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Abstract: The Belousov–Zhabotinsky (BZ) reaction–diffu-
sion system is a well-known model of chemical self-orga-
nization that exhibits complex spatiotemporal patterns.
The BZ reaction–diffusion system provides a useful tool
for studying the behavior of waves in random and complex
media. Its applications in this field are wide-ranging and
have the potential to contribute to a better understanding
of the behavior of waves in natural and engineered systems. In
this article, we investigate the BZ system using both analytical
and numerical methods. We first apply the Bernoulli sub-
ordinary differential equation (ODE) technique to the BZ
system to obtain a simplified system of ODEs. Then, we use
the exponential cubic B-spline method and the trigonometric
cubic B-spline method to solve the simplified system numeri-
cally. The results show that both methods are effective in cap-
turing the essential features of the BZ system.We also compare
the results obtained using the two numerical methods. Our
findings analytically contribute to a better understanding of
the BZ system through graphs of the soliton solutions.

Keywords: Belousov–Zhabotinsky reaction–diffusion model,
Bernoulli sub-ODE technique, soliton solutions, exponential
cubic B-spline method, trigonometric cubic B-spline method

1 Introduction

The Belousov–Zhabotinsky (BZ) system was first discov-
ered in the 1950s by Boris Belousov, a Russian chemist,
who observed an unusual color change in a mixture of che-
micals. Later, Anatol Zhabotinsky expanded on Belousov’s
work and discovered that the reaction could produce oscil-
lations and other dynamic patterns. The BZ reaction is
described by a system for the first time in 1983 [1]. The BZ
reaction–diffusion system is a well-known example of a
chemical oscillator that exhibits periodic and chaotic beha-
vior. The system involves the oxidation of a reducing agent
by a chemical oxidant, with the product of the reaction then
oxidizing the original reducing agent in a cyclic process. This
process is accompanied by a change in the concentration of
one or more species over time. The BZ reaction–diffusion
system can also exhibit spatial patterns, which can be mod-
eled using a reaction–diffusion system. In this system, the
concentration of the reactants and products is allowed to
vary both in time and space and is governed by a set of
partial differential equations. The BZ reaction–diffusion
system is notable for its ability to produce a wide variety
of complex spatiotemporal patterns, including spirals,
stripes, and spots. The system has been studied extensively
both experimentally and mathematically and has applica-
tions in fields such as chemistry, physics, and biology. The
BZ reaction illustrates oscillatory behavior in chemical reac-
tions and is a famous example of non-equilibrium thermo-
dynamics. Because of the fluctuating reactant and product
concentrations, this reaction, which includes the interaction
of bromate ions with organic acids, causes periodic color
variations. The BZ reaction has a wide range of physical
phenomena, from biological systems to materials science
and environmental science, including modeling the elec-
trical impulses that regulate heartbeats, creating self-assem-
bling materials with complex structures and modeling the
spread of pollutants in water bodies [2–4]. The study of the
BZ reaction–diffusion system has led to important insights
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into the behavior of complex chemical systems and has
inspired the development of new mathematical and compu-
tational techniques for studying these systems. The system
continues to be an active area of research, with new appli-
cations and insights being discovered all the time. The prin-
ciple idea that the main factor determining the wavefront’s
speed is how concentrated certain chemical substances, the
bromous acid ( )HBrO2 and the bromide ion ( )−Br given byU
and V, respectively. The sequence of simplified reaction
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where k k k, ,1 2 3, and k4 are known rate constants, P is the
compound HBrO, and A is the concentration of −
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where the parameter r is used to describe the concentra-
tion of bromide ions in the BZ reaction and can be
experimentally manipulated. We omit the asterisks for
simplicity

( )= + − − +
= − − +

θ Lrν θ θ rν θ

ν Mν bθν ν

1 ,

,

t xx

t xx

since ( )≈ = −L M O 10 4 , ≪L 1, and ≪M 1, We simplify the
model for the BZ reaction by disregarding these terms. The
resulting model is described by a system of equations

( )= + − −
= −
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ν ν bθν
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,

t xx
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we search for traveling wavefront solutions in the BZ reac-
tion in which the level of bromide ion is lowered and the
wave travels from a zone of high bromous acid concentra-
tion to one of low bromous acid concentration. So, we apply
appropriate boundary conditions to solve the BZ system

( ) ( ) ( ) ( )−∞ = −∞ = ∞ = ∞ =θ t ν t θ t ν t, 0, , 1, , 1, , 0,

where the functions θ and ν introduce the bromous acid
and bromide ion concentrations, respectively. r and b are
positive constants, for more details see [5]. We employ the
variable change = θΘ and = − ν℧ 1 [6], which results in

( )

( )

= + − − +
= + −

r r

b
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t xx
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The traveling wave solutions are studied under different
conditions by various researchers: Murray [7,8], Tyson [9],
Ye andWang [10,11], Li [12], Li and Ye [13], Trofimchuk et al.
studied the stability and the uniqueness of monotone wave
fronts [14]; Basavaraja et al. investigated oscillating pat-
terns and bifurcation phase diagrams for the BZ system
[15], Manoranjan and Mitchell [16] used the finite-element
method to obtain the wave solution; Wang et al. [17] pre-
sented solutions for four kinds of explicit wavefronts.
Quinney presented the soliton solutions using the finite-
difference method [18]. The soliton solutions can be inves-
tigated by a variety of analytical methods, like the Bernoulli
sub-ordinary differential equation (ODE)method [19], Laplace
transform method [20], and Hirota bilinear method [21,22].
The authors [23–26] have mentioned several numerical
methods, including parametric continuation, shooting,
finite difference, and basis spline functions collocation
methods. These analytical and numerical methods are com-
monly used in various fields and can be applied to solve a
wide range of problems.

This work is organized into several sections. In Section 2,
we present a summary of the analytical method based on
the Bernoulli sub-ODE technique. In Section 3, we illustrate
the application of the analytical method and present the
solutions obtained. In Section 4, we present the majority of
our results in the form of two- and three-dimensional
graphs. In Section 5, we investigate the numerical illustra-
tions using two different cubic B-spline function schemes.
In Section 6, we compare between analytical and numer-
ical results. Finally, in Section 7, we provide a synopsis of
our findings and draw a conclusion based on our analysis
of the BZ reaction.

2 Bernoulli sub-ODE technique

The strategy of the Bernoulli sub-ODE method [19] is
explained as follows: Exhibiting the main steps in the cur-
rent section to illustrate the new form of the Bernoulli sub-
ODE method. Presumption the model equation is given by

( ) =G ζ ζ ζ ζ ζ ζ, , , , , 0,x t xx tt xt (2)

where G is a polynomial in ( )=ζ ζ x t, and its partial deri-
vatives. Inserting the wave transformations

( ) ( )= + =η x ct ζ x t ζ η, , , (3)

where >c 0 is the velocity of the wave (2) switched to the
next ODE
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( )′ ″ ‴ ″″ =Q ζ ζ ζ ζ ζ, , , , 0. (4)

Step 1: Postulate the following finite series is the solution
of (4):

( ) ( ( ))∑=
=

ζ η g G η ,
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i

i

0

(5)

where ( )≠ ≤ ≤g i N0, 0
i

are calculated from the
principle of homogeneous balance to obtain the
value of N and ≠g 0

N
, then

′ + = ≠G λG μG λ μ, , 0,2 (6)

is an ODE that has a solution ( )G η given by

( ) =
+
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de

1
.μ
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(7)

Step 2: Inserting (5) and (6) into (4), we gain the solution of
the acquired system when equating all coefficients of

( )G η to zero. The previous set will be solved using the
Mathematica program.

3 Applications

Employing the wave transformation (3) on (1), we obtain
the next ODE system of equations:
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Determine the values of M and N from (8)
(1) ( ) ( )η ηΘ ℧ with ( )″ ⇒ =η MΘ 2,
(2) ( ) ( )η ηΘ ℧ with ( )″ ⇒ =η N℧ 2.

3.1 Results employing the Bernoulli sub-ODE
technique

Based upon (5), the solution of (8) is stated next:
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By inserting (9) into (8) and setting the coefficients with
equal powers of ( )G η equal to zero, we arrive at the fol-
lowing system:
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Four sets of solutions are obtained when the former system
of equations is solved as follows:
Set 1
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Set 4
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The traveling wave solution is provided as follows:

( )

( )

( ) ( )

( ) ( )

= +
⎛

⎝
⎜

+

⎞

⎠
⎟ +

⎛

⎝
⎜

+

⎞

⎠
⎟

= +
⎛

⎝
⎜

+

⎞

⎠
⎟ +

⎛

⎝
⎜

+

⎞

⎠
⎟

+ +

+ +

x t f f
de

f
de

x t m m
de

m
de

Θ ,
1 1

,

℧ ,
1 1

.

μ

λ

λ x ct
μ

λ

λ x ct

μ

λ

λ x ct
μ

λ

λ x ct

0 1 2

2

0 1 2

2
(15)

4 Discussion of graphical
representations

In this section, we present some graphs in two and three
dimensions to show our solutions. In Figure 1, we plot
graphs of (15) with set 4 (14) employing the Bernoulli
sub-ODE method at = = =r d μ1.3, 0.2, 0.5 and =λ 0.5.

The graphs of Θ and ℧ of (15) with set 2 (12) at =b 1.56,

=b 1.82, and =b 2.09 are shown in Figure 2.
The graphs can be a very effective tool for describing

and visualizing solutions to various problems, including math-
ematical models and systems. In the context of Figure 1, it
appears that the wave being referred to is a bell-shaped soliton
(dark soliton) for variable Θ and that the wave has turned
down and shifted to the left (kink soliton) for variable ℧.
This could be due to changes in the parameters of the system.
Figure 2 shows the variation in variables Θ and ℧ as the para-
meter b is changed. The parameter b determines the strength
of the feedback loop between the two variablesΘ and℧. When
b is small, the feedback loop is weak and the concentration ℧

has little effect on the dynamics of the system. As b increases,
the feedback loop becomes stronger, and the oscillations in the
systembecomemore pronounced.When b becomes very large,
the systemmay exhibit chaotic behavior, which can be seen as
irregular and unpredictable variations in the values of Θ

and ℧.

5 Numerical method outline

We discretize the domain [ ]a b, of the function into small
intervals or knots as �= < < < =a x x x bΩ : …0 1 . Let the

interval width be denoted by
�

= = −−
+h x x
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Figure 1: Graph of Θ and ℧ of (15) with set 4 (14) at = = =r d μ1.3, 0.2, 0.5, and =λ 0.5.
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�=l 0, 1,…, and let the time levels with >tΔ 0 be =t m tΔm

for �=m 0, 1,…, , where � is +ve integer. We use two
collocation methods like exponential cubic B-spline method
and trigonometric cubic B-spline method to solve the BZ
equation (1) numerically.

Let the initial and boundary conditions of the BZ
system (1)

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
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5 6

(16)

Here are their outlines of two methods as follows.

5.1 Exponential cubic B-spline method

We construct the exponential cubic B-spline functions [23],
( )E xl , at the knots xl, �( ( ) )= − +l 1 1 1 can be expressed as
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where = −A
PhC

PhC S1 , [ ]
( )

( )( )
= − +

− −B
P C C S

PhC S C1 2
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1

2

,
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4 1
,

( )=C Phcosh , ( )=S Phsinh , and P is a free parameter.
We assume that the numerical solutions of the

BZ system (1) are ( )x tΘ̃ , and ( )x t℧̃ , which are approx-
imations to the exact solutions ( )x tΘ , and ( )x t℧ , as
follows:
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�
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where ( )δ tl and ( )γ t
l

are the time-dependent unknown
quantities, ( )B xl the exponential cubic B-spline function
and its two derivatives ( ) ( )′ ″B x B x,l l at the knots xl are
established from (17).

Using (17) and (18), we compute the numerical solu-
tions of the BZ equation (1) and its derivatives up to second
order as follows:
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P S
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.

Substituting from (19) and (20) into (1), a general
form equation is reached for the linearization
technique
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Figure 2: Graph of Θ and ℧ of (15) with set 2 (12) at = =b b1.56, 1.82, and =b 2.09.
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We describe ( )δ tl , ( )γ t
l

, and their derivatives with respect
to time ( )δ t˙

l , ( )γ t˙
l

with the finite difference method as
follows:

( ) ( )

( ) ( )

= =

=
−

=
−+ − + −

δ t δ γ t γ

δ t
δ δ

t
γ t

γ γ

t

, ,

˙

2Δ
, ˙

2Δ
.

l l

m

l l

m

l

l

m

l

m

l

l

m

l

m1 1 1 1 (22)

Replacing ( )δ tl , ( )γ t
l

, and their first time derivatives in (21)
with (22), and eliminating four unknowns � �− + − +δ δ γ γ, , ,1 1 1 1

via boundary conditions (16), we obtain a system
( ) ( )+ × +n n2 2 2 2 of nonlinear algebraic equations can
be evaluated by the Mathematica program.

5.2 Trigonometric cubic B-spline method

We construct the trigonometric cubic B-spline functions
[26], ( )T xl , at the knots xl, �( ( ) )= − +l 1 1 1 can be defined as

( )

( )

( )( ( ) ( )

( ) ( ))

( ) ( )
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T x
w

W x x x x

W x W x Y x

W x Y x

W x Y x

x x x

Y x Y x W x

W x Y x

Y x W x

x x x

Y x x x x

1

,
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,

0 otherwise ,

l

l l l

l l l

l l

l l

l l

l l l

l l

l l

l l

l l l

3
2 2 1

2 2

1 1

2
1 2
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2 2

1 1

2
1 2

1
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(23)

where ( )= ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠w hsin sin sin

h h

2

3

2
, ( ) =W x sinl

⎛
⎝

⎞
⎠

−x x

2

l ,

( ) = ⎛
⎝

⎞
⎠

−
Y x sinl

x x

2

l .

We assume that the numerical solutions of the BZ
system (1) are denoted as ( )x tΘ̃ , and ( )x t℧̃ , , which are
approximations equivalent to the exact solutions ( )x tΘ ,

and ( )x t℧ , , respectively, as follows:

�

�

( ) ( ) ( )

( ) ( ) ( )

∑

∑

=

=

=−

+

=−

+

x t T x α t

x t T x β t

Θ̃ , ,

℧̃ , ,

l

l l

l

l l

1

1

1

1
(24)

where ( ) ( )α t β t,l l
are time-dependent unknowns, and the

trigonometric cubic B-spline function ( )T xl and its two deri-
vatives ( ) ( )′ ″T x T x,l l at the nodal points xl are established
from (23).

Using (23) and (24), we obtain the numerical solutions
( )x tΘ̃ , and ( )x t℧̃ , of the BZ equation (1) and its derivatives

up to second order in terms of ( )α tl and ( )β t
l

, respectively,
as follows:

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )( ( ) ( ))

( )( ( ) ( ) ( ) ( ) ( ))

= + +
′ = − −
″ = + +

− +

− +

− +

x t d α t d α t d α t

d α t α t

d α t d α t d α t
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l l l l

l l l

l l l l

1 1 2 1 1

3 1 1

4 1 5 4 1

(25)

( ) ( ) ( ) ( ) ( ) ( ) ( )
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(26)

where
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.

From (25) and (26) into (1), a general form equation is
reached for the linearization technique

( ) ( ) ( ) ( ) ( ) ( ) (( ) ( )

( ) ( ) ( ) ( )) (( ) ( ) ( ) ( )

( ) ( )) (( ) ( ) ( ) ( )

( ) ( ))
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( ) ( ) ( ) ( )) (( ) ( )
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d β t d β t d β t d β t

d β t d β t b d α t

d α t d α t b

H H

H

˙ ˙ ˙

0,

˙ ˙ ˙

0,

l l l l

l l l l

l l l

l l l

l l l l

l l l

l l l

1 1 2 1 1 4 1

5 4 1 1 1 2

1 1 1 1 2

1 1 1 2

1 1 2 1 1 4 1

5 4 1 1 1

2 1 1 2

(27)

where ( ) =α t˙ l

α

t

d

d

l , ( ) =β t˙
l

β

t

d

d

l , (( ) ( )= = +−d α tH Θl l1
2

1 1

( ) ( ) ( ) ( ))+ +d α t d α tl l2 1 1
2, (( ) ( ) ( ) ( )= = + +−d α t d α tH Θ℧l l l2 1 1 2

( ) ( ))(( ) ( ) ( ) ( ) ( ) ( ))+ ++ − +d α t d β t d β t d β tl l l l1 1 1 1 2 1 1
.
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We apply the finite difference method of ( )α tl , ( )β t
l

,
and their derivatives with respect to time ( )α t˙ l , ( )β t˙

l
as

follows:

( ) ( )

( ) ( )

= =

=
−

=
−+ − + −

α t α β t β

α t
α α

t
β t

β β

t
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˙
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2Δ
.

l l

m

l l

m

l

l

m

l

m

l

l

m

l

m1 1 1 1 (28)

Substituting ( )α tl , ( )β t
l

, and thier first time derivatives from
(28) into (27) and eliminating unknowns � �− + − +α α β β, , ,1 1 1 1

by boundary conditions (16), we obtain a system ( )+ ×n2 2

( )+n2 2 of nonlinear algebraic equations can be calculated
by the Mathematica program.

As above, we demonstrate the efficiency and effective-
ness of the numerical methods presented and compute the
L2 and ∞L norms of the error between the numerical and
exact solutions as follows:

( ) ( )

∣ ∣ ∣ ∣

∑ ∑= − = −

= − = −

= =

∞
= =

L h h

L
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l
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l
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l

m

l

n

l

m

l

m

l

n

l

m

l

m

l

n

l

m

l

m

2

0

2

0

2

0 0

(29)

Table 1: L2 and L∞ norms with time level =tΔ 0.1 and step length =h 0.2 and values for the BZ equation using (15) and parameters of (12) and (14),
respectively

t Trigonometric cubic B-pline using set (12) Exponential cubic B-pline using set (14)

(( ))x tΘ , (( ))℧ x t, (( ))x tΘ , (( ))℧ x t,

L2 L∞ L2 L∞ L2 L∞ L2 L∞

0.2 ×6.7152 10‒4 ×3.5820 10‒4 ×2.1793 10‒3 ×5.2009 10‒4 ×4.0002 10‒5 ×2.3615 10‒5 ×1.1801 10‒4 ×6.6231 10‒5

0.3 ×8.3227 10‒4 ×3.9462 10‒4 ×2.0219 10‒3 ×5.1989 10‒4 ×3.8578 10‒5 ×2.1984 10‒5 ×1.0836 10‒4 ×5.9843 10‒5

0.4 ×1.4714 10‒3 ×8.8277 10‒4 ×4.2047 10‒3 ×1.0405 10‒3 ×8.7150 10‒5 ×6.9560 10‒5 ×3.6256 10‒4 ×4.9303 10‒4

0.5 ×9.3346 10‒3 ×1.1827 10‒2 ×5.2762 10‒3 ×4.3328 10‒3 ×1.9906 10‒3 ×3.2484 10‒3 ×1.4241 10‒2 ×2.2937 10‒2

Table 2: L2 and L∞ norms via an exponential B-spline method with step length =h 1.0, different time level tΔ and values for the BZ equation using
(15) and parameters of (12)

t ==tΔ 0.1 ==tΔ 0.01

(( ))x tΘ , (( ))℧ x t, (( ))x tΘ , (( ))℧ x t,

L2 L∞ L2 L∞ L2 L∞ L2 L∞

0.2 ×1.7875 10‒3 ×8.8980 10‒4 ×6.8753 10‒4 ×3.4223 10‒4 ×1.7649 10‒3 ×9.2811 10‒4 ×6.7881 10‒4 ×3.5696 10‒4

0.3 ×1.7655 10‒3 ×1.0145 10‒3 ×6.7904 10‒4 ×3.9019 10‒4 ×2.6436 10‒3 ×1.4227 10‒3 ×1.0168 10‒3 ×5.4720 10‒4

0.4 ×3.5406 10‒3 ×1.8802 10‒3 ×1.3618 10‒3 ×7.2315 10‒4 ×3.5250 10‒3 ×1.9030 10‒3 ×1.3558 10‒3 ×7.3193 10‒4

0.5 ×3.5413 10‒3 ×2.0287 10‒3 ×1.3620 10‒3 ×7.8030 10‒4 ×4.4131 10‒3 ×2.3433 10‒3 ×1.6973 10‒3 ×9.0127 10‒4

Table 3: L2 and L∞ norms via trigonometric B-spline method with step length =h 1.0, different time level tΔ and values for the BZ equation using (15)
and parameters of (14)

t ==tΔ 0.1 ==tΔ 0.01

(( ))x tΘ , (( ))℧ x t, (( ))x tΘ , (( ))℧ x t,

L2 L∞ L2 L∞ L2 L∞ L2 L∞

0.2 ×2.3897 10‒3 ×7.6357 10‒4 ×2.3713 10‒2 ×7.1354 10‒3 ×2.4482 10‒3 ×8.2541 10‒4 ×2.3721 10‒2 ×7.1029 10‒3

0.3 ×2.5338 10‒3 ×9.0546 10‒4 ×2.3726 10‒2 ×7.0598 10‒3 ×3.7364 10‒3 ×1.3069 10‒3 ×3.5521 10‒2 ×1.0625 10‒2

0.4 ×4.9227 10‒3 ×1.6647 10‒3 ×4.7213 10‒2 ×1.4195 10‒2 ×5.0800 10‒3 ×1.8356 10‒3 ×4.7279 10‒2 ×1.4129 10‒2

0.5 ×5.2898 10‒3 ×1.9896 10‒3 ×4.7356 10‒2 ×1.4039 10‒2 ×6.4874 10‒3 ×2.4116 10‒3 ×5.8994 10‒2 ×1.7614 10‒2
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6 Comparison of analytical and
numerical results

Based on the information provided, we obtain numerical
results for the BZ reaction–diffusion model using the pro-
posed numerical methods. In particular, we compute the
errors L2 and ∞L at = = = =r d μ λ1.3, 0.2, 0.5, 0.5 for the
numerical solutions of the bromous acid concentration Θ

and bromide ion concentration ℧ (15) at different step
lengths and times. In Table 1, we investigate the error
norms for soliton solutions of the BZ system (15) at dif-
ferent times with time level =tΔ 0.1 and step size =h 0.2

via the trigonometric cubic B-spline method with para-
meter set (12) and the exponential cubic B-spline method
with parameter set (14). The obtained results in Table 2
show the errors at different time levels by the exponential
cubic B-spline method of the BZ system (15) with parameters
(12), whereas the trigonometric cubic B-spline method can

be applied using (15) and parameters (14) at different time
levels, as shown in Table 3. Also, the graphical plots in
Figures 3 and 4 show the congruence between the analytical
solutions and the numerical solutions of the BZ reaction–
diffusion system (15) at time =t 0.5 and step size =h 0.5

with parameters of two sets (12) and (14), respectively.
Thus, we can observe the proposed numerical methods
are satisfactorily accurate in solving the BZ reaction–diffu-
sion model.

7 Conclusion

In summary, the system of equations studied in this article
provides a useful model for understanding complex non-
linear systems, with a range of interesting behaviors such
as oscillations and spatial patterns. The exact solutions
were obtained using an analytical method such as the
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Figure 3: Numerical (exponential B-spline method) and analytical results of the BZ equation using (15) with parameters (12) at =r 1.3, =d 0.2, =μ 0.5,
=λ 0.5, time =t 0.5 with =tΔ 0.1 and =h 0.6.
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Bernoulli sub-ODE technique, which offers valuable insights
into the system’s behavior as in Figure 1 through some
soliton solutions like dark and kink solitons. The effects of
changing the parameters b were investigated (see Figure 2).
Additionally, numerical schemes based on the exponential
cubic B-spline method and trigonometric cubic B-spline
method were applied to the BZ reaction–diffusion model
and the results demonstrated the accuracy and efficiency of
the numerical schemes as shown in Tables 1–3 and Figures 3
and 4. Future researchmay focus on exploring the applicability
of other analytical and numerical methods to the BZ system, as
well as investigating the system under different conditions and
parameters. The BZ system continues to be a valuable model
for studying self-organization and nonlinear dynamics in che-
mical systems, with potential applications inmaterials science,
environmental monitoring, and other fields.
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