- Yl + B (- (t - st
Proof. Now, let D,, be a bounded, closed, and convex subset I'(a )
such that .
* 1
n= {06y, z,w) EX (X, y, z,w| < ri} Li| D 1¥i(s) - Yj(s)l||ds < [/3(1 - @)Thin
j=1
with a radius 4
p-1 , aTe*b! . + ﬂT‘J”'/g‘lB(B a)| x L; ZHY» - Y3l
Phax + B — @)Tygin + @ B(B, a)Gprax ) I(a) ) p= j j
n oz = ;
_ _ ﬁ 1 aﬁTmﬁ 1
1= B0 = )Tin + BT(a) B(B, @Lmax We arrange (31) as follows:
where Bnax = max{¥j}, Gmay = {G;'} and let sup,,|Gi(t, 0)| = I(TY)(®) = (TY)(@)]
G <wfori=1,..,4. 5 af
Step 1. We shall show TD, CD,. For any < [B(l = @)Tin + (@) — —~TF1B(B, a)|L -

Y, € D, t € T, we write the following inequality:

4
(X)) < P11 - @)|Gi(t, ¥i()] x [ 2 11% = YiIl|.
j=1

t
ap
+ —— | Pt - $)*G(s, Yi(s))|ds
F(a){ e Since T=(T,T,..) and Ly, >0 with the above

< BP (1 - WIIGL, %(0) - Gi(t, 0)] + Gi(t, 0)]] inequality, we obtain
t
TY; - TY;
+ % sP(e = $)*IG(s, ¥(s)) I = il 5
aQ
< (BA - TP} + ——TeB-1p( ,a)]L
- Gy(s, 0)| + Gy(s, 0)[1ds [ﬁ " T(@ P ffmax 33)
4 4
_ . 29
< pepI1 - || Y %0l + G; @ < |31y, - vl
i=1 ¢
j=1
af | :
+ —— | st - )@Y Ly| ) |Yi(s)|| + GF|ds
I(a) 9 (t- )L ;' ) By the condition |B(1- a)Tiy + r(a)T“”ﬁ 1B(B, a)|,
s[ﬁ(l _ a)Trﬁi_; + aB Te*b-1B(B, a) Lpyax <1, then we can conclude tha.t T is a contrgctlon.
()] Therefore, by Lemma 1.1, the memristor model with the
4 fractal-fractional derivative model has a solution. (Il
< \L{ 2Vl | + 67,
j=1

Theorem 2.2. In addition to the assumption that G € X
satisfies the assumptions (4;) in Theorem 2.1, we also pre-
sent the following condition:
(Lir (A;) There exist constants 8 >0, i=0,.4,j=1..,4
(30)  such that

which leads to

IR < [ﬁ(l - )Ty + F‘zfj) Te#-1B(B, @)

+ Gi*]’
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4
IG(t, YO < g + 2. + &Y. (34)
i=1
If
B - a)Trgi_nleax <1, (35)

then the memristor model with fractal-fractional model has
at least one solution.

Proof. We define a set Dy, = {(Y3) € X: | £ n}. We
first define two operators Q,P:D,, > X such that
Q = (Qy, Q4 Q5,Q,) and P = (Py, Py, P3, Py). The operator Q
is defined by

(QX)(®) = BtF(1 - a)Gi(t, ¥(1)),

and the operator P is defined as

(36)

(PY)(t) = %Isﬁ‘l(t - 5)271G(s, Yi(s))ds. (37
0

Using (4;) in Theorem 2.1, for any Y € D,,, and Y* € D,,, we
have
* -1
10Y; - Q¥;1< B — @)Tigin SUP

teEA

% IG(LHO) = G YO (a0

< B - O)TEL;

4
21 - ¥l
j=1

Considering the above inequality with L.y, it follows that
1QY = QY*|| < B(1 = ) ThinLmax IV = Y[l (39

Therefore, it follows that Q is a contraction.
Our subsequent step involves proving the continuous
and compact nature of P, resulting in the establishment of
complete continuity of P. This then becomes a sufficient
condition for demonstrating the boundedness and equi-
continuity of P. The continuity of P is clearly evident
when considering (4;) and the continuity of Q. To show
the boundness of P, we have the following for any ¢t € A:
t
[s#71t = sy1Gics, wsIds
0

.V: <_‘
[|1P;Yi|| < I(a) sup

t
< %3) { sP7(E = )" sup|Gi(s, Y(s)lds  (40)

teEA

aB s
SmT B 1B(ﬁ, Q)

4
Zoi *t 2. &l %O
j=1

By applying the above inequality and setting ||P|| =
max{||Pil|}i-1,..,s with g = maxigi}i-1,.. 4, it follows that

Theoretical and numerical investigation of a memristor system == 7

4

& + 2.8II¥l

j=1

Q
I1PCx, y, z, w)l| < r—ﬁT“ﬁ_lB(.B, a)

(41
@ (4D

Then, it is concluded that P is bounded. Next we shall
show that P is equicontinuity. Suppose that &, t, € A with
0<t <t <A, we obtain

|(PY)(&) - (PY)(®)
15}

[t - )G, ¥ics))lds

LB |
T T(a) 4
-[s81t - )G, Ys)lds | @2)
0
ap :
< mB(ﬁ, @)|8i * rzj:Zlgﬁ

x P = g P oty - ) B,

It is important to note that the right side of the inequality
is independent of ¥ and |(P;Y)(t) — (PY)(H)| — 0 as
t, — 4, it indicates that P; is bounded, uniformly contin-
uous, and compact that P; is completely continuous. By
using the above inequality and taking the norm of P, we
can have

I(PY)() - (PY)()

< % g0

T(a) (43)

4
%+&Z£}

j=1
e R Y}

Then, P is bounded, uniformly continuous, and compact
that P is completely continuous. Therefore, by Lemma 2.2,
memristor model with fractal-fractional derivative with
Mittag-Leffler kernel has at least one solution. |

3 Memristor model with piecewise
memductance function

The objective of this section is to analyze the results of the
modified model, such as memory effects, long- and chaotic
tendencies, when the piecewise memductance function is
added to the memristor system [4] and also replaces the
classical derivative with fractal-fractional derivatives. The
memristor system with piecewise memductance function
is depicted by
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X(®) = oy - x + & - Ww)x), fiet
SO =x-y+z X(ten) = X(8) + [ (@(y = x + & - Ww))ds,
; (44) t
2O = ~By - yz, o
We) = x, V) =yt + [ -y + 2)ds,
where W(w) is the memductance function. A cubic piece tt" @7
wise function is proposed as follows: T
prop 2(te) = 2(t) + [ (~By - y2)ds,
dq U
W( ) e lk+1
(aw + bwd), if0<t<t W(tin) = wit) + I xds.
t)
=—1 2 ,
dw —alwzlq + —blw], if ty<t<T. 45 L ) ) ,
2 3 When approximating the functions on the right hand side of
(a+3bw?), if0<t<t the above equations with Lagrange polynomials [24], we
“law(g + byw), if ty<t<T.

To observe the numerical simulations, we shall obtain the

numerical solution of the memristor model by employing

h
the Adams-Bashforth method

_ Eal(yk—l _ xk1
X(@®) = a(y - x + & - Ww)x),

Ykt = yk 4 %(Xk
YO =x-y+z, 2
() = By - yz, (46) *z),
w(t) = x.

x(0) = Xo,y(0) =y,,2(0) = zo,w(0) = wy. 3R n
Wkl = k4 7Xk — Dkt

Applying the integral on both sides and taking the differ: 2

ence of the equations written at t = t; and ¢ = fx.1, We
obtain the following:

meters are chosen as

3h
k= yk 4 7al(yk — Xk + Exk

obtain the following numerical scheme for memristor system

- W(Wk)xk)

+ &K1 — W(wk-Dxk-1),

- YK + ZK) - g(xk—l - k-1

(48)

zk+l = 7k 4 Th(_ﬁlyk - )/Zk) - g(_ﬁlyk—l - )/Zk_l),

During the simulations, the initi

initial condition and para-

Memristor model with piecewise momductanco
Jﬁ-amnmml numml‘“lllllnl“l“l mHUHJ m” i
? Y m””"”lll”ll il HHH W’”‘ ;
§o»‘ ”“”“wmul(m“m“”“m“m”m”m”r“W”H”

il L
- ------------ m pnnw""“ -
AR mm.ﬁ..,,m, L

Figure 3: The graphical representation of the classical memristor system with piecewise memductance
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x(0)=0.001, y(0) = 0.001, tp Xi(t) = F(X;, t), ift>t¢
tyPa,pA i 0 (50)
Z(O) = 0001, W(O) = 0001, Xl(tO) - Xi,O; ift= tO-
m=164, ¢=14, B, =15 y=05 (49)
Here we denote for simplicity
a=02, b=04,
a = 232, b1 = 024, ¢ =04. X(t)
The numerical simulation for each class of the model with Xi(t) = yo I
classical derivative is depicted in Figure 3. ()
The numerical simulation for memristor model in 3D w(t) 51)
perspective is shown in Figure 4. fiX, )
Fon o < | 250
. . . v L& Of
3.1 Numerical solution of memristor model £ D)
with fractal-fractional derivative with e
exponential kernel wherei = 1,..., 4. Applying the associated integral, we obtain

X() =1 - a)BtPIE(t, Xi(t
In this subsection, we present the numerical solution of the ©=( B it X(®)

t
. . . - . 59
memrlsto.r model with fractal-fractional derivative with + ap Isﬁ"lﬁ (s, X(s))ds. (52)
exponential kernel [13]

ty

z\v)

z(v)
z(v)

x(1)

Figure 4: The 3D graphical representation of the classical memristor system with piecewise memductance.
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We obtain the following scheme by the approximation of
the function F(t, X;(t)) using the Lagrange polynomial at
t=tyandt = tgs+q

XFr =X+ (- apl”
x [F(tio XF) = F(tes, X))
3afh g-
+ Tﬁt,f (e X (1)
aph

e If—_llﬂ(tk—l, XK1)).

(53)

We consider our system with fractal-fractional derivative
with exponential kernel

Dy pX(t) = @y = X + & ~ W(w)x)
D) =x-y+z

Dy pz(t) = (=B = yz)
Dy pw (1) = X.

(54

PO
5 8 & o w8 &

DE GRUYTER

The estimation of the parameters of the model and initial
data is considered as

x(0) =0.001,
z(0) =0.001,
a; =134,
y=02,

a = 2.32,

y(0) = 0.001,

w(0) = 0.001,
E=14, B, =11,
a=02 b=04,
by =024, =014

(55)

The numerical simulation for the model in the case of
fractal-fractional derivative with exponential kernel is
shown in Figure 5.

3.2 Numerical solution of memristor model
with fractal-fractional derivative with
power-law

For fractal-fractional derivative with power-law case [13],
we consider the following memristor model:

yit)

Figure 5: The graphical representation of the chaotic behavior of the fractal-fractional memristor system with piecewise memductance for a = 0.99

and B = 0.99.
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EDRPX (1) = F(X, 1), if > 1 56)
Xi(to) = Xio, if € = to.
Applying the associated integral, we obtain
B t
Xi(t) = ——[sFIR(s, X())(¢ - ) Mds.  57)
I'(a) ’
We obtain the following:
T+t
. = B-1F,
Xt = e {s F 68

x (8, Xi(8))(trs1 — 8)*71ds.

Replacing Lagrange polynomials of the functions F(t, Xj(t))
in the above equation [24], we obtain the following:

Z th 1F(tm, Xm)
F(a)
Qn+1
[ s = ti)ton - 5)1ds
Xik+1 — tn B . (59)
- r— Z m 1F(tm 1:Xm 1)
tm+1 _
[ s = 60t - 5.
tn

Then, the numerical scheme for memristor system with
piecewise memductance is represented by the following:

phe &
B-1 m
Nar2) Zt F(tm, X™)

(k—m+1)“(k—m+2+a)
—(k—m)“(k—m+2+2a)

(60)

m-1
r(a+2)2 “Fi(tn1, X7

(k - m + 1)@
-(k-mk-m+1+a)l

We consider our system with fractal-fractional derivative
with fractal-fractional derivative with power-law

FFtEDt"”ﬁx(t) =y - x + & - Ww)x),
DIy = x -y + 2,

BEDfPa(t) = (=B - y2),
EDPPw(t) = x.

(61)

The estimation of the parameters of the model and initial
data is considered as

Theoretical and numerical investigation of a memristor system

-—_ 1"

x(0)=0.001 y(0) = 0.001,
2(0) = 0.001  w(0) = 0.001,

@ =134, &=14, P, =15 (62)
y=02, a=02 b=04
=232, by =024, =014

The numerical simulation for the memristor model in the
case of fractal-fractional derivative with power-law is
shown in Figure 6.

3.3 Numerical solution of memristor model
with fractal-fractional derivative with
Mittag-Leffler kernel

We consider the memristor system with fractal-fractional
derivative with Mittag-Leffler kernel [13]

IDEEX(E) = FQG, 1), i £> 1 -
Xi(to) = Xio, if t=to
Applying the associated integral, we obtain
Xi(t) = (1 - a)BtFF(t, X)
t
aB (64)
+ —— | sP1E(s, Xi(s))(t - s)*1ds.
F(“)l (S IONED
We obtain the following:
Xi(ti+1) = (1 - )BtFF(t, X))
lir1
af (65)
B-1F(s. X; 1 — 8)*1ds.
* @ {s {5, X(9)to1 ~ 5

Replacing Lagrange polynomials of the functions F(s, Xi(s))
in the above equation [24], we obtain the following:

- a)(ﬁtﬁ‘lP(tk, xK))
k F(tm, X™)
p-12i\tm> 4 )
F(a) Z h
tm+1
J s = tention = 9)1ds

tm

Xik+1 - (66)

k =
ﬁ 1F(tm 11 )

F(a) z

tm+1

_[ (5 = t)(txan — $)*2ds.

ln

Then, the numerical scheme for memristor system
with piecewise memductance is represented by the
following:
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(1 - a)(Btf "Rt X[)

aphe X
_ p-1p m
+ F(a + 2) mz=0tm E(tm: Xl )
(k-m+D%k-m+2+a)
Xk =] (k- m)%(k - m + 2 + 2a) (67)
apht & B-1 m-1
- r(a n 2) mz=0tm—1ﬁ(tm—1; Xi )

(k- m+ 12+
-k-m*k-m+1+a

We consider our system with fractal-fractional derivative
with Mittag-Leffler kernel

YDMPX(1) = @y - X + & = W(W)X),
DMyt = x -y + 2,
FUDRPz(t) = -Byy - yz,

YD Pw(t) = x.

(68)

z(v)

z(1)

DE GRUYTER

The estimation of the parameters of the model and initial
data is considered as

x(0)=0.001, y(0)=0.001, z(0)=0.001,
w(0)=0.001, o =134, ¢&=14, 69)
p,=1, y=02, a=02 b=04,
a;=232, by =024, ¢=014.

The numerical simulation for the model in the case of
fractal-fractional derivative with Mittag—Leffler kernel is
presented in Figure 7.

4 Conclusion

In this study, we analyzed a modified memristor system
using piecewise memductance functions and fractal-frac-
tional derivatives with various kernels. Our findings indi-
cate that the memristor exhibits chaotic behavior, con-
firmed through equilibrium point, stability, dissipativity,

¥t

Figure 6: The graphical representation of the chaotic behavior of the fractal-fractional memristor system with piecewise memductance for

a =099 B =099,
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x(t)

y(t)

Figure 7: The graphical representation of the chaotic behavior of the fractal-fractional memristor system with piecewise memductance

fora = 0.99; B = 0.99.

and Lyapunov exponent analyses. The existence and
uniqueness of this model is proved by employing Banach
and Krasnoselskii fixed-point theorem. Numerical simula-
tions demonstrated the dynamic responses of the mem-
ristor under classical and fractal-fractional derivative con-
ditions. The proposed models and simulations enhance the
understanding of memristor dynamics, providing a foun-
dation for future applications in computing and electro-
nics. These results contribute to the development of more
accurate and reliable memristor-based systems.

The future direction of this work involves incorpor-
ating fractals by utilizing fractal-based circuit components
in the modeling of resistive elements. Additionally, the
resistive switching behavior could be modeled using
fractal time series or stochastic processes. This approach
aims to better capture the complex, self-similar nature of
resistive switching phenomena, providing a more accurate
and nuanced representation of the behavior in various

systems. By integrating fractals, the work could improve
the understanding and simulation of resistive switching in
advanced materials and devices.
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