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Abstract: For treating and diagnosing cardiovascular dis-
eases, the field of biomedical engineering is significant
because it develops new ways and techniques. Stenosis is
the narrowing of an artery, and it leads reduction in the
flow rate of blood. This study investigates the blood flow
mechanism in an artery using a mathematical model of
Carreau nanofluid with four distinct nanoparticles. Tetra
nanofluid model produces significant advancement in the
simulation of blood flow through the stenosed arteries. The
model is capable of predicting the pressure drop and velo-
city distribution for diagnosing and treating stenosis. The
spectral relaxation approach is used to present the model's
efficiency and effectiveness, which makes it a suitable
method for solving the governing equations of this study.
The findings of this study have important implications for
the development of new treatments and diagnostic techni-
ques for stenosis and other cardiovascular diseases.

Keywords: carreau fluid, tetra hybrid nanofluid, spectral
relaxation approach, viscous dissipation, Joule heating,
nonlinear thermal radiation

1 Introduction

Stenosis is the abnormal position of the artery. In this case,
the artery becomes narrow in the body, and it occurs in the
spinal canal and blood vessels. This constriction in the way
of the artery gives restricted blood flow and keeps nerves.
This issue can be addressed by involving surgical interven-
tions. Recent advancements in nanotechnology offer that
this issue can be solved using the incorporation of nano-
particles in blood. Nanoparticles can be engineered to
carry drugs or imaging agents, allowing for both treatment
and real-time monitoring of the condition. Many scholars
[1–3] performed the analysis regarding the blood vessels
and arteries based on the fluidic models. Zhao et al. [4] made
an exploration regarding the correlations between stenosis
analysis and a connected microfluidic model of thrombosis.
Akhtar et al. [5] delved into the non-Newtonian behavior of
blood with consideration electro-osmotic effects and mul-
tiple stenoses. Das et al. [6] investigated transient Casson
fluid flow in which they incorporated solute dispersion
effects. Shahzad et al. [7] examined numerical results using
a non-Newtonian Casson fluid model coupled with stenosis
and elastic walls.

Magnetohydrodynamics (MHD) is study of fluids in the
presence of magnetic fields. MHD becomes significant due
to the conductive properties of blood and the potential pre-
sence of magnetic nanoparticles. When blood flows through
arteries in the presence of magnetic nanoparticles then their
interactions between magnetic field and electric currents in
the blood can influence flow patterns. Furthermore, MHD has
medical applications [8–13] like optimizing the delivery effi-
ciency, targeted drug delivery, and distribution of therapeutic
agents within the bloodstream. Al-Kouz et al. [14] investigated
the thermal behavior of ternary hybrid nanofluid flow
around the cylinder in a magnetized environment. In this
study, they concluded that magnetic field has effects on
heat transport. Al-Rashed et al. [15] explored vorticity–vector
potential formalism on the open cavity filled by the alu-
minum oxide/water nanofluid. The cavity is heated up by
the central isothermal block and the results of mixed convec-
tion and entropy generation. Bakthavatchalam et al. [16]
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published their review studies about nanofluid and ionano-
fluid for heat transfer enhancement, they have reviewed cur-
rent and future perspectives. Shulepova et al. [17] delve into
the mathematical modeling of convective energy transport in
an enclosure with moving upper adiabatic walls and vertical
isothermal walls under the impacts of alumina–water nano-
liquid and complicated fins within the cavity. Selimfendigil
and Öztop [18] made their study of the thermal and phase
change process in a branching T-channel under an active
magnetic field and two rotating inner cylinders. In another
study, Selimfendigil et al. [19] investigated the optimization of
a bifurcating channel cooling system for a double-inclined
conductive panel system under an inclined magnetic field.
Selimfendigil and Öztop [20] performed a numerical analysis
on multijet impingement heat transfer under the combined
effects of encapsulated-PCM and inclinedmagnetic field during
nanoliquid convection. There are latest studies [21–26] related
to MHD flow with different facts like activation energy and
inclined magnetic dipole, bio-nanofluid model in expanding/
contracting cylinder, biological interactions of cross fluid with
inclined MHD, buoyancy force and melting heat process.

Heat transport in bio-nanofluids with nanoparticles is
crucial for practical applications and research avenues.
Bio-nanofluids offer potential in biomedical engineering
like hyperthermia therapy, drug delivery, and diagnostic
imaging. Efficient heat transport within these fluids plays a
pivotal role in targeted drug delivery and precise control of
temperature distribution within the bio-nanofluid can
enhance drug release kinetics and therapeutic efficacy.
Therefore, investigating heat transport mechanisms in
bio-nanofluids with nanoparticles advances innovation in
biomedical technologies with significant implications for
healthcare. It is evidence from old literature [27–32] that
heat transport can be enhanced by including nanoparticles
in the base fluid. The investigation of blood flow character-
istics using various nanofluid models presents a rich area of
research with diverse applications in biomedical engineering.
Algehyne et al. [33] gave their numerical study, and it is
proved that heat transfer is enhanced in blood flow using
hybrid Ag–TiO2 nanoparticles. In this study electrical field is
also considered and cylindrical w-shape stenosis artery was
under consideration. Darvesh et al. [34] conducted numerical
and mathematical analysis related to bio-nanofluid over a
nonlinear tapering artery. In this study, authors discussed
the stenosis conditions with the cross nanofluid model.
Sharma et al. [9] concluded that heat transfer is optimized
in blood flow. In this study, hall effect and variable viscosity
facts are also considered. Khan et al. [35] made heat transport
analysis with entropy-optimized generation with nanoparti-
cles over disks geometry. These studies contribute to advan-
cing heat transport in blood nanofluid systems.

1.1 Applications of heat transfer in
blood flow

Rote of heat transfer is crucial in various industries and
engineering areas because it facilitates processes like energy
production, food processing and manufacturing. However,
its significance extends even further, particularly in medical
science and healthcare, like the removal of stenosed
arteries. Controlled heat can effectively target and restore
proper blood flow, dissolve blockages within blood ves-
sels, and prevent severe health complications like heart
attacks or strokes.

1.2 Motivation

The motivation to study a novel tetra hybrid bio-nanofluid
model with a stenosed artery stems from the pressing need
to optimize the dynamics of blood flow in vascular condi-
tions. Stenosed arteries are abnormally narrow pose, and it
has a risk of cardiovascular diseases.

1.3 Novelty

This study employs a novel tetra hybrid bio-nanofluid
model to investigate blood flow dynamics in stenosed
arteries. In this study, mathematical modeling of Carreau
nanofluid with four distinct nanoparticles is considered.

2 Creation of physical model

It is supposed that blood is flowing in a horizontal artery
whose length is L

2

o . Blood is assumed to flow through as x-
axis and radial axis r. Inclined magnetic field is imposed on
the blood flow with an angle ω based on the horizontal
artery. To investigate the blood’s temperature, the facts of
non-uniform heat sink/source, joule heating, and thermal
radiation are included. Prototype shows the extension of
nanofluid determined by Tiwari and Das, which has been
included in blood to investigate the impact of four kinds
of nanoparticles based on the blood flow passing through
the artery. The radius of the artery is denoted by R*(x)
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Figure 1 is

placed for physical configuration of flow. Furthermore, the
thermophysical characteristics of nanoparticle are given in
Table 1.

Based on physical assumptions, the equation of conti-
nuity, momentum, and temperature are given as:
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Physical relation in mathematical forms.
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Figure 1: Geometry of blood flow via arteries.

Table 1: Thermophysical characteristics [36–38] of
TiO , Au, Al O & Ag2 2 3 on blood

Properties Blood Gold (Au) TiO2 Silver (Ag) Al2O3

ρ 1,050 19,300 4,250 10,500 3,970
Cp 3,617 129 690 235 765
K 0.52 310 8.953 429 40
σ 0.667 4.1 × 106 2.4 × 106 6.3 × 107 3.5 × 107
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3 Solution procedure
Transformations are as follows:
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Using required material in governing equations, we get
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Local surface friction and Nusselt number are:
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4 Numerical scheme

There are several numerical techniques like bvp4c, Keller
box, neural networks, and Lobatto IIIA, but in this study,
the spectral relaxation method (SRM) has been utilized to
solve nonlinear systems of ordinary differential equation
(ODEs) (13) and (14) involved in this study.

4.1 SRM

The solution of the obtained differential model is presented
by using the SRM. In this context, the method involves

approximating the solution based on the ODE as a linear
combination of basic functions, and then finding the
coefficients of this linear combination based on the optimi-
zation problem with the formulation of a semidefinite pro-
gram. The general idea of the SRM to solve the ODEs is to
convert into a set of algebraic equations by discretizing the
independent variable (usually time) to approximate the
solution based on the basis functions. These basis functions
are typically chosen to be orthogonal functions, such as
Legendre polynomials or Chebyshev polynomials. Once
the ODE has been discretized and approximated using
basis functions, the resulting system of algebraic equations
is then solved using an optimization method based on semi-
definite programming. The optimization problem involves
minimizing the residual error between the approximated
solution and the exact solution of the ODE subject to a set
of constraints, which can be expressed as linear or semide-
finite constraints.

4.2 Advantages of SRM

There are several advantages of SRM to get the solutions of
the differential system. Some of them are given as:

High accuracy: SRM can provide high-accuracy solu-
tions of the model based on the differential model with a
complex or non-analytic nature. The SRM has a spectral
approximation of the solution and can be used to capture
the high-frequency components of the solution.

Fast convergence: SRM can converge to the solution of
an ODE faster than some other numerical methods, such as
finite difference or finite element methods. SRM involves
the solutions of a convex optimization problem, which can
be faster to solve than non-convex problems.

Parallelizability: SRM can be easily parallelized, which
makes it suitable for solving the large-scale differential
models on high-performance computing platforms. The
optimization subproblem can be solved independently,
and the final solution is obtained by combining the out-
comes of each subproblem.

Robustness: SRM is considered one of the robust
methods that handle different forms of the differential
models with stiff and non-stiff nature.

Versatility: SRM can also be applied to solve the differ-
ential model by using different types of boundary condi-
tions, some of which are Dirichlet, Neumann, and mixed
boundary conditions. It can also be extended to solve par-
tial differential equations by using spectral approxima-
tions in both time and space.
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4.3 Comparison of Bvp4c and SRM

Bvp4c is a robust numerical technique, and it solves the
BVP efficiently. Adaptive mesh refinement and iterative
algorithms are adopted in this scheme to approximate
the solution to high accuracy. It is suitable for problems
with nonlinearities with boundary conditions and it offers
reliable convergence and stability. In comparing the two
methods, Bvp4c excels in handling nonlinear boundary
value problems and offers greater flexibility in dealing
with various types of boundary conditions. It is well-suited
for problems where accuracy and robustness are para-
mount. Conversely, the SRM is highly efficient for problems
with smooth solutions and periodic boundary conditions,
providing fast convergence and high accuracy.

4.4 Comparison of Keller Box and SRM

Keller Box method (KBM) and the SRM for solving ODEs
involve contrasting their distinct approaches and applic-
ability in solving boundary value problems. The Keller Box
method employs shooting techniques to solve boundary
value problems iteratively. SRM utilizes spectral approxi-
mations, often employing Fourier or Chebyshev basis
functions, to discretize the differential equations. KBM dis-
cretizes the problem domain and solves the resulting
system of initial value problems using numerical integra-
tion techniques. SRM transforms the differential equations
into algebraic equations using spectral methods and solves
the resulting system iteratively. KBM is suitable for pro-
blems with singularities or discontinuities in the solution.

4.5 Mathematical procedure for SRM

Step 1: For the iteration, the values = =+ +f f θ θ, ,
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Parallel BCs for ODEs are given as:
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Parallel BCs for ODEs are given as:
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5 Validity

The study presents a valid and valuable contribution to the
existing literature in the field of biomedical engineering.
This study builds upon previous research, introducing a
new model that incorporates the viscosity of cross fluid
and the effect of nanoparticles on blood flow, and using
the spectral relaxation approach to solve the complex dif-
ferential equations. The study’s results are consistent with
previous research and offer new insights into the effects of
stenosis on blood flow. Table 2 shows the numerical tech-
nique that is found smooth agreement with existing litera-
ture, while Figure 2 is the respective statical matching of
Table 2.

6 Obtained results and debate on
physical output

This article relates the study of blood flow through narrow
or constricted arteries with a mathematical model of tetra
hybrid cross nanofluid. This study proposes a new model
for analyzing such fluid flow, which considers the proper-
ties of nanofluids and the viscosity of cross-fluids. The
results of the study are likely to provide insight into the
behavior of blood flow in stenosed arteries, which could
ultimately lead to the development of new treatments or
interventions for cardiovascular diseases.

This segment brings detailed debate on the physical
behavior of the tetra hybrid nanofluid model with a visc-
osity of the cross fluid in blood passing through the
Stenosed Artery. The numerical outcomes are fetched
with the help of a fast convergent spectral relaxation

technique, as the cross fluid model is capable of investi-
gating the fluid in shear thinning and shear thickening
regions. Variation of cross fluid index n gives two regions
for different values. If numerical values of ( )∈n 0, 0.5 ,
then it goes in the category of shear thinning, and if numer-
ical values of ( )∈ ∞n 1, , then it will give behavior of shear
thickening region as well as with the comparison of Bi-
Hybrid/Tri-Hybrid/Tetra-Hybrid nanofluid. Output and
influence of all physical parameters with the classifica-
tion of shear thinning and shear thickening are plotted
through figures. The following numerical ranges are uti-
lized in this attempt for graphing. Table 3 shows the
description of the physical parameters with symbol and
their ranges in the interval.

Table 2: Agreement shows of current study with old literature

Γ Ф Sarwar and Hussain [39] Present

0.10 0.01 0.93 0.9476666
0.12 0.01 0.92 0.936754
0.14 0.01 0.91 0.957665
0.10 0.05 1.32 1.3343212

0
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Figure 2: Statistical representation of Sarwar and Hussain [39] (blue
color) compared to our present study (red color).

Table 3: Name of physical parameters with symbol and ranges in
interval form

Name of physical
parameter

Symbol and range of physical
parameter in interval form

Thermal radiation [ ]∈R 0.8, 1.9 ,d

Prandtl number [ ]∈Pr 18,21 ,

Temperature
difference parameter

[ ]∈θ 0.5, 2.5w

Eckert number [ ]∈E 0.1, 2.1c

Curvature parameter [ ]∈γ 0.3, 2.5

Magnetic parameter [ ]∈M 0.1,5.1

Weissenberg number [ ]∈We 0.1, 4

Cross fluid index
parameter

[ ]∈n 0, 1 and ( )∈n 1, ∞

Heat sink/source
parameter

[ ]∈Q 0.5, 2

Inclined magnetic field
angle

= ∘ ∘ ∘ ∘ω 30 , 45 , 60 , 90
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6.1 Numerical consequences of influential
physical parameters attached to the
velocity and temperature field of blood

The numerical result of We on the result of tetra hybrid
cross nanofluid (blood) is presented in Figure 3(a) and (b).
Greater numerical inputs in We give the lower speed of
blood in both cases of shear thinning/thickening flow due
to time relaxation constant involvement in the mathema-
tical form of Weissenberg number. Low speed in blood
cause several problems like reduced delivery of oxygen
and nutrients, increased risk of blood clots, impaired waste
removal, reduced immune response, poor healing, etc.
Figure 4(a) and (b) is a pictorial representation of blood
flow with numerical assessment of inclined angle ω. From

the figure, it is clear that increasing the numerical value of
the inclined angle reduces the velocity of bold. When the
inclined angle increases, the strength of the magnetic field
becomes perpendicular and a strong Lorenz force is gen-
erated, and this Lorentz force causes reduction in the velo-
city of the blood. It is also noted that Lorentz force may
cause the blood to move in a circular or spiral pattern
around the vessel, rather than in a straight line due to
this linear velocity decreases. Figure 5 establishes the
fact of numerical assessment of n with the speed of tetra
hybrid cross nanofluid (blood). Greater value of cross fluid
index converts the fluid in shear thickening. Due to the
thickening situation of blood, its velocity goes down. Thick
blood creates a lot of problems in the body. A disease due
to thick blood is known as hypercoagulability. Thick blood

Figure 3: (a) and (b) Numerical assessment of We with speed of tetra hybrid cross nanofluid (blood) classifying shear thinning/thickening flow.

Figure 4: (a) and (b) Numerical assessment of ω with speed of tetra hybrid cross nanofluid (blood) classifying shear thinning/thickening flow.
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flows slowly in arteries and makes other problems like
blood clots, increased risk of cardiovascular disease, and
increased risk of deep vein thrombosis. Figure 6(a) and (b)
depicts the numerical assessment of M with the speed of
tetra hybrid cross nanofluid (blood) classifying shear
thinning/thickening flow. Both cases show that a greater
numerical value of M gives lower velocity because of Lor-
entz force. Figure 7(a) and (b) depicts a comprehensive
analysis of the numerical assessment of curvature para-
meter γ with speed of tetra hybrid cross nanofluid (blood)
classifying shear thinning/thickening flow. Giving increasing
value of said parameter reacts with greater velocity of
blood. There are several advantages of increased blood
flow in arteries like improved delivery of oxygen and nutri-
ents, improved waste removal, reduced risk of blood clots,
better regulation of body temperature, and improved cardi-
ovascular health; disadvantages include increased blood
pressure, decreased efficiency of gas exchange, and reduced
blood flow to certain areas and increased risk of injury.

Figure 5: Numerical assessment of n with speed of tetra hybrid cross
nanofluid (blood).

Figure 6: (a) and (b) Numerical assessment of M with speed of tetra hybrid cross nanofluid (blood) classifying shear thinning/thickening flow.

Figure 7: (a) and (b) Numerical assessment of γ with speed of tetra hybrid cross nanofluid (blood) classifying shear thinning/thickening flow.
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Figure 8: (a) and (b) Numerical assessment of Q with temperature of tetra hybrid cross nanofluid (blood) classifying shear thinning/thickening flow.

Figure 9: (a) and (b) Numerical assessment of Pr with temperature of tetra hybrid cross nanofluid (blood) classifying shear thinning/thickening flow.

Figure 10: (a) and (b) Numerical assessment of ω with temperature of tetra hybrid cross nanofluid (blood) classifying shear thinning/thickening flow.
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Figure 11: (a) and (b) Numerical assessment of M with temperature of tetra hybrid cross nanofluid (blood) classifying shear thinning/thickening flow.

Figure 12: (a) and (b) Numerical assessment of γ with temperature of tetra hybrid cross nanofluid (blood) classifying shear thinning/thickening flow.

Figure 13: (a) and (b) Numerical assessment of Ec with temperature of tetra hybrid cross nanofluid (blood) classifying shear thinning/thickening flow.

10  Wael Al-Kouz et al.



Figure 8(a) and (b) are exercised to show the impact of
Q with a temperature of tetra hybrid cross nanofluid
(blood) classifying shear thinning/thickening flow. It is con-
cluded that a greater value gives a higher temperature of
the blood. Figure 9(a) and (b) is brought to show the impact
of Pr with a temperature of tetra hybrid cross nanofluid
(blood). Actually, the Prandtl number is not a property of
blood itself, but still, it has an effect on the flow of blood in
the body. The figure shows that with greater numerical
input of this parameter, the temperature of blood decreases.
Blood attached with a higher Prandtl number tends to have
higher viscosity and lower rates of heat transfer. Blood has a
relatively low Prandtl number compared to many other
fluids. Figure 10(a) and (b) is launched to explore the numer-
ical impact of the inclined angle of the magnetic field ωwith
temperature of tetra hybrid cross nanofluid (blood) (Figure
11). Greater value of the inclined angle the velocity decreases
due to Lorentz force and hence temperature is increased.
Figure 12(a) and (b) conclude that there is a direct impact of
curvature parameter γ and temperature of tetra hybrid

cross nanofluid (blood). Increasing the curvature parameter
gives a higher temperature. Temperature becomes high
with higher values of Ec. Frictional heating production is
seen with this parameter. This fact is revealed by Figure
13(a) and (b). Physically, Ec represents difference in kinetic
energy to the change in enthalpy that exists between both
the wall as well fluid. Greater values of Ec turn kinetic
energy into stored energy and fluid goes in viscous strains.
The higher temperature has advantages and disadvantages
for the body. Higher temperature is beneficial for enhanced
metabolic activity, improved immune response, vasodila-
tion, and improved cardiovascular function while other
side effects are cellular damage, impaired blood clotting,
dehydration, and worsened symptoms of certain medical
conditions.

Numerical assessment of attached physical parameters
on Local Nusselt Number and Local Skin Friction of Tetra
hybrid/Tri Hybrid/Di Hybrid cross nanofluid (blood) classi-
fying shear thinning/thickening flow and their pictorial
representation is given by Figures 14–16.

7 Conclusions

This study offers a novel approach to modeling blood flow
in a stenosed artery, which could have important implica-
tions for the diagnosis and treatment of cardiovascular
disease. The findings highlight the importance of consid-
ering the effects of viscosity on blood flow and the poten-
tial benefits of using hybrid nanofluid models to better
capture the complex behavior of blood flow in the body.
Some concluding remarks of this study are given as
follows:
1) Tetra hybrid nanofluid has great capability of heat

transport due to the inclusion of three nanoparticles.

Figure 14: Statistical explanation of Nusselt number of tetra hybrid cross
nanofluid (blood) with radiation parameter.

Figure 16: Statistical explanation of local skin friction of tetra hybrid
cross nanofluid (blood) with We parameter.

Figure 15: Statistical explanation of Nusselt number of tetra hybrid cross
nanofluid (blood) with Q parameter.
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2) Greater numerical inputs in We give lower speed of
blood in both cases of shear thinning/thickening flow
and hence cause several problems like reduced delivery
of oxygen and nutrients, increased risk of blood clots, etc.

3) Rapid heat transport is seen in the case of tetra-
hybridity nanofluid as compared to tri-hybridity and
di-hybrid nanofluid.

4) Strong Lorenz force is generated, and this Lorentz force
causes reduction in the velocity of the blood.

5) It is found that surface drag friction becomes weakened
by augmentation of Weissenberg quantity We.

6) Giving the increasing value of curvature parameter
reacts greater velocity of blood. There are several
advantages of increased blood flow in arteries like
improved delivery of oxygen and nutrients.

7) Greater value of the inclined angle the velocity decreases
due to Lorentz force and hence temperature is increased.

8 Limitations of the study

• Certain parameters in the study might be assumed or
idealized, possibly neglecting variations and complex-
ities present in actual stenosed arteries.

• The tetra hybrid cross nanofluid model may oversimplify
blood flow through stenosed arteries, potentially missing
nuances in real-world behavior.

• The study might not consider all external factors affecting
blood flow, such as patient physiology differences, diverse
stenosis types, or concurrent medical conditions.

• Numerical assessments of physical parameters might be
limited to specific ranges and assumptions, potentially
overlooking various scenarios or variations.

• Findings may lack generalizability to broader popula-
tions or specific clinical contexts.

• Availability of study-generated data sets might be
restricted.
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