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Abstract: A numerical framework is established for a two-
dimensional steady flow of the magnetized Jeffery fluid
model over elongated/shrinking sheets, with potential appli-
cations such as coating sheets, food products, fiber optics,
drilling fluids, and the manufacturing processes of thermo-
plastic polymers. The model also demonstrates the influence
of chemical reaction, magnetic field, and stability analysis
which provide a novel contribution to this study. To ensure
the ease and effectiveness of this analysis, we transform the
set of difference equations governing the system into ordinary
equations using the similarity transformation. The reliability
of the solution is examined by using stability analysis. The
Navier–Stokes equations have been transformed into self-
similar equations by adopting appropriate similarity transfor-
mations and subsequently solved numerically using the bvp4c
(three-stage Labatto-three-A formula) approach. The compar-
ison between the derived asymptotic solutions and previously
documented numerical results is quite remarkable. The self-
similar equations display a duality of solutions within a limited
range of the shrinking parameter, as observed from the data.
For each stretching scenario, there is a unique solution. Hence,
an examination of temporal stability has been conducted
through linear analysis to establish the most fundamentally

viable solution. The determination of stability in the analysis
is based on the sign of the smallest eigenvalue, which indicates
whether a solution is unstable or stable. The analysis of stabi-
lity reveals that the first solution, which describes the primary
flow, remains stable. Through the utilization of graphs, we
thoroughly examine and discuss the influence of emerging
factors. The numerical results obtained from this analysis
demonstrate multiple solutions within a certain range of

≥M Mci1 , =i 1, 2, 3, and no solution in the range <M Mci1 .
Mci denotes the critical values, which increase as the quantities
of Sc increase from 0.3 to 0.9. Similarly, multiple solutions exist
for ≥λ λci, =i 1, 2, 3, and no solution in the range <λ λci is
observed.

Keywords: multiple solutions, chemical reaction, magne-
tized Jeffery fluid model, shrinking sheet

1 Introduction

The field of technical and materials science has witnessed
a surge in interest toward non-Newtonian materials in
recent decades. The occurrence of non-Newtonian beha-
vior can be observed in various applications, such as
coating sheets, food products, fiber optics, drilling fluids,
and the manufacturing processes of thermoplastic poly-
mers. Among the various fluid models, the Jeffrey liquid
serves as a noteworthy exemplification, engrossing the
attention and inquisitiveness of numerous researchers. It
is noteworthy to mention that this particular flow model is
characterized by the occurrence of relaxing and delayed
reactions, which have the potential to unveil a plethora of
novel insights and knowledge. The practical implications of
this are far-reaching, as a comprehensive understanding
of the Jeffrey liquid can be leveraged to optimize extrusion
operations, crystal and sheet manufacturing processes,
semiconductor circuitry, crystal growth, and a multitude
of other fields, all of which stand to reap tremendous ben-
efits from the study of boundary layer movements over
a stretching cylinder [1]. Sun et al. [2] studied the Casson
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boundary layer movement over the wedge sheet. Krishna
et al. [3] gave a comparison of Skiadis and Blasius magne-
tized flow with thermal effects and varying properties.
Significant advances in this sector have been highlighted
in recent articles [4–10], opening the door for optimization
in a variety of industrial processes.

It should be noted that most of the studies that have
been done up to this point have mostly concentrated on the
flows that are caused by a surface that is extended verti-
cally. This specific feature has emerged repeatedly in the
previously described research. However, it is essential to
recognize that several research studies [11–15] have also
looked at various aspects of this phenomenon. These inves-
tigations have covered a wide range of topics related to the
flows caused by a stretched surface, which has resulted in
a deeper understanding of the topic. Through their recent
investigation of magnetized viscous fluid flow on probabil-
istic extending surfaces in the setting of a chemical process,
Raptis and Perdikis [16] have contributed significant improve-
ments to the domain. Their inquiry is primarily focused on
achieving two basic goals. First of all, by analyzing the beha-
vior of Jeffrey liquids, they want to improve the present
knowledge of flow properties [16].

Magnetohydrodynamics, the study of the magnetism
of electrically conducting materials, has found widespread
use in a wide range of fields, from chemical manufacturing
to transport engine cooling systems, electronic chip cooling,
plasma, nuclear-powered sector, saltwater, etc. It is used in
the disciplines of metalworking and polymer engineering.
Potential magnetohydrodynamics (MHD) uses include mag-
netic drug targeting, astronomical sensing, and architecture
[17,18]. Particularly, MHD plays a crucial character in star
development. Given these substantial advantages, researchers
and statisticians continuously analyze MHD flows. Chu et al.
[19] reported the numerical results for Jeffrey fluid-suspended
nanomaterials with chemical response over parallel disks.
Lund et al. [20] displayed the stability assessment of hybrid
nanofluid propagating over a time-dependent extended sheet
with a slip effect. Khan et al. [21] studied the magnetic effect in
Ree-Eyring nanomaterial across a stretching sheet. Souayeh
et al. [22] investigated the magnetic dipole movement with a
heat source across an extended sheet. Similarly, Souayeh [23]
explored the characteristics of the CC-heat flux of ternary
nanofluid with Lorentz force and slip effects.

Despite the substantial importance and frequent occur-
rence of non-Newtonian phenomena in various sectors and
technological domains, there is a significant dearth of prior
scholarly publications addressing the flow characteristics of
a magnetized non-Newtonian Jeffery fluid over a stretching
or shrinking surface with stability analysis. The primary
objective of the present investigation is to bridge this gap

in the existing corpus of knowledge. In order to accomplish
this, the current study employs the Jeffery fluid model as the
foundational framework for the flow analysis. Moreover,
the fluid being demonstrates electrical conductivity when
a uniform magnetic field is present, and the stability of
the model adds a new aspect to the analysis. Furthermore,
the investigation also takes into consideration the presence
of chemically reactive constituents within the flow field,
thereby expanding the scope of the study to encompass
the intricate interplay between fluid dynamics and chemical
reactions. The present study is organized as follows: Section
2 represents the mathematical formulation, Section 3 sig-
nifies the numerical procedure and validation of code, and
Section 4 provides the results and discussion of the model.

2 Mathematical analysis

Consider steady, two-dimensional, and incompressible MHD
flow Jeffery fluid across an extended and contracting
sheet. The sheet is stretched or contracted with velocity:

( )= +U λ a x b xw 1 1 1
2 , where λ1 is elongating ( >λ 01 ) and con-

tracting ( <λ 01 ) sheet variable. For the purpose of this ana-
lysis, a coordinate system is selected, denoted by ( )x y, ,

where the x-axis is aligned with the stretching or shrinking
surface, while the y-axis is perpendicular to it. It is crucial to
acknowledge that a consistent magnetic field is present in
the y-direction, giving rise to further intricacies in the flow
dynamics.

The leading flow equations for continuity and tem-
perature are [9,12,14]
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In Eqs. (1)–(3), u and v are velocity components along
x - and y-directions, ν is the dynamic viscosity, ρ is the fluid
density, σ is the thermal conductivity, ω1 and ω2 are the
relaxation/retardation parameters, C is the concentration,
D is the diffusion factor, and R is the reaction parameter.

Boundary conditions for the present problem are [9,10]
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where a b,1 1 in Eq. (4) are constants.
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Using Eq. (6) in Eqs. (2)–(5), we obtain
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In the above equations, ( )=γ
R
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is the reaction rate para-

meter, ( )=Sc
ν
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is the mag-

netic factors, and ( ) ( )= =ω a ω aΩ , Ω1 1 1 2 2 1 are the Deborah
numbers.

Mathematical expressions for mass transportation at
the surface are
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3 Numerical procedure and
validation of code

Nonlinear ordinary differential equations (ODEs) with spe-
cific conditions cannot be addressed through analytical
means (Eqs. (6)–(9) with constraints (10)). In order to solve

differential equations of this nature, computational methods
are necessary. The existing literature provides various numer-
ical techniques, among which the bvp4c technique proves to
be particularly useful for solving first-order initial value pro-
blems (IVPs). Therefore, we employed the bvp4c method to
solve the aforementioned system. The bvp4c method is a
finite-difference code that utilizes the three-stage Labatto
IIIa formula. Generally, it adopts a collocation approach
with fourth-order accuracy over the integrated time frame
of the computation. The residual of the ongoing solution is
utilized to facilitate error prevention and mesh selection in
this case. An approximate tolerance level of 10−6 was estab-
lished. Given that this problem encompasses multiple solu-
tions, an “excellent” initial estimation is necessary to obtain
an accurate solution. This estimation should satisfy the pro-
vided boundary constraints and reflect the nature of the solu-
tion. Despite the availability of initial predictions, the bvp4c
approach primarily converges to the first solution, thus sim-
plifying the discovery of the first solution. However, accurately
estimating the second solution for the extension of a sheet
when λ < 0 proves to be more challenging. The methodology
known as “continuation” is extensively discussed in the book
by Shampine et al. [24]. This technique involves substituting
the “infinity” at Eq. (11) with a finite quantity that is deter-
mined by the numerical values of the relevant parameters. To
ensure convergence, we initiate the process with a small value
(e.g., η = η∞ = 5) and gradually increase it until convergence is
achieved. The finite value chosen for η → ∞ is ∞η = 7 for both
the first and second solutions. The visual representation of the
bvp4c is presented in Figure 1.

For validation of the current study, it is compared with
the published work for surface mass transfer (SMTr) using
various values of =Sc 0.1, 0.3, 0.6, 0.9, 1.1, =γ 0.1, 0.3,

0.5, 0.7, 1.1, =M 0.2, 0.4, 0,6, 0.8, 1.2, and = =Ω Ω 0.1,1 1

0.3, 0.5, 0.9, and 1.1. This depicts that the values mass
transfer at the surface ( )− ′C 00 increases as the magnitude
of Sc, ϒ , and =Ω Ω1 2 are improved, whereas declines for
growing of M from 0.1 to 1.5. Likewise, the magnitude of

( )− ′C 01 improves with the growing values of Sc, M , and
=Ω Ω1 2 and diminishes for large values of ϒ growing

from 0.2 to 1.5. For the ratification of the existing work
scheming, the obtainable results are also associated with
distributed work described by Tasawar et al. [25] for SMTr

( )− ′T 00 and ( )− ′T 01 , and an admirable settlement is estab-
lished, as exposed in Table 1.

4 Results and discussion

This research focuses on studying the mixed convection
movement of a Jeffrey non-Newtonian fluid across a

Reliability of two-dimensional steady magnetized Jeffery fluid  3



surface that is simultaneously contracting and stretching
while being subjected to an electromagnetic field. The issue

is first represented mathematically, and then it is numeri-
cally solved by applying the bvp4c technique. Figure 2 is
shown to graphically depict the physical model. After that,
a table and graphs representing the numerical results are
produced. Since the model contains more than one solu-
tion, an assessment of stability is performed to determine
which solution is stable. The impact of emerging factors on
flow rates, concentration profiles, and transport of mass,
including the Hartman number, Schmidt number, and
destructive and generative chemical reaction parameters,
are explored through graphs and tables.

While exploring the findings, we stumble upon the
captivating existence of two possible solutions. In order
to evaluate the feasibility and practicality of these solu-
tions, an extensive analysis of stability was conducted.
After conducting a comprehensive examination, we have
reached a significant conclusion. It can be inferred that the
first solution is the sole one that can be deemed stable and
applicable in real-life situations. This statement is further
reinforced by the detailed categorization and visual repre-
sentation provided in Table 2 and Figure 3.

It is evident that the lowest eigenvalue moves toward
zero as the value of γ near its critical point. This significant

Figure 1: Flow chart of the numerical scheme.

Table 1: Comparison of the variation of surface mass transfer ( )T‒ ′ 00 and
( )T‒ ′ 01 for some values of Sc, ϒ , M =Ω Ω1 2 with published work

explored by Tasawar et al. [25]

Sc ϒ M ==Ω Ω1 2 (( ))T‒ ′ 00 (( ))T‒ ′ 01
Tasawar
et al.
[25] (( ))T‒ ′ 00

Tasawar
et al.
[25] (( ))T‒ ′ 01

1 0.1 0.1 0.3 0.83401 0.15635 0.83412 0.15646
0.3 1.05812 0.13301 1.05823 0.13321
0.5 1.15247 0.12571 1.15258 0.12582
0.7 1.53462 0.10361 1.53473 0.10372

0.1 1.1 0.79830 0.07516 0.79841 0.07527
0.3 0.87932 0.08642 0.87943 0.08653
0.6 1.42747 0.16652 1.42758 0.16663
0.9 1.66063 0.20160 1.66074 0.20171
1.1 1.2 0.1 1.17762 0.12354 1.17773 0.12365

0.2 1.17543 0.12405 1.17554 0.12416
0.4 1.16955 0.12515 1.16966 0.12526
0.6 1.16142 0.12600 1.16153 0.12605
0.8 1.15247 0.12572 1.15258 0.12583
1.1 0.1 1.14837 0.11830 1.14848 0.11841

0.3 1.15247 0.12571 1.15258 0.12582
0.5 1.55647 0.12981 1.55658 0.12992
0.9 1.16018 0.13372 1.16029 0.13383
1.1 1.16212 0.13458 1.16204 0.13469

Figure 2: Stretching ( >λ 01 ) and shrinking ( <λ 01 ) sheet geometry.

Table 2: Smallest eigenvalues γ against λ1

λ1 γ

First solution Second solution

−1.4429 0.00736 −0.00642
−1.440 0.06241 −0.2860
−1.436 0.28711 −0.3447
−1.4 0.48982 −0.5526

4  Maalee Almheidat et al.



discovery further supports the stability of the first solution
by matching exactly with the findings of the stability study.

The pathways of the SMTr ( )′C η0 and (′C η1 ) for various
values of Sc in relation to various quantities of M are
shown in Figure 4a and b, while maintaining the same
values for all the remaining variables. The numerical find-
ings gathered from these graphs show that there is no
resolution in the spectrum of <M Mci1 , whereas there
could possibly be many solutions under a particular spec-
trum of ≥M Mci1 , =i 1, 2, 3. As shown in Figure 4a, Mci

stands for the critical amounts, which rise as the amounts
of Sc increase from 0.3 to 0.9. The SMTr rises with increasing
Sc enhances quantities. = =M M0.21253, 0.34211,c c1 1 and

=M 0.44421c1 are the critical magnitudes for Sc = 0.3, 0.6,
and 0.9, respectively. The chemical response factors at SMTr
assorted λ are explained for γ1, as shown in Figure 5a and b.
According to the numerical findings, there are dual solu-
tions in this situation as well. There are many solutions
found in the spectrum ≥λ λci, =i 1, 2, 3; no solutions found

Figure 3: Smallest eigenvalues γ against λ.

Figure 4: Variation of (a) ( )C‒ ′ 00 and (b) ( )C‒ ′ 01 for different values of Sc

against M .

Figure 5: Variation of (a) ( )C‒ ′ 00 and (b) ( )C‒ ′ 01 for different values of γ
1

against λ.

Reliability of two-dimensional steady magnetized Jeffery fluid  5



in the region <λ λci. As shown in Figure 5a and b, the
critical quantities for γ

1
range from 0.2 to 0.8 and correspond

to = − = −λ λ2.6010, 2.6607,c c1 2 and = −λ 2.7025c3 . For iden-
tical values of γ

1
, which range from 0.2 to 0.8, it is found that

( )′C η0 increases while ( )′C η1 decreases. It is noteworthy to
observe that Figure 5a shows dual behavior. The SMTr ( )′C η0

decreases in the vicinity of− ≤ ≤λ4 , although it decreases in
the region < ≤λ1 2. Deborah numbers =Ω Ω1 2 have an
influence on SMTr against extending and contracting para-
meter λ, accordingly, as shown in Figure 6a and b. The
decreasing functions of SMTr of =Ω Ω1 2 are examined.
SMTr increases when the amount of =Ω Ω1 2 increases
from 0.2 to 0.8, as seen in Figure 6a and b.

The impact of new variables on velocity components
and SMTr, including Deborah numbers (DNs), Hartmann
numbers (HNs), and Schmitt numbers (SNs), and generated
and damaging chemical processes, is shown in Figures 7–24.
The findings are shown in Figures 7 and 8, which show the

various velocities profiles f′ and g′ that appear under various
values of the DN. These profiles exhibit a noteworthy twin-
branch feature that has been carefully examined. In parti-
cular, it is noticed that the velocity profiles show a falling
trend over the boundary layer when the size ofΩ1 increases
from 0.2 to 0.8.

It seems that Ω2 has the opposite impact on velocity as
Ω1. Nonetheless, the fluid movement is improved with the
dual solutions as the values of Ω2 rise. Figures 11 and 12
show the relationship among the velocity coefficients and
M, respectively. The velocity patterns show a declining
trend as M values vary from 0.2 to 0.6. The addition of M
to a fluid produces the drag force, sometimes referred to as
the Lorentz force. The speed of the fluid across the boundary
layer is slowed by this force.

The SMTr with distinct consequences of Ω1 correspond
to lower and higher solutions, as shown in Figures 13 and 14.
It is investigated that SMTr rises with increasing levels of Ω1.
Figures 15 and 16 show how the SMTrr fluctuates as Ω2

changes in magnitude. It is evident from Figures 15 and 16
that increasing Ω2 causes SMTr to fall.

Figure 6: Variation of (a) ( )C‒ ′ 00 and (b) ( )C‒ ′ 01 for different values of
=Ω Ω1 2 against λ.

Figure 7: Effect of Ω1 on f ′ .

Figure 8: Effect of Ω1 on g ′.

6  Maalee Almheidat et al.



For all scenarios, a rising trend in the SMTr is pre-
dicted as the amount of M rises from 0.2 to 0.5 (Figures
17 and 18). Comparable to a drag force, the Lorentz force is
a restricting force that arises when M exists. This force
reduces the liquid’s velocity by opposing its movement.

As a result, there is an increase in SMTr, which significantly
stimulates convection forces as well as energy transference.
Furthermore, in both methods, the thermodynamic
boundary region layer’s thickness is increased.

Figure 11: Effect of M on f ′ .

Figure 12: Effect of M on g ′.

Figure 13: Effect of Ω1 on C .0

Figure 14: Effect of Ω1 on C .1

Figure 9: Effect of Ω2 on f ′ .

Figure 10: Effect of Ω2 on g ′.

Reliability of two-dimensional steady magnetized Jeffery fluid  7



Figures 19 and 20 show how SMTr is affected by the SN.
In both instances, the SMTr reduces as Sc increases in
strength. There is a more obvious difference between the
primary and second solutions. The impact of both produc-
tive and destroying chemical processes on the SMTr is

shown in Figures 21–24 appropriately. Figures 21 and 22
show that SMTr responds to destroying chemical processes
with a decreasing trend, while Figures 23 and 24 show that
SMTr responds to productive chemical processes with a
rising pattern.

Figure 15: Effect of Ω2 on C .0

Figure 16: Effect of Ω2 on C .1

Figure 17: Effect of M on C .0

Figure 18: Effect of M on C .1

Figure 19: Effect of Sc on C .0

Figure 20: Effect of Sc on C .1

8  Maalee Almheidat et al.



5 Conclusions

The behavior of a 2D MHD Jeffery fluid flow model over an
exponentially shrinking surface beneath the effect of gen-
erative and destructive chemical processes is described
numerically in the current investigation. By resemblance

alteration, the fundamental flow models are transformed
from partial differential equations to ODEs. Using bvp4c,
the computational solution for the SMTr and velocity is
derived. This work is genuinely novel in that it carefully
investigates the effects and durability of the Lorentz force
on Jeffery fluid, especially when it comes to either expanding
or contracting surfaces that undergo internal exchange of
heat and both productive and destructive chemical processes.

It is noteworthy that there has not been a thorough
analysis of this kind in the literature that has already been
written about this topic. As a result, the previously released
research validates the current work. A thorough stability
study is performed to guarantee the system’s stability, and
the results show that the first option is trustworthy. The
investigation’s numerical findings show that there are
many solutions in the spectrum ≥M M ,ci1 =i 1, 2, 3; and
that there is only one solution in the domain <M Mci1 .
The critical amounts, represented by Mci, rise as the
amounts of Sc increase from 0.3 to 0.9. Comparably, we
find that there are many resolutions in the spectrum

≥λ λci, =i 1, 2, 3, and none in the vicinity <λ λci. The
thresholds for γ

1
vary between 0.2 and 0.8, and they corre-

spond to = − = −λ λ2.6010, 2.6607,c c1 2 and = −λ 2.7025c3 . A
decreasing trend is predicted between SMTr and DN.
It is seen that the velocity curves show a diminishing
trend over the boundary layer when the size of Ω1 grows
from 0.2 to 0.8. For the velocity characteristics, a
declining behavior is shown as the M increases from
0.2 to 0.6. We find that SMTr responds to destroying
chemical processes with a decreasing trend, while
SMTr responds to generative chemical processes with a
rising pattern.
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Figure 21: Effect of γ on C .0

Figure 22: Effect of γ on C .1

Figure 23: Effect of ( )<γ 0 on C .0

Figure 24: Effect of ( )<γ 0 on C .1
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