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Abstract: In this study, we delve into the exploration of the
new (2+1)-dimensional KdV model, a mathematical model
essential to the understanding of various nonlinear phe-
nomena such as ion acoustic waves and harmonic crystals.
The primary objective of this study is to conduct a compre-
hensive symmetry analysis of the model, a method that has
not been previously applied to the model. This approach
aims to uncover new exact solutions, which will not only
enrich the existing literature but also provide valuable
insights for researchers specializing in symmetry analysis
and the broader scientific community. To achieve this goal,
we employ a comprehensive analytical methodology that com-
bines Lie symmetry analysis technique with Kudryashov’s
method, the simplest equation technique, direct integration,
Jacobi elliptic expansion technique, and the power series
method. Through the utilization of these diverse analytical
approaches, we successfully derive solutions for the model in
various functional forms, including exponential, trigonometric,
hyperbolic, Jacobi elliptic, and rational functions. These solu-
tions exhibit broad applicability across diverse disciplines
within nonlinear science and engineering. To provide a deeper
understanding of the obtained solutions, we present our find-
ings through visual representations, utilizing three-dimen-
sional, two-dimensional, and density plots. By selecting appro-
priate ranges for the involved arbitrary constants, we

effectively illustrate the dynamical wave behaviours inherent
in the solutions. Notably, our visual representations reveal
discernible patterns characterized by periodic and kink-
shaped structures, shedding light on the intricate dynamics
encapsulated within the solutions. Furthermore, we endea-
vour to identify conserved vectors associated with the model
under investigation. To achieve this, we employ themultiplier
method and Ibragimov’s theorem. The results are expected to
enhance our understanding of the model’s physical implica-
tions and contribute to advancing the field.

Keywords: (2+1)-dimensional KdV model, Lie group ana-
lysis, exact solution, conserved vectors, multiplier method,
Ibragimov’s theorem

1 Introduction

The pursuit of exact solutions for nonlinear partial differ-
ential equations (NLPDEs) has gained increasing prominence.
This trend is driven, in part, by the capacity of NLPDEs to
effectively model real-world phenomena, finding applications
across diverse scientific domains such as fluid dynamics,
biology, plasma physics, fiber optics, engineering, and solitary
wave theory. The literature has witnessed a substantial
exploration of various mathematical and physical NLPDEs,
and contemporary researchers are actively extending these
investigations [1–17]. However, the challenge of obtaining
exact solutions for NLPDEs persists, and the generalizability
of the methods employed for one set of nonlinear equations
to others is often limited. Consequently, researchers have
proposed several methodologies to address these complex-
ities. Noteworthy among these techniques are the tanh-sech
method [18], Bäcklund transformation approach [19], the
exp( ( ))− τΨ -expansion technique [20], Cole–Hopf transforma-
tion method [21], Painlevé expansion approach [22], the
extended simplest equation method [23], and Lie symmetry
technique [24,25]. These diverse methodologies provide
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valuable tools for researchers seeking to uncover exact solu-
tions for NLPDEs and contribute to the advancement of our
understanding of complex nonlinear phenomena in various
scientific disciplines.

Conservation laws play a pivotal role in diverse applica-
tions, particularly in the examination of differential equations
(DEs). They serve as essential tools for describing physically
conserved quantities, including momentum, mass, energy,
charge, and constants of motion [26]. Furthermore, conserva-
tion laws find utility in various aspects of DE investigations,
encompassing the identification of integrability, linearization,
determination of solution existence and uniqueness, and vali-
dation of numerical methods [27–29]. The academic literature
has witnessed the proposition of multiple methodologies for
identifying conservation laws. Among these, the standardmul-
tiplier method [25], Noether’s approach [30], and Ibragimov’s
theorem [31] stand out as prominent techniques. These meth-
odologies contribute significantly to the systematic identifica-
tion and analysis of conservation laws, thereby enhancing our
understanding of the underlying principles governing DEs and
their applications in various scientific contexts.

The newly formulated (2+1)-dimensional KdV (2DKdV)
equation serves as a mathematical model for describing
nonlinear and dispersive waves, particularly those
encountered in phenomena such as shallow water waves.
This equation plays a significant role in elucidating various
nonlinear manifestations of acoustic waves in harmonic
crystals and ion-acoustic waves in plasma [32]. The
2DKdV equation is expressed as

+ + =u αu u u 0,t x y xxy (1.1)

where the variable ( )=u u t x y, , represents the surface profile
under consideration, while α denotes the nonlinear convection
coefficient term. The terms in the equation have distinct phy-
sical interpretations:ut characterizes the temporal evolution of
wave propagation, u ux y signifies the steepening of the wave,
and uxxy represents the spreading of the wave [32].

Several researchers have explored the proposed 2DKdV
model, each contributing valuable insights to its analysis. Arif
et al. [32] successfully derived multi-soliton solutions for the
2DKdV equation. The collisions of these solutions were ana-
lyzed through the implementation of Hirota’s scheme. Yokus
and Isah [33] employed the new homoclinic method based on
the Hirota bilinear form to establish the bilinear form of the
2DKdV equation. Their work resulted in the discovery of
numerous new exact solutions. Additionally, the stability of
these solutions was rigorously examined using modulation
instability as a criterion. Isah and Yokus [34] employed Hirota
bilinearization methodology to derive various types of soliton
solutions, notably including kink and rogue wave solutions.
Raheel et al. [35] contributed to the understanding of the

2DKdV equation by obtaining various analytical wave soli-
tons. Their approach involved the use of different techniques,
including Hirota bilinear, exp

a
function, extended sinh-

Gordon equation expansion, and modified simplest equation
techniques. The solutions obtained encompassed periodic
waves, periodic-cross-kink waves, three-wave patterns, and
other analytical wave solitons. Overall, these studies have
significantly enriched the understanding of the dynamics
and behaviour of the 2DKdV equation, providing a foundation
for further exploration and applications. Moreover, this high-
lights an existing gap in the literature, i.e., the model has yet
to be studied through the lens of symmetry analysis.

This study aims to conduct a comprehensive symmetry
analysis of the model to deepen our understanding of its
dynamics. Our primary objective is to generate a diverse array
of new exact and semi-analytical solutions for the 2DKdV
model, utilizing a combination of analytical techniques not
previously employed in its investigation. Specifically, we intend
to utilize Lie group analysis, Kudryashov’smethod, the simplest
equation approach, the Jacobi elliptic expansion technique,
and the power series method to achieve this goal. Moreover,
our objective is to ascertain the conservation laws inherent in
the model through the utilization of the multiplier approach
and conservation theorem by Ibragimov. To effectively illus-
trate the dynamic behaviour of solitary wave profiles asso-
ciated with the newly obtained semi-analytical and soliton
solutions, numerical simulations will be conducted. These
simulations will incorporate various visualization methods,
including three-dimensional, two-dimensional, and density
plots. It is pertinent to highlight that the findings of this inves-
tigation are anticipated to be novel and, as far as we are aware,
have not been documented in the current literature. Thus, this
study contributes significantly to the advancement of our
understanding of the 2DKdVmodel and its applications in non-
linear wave phenomena.

2 Lie group analysis

2.1 Symmetries of (1.1)

Let
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be the one-parameter Lie group of infinitesimal transfor-
mations of the 2DKdV model (1.1), whereby the group
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parameter K and τ , ξ , Φ, and η are used to obtain Lie point
symmetries of the underlying model. The requirement is
that Eq. (1.1) will admit the vector field � defined by

� =
∂
∂

+
∂
∂

+
∂
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+
∂
∂

τ

t

ξ

x y

η

u

Φ ,

provided that the invariance condition

� ( )∣[ ] + + = =u αu u u 0 0t x y xxy

3
1.1 (2.1)

holds, whenever + + =u αu u u 0t x y xxy . Specifically, �[ ]3

connotes the third-order prolongation of � , in this case
written as [25]
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It is observed that expanding and splitting Eq. (2.1) over
derivatives of u eventually guarantee the system:

= = = = = = =
= =
+ = + = − = − =
− + = − + =
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Solving the aforementioned system leads to the
infinitesimals
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For the obtained symmetries, we present the commutator
table and adjoint representation [25,36] (Tables 1 and 2).

Solving the initail value problem [24,25]
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where =t t˜ , =x x˜ , =y y˜ , and =u u˜ at K = 0, one
obtains the one-parameter groups of transformations
GK ( )t x y, ,

i
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Theorem 2.1. Given the 2DKdV model, since each groupGKi

is a symmetry group, if S( ) ( )=u t x y t x y, , , , satisfies the
model, then the functions
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also satisfy the model.

2.2 Lie symmetry reductions and solutions

This section implores the eight Lie point symmetries
acquired through our analysis to undertake symmetry
reductions with the objective of deriving group invariant
solutions of the 2DKdV model (1.1).

Reduction 1. To derive travelling wave solutions, we
contemplate the linear combination of the first three sym-
metries � = ∂∕∂t1 , � = ∂∕∂x2 , and � = ∂∕∂y3 . This leads to
the group invariant solution

( )= = + +u ψ z z x by ct, .

Substituting the aforementioned value of u into (1.1), we
secure the third-order nonlinear ordinary differential
equation (NLODE)

( ) ( ) ( )‴ + ′ + ′ =bψ z αbψ z cψ z 0.
2 (2.2)

Table 1: Commutator table

� �[[ ]],i j �1 �2 �3 �4 �5 �6 �7 �8

�1 0 0 0 0 �1 �α 3 �α 2 0
�2 0 0 0 0 0 �4 0 �2

�3 0 0 0 0 �3 0 �4 �−2 3

�4 0 0 0 0 0 0 0 �− 4

�5 �− 1 0 �− 3 0 0 0 �7 0
�6 �−α 3 �− 4 0 0 0 0 0 �−2 6

�7 �−α 2 0 �− 4 0 �− 7 0 0 �7

�8 0 �− 2 �2 3 �4 0 �2 6 �− 7 0
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2.2.1 Solution of (2.2) via direct integration

Eq. (2.2) can be integrated to obtain the NLODE

″ + ′ + ′ + =ψ
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k
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2
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2
0,

2 3 2 0 (2.3)

where k0 is a constant of integration. It is of convenience to
set �′ =ψ , so that Eq. (2.3) becomes
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Assuming that the cubic polynomial equation

� �+ + =
α c

b

k

b

2

3

2
03 2 0

has the real roots ε ε,1 2, and ε3 such that > >ε ε ε1 2 3, Eq. (2.4)
is expressed as
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whose solution is [37,38]
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with cn being the Jacobi cosine elliptic function. Upon inte-
gration of Eq. (2.5) and then retrograding to original vari-
ables, the solution of the 2DKdV model (1.1) becomes
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where k1 is a constant, = + +z x by ct, and [ ]q vEllipticE ,

represents the incomplete elliptic integral [39]
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Table 2: Adjoint representation

Ad �1 �2 �3 �4 �5 �6 �7 �8

�1 �1 �2 �3 �4 � �− ε5 1 � �− αε6 3 � �− αε7 2 �8

�2 �1 �2 �3 �4 �5 � �− ε6 4 �7 � �− ε8 2

�3 �1 �2 �3 �4 � �− ε5 3 �6 � �− ε7 4 � �+ε2 3 8

�4 �1 �2 �3 �4 �5 �6 �7 � �+ε 4 8
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Figure 1: (a) 3D plot depicting the periodic soliton solution (2.6) for the parameter values =ε 101 , =ε 52 , =ε 33 , =k 11 , =α 4, =b 2, =c 0.9, =y 1,
− ≤ ≤t x2 , 2, (b) 2D density plot, and (c) 2D graph of solution (2.6), − ≤ ≤t2 2.
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Figure 1 illustrates the wave profile of the periodic solution
(2.6) under specific parametric assignments.

2.2.2 Special cases of elliptic function solution

It is a well-established fact that special limits of the Jacobi
elliptic function can yield other mathematical functions,
including hyperbolic and trigonometric functions.
Leveraging this concept, we aim to obtain more solutions
of (1.1) derived from the established Jacobi elliptic solution
(2.5). Specifically, considering the range �≤ ≤0 12 , we
investigate two cases: � ⟶ 12 and � ⟶ 02 , which,
respectively, lead to hyperbolic and trigonometric
solutions
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Upon integration of these solutions with respect to z, we
obtain the following expressions:
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respectively, where = + +z x by ct. The wave profiles of
solution (2.7) and (2.8) are given in Figures 2 and 3.

2.2.3 Special case of (2.3)

We derive a solution of the underlying model (1.1) by con-
sidering the case =k 00 in Eq. (2.3), which gives us the
NLODE

″ + ′ + ′ =ψ

α

ψ

c

b

ψ

2

3
0.

2 3 2

Integration of the resultant NLODE gives

( )
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b
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2

1

2
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(2.9)

where a1 and a2 are the constants of integration (Figure 4).

2.2.4 Solution of (1.1) via Kudryashov’s method

We note that Eq. (2.2) can be solved using Kudryashov’s
approach as illustrated in the study by Kudryashov [40]. To
achieve this, it is assumed that the solution of Eq. (2.2) takes
the form

B M

N

( ) ( )∑=
=

ψ z z ,

i

i

i

0

(2.10)

where B N( )=i 0, 1, 2, …,i are the constants, N is a posi-
tive integer obtained through the balancing procedure,
and M( )z solves the Riccati equation

Figure 2: (a) 3D plot depicting the kink-shaped soliton solution (2.7) for the parameter values =ε 101 , =ε 02 , = −ε 33 , =k 11 , =α 4, =b 2, =c 0.9,
=y 1, over the interval − ≤ ≤t x5 , 5, (b) 2D density plot illustrates solution (2.7), and (c) 2D graph of solution (2.7) for the interval − ≤ ≤t5 5.
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M M M( ) ( ) ( )′ = −z z z ,2 (2.11)

whose solution is given by [40]

M( ) =
+

z

e

1

1
.

z
(2.12)

For Eq. (2.2), balancing the terms ′′′ψ and ′ψ
2, we obtain

N = 1, hence we have

B B M( ) ( )= +ψ z z .0 1 (2.13)

Substituting Eq. (2.13) into (2.2) and using (2.11), we obtain
an algebraic equation

B M B M

B M B M B M

B M B M B M B M
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+ + + − =
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which upon splitting on powers ofM( )z leads to the system

B B

B B B

B B

+ =
+ + =
+ =

b c

α b b c

α b b

0,

7 0,

6 0,

1 1

1

2
1 1

1

2
1

which can be solved to obtain

B B B= = − = −
α

b c,
6

, .0 0 1
(2.14)

Therefore, reverting to the t, x , and y variables, one
obtains the general solution of the 2DKdV model (1.1) cor-
responding to the constants (2.14) to be

B( )
{ }( )

= −
+ + −u t x y

α e

, ,
6

1
,

x b y t
0 (2.15)

where B0 is a constant. The wave profile corresponding to
the exponential solution is depicted in Figure 5.

Figure 3: (a) 3D plot illustrating the periodic soliton solution (2.8) for the parameter values =ε 101 , =ε 02 , = −ε 33 , =k 11 , =α 1, =b 2, =c 1, =y 1,
over the interval − ≤ ≤t x1 , 1, (b) 2D density plot depicting solution (2.8), and (c) 2D graph of solution (2.8) over the interval − ≤ ≤t1 1.

Figure 4: (a) 3D plot illustrating the solution (2.9) for the parametric values =a 11 , =a 12 , =α 1, =b 1, =c 1, =y 1, over the interval − ≤ ≤t x5 , 5, (b)
2D density plot depicts solution (2.9), and (c) 2D graph of solution (2.9) shown for the interval − ≤ ≤t5 5.
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2.2.5 Solution by the simplest equation method

In our pursuit of solving the NLODE (2.2), we employ the
approach known as the simplest equation method, as
detailed in works [41,42]. Subsequently, we obtain solu-
tions for the 2DKdV model (1.1). This method entails the
utilization of the Bernoulli equation and the Riccati equa-
tion, which are

f f f( ) ( ) ( )′ = +z l z n z
2 (2.16)

and

f f f( ) ( ) ( )′ = + +z l z n z s,2 (2.17)

where l, n, and s are the constants. We ascertain solutions
of Eq. (2.2) in the format

a f

n

( ) ( ( ))∑=
=

ψ z z ,

i

i

i

0

(2.18)

where f solves the Bernoulli Eq. (2.16) or the Riccati
Eq. (2.17). Here, n represents a positive integer whose value
is obtained through the balancing procedure, and a an,…,0

are the constants. The solutions of the Bernoulli Eq. (2.16)
that are used here are

f( )
( [ ( )] [ ( )])

= ⎧⎨⎩
−

+ + − +
⎫⎬⎭

z

lc

n c l z c l z ccosh sinh

1

1 0 0

(2.19)

and

f( )
( [ ( )] [ ( )])

( [ ( )] [ ( )])
= ⎧⎨⎩

− + + +
+ + + +

⎫⎬⎭
z

l l z c l z c

n c l z c l z c

cosh sinh

cosh sinh
,

0 0

2 0 0

(2.20)

where c0, c1, and c2 are the constants. For the Riccati Eq.
(2.17), we consider the solutions

f( ) ( )= − −
⎧
⎨
⎩

+
⎫
⎬
⎭

z

n

l

θ

l

θ z c

2 2
tanh

1

2
0 (2.21)

and

f( ) = − − ⎛
⎝

⎞
⎠

+

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠ −

⎛
⎝

⎞
⎠

z

n

l

θ

l

θz

c

2 2
tanh

1

2

sech

cosh sinh

,

θz

θz l

θ

θz

2

0 2

2

2

(2.22)

with = −θ n ls42 and c0 being a constant.

2.2.5.1 Bernoulli case
Applying the balancing procedure, we obtain n = 1.

This leads to Eq. (2.18) taking the form
a a f( ) ( )= +ψ z z .0 1 (2.23)

By substituting (2.23) into (2.2) and making use of the Ber-
noulli Eq. (2.16), we obtain

a f a f a f a f a f

a f a f a f a f

+ + + +
+ + + + =

bl bl n α bl bln α bln

bn α bn cl cn

7 12 2

6 0,

1
3

1
2 2

1

2 2 2
1

2 3
1

2 3

1
3 4

1

2 2 4
1 1

2

whereby equating the coefficients of fi to zero leads to

a a

a a a

a a

a a

+ =
+ + =
+ =
+ =

bl cl

α bl bl n cn

bln α bln

bn α bn

0,

7 0,

6 0,

6 0.

1
3

1

1

2 2
1

2
1

1
2

1

2

1
3

1

2 2

Solving the aforementioned system, one obtains

a a a= = − = −
n

α

b

c

l

,
6

, .0 0 1 2

Figure 5: (a) 3D plot depicting the kink-shaped soliton solution (2.15) for the following parameter values: =α 1, =c 1, and B = 10 , over the interval
− ≤ ≤t x10 , 10, (b) 2D density plot illustrates solution (2.15), and (c) 2D plot of solution (2.15) on the interval − ≤ ≤t10 10.
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Therefore, solutions to the 2DKdV Eq. (1.1) are

a

( )

( ( ( )) ( ( )) )
= +

+ − + +

u t x y

lc

α l c z l c z c

, ,

6

cosh sinh
,0

1

0 0 1

(2.24)

a

( )

( ( ( )) ( ( )))

( ( ( )) ( ( )) )
= +

+ + +
+ + + +

u t x y

l l c z l c z

α l c z l c z c

, ,

6 sinh cosh

sinh cosh
,0

0 0

0 0 2

(2.25)

where = + +z x by ct and c0, c1, and c2 are the arbitrary
constants. The wave profiles of solutions (2.24) and (2.25)
are provided in Figures 6 and 7, respectively.

2.2.5.2 Riccati case
Note that the Riccati case follows a procedure similar

to that of the Bernoulli case, which involves the incorpora-
tion of the expression for ( )ψ z into Eq. (2.2) and utilization
of the Riccati Eq. (2.17). This leads to the derivation of an
algebraic equation

a f a f a f a f a f

a f a f a f a a f

a f a a f a a f

a f a

+ + + +
+ + + + +
+ + + + +
+ + =

bl bl n bl s α bl bln

blns α bln α bls bls bn

α bn bn s α bns α bs cl

cn cs

6 12 8 7

8 2 2 2

2

0,

1
3 4

1
2 3

1
2 2

1

2 2 4
1

2 2

1 1

2 3
1

2 2
1

2
1

3

1

2 2 2
1

2
1

2

1

2 2
1

2

1 1

which when splat on powers of f gives the algebraic system
of equations

a a a a

a a a a

a a a a a

a a

a a

+ + + =
+ + + =
+ + + + =
+ =
+ =

bls bn s α bs cs

blns bn α bns cn

bl s bln α bls α bn cl

bl n α bln

bl α bl

2 0,

8 2 0,

8 7 2 0,

6 0,

6 0,

1
2

1
2

1

2 2
1

1 1
3

1

2
1

1
2

1
2

1

2

1

2 2
1

1
2

1

2

1
3

1

2 2

which is solvedwith the aid ofMathematica to obtaina0 anda1 as

a a a= = − = −
−

l

α

b

c

n ls

,
6

,
4

.0 0 1 2

Thus, the solutions of the 2DKdV equation are

a( ) (

)

= + ⎛
⎝ − ⎛

⎝

+ − ⎞
⎠ +

⎞
⎠

u t x y

α

n ls c

z n ls n

, ,
3

4 tanh
1

2

4 ,

0
2

0

2

(2.26)

a( ) = +

−
− ⎛

⎝ − ⎞
⎠

− − ⎛
⎝ − ⎞

⎠

+
− ⎛

⎝ − ⎞
⎠

u t x y

n

α

l n ls z n ls

αc n ls αl z n ls

n ls

α

z n ls

, ,
3

6 4 sech 4

4 2 tanh 4

3 4
tanh

1

2
4 ,

0

2 2
1

2

2

0
2

1

2

2

2

2

(2.27)

where = + +z x by ct and c0 is an arbitrary constant. The
temporal evolution of the wave profiles for the solutions
presented in Eqs. (2.26) and (2.27) is depicted in Figures 8
and 9, respectively.

Reduction 2. We consider the symmetry
� = ∂∕∂ + ∂∕∂t t y y5 . In this case, we obtain the invariants

�( )= =u x z z

y

t

, , ,

that when inserted into the model (1.1) gives the NLPDE

� � � �+ − =α z 0.x z xxz z (2.28)

Further investigation via Lie group analysis of Eq. (2.28)
yields four Lie point symmetries

Figure 6: (a) 3D graph showing kink-shaped solution (2.24) for the parameters a = 10 , =α 1, =l 1, =c 1, =c 40 , =c 31 , =y 1, − ≤ ≤t x10 , 10,
(b) density plot, and (c) 2D graph for interval − ≤ ≤t10 10.
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� �
�

�
�

� �
�

=
∂
∂

=
∂
∂

=
∂
∂

+
∂
∂

=
∂
∂

−
∂
∂

−
∂
∂

x

α

z

x x

x

z

z

, ,

, 2 .

1 2

3 4

When we utilize the symmetry �1, we obtain ( ) =u t x y c, , 1,
where c1 is a constant of integration. Symmetry �2 yields
no result. On the other hand, engaging �3, we obtain

P� ( )= +
xz

α

x ,

which transforms (2.28) to the first-order ordinary differ-
ential equation P′ = 0. Solving this and retrograding to
original variables, we obtain

( ) = +u t x y

xy

αt

ν, , , (2.29)

where ν is a constant. The solution profile of (2.29) is shown
in Figure 10.

Moreover, from the symmetry �4, we have U� ( )= p
x

1

with =p x z
2 , which reduces (2.28) into the NLODE

U U U U U U‴ − ′ + ′ − ′ + ″ =p α αp p p4 2 6 0.2 2 (2.30)

We note that the aforementioned equation is solvable by
the power series solution method.

2.2.5.3 Solution of (2.30) by the power series method
The power series solution technique proves advanta-

geous in finding solutions of intricate NLODEs [43], as
exemplified by Eq. (2.30). Commencing the analysis, con-
sider representing the solution to Eq. (2.30) in the manner

U e
r

r
r( ) ∑=

=

∞

p p ,

0

(2.31)

where e rr( )≥ 0 are the constants. Inserting (2.31) into (2.30)
leads to

Figure 7: (a) 3D plot displaying the kink-shaped solution (2.25) for the values =α 1, =l 1, a =0 1, =c 1, =c 40 , =c2 1, =y 1, over the range
− ≤ ≤t x10 , 10, (b) 2D density plot, and (c) 2D graph over the range − ≤ ≤t10 10.

Figure 8: (a) 3D plot illustrating the kink-shaped solution (2.26) for the parameter values =α 1, = −l 1, a = 10 , =c 1, =n 1, =s 1, =c 40 , and =y 1,
over the range − ≤ ≤t x10 , 10, (b) 2D density plot, and (c) 2D graph of depicted over the interval − ≤ ≤t10 10.
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r r r e

r e e

r r e e

re r r e

r

r
r

r

r

r
r

r

r

r
r

r

r
r

r

r
r

( )( )

( )

( )

( )

∑

∑ ∑

∑ ∑

∑ ∑

− +

−
⎡
⎣⎢

− +
⎤
⎦⎥

+
⎡
⎣⎢

− +
⎤
⎦⎥

− + + =

=

∞

+

=

∞

=
− +

=

∞

=
− +

=

∞

=

∞

+

p

α i p

α i p

p p

4 1 1

1

2 1

6 1 0,

i

i i

i

i i

2

1

2 0

1

2 0

1

2 2

1

(2.32)

whereby it is easy to note that

e e e e r+ − = =α2 12 0, for 1.1 2 2 1 (2.33)

Consequently, for r ≥ 2, the recursion relation is given by

e
r r r

re r r e

r e e r r

e e

r r r

r

r

r

r

( )( )
[ ( )

( ) (

)

∑ ∑

=
− +

+ +

+ − + − −

+
⎤
⎦⎥

+ +

=
− +

=

− +

i α i

1

4 1 1
6 1

1 2

1 .

i

i i

i

i i

4 1

0

1

0

1

(2.34)

By employing the recursive relationship (2.34), one can sys-
tematically derive additional successive terms e rr ( )≥, 2

within the power series expansion (2.31). It is pertinent to
note that establishing the convergence of the aforemen-
tioned power series (2.31), characterized by coefficients out-
lined in (2.33) and (2.34), constitutes a straightforward

Figure 9: 3D plot depicting the kink-shaped solution (2.27) with the specified parameter values =α 1, = −l 1, a = 10 , =c 1, =n 1, =s 1, =c 40 , and
=y 1, over the range − ≤ ≤t x10 , 10, (b) 2D density plot and (c) 2D graph depicted over the interval − ≤ ≤t10 10.

Figure 10: (a) 3D plot showing the solution (2.29) for the values =α 1, =ν 1 and =t 1, over the interval − ≤ ≤y x5 , 5, (b) 2D density plot of solution
(2.29), and (c) 2D plot of solution (2.29) depicted on the interval − ≤ ≤y5 5.
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endeavour, as discussed in the study by Liu et al. [43]. For
the sake of conciseness, the proof is omitted here. The solu-
tion to the NLODE (2.30) can thus be succinctly expressed as

U e e
e

e r r r

r r e re r e e

r r e e

r

r r

r

r

r

r
r

( )
( ) ( )( )

( ) ( )

( )

∑

∑

∑

= + +
+

+
− +

×
⎡
⎣⎢

+ + + − +

− − +
⎤
⎦⎥

=

∞

+
=

− +

=
− +

+

p p

α

p

i

α i p

2 6

1

4 1 1

6 1 1

2 1 .

i

i i

i

i i

0 1

1

1

2

2

1

0

1

0

1
1

Hence, reverting to the original variables, we obtain

e e
e

e

r r r
r r e

re r e e

r r e e

r

r

r

r

r

r

r

r

( )
( )

( )( )
{ ( )

( )

( )

∑

∑

∑

⎟ ⎟

⎟

⎜ ⎜

⎜

=
⎡
⎣⎢

+ ⎛
⎝

⎞
⎠
+

+
⎛
⎝

⎞
⎠

+
− +

+

+ + − +

− − +
⎫
⎬
⎭
⎛
⎝

⎞
⎠

⎤

⎦⎥

−

=

∞

+

=
− +

=
− +

+

u t x y x

x y

t α

x y

t

i

α i

x y

t

, ,
2 6

1

4 1 1
6 1

1

2 1 ,

i

i i

i

i i

1
0 1

2
1

1

2 2

2

1

0

1

0

1

2 1

(2.35)

which is the power series solution to the 2DKdVmodel (1.1).
We present the wave profile of the semi-analytical solution
(2.35) in Figure 11.

Reduction 3. The infinitesimal symmetry � = ∂∕∂ +αt t6

∂∕∂x u leads to invariant solution �( )= ∕ +u xy αt t x, that
reduces the 2DKdV model (1.1) to � �+ =t x 0t x . The solu-
tion to the partial differential equation (PDE) is given by
� ( )= ∕c x t1 , where c1 is a constant. Therefore, the solution
of the 2DKdV Eq. (1.1) is

( ) = + ⎛
⎝
⎞
⎠u t x y

xy

αt

c

x

t

, , .1 (2.36)

We give the wave profile to the rational solution (2.36) in
Figure 12.

Reduction 4. Invoking the symmetry � = ∂∕∂ +αt t7

∂∕∂y u, we obtain the invariant solution F( )= ∕ +u xy αt t x,

that transformsmodel (1.1) to the PDE F F+ =t y 0t y . This PDE
has the solution F ( )= ∕k y t , where k is an integration con-
stant. Consequently, we obtain that the solution of the 2DKdV
model (1.1) is

( ) = + ⎛
⎝
⎞
⎠u t x y

xy

αt

k

y

t

, , . (2.37)

The wave profile to the rational solution (2.37) can be
viewed in Figure 13.

Reduction 5. Finally, we engage the symmetry
� = ∂∕∂ − ∂∕∂ − ∂∕∂x x y y u u28 . To this end, we obtain the
invariant solution

( )= =u

x

U t s s x y

1
, , ,2

which when substituted into the 2DKdV model (1.1) gives
the NLPDE

− + + + =U αU U αsU s U sU2 4 6 0.t s s sss ss

2 2 (2.38)

Eq. (2.38) admits two infinitesimal symmetries

� �=
∂
∂

=
∂
∂

+
∂
∂t

t

t

s

s

, .1 3

Symmetry �1 gives the group-invariant solution 	( )=U s ,
which further reduces (2.38) to

	 	 	 	 	( )‴ − ′ + ′ + ″ =s α s αs s4 2 6 0.2 2 (2.39)

Observe that the NLODE (2.39) exhibits a form similar to
that of Eq. (2.30), thereby suggesting its amenable solution
through the power series method in a manner analogous to

Figure 11: (a) 3D plot of power series solution (2.35) for parameters =α 1, e = 10 , e = 11 , for interval − ≤ ≤y x10 , 10, (b) 2D density plot, and (c) 2D
graph for the range − ≤ ≤y10 10.
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the latter, which we omit here. Engaging symmetry �2 in
the same manner yields


( )= =U q q

s

t

, , (2.40)

which transforms (2.38) to the NLODE


 
 
 
 
 
( )‴ − ′ + ′ − ′ + ″ =q α q αq q q4 2 6 0.2 2 (2.41)

Note that this NLODE is similar to Eq. (2.30) whose solution
has already been provided.

3 Graphical depiction and
application of results

This section presents the graphical representation of the
soliton solutions obtained for the 2DKdV model (1.1),

covering kink, singular, and periodic solitons, as outlined
in (2.6), (2.7), (2.8), (2.9), (2.15), (2.24), (2.25), (2.26), and (2.27).
The results are illustrated using both 3D and 2D structures
to highlight the model’s features. To visualize the physical
behaviour of the model, we depict the soliton structures by
assigning suitable values to the relevant parameters. Spe-
cifically, the dynamics of the periodic soliton solution (2.6)
are illustrated through 3D plots, contour plots, and 2D pro-
jections in Figure 1, with varying parameter values =ε 101 ,
=ε 52 , =ε 33 , =k 11 , =α 4, =b 2, =c 0.9, and fixed values
=y 1, and − ≤ ≤t x2 , 2. Additionally, we investigate the

dynamics of the kink-shaped solitary wave solution (2.7)
by presenting Figure 2 with different parameter values
=ε 101 , =ε 02 , = −ε 33 , =k 11 , =α 4, =b 2, and =c 0.9,

where =y 1, and − ≤ ≤t x5 , 5. Following this, the periodic
soliton solution (2.8) is illustrated through 3D, density, and
2D plots in Figure 3, with varying parameter values =ε 101 ,

Figure 12: (a) 3D plot showing the solution (2.36) for the parameter values =α 1, =c 11 , and =t 1, over the interval − ≤ ≤y x5 , 5, (b) 2D density plot of
solution (2.36), and (c) 2D plot of solution (2.36) depicted on the interval − ≤ ≤y5 5.

Figure 13: (a) 3D plot showing the solution (2.37) for the parameters = =α k 1 and =t 1, − ≤ ≤y x5 , 5, (b) 2D density plot, and (c) 2D plot of solution
(2.37) depicted on the interval − ≤ ≤y5 5.
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=ε 02 , = −ε 33 , =k 11 , =α 1, and =y 1, over the spatial
interval − ≤ ≤t x1 , 1. We illustrate the streaming beha-
viour of the singular soliton solution (2.9) using 3D, density,
and 2D plots in Figure 4, with varying parameter values =a 11 ,
=a 12 , =α 1, =b 1, =c 1, and =y 1, over the spatial interval

− ≤ ≤t x5 , 5. Additionally, the soliton solution (2.15) is depicted
through 3D, density, and 2D plots, showcasing a kink-shaped
wave profile in Figure 5, with parameter values =α 1, =c 1,
andB = 10 , within the interval − ≤ ≤t x10 , 10. The dynamics
of the soliton solution (2.24) are depicted in Figure 6 through
3D, density, and 2D plots, using various parameter values
a = 10 , =α 1, =l 1, =c 1, =c 40 , =c 31 , =y 1, over the spatial
interval − ≤ ≤t x10 , 10. Additionally, Figure 6 illustrates the
streaming behaviour of the soliton solution (2.25) in 3D, density,
and 2D plots, with the following parameter values =α 1, =l 1,
a =0 1, =c 1, =c 40 , =c2 1, and =y 1, within the same spatial
interval. The kink-shaped soliton solution (2.26) is also repre-
sented in Figure 8 through 3D, density, and 2D plots, with
parameter values a = 10 , =c 1, =n 1, =s 1, =c 40 , where
=y 1, over the range − ≤ ≤t x10 , 10. Next, we consider the

hyperbolic function solution (2.27), which shares similar char-
acteristics with trigonometric functions. Hyperbolic functions
have significant real-world applications, such as in the
catenary, the curve formed by a hanging cable or chain under
its own weight when supported only at its ends. These func-
tions also appear in various fields, including fluid dynamics,
electromagnetic theory, and general relativity, where they
describe waveforms and propagation behaviours. Their rele-
vance in our solutions is therefore notable. The dynamical
behaviour of the solution (2.27) is presented in Figure 9 through
3D, density, and 2D plots, exhibiting a kink-shaped profile. The
parameter values used are =α 1, = −l 1, a = 10 , =c 1, =n 1,
=s 1, =c 40 , where =y 1, over the interval − ≤ ≤t x10 , 10. It

is important to note that, in comparison with other studies
cited in the introduction, these results are novel and have
not been previously presented in the literature.

4 Conservation laws

To ascertain the conservation laws inherited in the model
under consideration, we adopt two distinct methodologies
within this section of this study: specifically, the multiplier
method [25] and Ibragimov’s method [31].

4.1 Conserved vectors through the
multiplier method

The multiplier approach is esteemed for its effectiveness in
addressing conserved quantities of DEs, irrespective of

whether they adhere to variational principles. It is perti-
nent to note that the zeroth- and first-order multipliers
yield no significant results. Consequently, we turn our
attention to the second-order multiplier, denoted as
� �( )= t x u u u, , , , …,t yy , and utilize these multipliers to
establish the conservation laws governing (1.1). The deter-
mination of second-order multipliers, is contingent upon
solving the determining equation, leading to the
expression

�{ ( )}+ + =
δ

δu

u αu u u 0,t x y xxy
(4.1)

where ∕δ δu is the Euler operator given by

=
∂
∂

−
∂
∂

−
∂
∂

−
∂
∂

+
∂

∂
+⋯

δ

δu u

D

u

D

u

D

u

D D

u

.t

t

x

x

y

y

xx y

xxy

2

By expanding (4.1), we obtain the system of determining
equations, which upon simplification and solving gives

C C� = +u u ,xx yy1 2 (4.2)

where C1 and C2 are the constants. Now, the conserved
quantities can be determined using

�{ }+ + = + +D T D T D T u αu u ut

t

x

x

y

y

t x y xxy (4.3)

known as the divergence identity, where T
t denotes the

conserved density and T
x and T

y represent the spatial
fluxes [25]. Following a sequence of computational proce-
dures, we present herein the conserved vectors associated
with the two multipliers.

Case 1. Employing multiplier � = uxx1 , we derive the
associated conserved vector ( )T T T, ,

t x y

1 1 1 with its compo-
nents expressed as

=

= − − − +

+ + −

= + − +

T uu

T αu u uαu u uu uu u u
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x y x xy tx xxxy t x
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1
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2

Case 2. Utilization of the multiplier � = uyy2 yields the
associated conserved vector with components
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4.2 Conserved vectors through Ibragimov’s
theorem

Ibragimov’s theorem, a significant advancement in the
realm of DEs, extends the renowned Noether’s theorem
and offers a more comprehensive approach to finding con-
servation laws for a wider class of DEs. According to this
theorem, every infinitesimal, Lie–Bäcklund, or nonlocal
symmetry of the system results in a corresponding conser-
vation law [31]. In our study, we leverage Ibragimov’s the-
orem to compute the conserved vectors associated with Eq.
(1.1). For a more detailed understanding of this approach,
interested readers are encouraged to refer previous
study [31].

The adjoint equation for the 2DKdV model (1.1) is

� ≡ − − − − − =αu v v αu v αu v v* 2 0,xy t x y y x xxy (4.4)

which is obtained from

� [ { }]≡ + + =
δ

δu

v u αu u u* 0,t x y xxy

where v depends on t, x , and y. It is noted that since Eq.
(4.4) when =u v is not identical to the original model (1.1),
we conclude that the 2DKdV model (1.1) is not self-adjoint
[31]. The formal Lagrangian for Eq. (1.1) and the adjoint Eq.
(4.4) is

� { }= + +v u αu u u .t x y xxy (4.5)

For each infinitesimal symmetry admitted by the 2DKdV
model, we derive the conserved vector ( )T T T, ,t x y by using

�
� � �

� �

�

( )

( )

⎟ ⎟
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⎜ ⎜
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where

= −W η ξ u .j

j

We have the following eight cases.
Case 1. For � = ∂∕∂t1 , we have the conserved vector

with components

= +

= − − − +

= − − −
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Case 2. For symmetry � = ∂∕∂x2 , we obtain the conserved
vector that has its components given by

= −
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Case 3. Utilizing the symmetry � = ∂∕∂y3 , we obtain the
conserved vector
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Case 4. The symmetry � = ∂∕∂u4 gives conserved vector
with components
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Case 5. Employing the symmetry � = ∂∕∂ + ∂∂t t y y5 , we
obtain
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Case 6. The symmetry � = ∂∕∂ + ∂∕∂αt t x u6 gives the con-
served vector with components
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Case 7. From the infinitesimal symmetry
� = ∂∕∂ + ∂∕∂αt t y u7 , one obtains
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= −
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Case 8. Finally for the symmetry
� = ∂∕∂ − ∂∕∂ − ∂∕∂x x y y u u28 , we have

= − −

= − − + + +

− + + − −

+ − +

= − − − − −

− − − + +

−

T yu v xu v uv

T αyu v αu uv v u yu v xu v xu v

u v yu v u v yu v yv u

xv u xu v xu v

T xu v αxu v αu uv u v v u yu v

xu v yu v yv u yu v u v

xu v

2 ,

2
2

3

4

3

1

3

1

3

4

3

2

3

2

3

2

3

1

3

2

3

1

3
,

1

3

1

3

4

3

1

3
2

2

3

2

3

2

3

1

3
.

t

y x

x

y y xy xyy xxy t

y x y xy x y yy x y xy

x xy x xy xx y

y

xx x x x xx xx xxy

xxx t x xy y xx x x

x xx

8

8

2

8

2

Remark. The inclusion of the variable v in the conserved
vectors derived through Ibragimov’s technique suggests
that the DE under consideration exhibits an infinite set
of conserved vectors. Furthermore, it is noteworthy that
the obtained conserved vectors have been rigorously ver-
ified across all cases to satisfy the divergence identity. This
meticulous validation ensures the robustness and relia-
bility of the derived conserved quantities, affirming their
significance in characterizing the underlying dynamics of
the system.

5 Discussion of results obtained in
this work

As delineated and extensively discussed in the introduc-
tion, prior investigations into the novel 2DKdV model
have employed diverse methodologies to procure exact
solutions. In our study, we harness the potent Lie sym-
metry method, which, via symmetry reductions, facilitates
the discovery of fresh exact solutions. Additionally, we
employ methodologies such as Kudryashov’s method, the
simplest equation technique, direct integration, and the
power series method, all of which, to the best of our

knowledge, have not been previously employed in this con-
text. Similar to earlier researchers, we successfully
unearth solutions expressed in trigonometric, hyperbolic,
and exponential functions. However, our investigation
constitutes a noteworthy advancement as we unveil, for
the first time in the literature, solutions articulated in
terms of Jacobi elliptic functions, alongside certain rational
and power series solutions of the model. Furthermore, we
establish conserved vectors for the model. These conserved
vectors signify the perpetuation of fundamental physical
quantities such as the conservation of energy, momentum,
and dilation current. Specifically, we discern that time
translation symmetry corresponds to energy conservation,
spatial translation symmetries are intertwined with the
conservation of momentum, and scaling symmetry engen-
ders the conservation of dilation current. These elucidated
conservation laws, elucidated in our research, bear signif-
icant implications within the ambit of physical sciences,
furnishing deeper insights into the underlying dynamics
of the 2DKdV model and its practical applications.

6 Concluding remarks

This investigation delved into a comprehensive analysis of
the new 2DKdV equation, which holds paramount impor-
tance in the realms of ion acoustic waves in plasma and
acoustic waves in harmonic crystals. The research metho-
dology employed a multi-faceted approach, incorporating
Lie symmetry analysis of DEs alongside Kudryashov’s
method, the simplest equation technique, direct integra-
tion, and the power series method.

Through the application of these analytical tools, solu-
tions for the equation were successfully derived, encom-
passing a diverse range of functional forms including
rational, exponential, hyperbolic, and elliptic functions.
These solutions were rigorously validated, affirming their
efficacy in representing solutions for the original equation.
To visually portray the outcomes, 2D and 3D plots were
generated, showcasing kink-shaped, periodic, and multi-
wave profiles. These newly acquired exact solutions pave
the way for subsequent exploration through numerical
analyses, offering the prospect of attaining deeper insights
into the model.

The effectiveness of the symmetry transformation
method in obtaining analytical solutions was clearly
demonstrated through the obtained results. Furthermore,
the investigation extended to ascertain the conserved vec-
tors associated with the equation, by employing the multi-
plier method and Ibragimov’s theorem. The exact solutions
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and conservation laws presented in this study are antici-
pated to find significant applications across diverse fields
within mathematical physics, offering valuable insights for
interpreting various physical phenomena.
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