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Abstract: The growing fascination with nanofluid flow is
motivated by its potential applications in a variety of
industries. Therefore, the objective of this research article
is to conduct a numerical simulation of the Darcy porous
medium flow of Newtonian nanofluids over a vertically
permeable stretched surface, considering magnetohydro-
dynamic mixed convection. Various attributes, such as
the impacts of slip, thermal radiation, viscous dissipation,
and nonuniform heat sources, are integrated to explore the
behavior of the flow. The utilization of the boundary layer
theory helps to describe the physical problem as a system
of partial differential equations (PDEs). These derived PDEs
are then converted to a system of ordinary differential
equations (ODEs) through the application of suitable con-
versions. The outcomes are obtained using the finite dif-
ference method, and the effects of parameters on nanofluid
flow are compared and visualized through both tabular
and graphical representations. The outcomes have been
computed and subjected to a comparative analysis with
previously published research, revealing a remarkable
degree of agreement and consistency. Consequently, these
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innovative discoveries in heat transfer could prove bene-
ficial in addressing energy storage challenges within the
contemporary technological landscape. The noteworthy
main findings indicate that when the porous parameter,
magnetic number, velocity slip parameter, viscosity para-
meter, and Brownian motion parameter are assigned
higher values, there is an observable expansion in the
temperature field. Due to these discoveries, we can
enhance the management of temperature in diverse set-
tings by effectively modulating the heat flow.

Keywords: Newtonian nanofluid, slip impacts, nonuniform
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Nomenclature

a positive value representing the rate of
stretching

By the magnitude of a magnetic field

C the concentration of nanoparticles in the
base fluid

Cy the fluid concentration adjacent to the
sheet

Co fluid concentration away the sheet

Cfy the coefficient that quantifies friction on
a surface

Dp coefficient of diffusion

Dy coefficient of thermophoresis
phenomenon

Ec dissipation factor (Eckert number)

G specific heat

f dimensionless stream function

Gc modified Grashof number

Gr Grashof number

k the permeability property of the porous
medium

k* absorption coefficient within the medium
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Lewis number

slip velocity, thermal slip, concentration
slip, respectively

the parameter of the magnetic field
Nusselt number

dimensionless parameter related to
Prandtl

the nonuniform heat sink or source

the flux of radiant heat

Reynolds number at a particular point
radiation parameter

dimension temperature

dimension temperature of the nanofluid
at a distance from the sheet

the components of the velocity in the x
and y-axis direction, respectively
velocity related to stretching

suction velocity

Cartesian coordinates

the ratio of heat capacity between the
nanomaterial and the fluid

slip coefficient for the velocity, tem-
perature, and concentration,
respectively

kinematic viscosity
Stefan-Boltzmann constant

density coefficient

density coefficient at ambient
porous parameter

coefficient of the concentration
expansion

coefficient of the thermal expansion
viscosity factor

ambient viscosity factor

thermal conductivity

the suction parameter

heat generation characteristics
dimensionless variable
dimensionless temperature
Brownian motion parameter
thermophoresis parameter

viscosity parameter

dimensionless nanofluid concentration
stream function

derivative concerning the nondimen-
sional parameter n

condition at the sheet

condition away the sheet
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1 Introduction

The examination of the fluid flow obtained from the exten-
sion of a stretching surface (SS) holds a prominent and
captivating position within the realm of fluid mechanics.
This significance is primarily attributed to its relevance and
applicability in various domains such as the engineering,
business, and applied sciences. In a groundbreaking investi-
gation, Sakiadis [1] delved into the analysis of boundary layer
flow (BLF) occurring over a continuously advancing flat sur-
face. Several years later, Crane [2] achieved a significant mile-
stone by discovering a precise solution for the BLF that occurs
when a sheet is subjected to stretching. Grubka and Bobba, as
described in their research [3], successfully tackled the energy
equation using Kummer’s function. Their study illuminated
the influence of temperature-related parameters on the dis-
tribution of temperature within the system.

To impact the efficiency of heat transfer (HT), the
thermal conductivity must be at a high level. In contrast
to traditional fluids, metals excel in conducting thermal
energy, displaying remarkable efficiency in this regard.
Due to their relatively low thermal conductivity, tradi-
tional HT fluids like ethylene glycol and water fall short
when it comes to fulfilling the requirements of contem-
porary cooling applications. As implied by its name, nano-
fluid comprises the base fluid blended with extremely fine
nanoparticles [4]. To effectively utilize nanofluids across
various practical applications, it is imperative to possess
a comprehensive understanding of the fundamental traits
exhibited by nanofluids, which encompass properties such
as the thermal conductivity, viscosity, and specific heat [5].
Nanofluids find themselves employed in a multitude of
beneficial and practical applications, including but not lim-
ited to refrigeration, air conditioning, microelectronics,
and as coolants for portable computer processors [6-10].
Nanofluids could potentially serve as a valuable antibac-
terial agent to combat antibiotic resistance, offering a pro-
mising alternative to address this pressing issue. Further-
more, the utilization of magnetic nanofluid systems is of
paramount importance in the fields of drug delivery and
biomedical technology. These systems play a crucial role in
diverse applications such as differential diagnosis, hyperthermia
treatment, and the precise delivery of therapeutic agents to
specific targets within the body [11].

Numerical methods are essential for solving nonlinear
systems of equations, which are prevalent in fields like
engineering, physics, and economics. Nonlinear systems,
unlike linear ones, have equations with nonlinear terms,
making analytical solutions challenging. Methods like
Newton—Raphson iteratively refine initial guesses, updating
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estimates based on the system’s local behavior to converge
toward actual solutions. Several crucial numerical methods
including the Crank-Nicolson time-integration scheme [12],
finite differences with Lucas polynomials [13], a hybrid
local meshless method [14] and shooting method [15,16]
are utilized for solving nonlinear systems. These numerical
methods offer effective tools for addressing complex rela-
tionships, allowing researchers and practitioners to obtain
solutions for problems that lack analytical resolutions. The
implicit finite difference method (FDM) [17] is a numerical
technique frequently applied in solving ordinary differential
equations (ODEs). It determines future values through a
system of equations involving both current and future
unknowns, enabling simultaneous consideration of time
steps. Widely used in computational physics and engi-
neering, this method is valued for its efficiency and accuracy
in approximating solutions to time-dependent problems.

In this work, we will use the implicit FDM as a numer-
ical method to solve the problem under study. This method
has been incorporated by many papers to solve a wide
range of ODEs. Through much research [17-19], this method
is a reliable tool for dealing with a wide range of problem
types. By using this method, the differential equations that
express the model under study can be transformed into a
nonlinear system of algebraic equations, and then the
Newton iteration method is used to solve this system.
Many scientists have noted the ability of the FDM to over-
come problems and difficulties that may arise during cal-
culations if other numerical methods are used, such as the
finite element method [20]. This technique has been used
to obtain numerical solutions to many different problems,
including the fractional diffusion equation [21], two-sided
space fractional wave equation [22], fractional differen-
tial equations arising from optimization problems [23],
and physical problem of the unsteady Casson fluid flow
with heat flux [24].

A comprehensive review of the existing literature
reveals a plethora of scholarly papers dedicated to the inves-
tigation of nanofluid flow problems, which have been
tackled using a combination of semi-analytical and numer-
ical methodologies. In numerous scholarly articles, it is a
common practice to treat the viscosity of nanofluids as a
constant parameter, while simultaneously overlooking the
effects of slip in terms of velocity, temperature, and concen-
tration within the fluid. While it is feasible to modify the
viscosity of nanofluids in engineering processes, it is indeed
a viable option. Considering these factors, the innovation
and pursuit in our present research revolve around exam-
ining the dissipative magnetohydrodynamic (MHD) beha-
vior of nanofluid flow over a porous Darcian medium.
This particular flow is initiated by a permeable vertical
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stretching sheet and is further impacted by nonuniform
heat generation and thermal radiation. Our chosen metho-
dology for conducting this investigation is through the appli-
cation of numerical techniques, with a specific focus on
employing the FDM.

2 Flow model formulations

Consider a vertical surface that is being stretched linearly
according to the relation U, = ax, where a signifies a posi-
tive value representing the rate of stretching. The surface
of the sheet is located at y-coordinate equal to zero. On this
surface, there is a consistent flow of a viscous Newtonian
nanofluid that occurs in two dimensions. This flow is limited
to when the y-coordinate is greater than zero (Figure 1).

Apply the magnetic field (MF) with strength By to act
on the nanofluid flow in a direction perpendicular to it.
The induced MF is disregarded as it is believed to be much
less potent compared to the applied MF. Also, it is pre-
sumed that the model is placed within a porous medium
characterized by its permeability, denoted as k. Let us
suppose that T,,, C, T, and C. stand for the temperature
and concentration (T-C) at the surface of the nanofluid, as
well as the T—C of the surrounding ambient fluid.

All the properties of nanofluids are assumed to remain
unchanging, except for viscosity u, which is modeled to
undergo an exponential transformation in response to
temperature variations as follows [25]:

B &

W= e

Here, u,, stands for a constant viscosity value for the nano-
fluid, which applies at a distance from the surface of the
sheet. The nanofluid is examined for the influences of
Brownian motion, as indicated by the Brownian diffusion
coefficient represented as Dp, and for thermophoresis
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Figure 1: Physical diagram model.
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effects, as indicated by the thermophoresis diffusion coef-
ficient denoted as Dr. The flow equations governing the
behavior of the viscous nanofluid, taking into account fac-
tors like a MF, viscous dissipation, slip conditions, variable
thermal viscosity, heat generation, and thermal radiative
flow, are expressed within the framework of an approxi-

mate boundary layer as [26] (V = ( 6)(’ ay))
V. (u,v) =0, )
1 0 au u
wv).Vu=——|u—|-|—u
S 6y[“ ay] [pmk] "
oB¢
* gIA(C = Co) + BT - T)] - — %

2 0]
(u V) VT = L ﬂ] + L[q”/ — qr]
PoCp ay? PoCp
4
ac oT DT‘ ] ]
6y ay Ppr oy
Dr 0T 0%C

.V —. 5

(u’ V) C T ayz + B ayz ( )

The relevant boundary conditions (BCs) are as described,
and these can be found in the work by Awais et al. [27]:

u ou oT
- Uy =8|—— T-T,=6)— ty = 6
u 61 R ay ]’ w 62[ay y: aty 0: ( )
aC
v=-v, C-GC,= 63[5], aty =0, (7
u—-0, T-T, C—-Cs asy— o, (8)

Here, we must mention that in the course of our research,
we operate under the assumption that the electrical con-
ductivity of the nanofluid under consideration is of a
moderate level. This assumption allows us to neglect the
irreversibility associated with MHD-resistant heating in
the nanofluid flow. In the aforementioned equations, g,
represents the radiative heat flux, which can be expressed
as a fourth-order relation with temperature, incorporating
o* and k*. This complex expression can be simplified into a
linear form as the introduced by Liu and Megahed [25].
Furthermore, g represents the nonuniform heat sink or
source, which can be given as follows [28]:

Wpoo
q/// =K

](V(T To) + y*(Ty — T)e™), ©)

when y* > 0 and y > 0 these parameters denote the heat
generation characteristics, representing the internal heat
production that elevates the temperature. Conversely, when
y*<0 and y <0, they correspond to the heat-absorbing
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attributes, causing the temperature to decrease. To derive
a nondimensional ODEs for systems (3)-(5) while incorpor-
ating the B.Cs (6)-(8), we give some similarity variables as
follows:

n=y\/g, W= U f (D, v=-vanfp, (0

- T - C.
o YW T

T
o(n) = 1
=7 (1
Here, 6(n), (1), and f(n) are the dimensionless of tem-
perature, concentration, and stream function, respectively.
The similarity variables selected earlier adhere to the con-
tinuity equation (2), respectively. This relationship is based
on the connection between the components (u, v) of the
velocity vector and the stream function ¢ that appear as
follows:
5] 0
= _lP V= ——w. 12)
ay ox
By applying Eqs (10)-(11) to Eqs (3)-(8), we derive the fol-
lowing results:

(f” - af"0)e % - f* + ff” - Mf’ + Grf + Geg

13)
- Be—aef/ - 0’
1
il ” *p—1) pad ’ 2 ,—-af
[+ 0o+ g premest « o+ g e
+ Q00" + Q07 =
Q
¢” + —0” + PrLefg’ = (15)
Qp
f=¢ [f'=1+L1e®", 0=1+L,0, 16)
¢o=1+L3p’, atn=0,
f-0, 6-0, ¢—0, as;n— . a7

The parameters included in the system of Eqs (13)—(17) that
govern the concentration, velocity, and temperature prop-
erties of nanofluids, as shown in the previous equations,
can be defined as follows:

= VO 19 Gr = gﬁt(Tw _ TOO))
(ave )2 Uwa 18)
gﬁc(c - ) Voo O'Bg
G 7) = M= D)
€= p= ak’ ap,,
a
L= 511 L, = 52, Lz = 531/\/—,
B 19
_160*T3 19
To3kk* cp(TW T.)’
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K pconDB (20)
_ 1p,.Dp(Cy - Co) _ 1p,Dr(Ty - T)
b= - A -
U, ‘ 1T

The parameters in Eqgs (18)—(20) are defined in the Nomen-
clature section.

3 Quantities essential to
engineering applications

The explanations for engineering parameters like the local

Nux th
N (LNN), local Sherwood number e

(LSN), and local skin friction coefﬁc1ent Rex (LSFC), are
as stated as follows:

Nusselt number

cf 1 Nuy
—ZR 2 — _(p—ab(0)f, 0 , =-0(0 ,
3 Rek = =( O (0),  —= = -0(0) .

\/ﬁ = _¢I(0):

where Re, = %{ highlights the Reynolds number.

4 Solution procedure using FDM

This section is devoted to applying the FDM to provide the
numerical solutions to Eqs (13)-(15), which represent the
proposed system under study with the boundary condi-
tions (16)-(17). Previously, through many published works,
this method has been tested for its accuracy and efficiency
in solving different problems. To enable the use of this
method, we will use the transformation f'(n) = g(n) to
rewrite the system of Eqs (13)-(17) as follows:

f-g=0, 22)
(g// - ag'@’)e—ae - gz + fg/ - Mg + Gré + GC¢ (23)
— ‘Be—aeg =0
(1 +R)O” + (y0 + y*e™Me® + Pr(fo’ + Ecg”e (24)
+ Q09" + Q0% =0,
Q
"4 0"+ Prlefy = 0, 25)
Qp
f=e g=1+Lie%’, 0=1+Ly0, 26)
¢=1+Ly¢’, atn=0,
g-0, 6-0, ¢~—-0 asn-— o @7

Numerical simulation for the slip impacts on the radiative nanofluid flow == 5

In the FDM, the domain of the problem is divided into some
discrete subintervals across a set of nodes. For this, we use
the symbols; An = i > 0 to be the mesh size in the n-direc-
tion, An =n./N, with n; =jh for j=0,1,..,N. Define
fi = F), & = &), Ok = 0(ny), and ¢y = G(1y).

Let Fy, Gy, Ok, and @, denote the numerical values of
f, 8,0, and ¢ at the kth node, respectively. We take

Pl = S ~hea L g = 8ir1 ~ k-1
2 o g
o = Ore1 — Ok-1 &l = [ L
K om 2n
Y 81 ~ 28 * 8-
g | ~ S hzk Sy
11— 2 _
0" |\ = Ok+1 hezk + Ok L 29)
wr - D T 20t Gy
¢ |k = 2 .

One of the basics of applying the FDM is to express the
system being solved in a discretized form, then after
that, we replace from (28)-(29) into the models (22)-(27).
By neglecting truncation errors, this system of ODEs
turns into the following system of nonlinear algebraic
equations:

Feoi - Fey - 201G =0, k=0,1,.., N, (30)
[4(Gr+1 = 2Gx + Gk-1) = a(Gre1 = Gr-1)(Ok+1
= Ok-1)]e™ % + 21F(Gys1 — Gi-1) @D
- 4R%G} + MGy - GrOy — Gedy + pe %Gy =
4(1 + R)(Bps1 — 20 + Bp_q) + 4h2(yOy + y*ei)etOk
+ Pr[2hF (61 = Br-1) + EC(Grer = Gr-1)*e % 32)
+ Qp(Ops1 = Op-1)(Drs1 = Pp-1)
+ Q(Oks1 — Bx1)?] = 0,
2Dy - 2B + D )+2&(@ - 20y + Op_y)
k+1 k + Pi-1 g, (k1 ket Oc1) - gq
+ hPrLeF(®+; — Px-1) = 0.
Also, the boundary conditions are as follows:
F=¢ Gy=1+ h_lLle_aeo(Gl - Gy),
B = 1+ NLy(01 - ©p), D=1+ H1Ly(P; — Do), (34)

GN=®N=(DN=O.

Now we use the Newton iteration method as one of the
most important and efficient numerical methods in solving
systems of nonlinear algebraic equations to obtain the
approximations F;, G;, ©;, and @;, (j = 0, 1,..., N). In our cal-
culation, we used a suitable initial solution to solve this
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system with the help of the Mathematica Package, and
Newton iteration method.

5 Model validation

The numerical outcomes presented in both graphical represen-
tations and tabular formats have been derived using the FDM as
the underlying computational approach. Neglecting the impacts
of the parameters a, M, Gr, Gc, B, €, Ly, Ly, Ec, R, y*, y, Qp,
and Q,, we are examining the results related to the LNN,
which is represented as —6’(0). We are making a compar-
ison between our findings and those reported by Wang
[29], as well as the research conducted by Gorla and
Sidawi [30]. This comparison is carried out across a range
of different values of Prandtl Pr number, and the detailed
results can be found in Table 1. Our observation reveals a
favorable level of conformity in the comparison for every
Prandtl Pr value examined. Consequently, we possess a
high level of confidence in the precision and reliability of
the current findings.

Table 1: Values of 6'(0) for various values of Pr with the findings of
Wang [29], and Gorla and Sidawi [30]whena =M =Gr=Gc=f=¢=
Li=Ly=0andEc=R=p*=y=0,=Q,=0

Pr Wang [29] Gorla and Sidawi [30] Current work
0.07 0.0656 0.0656 0.0655896523
0.20 0.1691 0.1691 0.1690785012
0.70 0.4539 0.5349 0.5348802589
2.00 0.9114 0.9114 0.9113569998
7.00 1.8954 1.8905 1.8904750021
20.00 3.3539 3.3539 3.3538800027
70.00 6.4622 6.4622 6.4621599985

0.8 '(n)

6(n)
0.6
£=0.0, 0.5, 1.0
=y*=0.1, Ec=0.2
041 =y ¢

M=0.5, e=0.5, Pr=1.0
L, :L2=0.2, Ge=0.1
a=0.2, Gr=0.1, R=0.5

Figure 2: (a) f'(n) and 6(n) for various B (b) ¢(n) for various B.
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6 Numerical outcomes and
discussion

This study examines how nanofluid movement, electro-
magnetic fields, HT mechanisms, and dynamic conduc-
tivity influence temperature, velocity, and concentration
boundaries within a fluid flow generated by a vertically
SS within a porous medium. The governing equations were
solved numerically using the FDM within the MATHEMA-
TICA software, and the results were graphically presented
to depict the behavior of the problem. Throughout this
research, various physical factors are examined for their
impact, encompassing parameters related to porosity, mag-
netism, viscosity, suction, slip velocity, thermal slip, concen-
tration slip, Grashof number, modified Grashof number,
Eckert parameter, thermophoresis index, and Brownian
motion coefficient. The study assesses how these factors
influence concentration, velocity distribution, and tempera-
ture, and presents flowcharts illustrating mass distribution
across diverse scenarios. The selection of parameter values
for this study considers multiple factors, including the nano-
fluid’s physical properties, boundary conditions, and find-
ings from prior research documented in the literature. In
addition, certain values are deliberately chosen to align with
theoretical predictions. Moreover, the intervals for these
factors lie within the range of 0.0 < <1, 00 M<1,
00<eg<1l, 00<a<l 00=<L; <04, 00=<Gr=<03,
00=<Gc<1 00<y=<02 00<Ec=<0.5 05=<Q,<15
00<9;,<08,00<L,<05 and0.0 <L; <0.5.

Figure 2 provides a visual representation of how
varying levels of the porous parameter impact the charac-
teristics of f'(n), ¢(n), and 6(n). This graphical representa-
tion illustrates how changes in the porous parameter values
affect the behavior of these variables. It can be observed

¢
0.8

0.6

0.4

$=0.0,0.5, 1.0
02 0,=0.8, Q,=0.1

L;=0.2, Le=2.0
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o4 y=y*=0.1, Ec=0.2
’ $=0.2, =0.5, Pr=1.0
L, :LZZO.Z, Ge=0.1
02f

a=0.2, Gr=0.1, R=0.5

Figure 3: (a) f'(n) and 6(n) for various M (b) ¢(n) for various M.

that as the porous parameter is increased, there is a notice-
able reduction in fluid velocity and a concurrent decrease in
the thickness of the BL. Conversely, a different trend is
observed for temperature and concentration. Temperature
tends to increase with rising values of the porous parameter,
while the effect on the concentration field is less pro-
nounced, resulting in a relatively subtle change. From a
physical perspective, when the permeability parameter is
elevated, the motion of liquid particles experiences heigh-
tened opposition or resistance. Consequently, this leads to a
decrease in the velocity of nanofluid flow as the porous
parameter increases.

Figure 3 offers valuable insights into how @(n), 6(n),
and f“(n) profiles evolve with variations in the magnetic
parameter M. As illustrated in Figure 3, when we observe
an increase in the value of M, there is a corresponding
decrease in the velocity profiles and the momentum thick-
ness. This trend suggests that higher values of M lead to a

1.0
y=y*=0.1, Ec=0.2, R=0.5

$=0.2, M=0.5, Gr=0.1, Pr=1.0
L=1,=0.2, Ge=0.1, a=0.2

0.8

0.6 £=0.0, 0.5, 1.0

02F

Figure 4: (a) f'(n) and 6(n) for various € (b) (1) for various €.
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()
0.8

0.6

0.4

M=0.0, 0.5, 1.0
,=0.8, Q,=0.1
L5=0.2, Le=2.0

1 2 3 4 5 6 7

reduction in flow velocities. Furthermore, the same figure
implies that elevated values of the magnetic parameter
exhibit an augmenting effect on both ¢(n) and 6(n) fields.
However, it is important to note that this influence is less
pronounced when it comes to the concentration field. In
other words, higher magnetic parameter values tend to
have a more noticeable impact on temperature compared
to their effect on concentration. Physically, this phenom-
enon arises from the expansion of the Lorentz force,
impeding the movement of fluid along the sheet. As a
result, this force tends to slow down fluid motion while
simultaneously accelerating both fluid concentration and
temperature within the BL in the nanofluid flow region.
Figure 4 displays two-dimensional diagrams depicting
the dimensionless suction parameter € at different values
to evaluate its influence on f“(n), ¢(n), and 6(n) fields. The
findings suggest that varying the values of the dimension-
less suction parameter results in a reduction in the

4]

0.8

0.6

0.4
£=0.0,0.5,1.0
02 0,=0.8, Q,=0.1

15=0.2, Le=2.0

1 2 3 4 5 6
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1.0

')
0(m)

0.8

0.6
=0.0,0.5, 1.0

y=y*=0.1, Ec=0.2
B=0.2, e=0.5, Pr=1.0

L1=L,=0.2, Ge=0.1
=0.5, Gr=0.1, R=0.5

041

02

Figure 5: (a) f'(n) and 6(n) for various a (b) ¢(n) for various a.

concentration, velocity, and temperature profiles, as well
as a decrease in the corresponding BL thickness. This
clearly highlights the significant effect of € on the flow
pattern of nanofluid within a porous medium. Physically,
the decrease in nanofluid concentration is associated with
an increase in €. Elevated suction levels lead to the extrac-
tion of more fluid particles from the system of motion for
the nanofluid flow, thereby causing an overall reduction
in nanofluid concentration.

Figure 5 gives a clear representation of how the f'(n),
0(n), and ¢(n) change in response to higher values of the
viscosity parameter a across the similarity variable n. A
greater influence of a results in a higher degree of heating
in the nanofluid. This is attributed to the fact that the effect
of a on temperature is contingent upon it. The identical
figure demonstrates that there is a marginal improvement
in nanofluid concentration as the viscosity parameter

1.0

')
()

0.8

06 1,=0.0,0.2, 0.4

y=y*=0.1, Ec=0.2
B=0.2, £=0.5, Pr=1.0
a=0.2, L,=0.2, Ge=0.1
M=0.5, Gr=0.1, R=0.5

0.4

0.2

Figure 6: (a) f'(n) and 8(n) for various L; and (b) ¢(n) for various L.
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02 0,=0.8, Q,=0.1
L;=0.2, Le=2.0
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increases. In contrast, the opposite trend is observed in
the velocity field.

Figure 6 displays the impact of the slip velocity para-
meter L, on the distributions of 8(n), f'(n), and ¢(n). It
visually represents how variations in L; affect these distri-
bution profiles. Figure 6 reveals distinct patterns: as L;
rises, there is an increase in both concentration and tem-
perature. Conversely, there is a contrasting trend observed
for both the sheet velocity f“(0) and the nanofluid velocity
f’(n), where they decrease as the slip velocity parameter
increases. From a purely physical perspective, when slip-
page takes place, the decrease in flow velocity outside the
sheet is comparatively less than the reduction in velocity at
the surface being propelled. Moreover, the investigation of
the velocity slip phenomenon and its influence on heat and
mass transfer processes has been explored in prior research
by Mandal and Pal [31,32]. By referencing their observations
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Figure 7: (a) f'(n) and 6(n) for various Gr and (b) ¢(n) for various Gr.

on this phenomenon, we can have confidence in our current
findings.

Figure 7 provides a visual representation of how the
Grashof number Gr impacts the flow and heat mass char-
acteristics under the condition where all other parameters
are held constant. An observation drawn from Figure 7 is
that the velocity of the nanofluid within the BL experiences
an upsurge when the Grashof number is introduced. In
contrast, as the Grashof number escalates, both the tem-
perature and the concentration demonstrate a declining
trend. Physically, the increase in nanofluid velocity with
an elevation in Gr number can be ascribed to the intensi-
fied natural convection spurred by heightened buoyancy
forces linked to higher Grashof numbers. Consequently,
this results in a more rapid and accelerated fluid motion
occurring in the vicinity of the BL.

Figure 8 illustrates how alterations in the modified

Grashof number Gc impact the distributions of
08 'y

0(n)
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Figure 8: (a) f'() and 6(n) for various Gc and (b) ¢(n) for various Gc.
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nanoparticle ¢(n), f'(n), and 6(n) in the flow of nanofluid
and the associated heat mass transfer. This diagram illus-
trates that as Gc rises, the velocity of the nanofluid also
increases. In practical terms, this escalation in the modified
Gc leads to the development of a concentration gradient
within the flow, which, in turn, diminishes the BL and
amplifies the fluid’s velocity. Similarly, the depicted figure
clarifies that the modified Grashof number has an impact
on both the concentration and temperature, albeit in con-
trasting patterns. Physically, as the modified Grashof number
rises, buoyancy forces take precedence over viscous forces,
leading to increased fluid motion and enhanced convective
HT. This intensified buoyancy-driven flow carries away more
heat, resulting in a decrease in nanofluid temperature.
Figure 9 depicts how the nanofluid temperature 8(n) is
affected by variations in y, y*, and Ec. The observation
made indicates that as both the y, y*, and Ec are elevated,
there is a corresponding augmentation in the temperature
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Figure 9: (a) (n) for various y, y*, and (b) 6(n) for various Ec.

distribution of the nanofluid. In simpler terms, increasing
these parameters leads to a higher temperature profile
within the nanofluid. Physically, an increase in the heat
generation parameter means more heat is produced in
the nanofluid, boosting its internal energy and, conse-
quently, raising its temperature. This results in a higher
temperature distribution within the nanofluid due to the
generated energy. Furthermore, it is understood that the
Ec is defined as the ratio of the flow’s kinetic energy (KE) to
the enthalpy differences in the BL. In physical terms, this
ratio represents the conversion of the KE into internal
energy through work done against viscous forces.

Figure 10 illustrates how changes in the Q; impact the
distribution of 6(n) and ¢(n). Raising Q, significantly
increases temperature values across the entire range. Nano-
particles with smaller geometric sizes exhibit greater Brow-
nian motion, which aids thermal diffusion in the BL by enhan-
cing thermal conduction. In contrast, larger nanoparticles
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Figure 10: (a) 6(n) for various @, and (b) ¢() for various Q.
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have reduced Brownian motion, which hinders thermal con-
duction. On the contrary, increased Brownian motion para-
meter values will inhibit the movement of nanoparticles from
the surface into the fluid region. This will result in a reduction
of nanoparticle concentration values within the boundary
layer, as depicted in the corresponding figure. The arrange-
ment of nanoparticles within the stretching sheet domain can
be controlled through the Brownian motion mechanism, and
cooling of the domain can likewise be attained by using lower
Brownian motion parameter values.

Figure 11 illustrates how changes in the thermophor-
esis parameter Q, affect the distribution of 6(n) and ¢(n)
within the domain. The thicknesses of both the thermal
and concentration BLs increase as the Q; is raised. Thermo-
phoresis plays a dual role in the boundary layer by facil-
itating the diffusion of both thermal energy and species,
such as nanoparticles. Physically, Q; plays a pivotal role in
facilitating the transfer of both temperature and particles
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Figure 11: (a) 6(n) for various Q; and (b) ¢(n) for various Q;.

within the boundary layer. When the system undergoes
heating, a favorable consequence unfolds, wherein there is
an improvement in the dispersion of nanoparticles. This
refined distribution of nanoparticles is directly linked to the
augmentation of the Q; effect.

Figure 12(a) illustrates how changes in the thermal slip
parameter L, impact the distribution of 6(n). As the L,
decreases, it signifies a scenario where the efficiency of
HT between the solid surface and the fluid diminishes.
This decline in efficiency, in turn, leads to a notable reduc-
tion in the temperature of the nanofluid. This decrease in
nanofluid temperature is primarily attributed to the fact
that there is less effective thermal conduction occurring
across the boundary between the solid surface and the
fluid. In simpler terms, a lower L, results in less-efficient
heat exchange between the solid and the fluid, conse-
quently causing a drop in the nanofluid’s temperature.
Figure 12(b) shows how alterations in the concentration
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Figure 12: (a) 6(n) for various Ly and (b) ¢(n) for various Ls.
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slip parameter L3 affect the ¢() of nanofluid. when the
L3 decreases, it means there is less variation in concentra-
tion at the solid—fluid interface. This results in a more even
and consistent nanofluid concentration along the
boundary. Consequently, the nanofluid concentration
either remains relatively stable or experiences a slight
decrease due to reduced mass transfer processes. In a phy-
sical sense, this occurs because an elevation in the concen-
tration slip parameter indicates a reduction in the mole-
cular diffusivity within the flow system. Consequently,
there is a decline in the net flux of the species, leading to
a substantial decrease in the ¢(n) distribution of the
nanofluid.

Table 2 presents data on the HT rate near the heated
Nuy,

surface, represented by the Nusselt number T the mass
transfer rate close to the surface, indicated by the Sher-
wood number \/s;‘_;, and the shear stress rate along the
Q)]
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1
Table 2: Values of ot ﬁRe%, and 2 for various values of B, M, ¢, a, Ly, Gr, G, y*, y, Ec, Qp, and Q; with Pr = 1.0, L, = L = 0.2, and Le = 2.0
 Réx

Rex

B M £ a Ly Gr Gc vy

0.0 0.5 0.5 0.2 0.2 0.1 0.1 0.1
0.5 0.5 0.5 0.2 0.2 0.1 0.1 0.1
1.0 0.5 0.5 0.2 0.2 0.1 0.1 0.1
0.2 0.0 0.5 0.2 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.1
0.2 1.0 0.5 0.2 0.2 0.1 0.1 0.1
0.2 0.5 0.0 0.2 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.1
0.2 0.5 1.0 0.2 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.0 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.5 0.2 0.1 0.1 0.1
0.2 0.5 0.5 1.0 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.0 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.4 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.0 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.2 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.3 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.0 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.4 0.1
0.2 0.5 0.5 0.2 0.2 0.1 1.0 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.0
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.2
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.1
0.2 0.5 0.5 0.2 0.2 0.1 0.1 0.1

Ec 2 % o Rt T S

02 08 01 0968025 0226756 1154150
02 08 01 1064352 0200846 1136731
02 08 01 1145847 0180124 1122253
02 08 01 0879391 0250044  1.169843
02 08 01 1008742 0215626  1.146752
02 08 01 113744 0189129 1.128194
02 08 01 0825238 0063892  0.684554
02 08 01 1008742 0215626 1146752
02 08 01 1211126 0.407084 1570501
02 08 01 1072839 0240241 1150892
02 08 01 0916164 0167837 1139733
02 08 01 0768869 0029460  1.129964
02 08 01 1367451 0.217978 1195710
02 08 01 1008742 0215626 1146752
02 08 01 0805785 0208691 1115460
02 08 01 1060418 0190407  1.134161
02 08 01 0960962 0235287  1.157450
02 08 01 0914855 0248687  1.166436
02 08 01 1029501 0210972 143291
02 08 01 0947954 0228542 1156593
02 08 01 0832106 0250499 1174175
02 08 01 1019090 0350663 1133192
02 08 01 1008742 0215626  1.146752
02 08 01 0993631 0031714 1165356
00 08 01 1010741 0.258438  1.142671
02 08 01 1008742 0215626  1.146752
05 08 01 1005763 0151848 1152858
02 05 01 1010381 0252388  1.134721
02 15 01 1004602 0144123 1155886
02 08 00  1.010475 0.224273 1157733
02 08 08 0998134 0160812 1107932

1
P T
surface, expressed as the skin friction coefficient TXRe)%.

These values are provided for various combinations of
the governing parameters. The table reveals that as the
suction parameter and modified Gc, along with the Grashof
number itself, increase, there is a significant rise in both
the LNN and LSN. Furthermore, the skin friction coefficient
values exhibit a rapid increase when B, M, and & are
raised, while the opposite trend is observed for the a, Ly,
and Gc, where the values of LSFC tend to decrease. On the
other hand, the local mass transfer coefficient and shear
stress rates experience an uptick as the Brownian diffusion
parameter rises, whereas the opposite pattern is observed
for the thermophoresis parameter, where these rates tend
to decrease.

Remark 1. Just as we mentioned earlier, the FDM is one of
the numerical methods with more accuracy and high

efficiency. It is also known that the error in each of the
approximations of the first and second derivatives, which
are defined in Eqs (28)-(29) is of the order o(h?). Therefore,
we find that the convergence and stability of the used
numerical scheme depend greatly on the size of the mesh
step h, i.e., if the value of h decreases, then the value of the
error decreases. So h is the parameter that controls the
stability of the resulting solutions. This is clear in light of
the tabular or graphical results, as well as the comparisons
made with a special case of the model under study and
using another numerical method (Table 1).

7 Conclusions

The primary aim of this research is to examine the transfer
of heat and mass in a situation where radiative and
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magnetic forces influence the flow of a nanofluid over an
extending vertical and permeable surface through a porous
medium. This analysis takes into account significant factors
like nonuniform heat generation and viscous dissipation.
Furthermore, the study delves deeply into the comprehen-
sive assessment of heat and mass transfer efficiency, taking
into consideration the cumulative influence of varying visc-
osity, Ly, Ly, and Ls. The governing equations for the flow,
initially expressed as partial derivatives, are reduced to a
system of ODEs through the utilization of carefully designed
similarity transformations. This system is then tackled
numerically by employing the FDM. Several significant
discrete findings that emerged while examining the influ-
ence of parameters on the flow include:

The Nusselt number shows an upward trend as both the
Gr and Gc increase, but conversely, it decreases when M
and B are raised.

The skin-friction coefficients exhibit an upward trend
when the parameters §, M, and € are increased, but
they decrease when the viscosity parameter, slip velocity
parameter, and Grashof number are raised.

Increased values were applied to both the parameters Q;
and Q;, resulting in a significant elevation of the tem-
perature distribution. Specifically, about the tempera-
ture distribution.

The velocity profile of the nanofluid flow decreases as
the parameters M, Ly, §, @, and € are increased.

An increase in the suction parameter results in a reduc-
tion in temperature, concentration, velocity, and BL
thickness.
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