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Abstract: This study computationally examines the water-
based hybrid nanofluid flow with the impacts of carbon
nanotubes on an elongating surface. The flow is influenced
by velocity slip constraints, zero-mass flux conditions, and
thermal convection. Magnetic effects are applied to the
flow system in the normal direction. The activation energy
and chemical reactivity effects are used in the concentra-
tion equation. The modeled equations have been evaluated
numerically through the bvp4c technique after conversion
to dimensionless form through a similarity transformation
approach. It has been discovered in this work that with
expansion in magnetic and porosity factors, the velocities
declined. Augmentation in the ratio factor has declined the
primary flow velocity while supporting the secondary flow
velocity. Thermal profiles have intensified with progres-
sion in the Brownian motion factor, thermal Biot number
thermophoresis factor, and exponential heat source and
radiation factors. Concentration distribution has escalated
with the activation energy factor and has declined with an
upsurge in Schmidt number and chemical reaction factors.
The impact of an upsurge in the thermophoresis factor
enhances the concentration distribution, while the upsurge
in the Brownian motion factor exhibits a reducing impact
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on concentration distribution. To ensure the validation of
this work, a comparative study is conducted in this work
with a fine agreement among the current and established
datasets.
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1 Introduction

The mixing of small-sized particles into a base fluid for the
purpose of supplementing its thermal features results in a
nanofluid. This idea was floated initially by Choi and
Eastman [1] for enhancing the thermal conductance of
normal fluid. Nanofluid flow is studied for its potential to
enhance rates of thermal transference in various applica-
tions, including cooling of electronic devices, automotive
and industrial heat exchangers, and biomedical applica-
tions as noticed by Anjum et al [2] and Khan et al [3].
Hybrid nanofluid flow involves two or more dissimilar
kinds of nanoparticles distributed in a pure fluid, com-
bining the benefits of different materials to further enrich
the thermal features of the fluid. For instance, a hybrid
nanofluid might include a mixture of metallic nanoparti-
cles, such as copper, and non-metallic nanoparticles, such
as graphene, to exploit the extraordinary thermal features
of copper and the excellent mechanical and thermal proper-
ties of graphene as noticed by Sriharan et al. [4]. Analytical
evaluation of temperature in living tissues is performed by
Hobiny et al. [5] using the TPL bio-heat model, supported by
experimental verification. Their study focuses on under-
standing thermal behavior in biological tissues, integrating
theory and practical data. The results of their work validate
the model’s accuracy in predicting temperature distribu-
tions, crucial for medical applications such as hyperthermia
therapy and diagnostics. Alzahrani and Abbas [6] evaluated
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analytically the active living tissues’ thermal damage subject
to laser irradiations. The synergy between different nano-
particles can lead to improved thermal conductivity, stabi-
lity, and thermal flow management in comparison with
single-component nanofluids [7]. Ibrahim et al. [8] observed
that the flow behavior and heat transference characteristics
of hybrid nanofluids are influenced by the connections
between the diverse kinds of nanoparticles, their concentra-
tion ratios, and the properties of pure liquid. Applications
include more efficient cooling systems in electronics, auto-
motive radiators, and advanced thermal management sys-
tems in renewable energy technologies [9]. Both nanofluids
and hybrid nanofluids significantly impact heat transfer by
enhancing the thermal conductance and convective heat
transfer coefficients of pure fluid [10]. This leads to improved
efficiency in heat exchangers and cooling systems, allowing
for more effective thermal management. The increased
thermal conductivity and improved convective heat transfer
result in reduced energy consumption and better perfor-
mance in systems ranging from microelectronics cooling to
industrial heat exchangers and renewable energy applica-
tions. Marin et al [11] numerically examined a nonlinear
hyperbolic bio-thermal model under various flow conditions
to treat tumor cells. The study aimed to understand the inter-
action between heat transfer and biological tissue in the
context of tumor treatment. Their findings contribute to opti-
mizing therapeutic strategies, enhancing the understanding
of heat-induced cell damage, and improving treatment pro-
tocols for tumors. The investigation of Saeed and Abbas [12]
focuses on mathematical models of bio-heat transfer to ana-
lyze the transient phenomena in spherical tissue caused by a
laser heat source. Their study aims to understand how the
tissue responds to the heat over time, considering the impact
of the laser on the thermal behavior of the biological material.
Hobiny and Abbas [13] examined the nonlinear analysis of
the dual-phase lag model of bio-heat in living tissues under
laser irradiation. Their work focuses on understanding heat
transfer dynamics, accounting for time delays in heat flux
and temperature gradient responses, and offering insights
into thermal behavior during laser—tissue interactions for
medical and scientific applications.

Porous media describe the materials containing pores
within their structure, which allow fluids (liquids or gases)
to pass through. These materials occur naturally, such as
soils, rocks, and biological tissues, or engineered, such as
ceramics, foams, and certain types of filters. The pores in
porous media vary significantly in size, shape, and distri-
bution, influencing the material’s permeability and por-
osity. Fluid flow in porous media involves the movement
of fluids through materials that contain numerous pores or
voids and is primarily governed by Darcy’s law as observed
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by Yang et al. [14]. Khalil et al. [15] proved that in perme-
able media, the fluid flow is affected by the porosity and
the permeability of the material, as well as the viscosity
and density of the fluid. Wang et al. [16] studied the mass
and thermal transportations of thin-film flow on a perme-
able medium with impressions of the Buongiorno model.
Pop et al. [17] discussed time-based flow and thermal trans-
ference for mono and hybrid nanoparticle flow on a
permeable surface and noted that with progression in por-
osity factor, there has been a decline in velocity distribu-
tion while a growth has noted thermal distribution. In
practical applications, such as groundwater hydrology,
oil recovery, and filtration, the performance of fluid flow
in porous media is crucial for heightening the efficacy and
effectiveness of a process [18]. The motion of fluid on a
permeable media significantly affects thermal and velocity
panels within the medium as noted by Ali et al. [19]. For the
heterogeneous nature of permeable media, the fluid velo-
city is not uniform and varies with the pore size and dis-
tribution. This non-uniformity leads to complex velocity
profiles, where fluid may accelerate through larger pores
and slowdown in smaller ones, creating a range of veloci-
ties within the medium. Temperature profiles in porous
media are also impacted by the flow as noted by Nadeem
et al. [20], the thermal conductance of the porous medium,
combined with the convective heat transfer of the fluid,
determines the temperature distribution.

The key principle of MHD is the relationship between
the magnetic fields and the fluid’s electrical conductivity,
which induces currents and affects the fluid motion.
Governed by the combined principles of fluid dynamics
and electromagnetism, MHD finds applications in astrophy-
sics, fusion reactors, and electromagnetic pumps [21,22].
Ahmad et al. [23] studied the significance of multi-slip con-
straints with impacts of MHD on fluid flow subject of non-
linear radiations thermally and chemically reactivity. Lone
et al. [24] discussed a semi-numerical approach for the eva-
luation of blood-based trihybrid MHD fluid flow on a bi-
directional extending sheet with flow slip constraints. In
MHD, the existence of a magnetic field considerably influ-
ences the velocity and thermal distributions of the con-
ducted fluid as observed by Tarakaramu et al [25]. Mahesh
et al. [26] proved that the Lorentz force, resulting from the
interaction between the magnetic field and the induced elec-
tric current, acts on the fluid, modifying its flow character-
istics. In some cases, MHD also induces secondary flows,
such as swirling or rotational movements, subject to the
alignment and strength of the magnetic field [27]. Moreover,
Lund et al [28] noted that the occurrence of the magnetic
field in a fluid alters the heat transfer mechanisms. How-
ever, in some scenarios, it also suppresses convective
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motion, leading to increased reliance on conduction for heat
transfer. Furthermore, as studied by Nawaz et al. [29], MHD
can be utilized to control and optimize thermal manage-
ment in various applications, such as cooling systems in
fusion reactors or electromagnetic braking in metallurgy.
The overall impact on velocity and thermal distributions
depends on factors such as magnetic field strength, fluid
properties, and flow conditions, making MHD a versatile
tool in engineering and scientific research. Hobiny and
Abbas [30] examined experimentally the thermal response
of cylindrical tissues subject to laser irradiations. Abbas
et al. [31] evaluated analytically the model of bio-heat for
spherical tissues using the impacts of laser irradiations.
Brownian motion describes the random movement of
particles mixed in a fluid, resulting from collisions of the
molecules of fluids. This phenomenon is more pronounced at
smaller scales, such as nanoparticles, where thermal fluctua-
tions cause significant particle displacement. Brownian
motion affects fluid dynamics by enhancing the mixing and
dispersion of particles within the fluid as proved by Madkhali
et al. [32]. Thermophoresis is the migration of particles in a
fluid for thermal gradient in the flow phenomenon. Particles
tend to move from hotter to cooler regions, driven by the
imbalance in kinetic energy between particles in different
thermal zones. Both thermophoresis and Brownian motion
considerably affect heat and concentration transfer in fluid
systems [33]. Shahzad et al [34] studied that the Brownian
motion enhances thermal conductance by promoting the uni-
form distribution of nanoparticles, leading to better heat
transfer in nanofluids. Thermophoresis, in contrast, creates
a thermal gradient-driven particle movement, which either
enhances or inhibits heat transfer subject to the direction of
the temperature gradient relative to the desired heat flow [35].
Brownian motion increases particle dispersion, improving the
mixing and homogeneity of the solute concentration in the
fluid. This leads to more efficient mass transfer and reaction
rates in processes such as chemical reactions or pollutant
dispersion. Sharma et al [36] proved that thermophoresis
effects contribute to concentration gradients by causing parti-
cles to migrate toward cooler regions, affecting the local
concentration profiles and potentially enhancing separation
processes or creating regions of high particle concentration.
Thabet et al [37] studied thermal augmentation for MHD fluid
flow with impacts of Brownian and thermophoretic diffusions.
Hamn et al [38] discussed the impacts of Brownian and ther-
mophoretic diffusions on boundary-layer MHD fluid flow on
an elongating surface. Waqas et al. [39] examined computa-
tionally the Brownian motion and thermophoretic effects on
gyrating nanomaterial fluid flow with activation energy.
Thermal radiation is electromagnetic radiation emitted
by a body due to its temperature. It encompasses a range of
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wavelengths, including infrared, visible, and ultraviolet
light, with intensity and wavelength distribution dependent
on the body’s temperature. Thermal radiation significantly
impacts the thermal characteristics distribution within the
fluid and the boundaries it interacts with [40]. This com-
bined heat transfer mechanism is essential in high-tempera-
ture environments, such as combustion chambers, solar
collectors, and industrial furnaces. Essam and Abedel-AaL
[41] proved that thermal radiation enhances heat transfer
by providing a surplus mode of energy transfer, supple-
menting conduction and convection. Pandey et al. [42] stu-
died thermally radiative and mixed convective fluid flow on
a surface. Gul et al [43] discussed the thin flow of carbon
nanotubes (CNTs) with magnetic effects on a belt and have
proved that pressure profiles, velocity, and thermal trans-
mission have affected more in the case of multi-walled
carbon nanotubes (MWCNTSs). Alrehili [44] inspected aug-
mentation in heat transfer for nanoparticle fluid flow on a
nonlinear elongating surface with thermal radiations. Wang
et al. [45] proved that in high-temperature applications,
radiative heat transfer dominates, leading to more uniform
temperature distributions and improved thermal efficiency.
The presence of thermal radiation affects the fluid’s tempera-
ture gradients, often resulting in increased heat transfer rates
as noted by Goud et al [46]. Muhammad et al. [47] inspected
the slip flow of mixed convective mono/hybrid nanofluids on
a curved sheet. In their study, the authors have conducted a
comparative analysis to ensure the precision of their results
established. This is particularly important in systems where
maintaining high thermal performance is critical, such as in
the thermal management of electronic devices, high-tempera-
ture industrial processes, and energy systems such as solar
thermal collectors. By optimizing the role of thermal radia-
tion, engineers can design more efficient thermal systems
with improved performance and energy savings. Swain
et al. [48] studied computationally 3D Maxwell fluid flow
on a stretching surface with impacts of thermal radiations.
Hamad et al. [49] discussed the third-grade fluid flow on an
inclined elongating surface with magnetic and thermally
radiative effects. Hayat et al. [50] studied the Eyring Powell
fluid flow with impacts of nanoparticles on exponential
elongating sheet. In their work, the authors have conducted
a comparative investigation to ensure the validity of the
method used for the solution.

Single-walled carbon nanotubes (SWCNTSs) are geome-
trical structures in cylindrical form with a single layer of
carbon atoms arranged in a hexagonal lattice. SWCNTs have
remarkable electrical, thermal, and mechanical properties
due to their unique structure, making them highly conductive
and strong. They are used in various applications, including
electronics, materials science, and nanotechnology. SWCNTs,
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with their single-layer structure, offer superior thermal con-
ductivity along their length, making them ideal for applica-
tions requiring efficient heat dissipation. They can be used
in thermal interface materials and as fillers in composite
materials to improve thermal management in electronics
and other devices. MWCNTs consist of numerous concentric
layers of carbon atoms, forming a series of coaxial cylinders
around a central hollow core. MWCNTs are less conductive
than SWCNTs due to interlayer interactions. They offer
greater mechanical strength and are easier to produce in
large quantities. MWCNTs find applications in composite
materials, conductive films, and additives to enhance the
properties of various materials. MWCNTs, while slightly
less efficient than SWCNTs due to interlayer phonon scat-
tering, still provide excellent thermal conductivity. Their
larger diameter and multiple layers make them robust
and suitable for bulk applications. MWCNTs enhance the
thermal conductivity of polymers and other matrices when
used as fillers, improving the performance of thermal man-
agement systems in various industrial applications. Both
types of CNTs are critical in developing advanced materials
for efficient heat transfer and thermal regulation. The adop-
tion of convective and zero-mass flux conditions in this ana-
lysis is motivated by their practical applications. Convective
conditions account for heat exchange between fluid and the
surrounding medium, which is critical in systems for
improved heat transfer, such as solar collectors, heat sinks,
and cooling devices for electronics. In this analysis, single
and MWCNT hybrid nanofluid flow is examined on a bi-
directional extending sheet. Velocity slips, thermal convec-
tive, and zero-mass flux conditions are executed to examine
the hybrid nanofluid flow. Also, thermal radiation, exponen-
tial heat source, Brownian motion, thermophoresis, chemical
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reaction, and activation energy effects have been used.
In this analysis, the authors are encouraged to investigate
how the CNT nanoparticles influence the flow behavior of
the water-based hybrid nanofluid flow with numerous
constraints, such as velocity slips, thermal convective, and
zero-mass flux conditions. How do external factors such as
exponential heat source, Brownian motion, thermal radiation,
and thermophoresis influence the behavior and efficiency of
the water-based hybrid nanofluid flow? What are the effects
of the chemical reaction and activation energy on the perfor-
mance of hybrid nanofluid flow? To answer these questions,
the mathematical formulation of the proposed problem is
presented in Section 2. The numerical solution of the proposed
mathematical model is presented in Section 3. Validation of
the present model with published results is presented in Sec-
tion 4. The present results are discussed in Section 5. The final
concluding remarks are shown in Section 6.

2 Problem formulation

A three-dimensional flow of hybrid nanofluid containing
SWCNT and MWCNT over an extending sheet using
porous media is considered. A Cartesian coordinate
system with flow components u, v, w along x, y, z direc-
tions is chosen to investigate the hybrid nanofluid flow.
Moreover, u,(x) = ax and v,,(y) = by(with a and b as fixed
values) are stretching velocities along x- and y-axes. The z-
direction is normal to the xy-plane. The conditions of flow
slip (ugqip and vg;p) are also executed in this analysis. The
magnetic effect with strength B, is employed in a perpen-
dicular direction to the flow system. The working fluid

u—>0.v>0, T->T7T,. C->C,

Free-stream conditions

u=u,(x)+u,,. v=v,(y)+v,,. w=0. -k,

eT

=h,(T,-T).

Surface conditions

Figure 1: Geometrical view of flow problem.
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temperature is taken as T; such that (Tz > T,,). The free-
stream temperature is denoted by T.. The condition of
zero-mass flux is applied such that the mass flow at the
sheet surface is zero (i.e, C, = 0) [51-53]. Furthermore,
the free-stream concentration is C.. Also, the thermal
radiation, Brownian motion, exponential heat source,
thermophoresis, chemical reaction, and activation energy
are used in this work. Following the aforementioned
assumptions, the leading equations can be expressed as
follows [54,55] (Figure 1):

au ov 6w
=0, M
ax 6y oz
0 d 0 92
u_u + V_V + W—W _ [Jhnf_lj _ e u MBOZM, ©
ox oy 0Z  Ppne 0Z°  Prne Ko Pt
d d 0 92
LA, L M_‘; e Vo MBOZV, 3)
ox 0y 07 Py 02" PrpKp P
KO
ox ay o0z
kg 1 160'T5|0°T

) (pcp)hnf (pCo)m  3K* |32
4)
+ Q(T; - T.) exp —n\/zz
(pCp) hnf t %3
, (PCo)mp [ DpOCOT [6T Dy
(pCp)hnf §c0z3z |0z T/
24 2,0
ox oy 6z )
9’C  (6cDr)o%*T 5 [ ]’" Ea
= _ 4 _— o y
Duope *|7r Jaz ~RC- ) ksT
With physical conditions at boundaries [54]:
U= uy(x) + Uslip, V = vw(y) + Vslip»
T
w =0, khnfa = h(T; - T), ©)
DgoC = DpoT _ _
§c 0z T, oz =0atz=0,
u-0 v-0 T-T, C-Cs as z— o,

The velocity slip conditions (ug;, and vg;p) are defined
as

ou ov
Ustip = Ay oz Vslip = Aza, ™
where 4; and 4, are the slip constants.
The effective qualities of mono and hybrid nanofluids

are enumerated as follows [53,56] (Table 1):
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Table 1: Thermophysical features of SWCNT, MWCNT, and water [57]

Physical property Water SWCNT MWCNT
plkg 3] 997.1 2,600 1,600
Gl kg K] 4,179 425 796
kW m1 K1) 0.613 6,600 3,000
ofS m] 55x%107° 5.96 x 10’ 2.38 x 10°
e = -
Ml (1= k)?S(1 - Kp)2S
Prnt = {Pe(1 = K1) + py kil = Kp) + Kopy,,

(pCp)hnf = {(pcp)f(l - Kp) + (pCp)NlKl}(l - Kp)
+ 1(pCp) ;.

kot Ky + 2ke = 2K5(ke = ki)
ke kg + 2k + Kake - k) ®)
kot _ Kn, + 2ke = 2k(ke = Kv)
ke Kk, + 2ke + Kok = Kp)
Ont _ On * 20t — 2(0; — On)K
O O +20; + (0f — Ok
Opnt _ ON, + 20¢ = 2K(0¢ = Op,)
On O, + 20t + Ky(0; — Oy,)
u=af'§x, v=agx, w=-Jva@ +f(),
00 = g X© = &= e ©

So, Eq. (1) is satisfied identically, and the remaining
equations are as follows:

%f’”(s‘) +f1EFE) + f(©)8@) - f2(©)
G

(10)
g6 Ug
- M=f(&) - K=2f(§) = 0
o O K @)
SO+ [OF'©) + 4" O8®) - 87O
e Ug an
- M—g'(€) - K—"g'(€) =0
o6 K g ®
(kg + RDI(E) +
(b Cp> ! (0Cpdo
[rev®+ g0 L,
+Qpsp EXP(-E) + NDO(E)Y'(®) + NO7(®)| ~
X + 1300 + SO ©) + Seg@'©
13)

— ScKr(1 + BOE) Ny (&) e p[ (14.575))] 0.
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with related conditions at the boundary as

f(0) =0, f(0)=1+af"0), f(x)~0,
g(0) =0, g(0) =2+ ag"(0), g(x)~0
kq6(0) = -Bir(1 - 6(0)), 6(~) ~ 0,
Nby’(0) + Nt6’(0) = 0, y(e) — 0.

(14)

Some emerging factors are encountered in the aforemen-
tioned equations that are mathematically described as follows:

_ Mot oo = Phnt ~ Omt o Kot
G llf ) G pf 5 G o ) G = kf
(pCp)hnf Vr
C c=—,
PG = )’ Ds
_ uipGo)e _ oB§ P
ke ap;’ ap;Kp’
160°T3 0,
R - -
d 3k*ke ’ QEXP a(pCp)f ’

15)
a kN a Sc(pCpleve

_ (pcp)np DT(Tf - I)

(PG vaf

ﬁ- T°° @=a "

kBT 5 1 1 Vf’
a h v b

a=Ay |—, BiT=—f _f, A=—
Vi k\ a a

The physical description and ranges of these factors
are given in Table 2.

The main quantities of interest such as skin friction
Crx, Nusselt number Nu,, and Sherwood number Sh, are
described as follows:

Cs = L Cr, = L
N XN () )
N
Y k(T - To)’
where
ou ov
=t g, . y = Hont 'y, -
an
i oT _ 160™ oT*
B =7 |, ~ 3k 0z |,
Thus, Eq. (17) reduces as follows:
Cp = U f(0), Cy = ucg”(0), a8)

Nu = —(kg + Rd)3(0).

DE GRUYTER

Table 2: Symbolic and physical descriptions alongside default values of
various factors

Symbol Physical description Default

description value

M Magnetic factor 0.5

Rd Radiation factor 0.2

K Porosity factor 0.3

Orsp Exponential heat source 0.2
factor

Pr Prandtl number 6.2

Nb Brownian motion factor 0.2

Bir Thermal Biot number 0.5

Sc Schmidt number 2.0

K, Chemical reaction factor 15

Nt Thermophoresis factor 0.1

A Ratio factor 0.7

E Activation energy factor 1.0

o2 Velocity slip factor along the 0.5
x-direction

a Velocity slip factor along the 0.5
y-direction

B Temperature difference 1.0
factor

n, N Power indexes 1.0

Above C = —/Re;Cx, C = —/RexCy, and Nu = \I/w—x
Furthermore, Re, = (00X and Re, = % are the local

Reynolds numbers.

3 Numerical solution

To acquire the numerical solution modeled equations, the
bvp4c technique is chosen. This is a powerful technique
that can solve highly nonlinear problems. The error toler-
ance of 10°® is demarcated in the present case. To imple-
ment this technique, we must moderate the higher-order
nonlinear problem to a first-order problem. Therefore, we
assume that

f=6M), f'=6Q), f"=6O), f"=G60),
g§=G4), g§'=606), g =G(6), g”=G16),
6=G(7), 6'=G@®), 6”=G(9),

X =609, x'=6710), x”=G0).

19)
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G(D)G(3) + G(AG3) - (GQ2))? - M%G(Z) - KZ—GG(Z)
G@® =- i . — (20)
s
G(1)G(6) + G(A)G(6) - (G(5))* - MEG(5) - KXG(5)
G'(6) = - - Pg Pg ’ 1)
2%
@gf)c[c(l)G(S) + G(4)G(8) + Qg exp(-n&) + NbG(8)G(10) + Nt(G(S))Z]
G(8) = -|— : , 22)
m(kg + Rd)
m - Nt ., _ ___E
G'(10) = ‘Nbc; (8) + ScG(1)G(10) + ScG(4)G(10) - ScKr(1 + BG(7))NG(9) exp @+ 56 ” (23)

with boundary conditions:

Giirac(D) = 0, Gran(2) — 1 - asGivirar3), Grwan(2) - 0,
Gvrar@®) — 0, Giniran(3) — A — a;Giirac(6), Gemwan(S) - 0,
kcGiran(8) + Bir(1 - Grran(7)), Grnan(7) — 0,
NbGnirar(10) + NtGnrrar(8) - 0, Gran(9) — 0. 24
where the subscripts INITIAL and FINAL depict the initial
as well as boundary conditions respectively.

4 Validation

This section portrays the validation of the current results
against the published findings of Hayat et al. [58] and
Dawar et al. [54] for variations in ratio, factor (A). The
results are compared for a special case of viscous fluid
and the effects of magnetic field and porous media are
ignored (i.e, M = K = k; = K, = 0). Furthermore, the effects
of slip conditions are also ignored (i.e, &; = a; = 0). From
this analysis, we have confirmed the correctness of the
applied method and proposed model by comparing the
present and published results (Table 3).

5 Discussion of results

This section deals with the physical explanation of the
obtained results. A numerical investigation of the pre-
sented model is carried out by using the bvp4c approach.
The obtained results are shown in Tables 4 and 5 and
Figures 2-19. Table 4 shows the variation in Cs and Cp
via M, K, A, a;, and a,. The greater M enhances Cy and
Cy. The higher magnetic factor upsurges both Cs and
Cp(skin friction coefficients) due to the fact that the mag-
netic field induces the Lorentz forces that play a role
against the motion of fluid particles, which results in an
increase in wall shear stress. This causes a higher velocity
gradient near the stretching surface, thus enhancing Cy
and Cy. The greater K enhances Cy and Cy. In the presence
of porous media, the hybrid nanofluid flow experiences
opposing forces resulting in a greater velocity gradient at
the sheet surface. This increasing velocity gradient leads to
a higher wall shear stress, thus enhancing Cy as well as .
The greater A enhances Cy and Cg. As the values of A
enhance, the velocity gradients along the x and y-axes
also enhance. The enhanced velocity gradients increase
the wall shear stresses, thus enhancing Cy as well as Cj.
Furthermore, the higher slip factors (¢ and a;) reduce and

Table 3: Assessment of —f"(0) and —g"(0) results for variations in A with published works of Hayat et al. [58] and Dawar et al. [54]

A 0.0 0.2 0.4 0.6 0.8 1.0
—-f"(0) Hayat et al. [58] 1.0 1.039495 1.075788 1.109946 1.142488 1.17372
Dawar et al. [54] 1.0 1.039495 1.075788 1.109946 1.142488 1.17372
Present results 1.00000001 1.03949504 1.07578796 1.10994683 1.14248856 117372081
-g"(0) Hayat et al. [58] 0.0 0.148736 0.349208 0.590528 0.866682 1.17372
Dawar et al. [54] 0.0 0.148736 0.349208 0.590528 0.866682 1.17372
Present results 0.0 0.148737 0.3492088 0.59052911 0.86668307 1.17372081
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Table 4: Variation in Cy and Cy, via M, K, A, a3, and @,

M K A o ay Cfx Cﬁ,

0.1 0.8516042477 0.5763269827
0.2 0.8734369330 0.5931297604
0.3 0.8940778848 0.6089113376
0.4 0.9136374030 0.6237794707
0.1 0.8054190087 0.5403678859

0.2 0.8291931255 0.5589519547

0.3 0.8516042477 0.5763269827
0.4 0.8727793367 0.5926253582

0.1 0.8218044946 0.0710732979

0.2 0.8273012259 0.1467414673

0.3 0.8325488005 0.2263762744

0.4 0.8375798184 0.3094971954

0.1 1.275599036 0.5891556316
0.2 1130153116 0.5850043243

0.3 1.017139509 0.5816102207

0.4 0.926366307 0.5787628053

0.1 0.863264420 0.8379983743

0.2 0.859535940 0.7503475045
0.3 0.856452974 0.6807050805

0.4 0.853846381 0.6238128749

Cy. Where there is slip, the velocity gradients at the wall
reduce due to the fact the fluid velocity is non-zero at the
boundary-layer region. The hybrid nanofluid flow has
a finite velocity relative to the stretching wall, reducing
the velocity gradient. Table 5 shows the variation in Nu
via M, Rd, QEXP, and Biy. The greater M enhances Nu. The
higher magnetic field escalates the rate of heat transfer by
modifying the velocity distribution through Lorentz force,
which makes turbulence in the flow pattern, and as a

Table 5: Variation in Nu via M, Rd, QEXp, and Bip

M Rd Qrxp

0.1 0.2218436572
0.2 0.2311341996
0.3 0.2402463468
0.4 0.2492002974
0.1 0.1948013227

0.2 0.2123509435

0.3 0.2296660152

0.4 0.2467670551

0.1 0.1339609864

0.2 0.2123509435

0.3 0.2793823415

0.4 0.3386270997

0.1 0.0589262973

0.2 0.1081643585

0.3 0.1492616108

0.4 0.1835942815

Bir Nu

DE GRUYTER

— m=0.1] 1
- M =03
e M= 0.5

M=0.7] 7

Figure 2: Variation in f'(¢) via M.

result, the higher temperature gradient is determined.
This effect contributes to a greater thermal flow rate in
MHD flows. The greater Rd enhances Nu. Thermal radia-
tion factor plays a vital role in heat transfer rate. The radia-
tion factor upsurges the rate of heat transfer by adding
an additional model of heat transfer, which upsurges the
thermal flow rate at the sheet’s surface. The greater Qr,,
enhances Nu. The exponential thermal source upsurges
the rate of thermal flow by producing significant internal
heat generation leading to a higher Nusselt number. The
greater Bip enhances Nu. The higher thermal Biot number
enhances the heat transfer coefficient, which results in a
greater rate of heat transfer. Therefore, the higher Bir
enhances Nu.

0.45 .
—— M=0.1
0.4 —— M=0.3] -
e M=0.5
0.35 M=0.7|
0.3 .
90.25 .
"o
0.2 .
0.15 .
0.1 .
0.05 .
0 . L
5 6 7

Figure 3: Variation in g'(§) via M.
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f'(¢)

Figure 6: Variation in f'(¢) via A. Figure 9: Variation in g'(¢) via as.
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Figure 10: Variation in 6(¢) via Bir.

Figures 2 and 3 show the impact of M on f*(¢) and
g'(&). From the obtained results, we observed that higher
M diminishes both f’(¢) and g’(¢). As the magnetic factor
enhances, there exists a Lorentz force that resists the flow
of electrically conducting hybrid nanofluid when it moves
through a magnetic field. Also, the higher Lorentz force
reduces the momentum boundary-layer thickness causing
a lessening in the velocity profiles of the hybrid nanofluid.
Therefore, the greater magnetic factor reduces both f'(§)
and g'(§).

Figures 4 and 5 depict the effects of K on f'({) and
g’(¢). From the obtained results, we perceived that a
greater K diminishes both f“(§) and g'(§). Actually, the
greater porosity factor enhances the skin friction coeffi-
cients as shown in Table 4. The greater friction force

\ —— Nb=0.1
L] == Nb=0.2| ]
\ --=-+ Nb=0.3
03 Nb =0.4] 1
025F 1\ - .
R '... .\‘ ‘\
< 02} 0,397624954 A\ -
\ A\
\ “. ‘\‘
015} / Vi |
0.397624953 A
0.1F 2 4 6 -
\ x108
0.05F NC 1
g ! ! | !
0 1 2 3 4 5 6 7
3

Figure 11: Variation in 6(§) via Nb.
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Figure 12: Variation in y(¢) via Nb.

diminishes the momentum boundary-layer width and
causes a decline in the velocity profiles in both directions
(f'(6), g'(&)). Therefore, the greater porosity factor reduces
both f/(§) and g'(¢).

Figures 6 and 7 depict the effects of A on f’(§) and
g’(¢). From the obtained results, we observed that higher
values of A diminishes f’(¢) while upsurges g'(¢). By defini-
tion, the ratio parameter has a direct relation with the
stretching constant of the y-directional velocity (A « b) and
inverse relation with the stretching constant of the x-direc-
tional velocity (A « 1/a). As the ratio factor enhances, then
the y-directional velocity enhances, which results in higher-
velocity profile along the y-direction. In contrast, as the ratio
factor enhances, then the x-directional velocity reduces,
which results reduction in the velocity profile in the x-

D69 —— Nt=041] |
e Nt=0.2
0.3 e Nt=0.3]|
Nt=0.4
0.25 i
< 0.2 .
Y
0.15 0.6 065 0.7 §
0.1} i
0.05} -
O 1 Il l‘ ——— A A
0 1 2 3 4 5 6 7

Figure 13: Variation in 6(¢) via Nt.
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Figure 14: Variation in x(¢) via Nt.

direction. Therefore, the higher values of A reduces f*(§)
while increases g'(§).

Figures 8 and 9, respectively, portray the impressions
of the velocity slip parameter ;(along the x-axis) on pri-
mary velocity f'(§) and velocity slip parameter a,(along
the y-axis) on secondary velocity g'(¢). As @; and a; increase
along both the coordinates axes, it corresponds to a reduc-
tion in f’(¢) and g’(¢). This phenomenon is physically
observed near the boundary layer of a fluid in contact
with a surface where slip conditions hold, like in microflui-
dics or rarefied gas flows. The velocity slips account for the
deviation from the normal no-slip boundary condition, indi-
cating that the fluid velocity at the surface is not zero but
rather a fraction of the bulk flow velocity. Consequently, this
slip reduces the overall momentum transfer from the fluid

8 b _QExp=o'1_
— Q,, =02
0.7 3 T QExp =0.3|
Y Q. =04
06 1
\\
\\
< \
Q -
4 5 6 7

Figure 15: Variation in 6($) via Qgy,.
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Figure 16: Variation in 6(¢) via Rd.

to the surface, leading to retardation in the primary and
secondary flow velocities. These retardations are critical in
applications involving high-precision fluid mechanics, as it
impacts the efficiency and performance of fluid systems,
necessitating careful consideration in the design and ana-
lysis of such systems.

Figure 10 depicts the influences of thermal Biot number
Bir on thermal distribution 6(¢). Clearly, Bir is a dimension-
less parameter that depicts the ratio of interior heat resis-
tance to the exterior heat resistance between the fluid
particles and their surroundings. As Bir increases, it indi-
cates a higher internal resistance to heat transfer compared
to the external resistance. Physically, this means that the
temperature gradient in the fluid becomes more significant,
causing a more prominent thermal distribution. When Biy is

Sc=1.0
Sa=e=ss Sc=2.0] T
Sese=se Sc=3.0
Sc=4.0| -

Figure 17: Variation in y(&) via Sc.
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low, the fluid is assumed to have a nearly uniform tempera-
ture, as the external heat transfer dominates. Conversely, as
Bir grows, the internal temperature gradients become more
substantial, causing variations in temperature throughout
the fluid flow. This augmentation in 6(¢) with increasing
Biot number is critical in heat transfer analysis, influencing
the design and performance of many thermal systems.

Figure 11 depicts the effects of the Brownian motion
factor Nb on thermal panels 6(¢). As Nb increases, there is
a corresponding augmentation in (¢) within that fluid.
Brownian motion refers to the random, movement of fluid
particles suspended in a fluid, resulting from collisions
with the fluid’s molecules. Physically, as the intensity of
Brownian motion grows, the particles facilitate greater
heat transfer through their constant movement, effectively
spreading thermal energy more evenly throughout the
medium. This phenomenon is particularly significant in
nanoscale systems and colloidal suspensions, where par-
ticle dynamics play a crucial role in heat conduction. The
increased thermal distribution due to enhanced Brownian
motion is vital for applications in microfluidics, nanotech-
nology, and biochemical processes, where precise control
over temperature and efficient heat dissipation are essen-
tial for optimal performance and reliability.

Figure 12 depicts the influences of Brownian motion
factor Nb on y(&).The impact of an upsurge in Nb on (&)
exhibits a reducing impact. The concentration distribution is
reduced because higher Nb arises from the increased nano-
particles movement within the hybrid nanofluid flow, which
results in an enhancement in nanoparticle diffusion. This
diffusion of nanoparticles smoothens the concentration gra-
dient by redistributing the nanoparticles more uniformly
throughout the hybrid nanofluid. As a result, a higher Nb

Kr=1.0
—==- Kr=2.0| -
—==- Kr=3.0
Kr = 4.0

Figure 18: Variation in y(&) via Kr.
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leads to a reduction in the concentration distribution. There-
fore, the higher Nb reduces y(&).

Figure 13 depicts the influences of Nt (thermophoresis
factor) on thermal distribution 6(¢) with growth in 8(¢)
against variations in Nt. Thermophoresis is actually the
motion of particles from zones of higher to lower tempera-
tures due to temperature gradients. When thermophoresis
factor Nt increases, the force driving the particle move-
ment becomes stronger. Physically, this enhanced move-
ment contributes to a more effective redistribution of
particles, which carry thermal energy across the fluid. As
these particles move from hot to cold regions, they facilitate
a more uniform temperature distribution by transferring
heat. Hence, augmentation in Nt causes the corresponding
upsurge in 6(¢) as portrayed in Figure 13.

Figure 14 depicts the influences of Nt on concentration
distribution y(¢). The impact of an upsurge in Nt on (&)
exhibits a twofold behavior, characterized by an initial
decline followed by an augmentation. On the interval
0 < £ < 0.8, the enhanced movement of particles from hot
to cold regions causes a drop in y(&). This occurs because
particles are being driven away from the hot regions at the
surface of the bi-directional elongating sheet, creating a
weakening zone and increasing concentration gradients.
However, as Nt continues to rise into the higher range on
the interval 0.8 < ¢ < 1.0, the particle movement becomes
more prominent, and the particles begin to accumulate in
the cooler regions. This accumulation leads to an upsurge
in y(¢) as depicted in Figure 14.

The impact of exponential thermal source factor Qg
on thermal distribution 8(¢) with augmentation in 6(¢) for
variations in Qp, is depicted in Figure 15. Actually, Qpy,

represents a heat source whose intensity increases

02F .
0.1F .
0 - -
~-01F E
an
=
0.2F :
03F J
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04F —— E=0.3] 1
——— E=05
-0.5 E=0.7] A
0 1 2 3 4 5 6 7

Figure 19: Variation in y(&) via E.
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exponentially. Physically, this means that as the thermal
source factor grows, the amount of heat being introduced
into the system rises rapidly. This rapid increase in heat
input enhances the temperature gradients within the
medium, leading to a more extensive thermal distribution.
The heat spreads more effectively throughout the fluid,
creating broader and more prominent temperature pro-
files 6(¢). This phenomenon is particularly important in
applications involving laser heating, combustion processes,
and nuclear reactions where controlling the distribution of
heat is crucial for efficiency and safety. The augmented
thermal distribution due to the exponential thermal source
factor significantly impacts the thermal management, mate-
rial properties, and overall performance of various indus-
trial and scientific systems.

The impact of thermal radiation factor Rd on thermal
distribution 6(¢) with augmentation in 6(¢) against varia-
tions in Rd is depicted in Figure 16. Actually, Rd quantifies
the effects of thermal radiation, so as this factor increases,
the contribution of radiative heat transfer becomes more
significant. Physically, this means that more thermal energy
is being radiated and absorbed by the fluid, enhancing the
overall heat distribution. The radiative heat transfer is
particularly effective over larger distances compared to con-
duction and convection, allowing for a more uniform tem-
perature spread even in less conductive fluid. Hence, growth
in the thermal radiation parameter Rd results in augmenta-
tion in thermal distribution 6(¢) as depicted in Figure 16.

The influence of Schmidt number Sc on y(¢) is depicted
in Figure 17, where growth in Sc has resulted in retardation
in y(&). Actually, the Schmidt number Sc describes the ratio
of momentum to mass diffusivity. When Sc upsurges, it spe-
cifies that the fluid’s viscosity is high relative to its mass diffu-
sivity, meaning that the fluid’s ability to diffuse momentum is
much greater than its ability to diffuse mass. Physically, this
results in slower mixing and spreading of species within the
fluid. In the scenario of fluid flow on the bi-directionally elon-
gating sheet, this high Schmidt number means that the con-
centration boundary layer becomes thinner, and mass
transfer from the sheet into the fluid is less efficient. The
fluid’s high viscosity relative to its mass diffusivity inhibits
the dispersion of solute particles, leading to the retardation
of y(&). This behavior is crucial in applications involving
chemical reactions, separation processes, and coating flows,
where precise control over mass transfer and concentration
profiles is essential for achieving optimal performance and
efficiency.

The influence of chemical reactivity parameter Kr on
concentration distribution y(¢) is depicted in Figure 18,
where progression in Kr is resulted in hindrance in y(¢).
The chemical reactivity factor Kr quantifies the rate at
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which a chemical species reacts within the fluid. As Kr
increases, the rate of reaction becomes faster. Physically,
this means that the reactive species are consumed more
quickly near the surface of the elongating sheet, reducing
their concentration in that region. This rapid consumption
creates steep concentration gradients and hinders the
spread of the species throughout the fluid. Consequently,
x(&) becomes more localized and less uniform. In the case
of fluid flow on the bi-directionally elongating sheet, the
elongation tends to stretch and thin the boundary layer,
but the high reactivity exacerbates the reduction of reac-
tants near the surface, leading to further retardation in
their distribution. This phenomenon is significant in indus-
trial processes involving catalysis, coating technologies,
and material synthesis, where controlling the concentra-
tion profiles and reaction rates is essential for optimizing
efficiency, product quality, and process stability.

The impacts of activation energy factor E on concen-
tration distribution y(¢) are depicted in Figure 19, where
progression in E has resulted in expansion in y(&). Actu-
ally, E characterizes the energy barrier that reactant mole-
cules must overcome to undergo a chemical reaction. As E
increases, the activation energy barrier becomes higher,
meaning that fewer molecules possess the necessary energy
to react. Physically, this leads to a reduction in the rate of
chemical reactions near the surface of the elongating sheet,
allowing reactants to accumulate more readily in that region.
The higher E effectively hinders the alteration of reactants
into products, causing an augmentation in their concentra-
tion distribution near the sheet’s surface. In the case of fluid
flow on bi-directionally elongating sheets, this phenomenon
is particularly prominent due to the stretching and thinning
of the boundary layer, which enhances the accumulation of
reactants. Therefore, growth in E is responsible for augmen-
tation in y() as portrayed in Figure 19.

6 Conclusions

This work investigates computationally the water-based
hybrid nanofluid flow with impacts of CNTs on an elon-
gating surface. The flow is influenced by velocity slip
constraints, zero-mass flux conditions, and thermal con-
vection. A magnetic field of specific strength is applied to
the flow system in the normal direction. The activation
energy and chemical reactivity effects have been used in
the concentration equation. The modeled equations have
been evaluated numerically through the bvp4c technique
after conversion to dimensionless form through the simi-
larity transformation approach. The novelty of this
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analysis lies in a comprehensive investigation of hybrid
nanofluid flow containing CNTs, incorporating velocity
slips, and thermal convective and zero-mass flux condi-
tions. The bvp4c solver ensures higher accuracy and con-
sistency in solving the BVPs, with validation achieved
through a comparative analysis presenting a robust agree-
ment with the existing studies. A detailed investigation of
the work has revealed that:
* With an upsurge in magnetic and porosity factors, the
velocities profiles are declined.
* Augmentation in ratio factor has declined the primary
velocity profile while supported by the secondary velo-
city profile.
Higher values of velocity slip factor along x- and y-axes
have retarded both the primary and secondary velocities.
¢+ Thermal distribution has intensified with progression in
Brownian motion factor, thermal Biot number thermo-
phoresis factor, and exponential heat source and radia-
tion factors.
Concentration distribution has escalated with the activa-
tion energy factor and has declined with the upsurge in
Schmidt number and chemical reactivity factor.
* The impact of an upsurge in the thermophoresis factor
enhanced the concentration distribution, while the upsurge
in the Brownian motion factor reduced the concentration
distribution.
To ensure the validation of current work, a comparative
study has been conducted in this work with a fine agree-
ment among the current and established datasets.
* Growth in magnetic, ratio, and porosity factors cause
augmentation in the skin frictions along primary and
secondary directions.
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