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Abstract: In this work, we introduce a model for a two-
atom (T-A) system interacting with a field mode initially
prepared in a coherent state of a Para Bose—field (P-F). The
T-As are initially represented by a Bell state, and we pre-
sent the quantum framework for the whole system by
solving the dynamical equations. We investigate the time-
dependent behavior of essential quantum resources relevant
to various tasks in quantum optics and information science,
including atomic population inversion, T-As entanglement,
T-As-P-F entanglement, and the statistical properties of the
P-F as they relate to the model parameters. Our analysis
reveals how these quantum resources are affected by dif-
ferent parameters in the T-As-P-F model. Finally, we illus-
trate the evolving interdependencies among these quantum
resources within the system.

Keywords: two atoms, Para—Bose field, quantum dynamics,
entanglement, atomic inversion, statistical properties

1 Introduction

The interaction between light and matter is the main focus
of quantum optics [1]. The primary and most widely used
two models in quantum optics is the Jaynes (Tavis)-Cum-
ming model J-CM (T-CM), which includes one atom and
two atoms (T-As) in the presence of field modes [2,3]. The
rotating wave approximation and dipole provided an exact
solution. The ]-CM (T-CM) model’s integrable Hamiltonian
was solved to obtain the eigenvalues and eigenvectors of
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the system under various extensions and quantum effects.
The intensity-dependent coupling [4] is one of these exten-
sions. A multi-level atom is another extension, there have
been discussions about three-level atoms with constant
coupling [5-7], four-level atoms [8,9] and five-level atoms
in previous literature [10-13] where nonlinear interactions
are considered under different circumstances. A variety of
quantum effects are expected within the framework of the
J-CM. Examples include the collapse and revival of atomic
population inversion, Rabi oscillations, and photon anti-
bunching [14], photon switching [15,16], etc.

Quantum correlations (QCs) are a fundamental feature
of quantum systems and serve as an essential tool in the
field of quantum information science [17]. Quantum entangle-
ment (QE), one of the most prominent types of QCs, proves
valuable for numerous applications, including quantum tele-
portation [18], quantum key distribution [19], quantum
metrology [20], and several others [21,22]. QCs provide pre-
cious resources for quantum information tasks. QE had rapid
expansion in the last years [23,24], which was also the time
when it became an important resource for quantum informa-
tion processing (QIP). When atomic motion is considered, QIP
may have significant applications for the advancement of
quantum systems [25]. It has been shown that the von Neu-
mann entropy changes periodically when the time-dependent
(t-d) coupling is present. These findings have also been used
for the examination of the entanglement that exists between
a three-level trapped ion and a laser field [26]. A further
extension that may be conducted is to investigate the ways
in which the field-mode structure and t-d coupling alter
the dynamic characteristics of the cavity field’s Wehrl
entropy [27].

In recent decades, numerous researchers have explored
extensions and deformations of the bosonic Fock-Heisenberg
algebra (HA) to enhance various aspects of quantum field
theory, with significant progress made in many areas.
Various g-deformations of the simple harmonic oscillator
(HO) have been proposed by several authors considering
Jackson’s g-calculus [28], leading to the development of novel
states associated with g-deformed Lie algebras, including
g-coherent, g-squeezed, and g-cat states [29-32]. Another
notable adaptation of the HA is the Wigner algebra, which
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incorporates the reflection operator R and the Wigner
parameter A in bosonic commutation relations and equa-
tions of motion. This algebra includes infinite-dimensional
representations for parabosons and finite-dimensional
representations for parafermions [33]. Concepts of paraf-
ields and parastatistics naturally emerge from these gen-
eralizations [34,35]. When A is associated with the Calogero
coupling constant, this algebra provides a symmetry frame-
work for the reduced two-particle Calogero-Sutherland
model or the pseudo-HO, useful in solving the quantum
mechanical Calogero model [36-39]. Many systems within
quantum optics can be characterized by this model [40], and
its SU(1,1) dynamical symmetry has been examined in the
study by Perelomov [41,42]. Additionally, when A = p - 1/2,
this algebra transitions to the para-Bose oscillator algebra of
order p [43,44], which offers a framework for describing
particles that are neither bosons nor fermions. As A — 0,
the algebra reduces to the standard bosonic algebra.

The concept of coherent states (CSs) have been widely
used in quantum optics and information during the last
several decades. Schrodinger first introduced CSs to
describe systems with a Hamiltonian HO that minimizes
quantum mechanical uncertainty [45,46]. Actually, two
ways are considered for the construction of CSs
known as Klauder-Perelomov and Barut-Girardello CSs
[42,47,48]. Moreover, several investigations based on the
standard creation and annihilation operators in original
J-CM are generalized in the context of f-, g-, and
A-deformed operators [49-58]. Moreover, the conventional
J-CM with intensity-dependent coupling and interaction of
atoms with a field in the context of Holstein—Primakoff SU
(2) and SU(,1) CSs have been examined [59-61]. Some
further extensions have been proposed and studied,
including transitions between two or more photons [62]
and Jaynes—-Cummings—Hubbard model [63,64]. Based on
the above consideration, in the present we develop the
model of T-As interacting with a quantum field initially
prepared in a CS of Para Bose-field (P-F). We examine the
dynamic behavior of essential quantum resources relevant
to various tasks in quantum optics and information. This
includes examining atomic population inversion, T-As
entanglement, T-As-P-F entanglement, and the statistical
properties of P-F, all in relation to the parameters of the
quantum model.

The rest of the article is structured as follows: Section 2
provides a description of the quantum system and outlines
its dynamics. In Section 3, we discuss the numerical results
alongside the measures of quantumness. Finally, our con-
clusion is summarized in Section 4.
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2 Quantum model

This section represents the Hamiltonian of the interaction
of one-mode P-F with T-As of an upper (lower) state

|ej>(|gj>)
2
Hn(0) = Y G(O(Ele)g| + L71g)Xel), )
j=1

where £7(£) is the creation (annihilation) operator of the
P-F, acting on the Fock states as [65]

i'lny = Jhn+ Dn+ 1), Liny= Jh@)n-1), @

where h is a positive function and is equal to

h(n) =n+ 2

["T”] - [%”A where A isa real parameter, so-

called deformation parameter and [.] designs the integer
part. Here the P-F is described through the P-F oscillator
algebra that is a pseudo HO algebra characterized by the
parameter A. The function Ci(¢) is considered to describe
the t-d coupling strength between the P-F and each one of
the T-As. In this study, we concentrate on the case of iden-
tical coupling between the T-As and P-F, that is,
Ci(t) = G(t) = C(t), such that

_|€&sin(¢) with t-d coupling

= 3
¢ without t-d coupling, ®

C(t)
where ¢ describes the coupling strength between P-F and
each one of the T-As in the absence of t-d coupling.

The t-d state of the T-As-P-F system at any time 7 > 0,
can be provided as

[¥a(D)) = 2 Di(n, T)In, e1ex) + Do(n, |0 + 1, e1,).

n=0
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Next we proceed to solve the system’s equation of motion
—ih%llﬁt_d(T)> = B (Ol$a(0), )
with initial system state
[%(0)) = [Pr-5(0)) @ [¥hp_§(0))
= (cos (0)] erez) + sin(0)] g;8,)) ® ioRn(A)ln%
n=
where R, is the amplitude of the superposition coefficients

in the CSs of P-F and 6 is a parameter characterizing the
initial state of the T-As. The T-As is initially in the
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separable state for 8 = 0 while the Bell state case can be
obtained for 0 = n/4.

By substituting the t-d state of the system into the
motion equation and using the initial conditions, the func-
tions Dj(n, 7) are obtained to be

Ra(A)
h(n+2,A) + h(n +1,2)
+ h(n + 1, 2) cos(d()6p(A))} @)
+sinh(n + 1, Hh(n + 2, A)

x {cos(d(1)é(A)) - 1}],

~iRy(A) sin(d(7)én(2))
1,2
0 [cosB/h(n + 1,1) ®

+sinB h(n + 2, 1) ],

Dy(n, 7) = [cosB{h(n + 2, A)

Dy(n, 1) =

Dy(n, 7)

_ Ry(A)
T h(n+2,0) + h(n+1,2) [\/h(n +1, Dh(n + 2,2 o

x cosB{cos(d(7)é,(A)) - 1}
+ sinB{h(n + 2, ) cos(d(7)¢,(A)) + h(n + 1, A)}],

@)

10 20 30 40 50

(a,) T

0 10 20 30 40 50
T

T-CM in the presence of a deformed field and time-dependent coupling

with Ds(n, ) = Dy(n, ) and that

&Q) = J2h(n + 2,2) + 2h(n + 1, 1), (10)
and
T
d(7) = _[C(t)dt.
0
The CSs corresponding to the P-F are introduced
as [65]

Z,2) = ) Ry
n=0

|Z* 4
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= Zrl

T
S
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where LJ*(...) is the associated Laguerre polynomials. In the
limit A = 0, the CSs of P-F tends to the case of Glauber CSs.
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Figure 1: Time evolution of p, for T-As in the presence of P-F with z = 3 and 6 = /4. Panels (a_/) and (b_/) represent the cases of constant t-d
coupling (C(t) = €) and oscillating t-d coupling (C(t) = € sin(t)), respectively. Panels (a1, b1), (a2, b2), and (a3, b3) correspond to A values of 0, 1, and

5, respectively.
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The reduced density matrices of subsystems are
obtained from the T-As-P-F density matrix, p, 4(7) =

[ a(DOXPea(D)], as

4 4

Pr-ns(D) = Toe{pg(D} = 2 X py )0l (12)
j=1n=1

Po_p(T) = Trr_afp g (D} = Y pr| kXK. 13)
k

3 Quantum measures and their
dynamical behavior

This section displays different measures for quantumness
with their dynamical behavior discussion through the
effect of t-d coupling (C(t)) and P-F deformation parameter
.
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3.1 Atomic inversion

We begin by defining the population inversion for the T-As
in terms of the functions Dj(n, 7) as

p,(T) = Y ([D1(m, T + [Dy(m, T)F - [D3(m, 7)1

m=0

- FD4(m, T)]Z).

(14)

In the case where the two atoms are identically
coupled, we have D,(m, 7) = D3(m, 7). Under this condi-
tion, the expression for the atomic inversion simplifies to

p,(T) = Y ([Dy(m, T) - [Dy(m, 7).
m=0

The population inversion, p, of T-As withA = 0,1 =1,
and A = 5 is shown in the Figure 1. In general, it is evident
that the parameter A in the absence and presence of t—d
coupling has an impact on the dynamics of the function p,.
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Figure 2: Time evolution of T-As-P-F entanglement in the presence of P-F with z = 3 and 6 = /4. Panels (a_i) and (b_i) represent the cases of
constant t-d coupling (C(t) = ¢) and oscillating t-d coupling (C(t) = € sin(t)), respectively. Panels (a1, b1), (a2, b2), and (a3, b3) correspond to A values

of 0, 1, and 5, respectively.
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We can see that the function p, exhibits rapid oscillations
with collapse and revival events in the case of C(t) = € and
A = 0. Here A = 0 corresponds to the case of ordinary CSs.
When the t-d effect is present, function p, oscillations take
on a regular and periodic character. Furthermore, we can
see that the collapse’s period doesn’t change during the
dynamics. On the other hand, in both the absence and
presence of the t-d coupling effect, the existence of the
deformed field (P-F with A =1 and A = 5) enhances the
oscillations of the atomic inversion with the increase in
their amplitude.

3.2 T-As-P-F entanglement

To analyze the dynamics of the T-As-P-F entanglement,
the Neumann entropy of the subsystems, T-A or P-F, is
considered as a measure

Ep_pr-a) = _Tr{ppfp(T-A)ln[ppfF(T-A)]}' (15)
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Here pp pq_n) represents the P-F(T - A) density
operator given by Egs. (14) and (15). The function Ept-a)
takes the form

(4)

Ep-rera) = - Z rIlP—F(T—A)ln rIlP—F(T—A)’
=1

(16)

where 1/ F"® are the eigenvalues of the state pp_p_y).
In Figure 2, we illustrate the dynamic behavior of
quantum entropy in relation to the parameter values of
the physical model, using the same parameter settings as
in Figure 1. The figure highlights significant physical sce-
narios based on the values of C(t) and A. The Ep_p-ya)
function shows t-d growth and oscillates, maintaining a
steady oscillatory pattern over extended periods when
A = 0 limit and C(t) = €. The QE of the T-As-P-F state
stabilizes within a specific time range, mirroring the beha-
vior of population inversion, and the T-As-P-F entangle-
ment remains trapped by the P-F for large values of scaled
time 7. On the other hand, with the t-d coupling effect,
Ep_p(r-a) oscillates periodically with period t = 27, which
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Figure 3: Time evolution of T-As entanglement in the presence of P-F with z = 3 and 6 = 7/4. Panels (a_i) and (b_i) represent the cases of constant
t-d coupling (C(t) = ¢€) and oscillating t-d coupling (C(t) = & sin(t)), respectively. Panels (a1, b1), (a2, b2), and (a3, b3) correspond to A values of 0, 1,

and 5, respectively.
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agrees with the period of population inversion oscillations
in the A — 0 limit with the presence of t-d coupling effect.
In the existence of the t-d effect, we discover that the T-As-
P-F state approaches the maximum value of entanglement
for A — 5. This means that the increase in the value of
parameter A results in an increase in the maximum
amount of entanglement. Whereas, the behavior of the
Ep_pcr-a) function does not vary much over time in the
absence of t-d coupling effect and the presence of field
deformation (A # 0). The obtained results illustrate that
the manipulation of the T-As-P-F entanglement in the con-
sidered model can be achieved by convenable choice on
the coupling function and deformation parameter.

3.3 T-As entanglement

To analyze the nonlocal correlation between the T-As, we
utilize the concurrence that is given by [66]

C12 = maX{O, 191 - 192 - 193 - 194}, an

(@,)
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T
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where J; represents the eigenvalues of the matrix p, 40,4,
arranged in descending order, and p,_; denotes the density
matrix associated with the Pauli matrix oy by

Pi-q = (oy ® oy)p4(0y ® oy). (18)

Here p*, is the complex conjugate of p,_4. For Ci; = 0,
the T-As state is separable, while for C;; = 1, the T-As state
is maximally entangled.

Figure 3 shows the time variation of concurrence with
regard to the values of the T-As-P-F parameters. In gen-
eral, it is evident that C(t) and A have a significant impact
on the dynamic behavior of the function Cy,. In the absence
of t-d coupling and field deformation effects, the value of
function Gy, ranges between 0 and 1 illustrating that the QE
of the T-As state oscillates between a maximum and
minimum value and cannot reach its maximum value at
7 = 0. Indeed, we observe that the function C;; begins at its
maximum value of 1, undergoes random oscillations, and
then gradually decreases over time, eventually settling into
a steady state of fluctuating oscillations. The function Gy,
has a peculiar behavior during evolution, where it takes

A=0
0.05

(b,)

1.5
0 10 20 30 40 50

T

Figure 4: The Mandel parameter for the P-F with z = 3 and 6 = 7/4. Panels (a_i) and (b_i) represent the cases of constant t-d coupling (C(t) = €) and
oscillating t-d coupling (C(t) = € sin(t)), respectively. Panels (a1, b1), (a2, b2), and (a3, b3) correspond to A values of 0, 1, and 5, respectively.
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unexpectedly zero values for a brief time interval, exhi-
biting sudden birth and death phenomena of QE. The
same behavior of the measure of QE can be obtained in
the absence of t-d coupling with different values of A. The
periods of the sudden death phenomena remain constant
throughout the dynamics when the t-d coupling effect is
included, and the concurrence oscillations become regular,
exhibiting periodic behavior. The sudden death phe-
nomena of QE will disappear with a regular dynamic of
concurrence in the presence of field deformation and t-d
coupling effect. This finding suggests that the interaction
between the T-As and the P-F in the present model is
crucial for maintaining and controlling the QE of the
T-As state, and that the dependence on the field’s deforma-
tion is considerable with respect to the t-d coupling effect.

3.4 Statistical properties of the P-F

Now, we analyze the distribution of P-F photons using the
Mandel parameter that is defined by [67,68]

%{Tr(ﬁ*ﬁ)z - [Te@'DP - e @D (19)

Q= (L)

The P-F exhibits the Poissonian statistics for Qy = 0,
while P-F has sub-Poissonian statistics for Q,; < 0, and
governed by a super-Poissonian statistics when Q,; > 0.
Figure 4 shows the dynamics of the Mandel parameter
with regard to the values of the T-As-P-F parameters. It
is clear that the parameter Q,; < 0 and Q,,; > 0 during the
dynamics for different choice of C(t) and A, exhibiting a
sub-Poissonian and super-Poissonian photon distribution.
Notably, selecting suitable values for C(t) and A can reduce
the value of Q.

4 Conclusion

In this article, we have developed a model of T-As system
that interacts with a field mode initially defined in a CS of
P-F. We have considered that the T-As are initially
described by a Bell state and display the quantum model
of the whole system with the solution of the dynamics
equation in the absence and presence of t-d coupling effect.
We have examined the t-d behavior of essential quantum
resources relevant to various tasks in quantum optics and
information science, including atomic population inver-
sion, T-As entanglement, T-As-P-F entanglement, and
the statistical properties of the P-F as they relate to the
model parameters. In this context, our analysis revealed

T-CM in the presence of a deformed field and time-dependent coupling = 7

how these quantum resources are affected by different
parameters in the T-As-P-F model. Finally, we have illu-
strated the evolving interdependencies among these
quantum resources within the quantum system.
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