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Abstract: Broadening of hydrogenic spectral lines is an
important tool in spectroscopic diagnostics of various labora-
tory and astrophysical plasmas. We review recent analytical
advances in three areas. First, we review the analytical solu-
tion for the splitting of hydrogenic lines under the combina-
tion of a circularly polarized electromagnetic wave with a
strong magnetic field. Practical applications of this solution
relate to the spectroscopic diagnostic of the electron cyclo-
tron waves and to the relativistic laser—plasma interactions.
Second, we review analytical results concerning the Stark—
Zeeman broadening of the Lyman-alpha (Ly-alpha) line in
plasmas. These results allow for the Stark width of the Ly-
alpha m-component to be used for the experimental deter-
mination of the ion density or of the root-mean-square field
of a low-frequency electrostatic plasma turbulence in the
situation where the Zeeman effect dominates over the
Stark effects. Third, we review recent analytical advances
in the area of the intra-Stark spectroscopy: three different
new methods, based on the emergent phenomenon of the
Langmuir-wave-caused structures (“L-dips”) in the line pro-
files, for measuring super-strong magnetic fields of the
GigaGauss range developing during relativistic laser—
plasma interactions. We also review the rich physics
behind the L-dips phenomenon - because there was a
confusion in the literature in this regard.
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1 Introduction

Spectroscopic diagnostics of various laboratory and astro-
physical plasmas employ the broadening of spectral lines
as an important tool — see, e.g., books published in the last
three decades [1-7] (listed in the reverse chronological
order) and references therein. Hydrogenic spectral lines
are especially sensitive for providing the diagnostic infor-
mation about various fields inside plasmas.

We focus on the analytical advances for the following
reasons. First, analytical results provide the physical insight
on the phenomena under consideration — in distinction to
simulations. Second, analytical results can capture emergent
phenomena - in distinction to simulations: see, e.g., the
illuminating study by Post and Votta [8] providing, in parti-
cular, examples of failures of major codes due to the inade-
quate verification and validation.

In Section 2, we review the results from the study by
Oks et al. [9] where the authors obtained an analytical
solution for the splitting of hydrogenic spectral lines under
the combination of a circularly polarized electromagnetic
wave with a strong magnetic field. It turned out to be
possible to decrease the splitting of hydrogenic spectral
lines by changing the magnetic field. This was a counter-
intuitive result. Moreover, it was also found that at the
value of the magnetic field, achieving the absolute minimum
of the splitting, the total intensity of the spectral line
decreases by 40%. This was yet another counterintuitive
result. In the study by Oks et al. [9], two possible practical
applications of these counterintuitive results were listed.
The first application relates to the spectroscopic diagnostic
of the electron cyclotron waves used as an additional
heating method for plasmas in magnetic fusion machines.
The second application relates to relativistic laser plasma
interactions.

In Section 3, we review the results from the study by
Oks [10] where the author obtained analytical results
for the Stark-Zeeman broadening of the Lyman-alpha
(Ly-alpha) line in plasmas. The emphasis was on the 7-
component of the Ly-alpha line — the component hav-
ing the most remarkable, practically important properties.
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Previously, it was found that under the conditions typical
for the edge plasmas of tokamaks, the Stark width of the
Ly-alpha m-component can be used for the experimental
determination of the effective charge of ions, while the Ly-
alpha o-component or any component of any other hydro-
genic spectral line cannot be used for this purpose [11]. It
was also found previously that the Stark width of the Ly-
alpha m-component, emitted by atoms of the hydrogen or
deuterium neutral beam injected for heating tokamak
plasmas, can be employed for the simultaneous experi-
mental determination of both the effective charge of ions
and of the pitch angle (the angle between the beam velocity
and the magnetic field) [12]. Oks [10] demonstrated another
remarkable property of the Ly-alpha n-component. Namely,
in the situation where the Zeeman effect dominates over the
Stark effects, the broadening of the Ly-alpha m-component
turned out to be controlled by the linear Stark effect — while
this was not the case for the Ly-alpha o-component or any
component of any other hydrogenic spectral line. Therefore,
the Stark width of the Ly-alpha n-component can be used in
this situation for the experimental determination of the ion
density or of the root-mean-square field of a low-frequency
electrostatic plasma turbulence (LEPT), such as ion-acoustic
waves, Bernstein modes, or low-hybrid waves.

In Section 4, we review the latest analytical results on
the intra-Stark spectroscopy (ISS). The ISS is the spectro-
scopy within the quasistatic Stark profile of a spectral line.
For the first time, the term ISS was introduced in previous
studies [13,14]. This was due to a physical similarity with the
well-known intra-Doppler spectroscopy, where because of
nonlinear optical phenomena some depressions appear at
certain position within the Doppler profile of a spectral line.
In the ISS, some local depressions (“dips”) appear at certain
positions within the quasistatic Stark profile of a spectral
line. This phenomenon relates to the situation where
radiating atoms/ions are subjected to a quasistatic field F
and to a quasimonochromatic electric field E(f) at the
characteristic frequency w and to a quasistatic field F, simul-
taneously. The underlying physical reason for this phenom-
enon is the dynamic resonance between the Stark splitting
of hydrogenic spectral lines and the frequency w or its har-
monics. The most important difference between the ISS and
the intra-Doppler spectroscopy is that in the ISS, despite the
fact that the applied electric field is quasimonochromatic,
there arises a nonlinear dynamic resonance of a multifre-
quency nature, as explained in detail by Gavrilenko and Oks
[15]. More theoretical details on the ISS can be found in the
study by Oks [7].

In the relevant experimental research, most studies
dealt with the case where the dynamic field E(t) was repre-
sented by a Langmuir wave. The standard terminology
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became to call the corresponding structures/modulations
in spectral line profiles as the L-dips — though these loca-
lized structures can consist of the primary minimum (“the
dip”) and two surrounding bumps.

Studies of the L-dips are practically important for
three reasons. First, they allow measuring the electron
density N, in plasmas more accurately than, e.g., the value
of N, deduced from the line broadening measurements.
The benchmark experiment of Kunze’s group [14] (the
experiment where plasma parameters were determined
independently, not based on the spectral line shapes)
demonstrated that the L-dip-based passive spectroscopic
method yields the same

high accuracy as the active spectroscopic method
employing the Thompson scattering (the latter being
more complex experimentally). Second, they furnish
the sole non-perturbative method for the experimental
determination of the Langmuir waves amplitude in
plasmas. Third, they reveal the rich physics of laser—
plasma interaction — especially in the case of the relati-
vistic laser—plasma interaction. The study by Oks [7] and
later reviews [16-18] epitomize the experimental
research on the L-dips as applied to spectroscopic diag-
nostics of various plasmas.

So, in Section 4, we review the recent theoretical addi-
tions to the ISS published in previous studies [19-21]. In
these works, the authors proposed three different methods,
based on the ISS, for measuring ultra-strong magnetic fields
of the GigaGauss or even multi-GigaGauss range developing
at the surface of the relativistic critical density (according to,
e.g., review by Belyaev et al [22] and previous studies
[23-31]) during relativistic laser—plasma interactions.

2 Magnetic-field-caused narrowing
of hydrogenic spectral lines
under a circularly polarized
electromagnetic wave

Lisitsa [32] presented an exact analytical solution for the
splitting of hydrogen lines under the electric field F, that
rotates with the angular velocity Q, the magnitude of the
angular velocity being constant. After proceeding to the
reference frame that rotated with the same angular velo-
city as the field, the situation got simplified to a hydrogen
atom in the crossed fields, namely, in the static electric

field perpendicular to a fictitious static magnetic field
Bgiq = —2mecQ/e. The latter problem had a known
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analytical solution presented by Demkov et al. [33]. Physi-
cally, this simplification became possible as the conse-
quence of the O, symmetry of hydrogen atoms revealed
by Fock [34]".

Oks et al. [9] added to the above system a true mag-
netic field B that was considered to be parallel or antipar-
allel to the vector Q. Then, the interaction term became

V= EI'FO + [,lBLBeff, (1)

where the effective magnetic field was
Betr = Bfict + B, v

while r and L were the operators of the position vector and
the angular momentum, respectively (L being in units of );
ug is the Bohr magneton. Figure 1 shows the possible
mutual orientations of the three vectors entering Eq. (2).

The situation became mathematically equivalent to the
hydrogenic atom or ion under a circularly polarized wave,
in which the electric field rotates with the following effec-
tive angular velocity

Qefr = ~(Up/M)Briet + B) = Q — ypB/h. 3)

Then, in the study by Oks et al. [9], the following quan-
tities were defined:

N = hnA/Z, A = (pxL - Lxp)/(mee?) - Zr/r. (4)

where A is the dimensionless Runge-Lenz vector, n is the
principal quantum number of the state of the hydrogenic
atom or ion with the nuclear charge Z, and p is the linear
momentum. Then, the following vectors were introduced
by Oks et al. [9]:

J = [AL + (-'N1/2, ;= Qe + (-1))Q, i=12. (5
where
Qr(n) = —[3nh/(2Zm.e)]F,. (6)
Thereafter, Eq. (1) was reformulated as
V=-J0; - J,0,. (7

The corresponding Hamiltonian was then diagonalized
on the basis of the Demkov-Monozon-Ostrovsky wave func-
tions unnn- [33]. These wave functions correspond to the
definite projection of vector J; on vector w;, controlled by
the quantum number n’, and to the definite projection of

1 We note in passing that the idea of proceeding to the reference
frame rotated with the same angular velocity as the electric field
was later used for finding exact analytical solutions for the Stark
broadening of hydrogen lines [35] or hydrogen-like lines [36] in
plasmas, as well as for the Stark broadening of helium or helium-
like lines [37].
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vector J, on vector w,, controlled by the quantum number
n". These quantum numbers n’ and n” take the following set
of values: -(n-1)/2, -n-D2+1, -(n-1/2+2, ..., (n=1)/2.
The energy levels of this quantum system were as follows:

Epene = -meZ%*/(20°R%) - (W' + n")w. ®)
where

w = |wi| = |wy

(€)]
= {[Q-(uB/h)sign(BR)* + In’R?*F/(4Z*mZe?)}2,

In the rotating reference frame, the eigenfunctions
had the following form:

X = U €Xp[—iwot + iwt(ni” + ni” — nf’ — nf”)] (10)

where ni’ and ni” denote the quantum numbers n' and n”
of the initial sublevel engaged in the radiative transition;
nf and nf’ denote the quantum numbers n' and n” of the
final sublevel engaged in the radiative transition; wq is
the unperturbed frequency of the spectral line under
consideration.

The spectral line profile S(w) was presented as follows:

(ni-1/2) ;
Z Z Z Dy, xi O, a
ni, ni’, nf/, nf’1=0, +1| Kkil, ki2, kf1, kf2

x 0)Dpy 12 ™20, af, 0)

S(w) =

f-1/2 f-1/2
Dlg?’kfl/ )(0) alf: O)DI(Irfl/kfz/ )(0, azf, 0)

(ni, ki1, ki2|djnf, kfL, kf2|}[28(Aw - Awi + 19)

11)

where

Awit = w(ni’ + ni” - nf’ - nf") 12)

Also, in Eq. (11), D (@4, 6, 0,) are the D-functions
defined by Wigner [38]. As for d, they are the spherical
components of the electric dipole moment in Wigner defi-
nition [38] - e.g.,:

2V2d 4 = dy + idy = =212d.;. 13)

The matrix elements of d; were calculated on the basis
of the parabolic wave functions |n k1 k2 ) with the sym-
metry axis along Fy. The second arguments of the D-func-
tions in Eq. (11) are the following angles:
a=m-al,

af =7 -af.

arctan [Qes/Qe(ni)],
arctan [Qer/Qe(nf)],

a =
. 14)
(12 =

The analytical solution given above shows that the
spectral line splits into components such that their separa-
tion from each other is equal either to the quantity w from
Eq. (9) or to the electric field frequency Q. The dominating
outcome is the separation by the quantity w controlled by
the electric field amplitude Fy and frequency @, as well as
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Figure 1: Possible mutual orientations of the three vectors entering Eq. (2): (a) Be is in the same direction as B; (b) B is zero; and (c) B is in the

opposite direction compared to B.

by the true magnetic field B. It is easy to see from Eq. (9) that
the separation between the spectral line components decreases
if the true magnetic field B is parallel to Q (and thus antipar-
allel to the fictitious magnetic field Bsee = —hQ/ug). This is a
counterintuitive result.

In the situation where the true magnetic field B, being
parallel to Q, has the absolute value

B = 2m.cQ/e, 15)

the dominating separation between the spectral line
components diminishes to 3nhFy/(2Zmce). This means that
by the corresponding choice of the true magnetic field, the
dominating separation between the components of the
spectral line takes the minimum possible value — the value
being just the Stark splitting.

We use the Ly-alpha line to illustrate the general analy-
tical solution. Figure 2 shows the calculated profiles of the Ly-
alpha line vs the scaled detuning Aw/Q from the line center
for three different values of the following parameter:

Qe = [3n1/(2ZMee) | Fo/ et (16)

namely, for geg = 1 (solid line), g = 4 (dashed line), and
Qerr = 7 (dash-dotted line). The profiles were calculated
based on the analytical results for the frequencies and inten-
sities given in Table 1 in the study by Oks [37] by substituting
Q by Q¢ and the parameter q = [3nh/(2Zmce)]Fy/Q by qegr. It
is seen that as the parameter g.¢ increases, most line compo-
nents move away from the line center and all seven line
components become more clearly visible.

Oks et al. [9] also showed that in the situation where
the fictitious magnetic field gets completely canceled out
by the true magnetic field (i.e., B = —Bg ), the total inten-
sity of the Ly-alpha line decreases by 40%. This is yet
another counterintuitive result.

Possible practical applications of the above counter-
intuitive results relate to the spectroscopic diagnostic of
the electron cyclotron waves in magnetic fusion plasmas,
as well as to relativistic laser—plasma interactions (as noted
in Section 1).

3 Stark-Zeeman broadening of the
Ly-alpha line in plasmas

The broadening of spectral lines in magnetized plasmas
was studied in a number of papers, as summarized, e.g.,

s y A ‘f - . Aw
-10 -5 0 5 10 Q
Figure 2: Calculated profiles of the Ly-alpha line vs the scaled detuning
Aw/Q from the line center for three different values of the following
parameter . = [3nR/(2Zmee)]Fo/Qett: for gegr = 1 (solid line), gegr = 4
(dashed line), and ges = 7 (dash-dotted line). Each line component was
assigned the Lorentzian shape of the full width at half maximum (FWHM)
equal to 0.4 Q representing other broadening mechanisms, such as the
Doppler broadening.
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in books (referred here in the reversed chronological
order) [2,3,5,6,39,40]. In this section, we focus on the m-com-
ponent of the Ly-alpha line of hydrogenic atoms because it
has the most remarkable, practically important properties.
In the study by Derevianko and Oks [11], by using an
advanced analytical theory, it was demonstrated that for
the edge plasmas of tokamaks, the Stark width of the Ly-
alpha m-component can be used for the experimental deter-
mination of the effective charge of ions, while the Ly-alpha
o-component or any component of any other hydrogenic
spectral line cannot be used for this purpose. Derevianko
and Oks [12], by using the same advanced analytical theory
as in their previous study [11], showed that the Stark width
of the Ly-alpha m-component, emitted by atoms of the
hydrogen or deuterium neutral beam injected for heating
tokamak plasmas, can be utilized for determining experi-
mentally both the effective charge of ions and the angle
between the beam velocity and the magnetic field (the pitch
angle), as noted in Section 1.

In the study by Oks [10], another significant feature of
the Ly-alpha m-component was demonstrated. In the case
where the Zeeman effect is stronger than the Stark effect,
the broadening of the Ly-alpha nm-component turned out to
be controlled by the linear Stark effect, practically without
depending on the magnetic field — in distinction to the
Ly-alpha o-component or any component of any other
hydrogenic spectral line. Therefore, the Stark width of
the Ly-alpha m-component can be utilized in these condi-
tions for determining experimentally the ion density or of
the root-mean-square field of a LEPT, such as ion-acoustic
waves, Bernstein modes, or lower-hybrid waves, as noted
in Section 1. Below are some details.

In the study by Oks [10], there was considered the
splitting/broadening of the Ly-alpha line of a hydrogenic
atom of the nuclear charge Z under a magnetic field B (the
direction of which we choose as the z-axis) and an electric
field F at the angle 6 with respect to B. We use atomic units:
i = m. = e = 1. For the absolute values of these fields, we
introduce the following scaled notations:

M =aB/2, E-=3F|Z. a7

where a is the fine structure constant; “M” stands for the
“magnetic”; and “E” stands for “electric.” Then, the matrix
elements of the interaction term in the Hamiltonian can be
represented in the form (see, e.g., [41]):

0 0 E 0

0 —Mcos 0 27Y2Msin 6 0

E 272)fsin 6 0 272)sin 6
0 0 27Y2Msin 6 Mcos 6
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The eigenvalues of this matrix satisfy the following
equation:

(Aw)? = (E2 + M?)/2 + [(E% + M%)%* - E2M?2 cos?0]"2. (18)

(It should be reminded that in atomic units, the split-
ting has the same expression both in terms of the energy
and in terms of the frequency.)

In the case where the electric field dominates, i.e., E >
M, Eq. (18) yields

Aw = £M cos 6. (19
for the o-component and
Aw = £[E + (M?sin? 0)/(2E]. (20)

for the -component.
In the opposite case where the magnetic field domi-
nates, i.e.,, E < M, Eq. (18) yields

Aw = £[B + (E%sin?0)/(2B]. (21)
for the o-component and
Aw = %E cos 6, (22)

for the m-component.

Usually, the value and the direction of the magnetic
field in a plasma is known. As for the electric field E, it can
be represented by the LEPT and/or by the quasistatic part
of the ion microfield. Therefore, the most interesting situa-
tion is posed via Eq. (22): despite the magnetic field dom-
inating, the splitting/broadening of the m-component is
linear with respect to the projection of the electric field
on the direction of the magnetic field. This is a counter-
intuitive result. Thus, the Stark broadening of the m-com-
ponent (that we calculate analytically below) offers the
opportunity for the experimental determination of either
the root-mean-square field F; of the LEPT or of the ion
density in strongly magnetized plasmas, as detailed at
the end of this section.

The Stark profile of the m-component at the fixed abso-
lute value of the electric field is obtained by averaging over
the spherically symmetric angular distribution as follows:

1
S(Aw, E) = Id(cos 0)6(JAw| - E cos 8) = (1/E)O(E 23)
0
- |Aw)).

where &(...) is the delta-function and ©(...) is the theta-
function.

The next step is the averaging over the distribution of
the absolute value of the LEPT, given by the Rayleigh dis-
tribution [2,42,43]. The latter is

W(f)df = 3(6/m)"*f* exp(-3f?/2)df, f=F/F, (24
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where F; is the root-mean-square field of the LEPT for the
distribution W(f)df.
Since

1E = ZI(3F) = ZI(3F ), (25)

then the Stark profile of the m-component becomes

Sw) = [ZIGR)] [ AW, fn(w) = ZIAWII(F). (26)
fmin

The appearance of fi,in(Aw) is due to the restriction
that the absolute value of cosf in the argument of the
delta-function in Eq. (23) cannot exceed unity.

After calculating the integral, in the study by Oks [10],
the following final expression was obtained for the Stark
profile of the m-component:

S(Aw) = [Z/(3F)1(6/m)" exp{=3[ fryn(Aw)/2}.  (27)
Figure 3 displays the scaled Stark profile
s(D) = 3RKS(D)/Z. (28)
vs the scaled detuning
D = ZAw/(3F). (29)

The FWHM of the above Stark profile is 1.36 in terms
of the scaled detuning D or 4.08 F/Z in terms of Aw. Thus,
by measuring the experimental FWHM of the Ly-alpha
m-component, one can determine the root-mean-square
field F, of the LEPT in strongly magnetized plasmas.

The distribution W(f)df from Eq. (24) describes the iso-
tropic LEPT. This is relevant to the late stage of the devel-
opment of the LEPT. At the early stage, the LEPT can be
anisotropic. For example, it can have the shape of a very

D
-2 -1 1 2

Figure 3: The scaled Stark profile s(D) of the Ly-alpha m-component
(given by Eq. (28)) vs the scaled detuning D (given by Eq. (29)) for the
situation where the scaled electric field £ (represented by a LEPT) is much
smaller than the magnetic field M (both fields are defined in Eq. (17)) [10].
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oblate spheroid. This situation is relevant to the Berstein
modes (e.g., [44-46]). The distribution is practically two-
dimensional, as follows (e.g., [2]):

Wa(f)df = 2f exp(=f*)df, f=FIF,

where F, is the root-mean-square field of the LEPT for the
distribution W(Hdf.

The corresponding Stark profile of the m-component
can be calculated using Eq. (26) on the substitution of W
(H by Wy(f), yielding the following:

(30)

S(Aw) = [Z/(BR]n"?Erfe[ £, (Aw)], (3D

where Erfc[...] is the complementary error function and
fmin(Aw) is already defined in Eq. (26).

Figure 4 displays the corresponding scaled Stark pro-
file s(D) vs the scaled detuning D, where s(D) and D were
defined in Egs. (28) and (29), respectively. It is seen that the
profile has the cusp in the center, which is a quite rare
shape of the Stark profile of a spectral line (or its compo-
nent) in plasmas.

Further, in the study by Oks [10], there was provided a
model example for the situation where the electric field is
represented by the quasistatic part of the ion microfield.
The averaging of the profile S(Aw, E) from Eq. (23) was
performed over the binary distribution of the ion micro-
field. The latter distribution corresponds to the following
distribution of the distance R of the nearest neighbor ion
from the radiating atom:

P(r)dr = 3r2exp(-r®), r=R/Ry, (32)
where the mean interionic distance is
Ry = [3/(4ntN) '3, (33)
s
1
1.0
0.5
D
-2 -1 1 2

Figure 4: Same as in Figure 3, but for the two-dimensional distribution of
the LEPT.
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where N; is the ion density. The relation between E and r is
given as follows:

1/E = ZREr?((3Zy), (34)

where Z; is the charge of the perturbing ions. Then, the
averaging can be expressed as

rmax

sw) = Zr}IZ) |

0

= [ZR§/(3Z) T (5/3)
- [rmax(Aw)]S (02/3[(rmax(Aw))3 1}

dr rtexp(-r®)
(35)

where TI'(5/3) is the gamma function, (pz/g(rmaf) is the Misra
function (which is equal to the exponential integral func-
tion of the same argument, but of the negative index -2/3),
and

Tnax(Aw) = 3Z/(ZRE|Aw|). (36)

The appearance of rp.x(Aw) is due to the fact that
according to Eq. (34), r is inversely proportional to the
square root of F. Since the value of f = F/F; is limited
from below (e.g., Eq. (26)), then the value of r is limited
from above.

Figure 5 displays the corresponding scaled Stark profile

s(D) = 3Z:S(D)/(ZR?). (37)
vs the scaled detuning
D = ZRZ|Aw|/(3Z). (38)

(We note again that the definition of s(D) and D in Eqs.
(37) and (38) differ from the analogous notations from Egs.
(28) and (29).)

It is seen that the Stark profile of the Ly-alpha n-com-
ponent has a unique feature: the flat top. This is a counter-
intuitive result: among the garden variety of Stark profiles
of hydrogenic spectral lines previously presented in the
vast amount of the literature on the Stark broadening,
the flat top profile was never encountered previously.

The FWHM of the above Stark profile is 1.64 in terms
of the scaled detuning D or 4.92Z/(ZR,? in terms of Aw.
We note that the latter FWHM is proportional to N** -
according to the definition of R, from Eq. (44). Thus, by
measuring the experimental FWHM of the Ly-alpha n-com-
ponent in this situation, one can determine the ion density
(and therefore, the electron density) in strongly magne-
tized plasmas.

Of course, the latest of the above examples is based on
a relatively simple model. The corresponding results for a
more sophisticated model will be published elsewhere.

Thus, the m-component of the Ly-alpha line has
indeed unique properties. This is a clear distinction of
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D
-3 -2 -1 1 2 3

Figure 5: The scaled Stark profile s(D) of the Ly-alpha m-component
(given by Eq. (35)) vs the scaled detuning D (given by Eq. (36)) for the
situation where the scaled electric field £ (represented by the quasistatic
part of the ion microfield) is much smaller than the magnetic field M
(both fields are defined in Eq. (17)) [10].

the m-component of the Ly-alpha line from the o-compo-
nent of this line or from any component of any other
hydrogen line.

We note in passing that after paper [10] was published
in January 2023, paper [47] was published by another
author in September 2023. In that paper there was an unin-
tentional overlap with some equations from paper [10]
without the reference to paper [10].

4 Intra-Stark spectroscopy

In Section 1, we described the ISS only very briefly. Here
we start by presenting more details.

The Langmuir-wave-caused “dip” in spectral line pro-
files, where the word “dip,” used for brevity, refers to a
highly-localized structure in the line profile — the structure
consisting of a local minimum of the intensity surrounded
by two “bumps” (peaks) — is an emergent phenomenon that
springs from multifrequency nonlinear dynamic resonances
(e.g., [13,15] and books [2,7]). The analytical predictions of
the emergent phenomenon of the Langmuir-wave-caused
“dips” were confirmed in a large number of experiments
by various experimental groups working at different plasma
machines, as well as in astrophysical observations. In these
experiments and observations, that span the range of the
electron densities about ten orders of magnitude, the Lang-
muir-wave-caused highly-localized structures were reliably
detected, identified, and used for plasma diagnostics. This
included, in particular, the high-precision, benchmark experi-
ments at the gasliner pinch [14,48], where plasma
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parameters were measured by the coherent Thomson scat-
tering independent of the measurements of the line profiles.

Nevertheless, a recent study by Alexiou [49] indicated
that there is still the confusion on the ISS. Therefore, here
we clarify the confusion for the entire research community
and provide new analytical results on this subject.

The physics behind the Langmuir-wave-caused struc-
tures is as follows. Let us consider the electric field

E(t) = F + E; cos(wt), (39)

where F represents the quasistatic part of the electric field
in the plasma. The field F could have not only the contribu-
tion from the quasistatic part of the ion microfield, but also
the contribution from the LEPT (such as the ion acoustic
waves, lower hybrid waves, or Bernstein modes). If F and
Eo are not collinear (which is true for the overwhelming
majority of possible mutual orientations of vectors F and
Eo), then the total field E(t) is librating. The frequency spec-
trum of this librating field consists not only of the fre-
quency w, but also of its harmonics: the frequency spec-
trum of the librating field is uw, where u=1, 2, 3, ....

We denote the absolute value of the total electric field
averaged over the period of the libration by Feg.

Fge = ([E(D])-

If the librating nature of the total electric field would
be first disregarded, the energy levels of a radiating hydro-
genic atom/ion (the radiator) of the nuclear charge Z.
would split into 2n — 1 Stark sublevels separated by (in
the atomic units)

(40)

Q = 3nkg/(2Z;), (41)

where n is the principal quantum number. The Stark sub-
levels are distinguished by the electric quantum number

q=mn-n, (42)

where n; and n, are the parabolic quantum numbers.

The combined system “radiator + field” can be
described in terms of quasienergy states (introduced
by Zeldovich [50] and Ritus [51]), whose quasienergies
Q are as follows:

Q=Q +vw, v=0, ], £2, +3, ... (43)

Now we take into account the time-dependent compo-
nent of the librating electric field. We remind that its fre-
quency spectrum is uw, where u =1, 2, 3, .... Here we come
to the central point. In the situation, where

Q=uw, u=123,.., (44)

there occur multiple resonances between the harmonics of
the librating field and all quasienergy states of the
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quasienergies Q = Q + vw. In other words, the resonances
are multiquantum (in terms of the quanta of the Langmuir
field) and multifrequency. It causes the degeneracy of all
quasienergy states: the quasienergy harmonics, resulting
from each of the 2n — 1 atomic Stark substates, superim-
pose with each other.

In this multiquantum multifrequency resonance, each
degenerate quasienergy state is a superposition of several
quasienergy harmonics originating from different Stark
sublevels (sublevels of different values of the electric
quantum number ¢q). The Stark sublevel of some value of
q is coupled by the dipole matrix element with the suble-
vels of ¢ + 1 and q — 1. As a result of this coupling, there
occurs an additional splitting of all quasienergy harmonics.
This splitting has an analogy with the Rabi splitting, but it
is its generalization for the case of the multiquantum multi-
frequency resonances. The additional splitting of all quasie-
nergy harmonics is generally a nonlinear function of the
Langmuir field amplitude E, (e.g., Eq. (9) from the study
by Gavrilenko and Oks [13]).

The multiquantum multifrequency resonances corre-
sponds to a set of specific locations in the profile of a
hydrogen-like spectral line — because they correspond to
specific resonance values of F. satisfying the condition
(44). These locations are separated from the center of the
spectral line by the well-defined amounts of the wave-
length AAYP(w), where AA4P(w) are well-defined functions
of the Langmuir wave frequency w = (4e?N./me)['?, so
that (e.g., [2,7])

AP = N2 + pNIA, (45)

where the coefficients a and b are controlled by the
quantum numbers and by the charges of the radiating
and perturbing ions. The identification of these structures
in the experimental line profile allows a very accurate
determination of the electron density N, from the locations
of these structures.

At each exact location in the line profile, corresponding
to the resonance (44), (for brevity, the “resonance location”)
due to the generalized Rabi splitting of the quasienergies,
there occurs a partial transfer of the intensity from the
wavelength of the exact resonance location to adjacent
wavelengths on each side of the exact resonance location.
As a result, there can appear a structure consisting of the
local depression of the intensity surrounded by two rela-
tively small “bumps,” as illustrated in Figure 6.

Being superimposed with an inclined “unperturbed”
spectral profile, each bump-dip-bump structure can be respon-
sible for two local minima of the intensity — as shown in Figure
6 — rather than just for one local minimum of the intensity.
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Figure 6: Sketch of the calculated “bump-dip-bump” structure, caused
by the multifrequency nonlinear dynamic resonance (44), superimposed
with an inclined “unperturbed” spectral line profile.

The secondary minimum located at the higher intensity than
the primary minimum is of no physical significance. Some-
times one of the two bumps and/or the secondary local
minimum manifests only as a small “shoulder.”

The analytically predicted Langmuir-wave-caused
“dips” were then revealed in a large number of various
experiments around the world [14,16,18,48,52—-59] and in
astrophysical observations [60]. In these experiments
and observations, the Langmuir-wave-caused “dips”
were reliably detected, identified, and used for plasma
diagnostics in plasmas of the electron density ranging
from 102 cm™ to 3 x 10* cm >,
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For example, in the high-precision, benchmark experi-
ments by the Kunze group at the gas-liner pinch [14,48],
where plasma parameters were measured by the coherent
Thomson scattering independent of the measurements of
the line profiles, first, the existence of the Langmuir-wave-
caused “dips” was reliably established, the evolution of
their positions as the electron density varied being consis-
tent with the theory. Second, detailed bump-dip-bump
structure in the line profile was revealed experimentally
for the first time — Figure 7.

Third, it was also demonstrated that the experimental
dip positions yielded the values of the electron density just as
accurate as the electron density measured by the coherent
Thomson scattering — Figure 8.

Thus, all theoretical predictions from previous studies
[13,15] (as well as from subsequent works covered in books
[2,7]), concerning the multifrequency nonlinear dynamic
resonances and the resulting bump-dip-bump structures
in spectral line profiles, have been confirmed and used
for plasma diagnostics at numerous experiments around
the world.

Now we review some details from previous studies
[19-21] that presented new analytical results on the ISS.
In these works, there were offered three new, L-dip-based
spectroscopic methods for measuring the GigaGauss mag-
netic fields developing during the relativistic laser—plasma
interaction.

L-dips are the consequence of the dynamic resonance
between the Stark splitting

Wstark (F) = 3nhF[(2Z,mee), (46)

INTRSITY RREITRARY UNITS )
T
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Figure 7: A magnified part of the profile of the Ly-alpha line, obtained in the high-precision, benchmark experiment at the gas-liner pinch [14],
showing the observed bump-dip-bump structure. The electron density was 2.1 x 10'® cm™ and the electron temperature was about 10 eV.
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Figure 8: Electron densities obtained from the experimental positions of
the Langmuir-wave-caused bump-dip-bump structures vs the electron
densities measured by the coherent Thomson scattering. The compar-
ison is shown at many electron densities in the experiments at the gas-
liner pinch [14]. The range of the electron densities was (0.5-2.5) x 10"
¢cm™3 and the electron temperature was about 10 eV.

of hydrogenic energy levels (F being the quasistatic part of
the electric field in a plasma) and the frequency w;, of the
Langmuir wave, the latter frequency practically coinciding
with the plasma electron frequency wpe = (4e*Ne/me)":

Wstark (F) = Swpe(Ne): s=12,.., 47

where s is the number of the Langmuir quanta involved in
the resonance, while Z. and n are the nuclear charge and
the principal quantum number of the radiating hydrogenic
atom or ion (radiator). While the applied electric field is
quasimonochromatic, there arises a nonlinear dynamic
resonance of a multifrequency nature, as elucidated in
the study by Gavrilenko and Oks [15].

In the previous studies [19-21], the authors considered
the situation where there is also a magnetic field B in
plasmas. By generalizing the results from the study by
Gavrilenko [61], Dalimier and OKks [19] obtained the fol-
lowing formulas for the location of the two sets of the
L-dips in the spectral line profiles:

Awéf’p) = sw{(n’ + n")q - [(" + n")p

2 _ p2\h2 271/2 (48)
nall(ng = ngb* + ngl?},

Do) = sw{[( + n")lngln? - (n? - npb2J2

- (n" + n")g},

(49)
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where the quantum numbers n’ and n” correspond to the
basis of the wave functions diagonalizing the Hamiltonian
of a hydrogen atom in a non-collinear static electric and
magnetic fields [33]):

n,n"=-j,-j+1..,j; j=m-1)2, (50)

where subscripts a and S label the upper and lower sub-
states engaged in the radiative transition.

The locations of the two sets of the L-dips from Eqs (48)
and (49) depend on the following scaled dimensionless
magnetic field:

b = ,B/(shw) = (1/s)[B(GG)
10.201][w(s™)/(1.77 x 1015)] 1.

(5D

For instance, for the one-quantum resonance (s = 1),
for the frequency w = 1.77 x 10%° s7! being used, e.g,, in experi-
ments [52,58], the quantity b reaches unity at B = 0.201 GG.

Thus, the magnetic field B shifts the positions of the
L-dips compared to B = 0. The idea of a new method by
Dalimier and Oks [19] for measuring the magnetic fields
was described in their work as follows:

“It is possible to select such a pair of the L-dip at Awé{"p)

and the L-dip at Awéfp), both corresponding to the same
combination of the sums (n’ + n”), and (n" + n”)g, such
that the location of one of the two L-dips is unaffected by
the magnetic field while the location of the other of the two
L-dips is shifted by the magnetic field. Then from the rela-
tive separation of the two L-dips it is possible to determine
the magnetic field.”

Specifically, the focus was on the following pairs of the
L-dips. One pair corresponding to

(n"+n")g=0,(n" +n")p =-1, (52)
and another pair corresponding to
M+ n"g =10 +n")p=0. (53)
The ratio
AofIBwd) = AnI(nZ - n)b? + nd|2 (54)
for the first pair and the ratio
Mogh/Bugy = Angng - (nd - npb22,  (55)

for the second pair are simple functions of the magnetic

field, as one can see from Eqs (54) and (55).

Figure 9 displays the ratio Awéﬁ))/Awéf? in the pair of the

L-dips corresponding to (n"+ n”), = 0,(n"+ n")p = -1 vs
the scaled dimensionless magnetic field b for the Balmer-
alpha line (solid curve) and for the Balmer-beta line
(dashed curve).
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From Figure 9, one can see that in the range of b, the
magnetic field strongly changes the relative positions of
the L-dips, so that by measuring the latter, it is feasible
to determine the magnetic field. For the laser frequency
w =177 x 10™ s, the range of b ~ (1-10) translates to the
range of the magnetic field B ~ (0.2-2) GG for the case of the
one-quantum resonance and to B ~ (0.4-4) GG for the case
of the two-quantum resonance.

Oks et al. [20] focused on another way for the Giga-
Gauss magnetic fields to affect the L-dips: their effect on the
halfwidth of the L-dips. The scaled dimensionless half-

(s)

width ws = Swgip/w of the L-dips can be represented in

the form
Wy = Swiw = [e/(Zhw)]|zlSEq), (W),
u = [e/(Z;:)|(z11 — zp)Eo/w,

where J;(u) is the Bessel function. The matrix elements z;,,
Z11, Zo, Were calculated for the Ly-alpha line on the basis of
the wave functions from the study by Demkov et al. [33].
These wave functions are linear combinations of the cor-
responding parabolic wave functions. The coefficients of
the linear combinations are products of the Wigner d-func-
tions: namely, the functions d,, 11,"%(@) and d,, 11"4(ay),
where p = n, n". The angles a; and a; can be expressed in
the following form:

(56)

a; = tan"{sin a/[cos a - Zm.eu,B/(3h?F)]}, -
@, = tan {sin a/[cos a + Zmeeu,B/(3h*F)]},

dip positions ratio

8.

(@)

Figure 9: The ratio of positions Awdip/Awéf? in the pair of the L-dips

corresponding to (n' + n"), = 0, (n" + n")s = 1 vs the scaled (dimen-
sionless) magnetic field b (defined by Eq. (51)) for the Balmer-alpha line
(solid curve) and for the Balmer-beta line (dashed curve) [19]. For

instance, for the one-quantum resonance, for the frequency w = 1.77 x
10" 57" being used, e.g., in experiments [52,58], the quantity b reaches
unity at B = 0.201 GG. Copyright Dalimier and Oks 2018.
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where a is the angle between vectors B and F. Thus, the

angles a; and a, explicitly depend on the magnetic field.
In the study by Oks et al [20], the following three

dimensionless quantities were also defined:

by = uyB/(hw),
f=hF[(Z:meew),

= Zme s
y = hEy/(Z;meew) (58)

where by is the scaled magnetic field, y is the scaled ampli-
tude of the Langmuir wave, and fis the scaled quasistatic
electric field. Then, it was possible to rewrite the scaled
halfwidth wg from Eq. (56) as follows:

Ws = (|zzl/ag)syf,(W/u, u = y(zu1 - Zp)lag,  (59)

where qy is the Bohr radius. The formulas for angles a; and
a, from Eq. (57) was also simplified:

a, = tan™ {sin a/[cos a - by/(3 )]},

a, = tan"1{sin a/[cos a + by/(3f)]}.

60)

Thus, the halfwidth of the L-dips, which at the absence
of the magnetic field was controlled only by the amplitude
E, of the Langmuir wave, becomes controlled by B, Ey, and
F in strongly magnetized plasmas (here F is the quasistatic
part of the plasma electric field). The results from the study
by Oks et al. [20] formed the basis for another new method
for measuring super-strong magnetic fields.

The employment of the effect of the super-strong mag-
netic fields on the width of the L-dips makes it possible to
measure such fields by using x-ray Lyman lines — the lines
usually studied in laser-plasma interaction experiments.
This was advantageous in comparison to the method by
Dalimier and Oks [19] that was applicable only to non-
Lyman lines (such as the Balmer lines).

Dalimier et al. [21] put forward yet another new L-dip-
based method for measuring the super-strong magnetic
fields developing in the relativistic laser—plasma interac-
tions. This method relates to the situation where the
mid-point between the pair (or pairs) of the experimental
L-dip-structures in the line profile is shifted.

In the absence of the LEPT, for the electron densities
N, >10*cm™3, the mid-point between the two L-dips in the
pair would be red-shifted due to the spatial non-uniformity
of the ion microfield at the location of the radiating ions
[7,14]. This shift increases with N, and for sub-solid-state
densities could reach several tens of mA. This situation, as
well as the intermediate scenario (where the ion microfield
and the LEPT have comparable strengths) could occur at
laser intensities higher than 2 x 10%° W/cm?.

Here is the step-by-step algorithm for using this new method.
1. From the experimental separation between a pair of the

L-dip structures, to determine the electron density N,
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with high accuracy. This enables also to calculate the
characteristic strength of the ion microfield Fiq,.

2. From the shift of the mid-point between the pair (or
pairs) of the L-dip-structures, knowing the character-
istic strength of the ion microfield (from step 1), to
determine the characteristic strength Fyppr of the
LEPT (if any).

3. Knowing the Fjo, and Fygpr from steps 1 and 2, to cal-
culate the FWHM of the theoretical Stark profile,
including also the broadening by plasma electrons:
AMypps. The temperature required for calculating the con-
tribution by plasma electrons can be estimated as T(eV)
~ 2.57% where Z is the nuclear charge of the radiating
ions. This estimate of T typically has the accuracy of
about 20%. For the broadening by plasma electrons,
which scales as ~ /T2, formula T(eV) ~ 2.5Z*> would
therefore yield the accuracy of about 10%. This accuracy
is sufficient especially because for the plasmas created
by relativistic laser-plasma interactions, the broad-
ening by plasma electrons is small compared to the
broadening by the LEPT and/or the ion microfield.

4. For plasmas created during relativistic laser-plasma
interactions, the Stark broadening of the hydrogenic
X-ray spectral lines usually predominates over the
Doppler broadening. However, the Doppler broadening
can be added for calculating the FWHM of the Stark-
Doppler theoretical profile AAypsp by using the estimate
T(eV) ~ 2.57% Since Doppler broadening scales as ~ 7',
formula T(eV) ~ 2.57* would therefore yield the accuracy of
about 10%. This accuracy is sufficient especially because
for the plasmas created by relativistic laser—plasma inter-
actions, the Doppler broadening is small compared to the
broadening by the LEPT and/or the ion microfield.

5. If the FWHM of the theoretical profile Aysp is notice-
ably smaller than the FWHM of the experimental profile
AMyjzexp, the next step would be to check whether the
experimental profile is affected by some opacity. For
the example of the Ly-beta line, if the top of the experi-
mental profile exhibits the doublet structure (typical for
the theoretical profiles of the Ly-beta line), then the
optical depth at the top of the profile is 7y << 1, so that
the opacity cannot make a noticeable contribution to the
FWHM of the experimental profile.

6. If in step 5 it would be established that 7, << 1, then this
would prove that the noticeable excess of the experi-
mental FWHM AAyppe,, compared to the FWHM Alypgp
of the theoretical Stark-Doppler profile is due to a mag-
netic field. The strength B of the magnetic field can be
deduced from the difference (AAyjzexp — Ayj2sp) by using
the standard formula for the Zeeman effect for hydro-
genic spectral lines.
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It is important to emphasize that the above algorithm
allows determining the presence of the magnetic field and
its strength B without the detailed modeling of the entire
experimental profile. The subsequent modeling would only
make the determination of the magnetic field strength B
slightly more accurate.

Dalimier et al. [21] also emphatically underscored that
in many cases, modulations in some experimental profile
of a hydrogenic line have nothing to do with the L-dip
phenomenon. The process of establishing whether the
modulations in some experimental profile of a hydrogenic
spectral line are related to L-dip structures involves mul-
tiple tests of self-consistency, as follows.

Test #1. L-dip structures (if any) should appear both in
the red and blue parts of the experimental profile and (in
the first approximation) should be approximately sym-
metric with respect to the line center.

Test #2. The value of N,, determined from the separa-
tion between these two structures (one in the red part,
another in the blue part) should make sense physically at
least by the order of magnitude. (This separation is con-
trolled by the Langmuir wave frequency, which in its turn
is controlled by N..)

Test #3. If there is more than one pair of such struc-
tures, then the values of N,, determined from the separa-
tion within the two different pairs, should coincide.

Test #4. If there is a red shift of the mid-point within the
pair of structures, then the values of N, determined from the
mid-point-shift for two different structures, should coincide.

Test #5. The separation within the pair of such struc-
tures also determines the resonant value F,s of the quasi-
static electric field (involved together with the Langmuir
field in the production of the L-dip structure). The half-
width of the L-dip-structure determines the amplitude Ey
of the Langmuir field. Then, the condition E, < F/2 should
be met. Otherwise, according to the theory by Oks [7], no
L-dip structures can be produced.

Test #6. All local minima and maxima in the experi-
mental profile should be explained by L-dip structures —
except for far wings dominated by the noise (once again,
one L-dip structure can explain up to two local minima and
two local maxima of intensity.)

Only after all the above six tests would be successfully
passed, one can proceed with applying the new L-dip-based
methods for measuring GigaGauss magnetic fields.

Finally, we provide some details on the confusion by
Alexiou [49] concerning the physics behind the ISS. In the
study by Alexiou [49], there were presented simulations
ignoring the actual nature of the Langmuir-wave-caused
dips. This led to the inability to reproduce them for the
experimental spectral line profiles from the study by Oks
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et al. [52]: the work describing the project on spectroscopic
diagnostics of the relativistic laser—plasma interactions —
the project resulting from the collaboration of experimen-
talists and theorists from seven countries (Japan, the UK,
France, Germany, Hungary, the USA, and Russia). Since
Alexiou [49] showed the confusion on this subject, for the
benefit of other researchers we highlight below the various
points of the confusion.

A. The primary flaw of simulations from the study by
Alexiou [49] is the following: there was no understanding
of the nature of the emergent phenomenon of Langmuir-
wave-caused “dips” as stemming from the multifrequency
nonlinear dynamic resonance. This kind of the resonance
effects was beyond the code used by Alexiou [49]. From the
outset, that code was tied to Blochinzew satellites (theore-
tically predicted by Blochinzew in 1933 [62]). What was
called “dips” in the study by Alexiou [49] are in fact just
random troughs between the peaks, where the peaks are
(shifted) Blochinzew satellites. The definition of the “dips”
by Alexiou [49] has nothing to do with the highly-localized
structures in spectral line profiles caused by the multifre-
quency nonlinear dynamic resonances.

For a given hydrogenic spectral line, a given nuclear
charge of the radiator, and a given charge of the perturbing
ions, the locations of these structures (the Langmuir wave-
caused “dips”) are controlled by the electron density N,
(which is why from the experimental locations of these struc-
tures one can deduce N, with the same accuracy as if N,
would be measured by the Thomson scattering). In distinc-
tion, the locations of the random troughs in the study by
Alexiou [49] between the Blochinzew peaks (the troughs
confused with the above structures manifesting the multifre-
quency nonlinear dynamic resonances) result from the inter-
play of many plasma parameters and practically cannot be
used for determining the electron density. Just this primary
flaw of the simulations [49] would be the sufficient cause of
the inability to fit the experimental data in the study by Oks
et al [52] (that were attempted to fit in the study by
Alexiou [49]).

By the way, it should be also clarified that under the
condition Ey << Feg (Where Feg is the absolute value of
the total electric field E(t) = F + E, cos(wt), averaged over
the period of the libration) typical for all experiments
in plasmas containing Langmuir waves, the observed local
structures in the profiles can be only the Langmuir-wave-
caused “dips,” rather than Blochinzew satellites, as explained
in detail in Section 7.1 of book [7]. Blochinzew satellites could
be observed in the “underdense” regions of laser-produced
plasmas where these satellites would be caused by the laser
field, rather than by the field of the Langmuir waves. These
are the regions below the critical electron density where the
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laser radiation can propagate inside the plasma and cause
the situation where the laser amplitude significantly exceeds
the quasistatic electric field in the plasma.

In general, computational simulations (codes), being
only a model of nature, not nature itself, usually fail to cap-
ture emergent phenomena (and lack the physical insight) —
e.g., [8]. The primary advantage of analytical calculations over
codes is that the former can capture emergent phenomena
while the latter usually cannot.

B. In the study by Alexiou [49], the experimental
spectra presented in parts A, B, and C of Figure 3 from
the study by Oks et al. [52] were qualified as “noisy.” This
indicates again the lack of the understanding that the Lang-
muir-wave-caused “dip” is the structure consisting of the
local minimum of the intensity (at the location controlled
by the electron density) surrounded by two local maxima
(“bumps”) plus the secondary minimum. With the under-
standing of this structure of each “dip,” all local minima
and maxima of the intensity in parts A, B, and C of Figure 3
from the study by Oks et al [52] have been identified,
accounted for, and clearly indicated. Besides, the bump-to-
dip ratio of the intensities was up to 45%, thus exceeding the
noise level by at least one order of magnitude. No wonder
that the experimental spectra, obtained with a high spectral
resolution (A/6A ~ 3,000), easily allowed the reliable and the
only one possible identification of the above structures.

C. Another flaw of simulation in the study by Alexiou
[49] is the following. There was also the lack of under-
standing that regardless of the specific distribution of the
quasistatic field F over its magnitude and its direction,
there is always a small group of radiators in the ensemble,
for which the Stark splitting by the field F is in the multi-
quantum/multifrequency resonance with the frequency of
the Langmuir field E, cos(wt) and its harmonics. Therefore,
the locations of the resulting highly localized structures
in the spectral line profiles do not depend on the specific
distribution of the quasistatic field F — in distinction to the
locations of the random troughs between (shifted) Blo-
chinzew satellites, calculated in the study by Alexiou [49].

D. In the study by Alexiou [49], there was also a claim
that distribution functions of the turbulent fields are not
known. However, in reality, the distribution functions of
the quasistatic turbulent fields had been derived analyti-
cally by Oks and Sholin [43] already in 1976.

E. Besides, in the study by Alexiou [49], it was claimed
that that work was the first to reveal that in plasmas con-
taining Langmuir waves, the spectral line profiles exhibit
directional/polarization effects. However, already in 1977,
Oks and Sholin [63] showed analytically that the highly
localized structures in spectral line profiles, emitted from
such plasmas due to the above dynamical resonances,
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exhibit directional/polarization effects. Moreover, in the
same year 1977, these polarization effects have been con-
firmed experimentally and used for plasma diagnostics by
Zhuzhunashvili and Oks [53].

5 Conclusion

We reviewed the recent analytical advances in the spectro-
scopy of hydrogenic spectral lines in plasmas. The review
covered the following topics where the recent advances
were made.

First, we reviewed the analytical solution by Oks et al. [9]
for the splitting of hydrogenic spectral lines under the com-
bination of a circularly polarized electromagnetic wave with
a strong magnetic field. One of the counterintuitive results
obtained by Oks et al. [9] was the possibility of decreasing the
splitting of hydrogenic spectral lines by changing the mag-
netic field. This was a counterintuitive result. Another coun-
terintuitive result was that by the proper choice of the
magnetic field, the total intensity of the spectral line can
diminish by 40%. Practical applications of these results relate
to the spectroscopic diagnostic of the electron cyclotron
waves (used as an additional heating method for plasmas
in magnetic fusion machines) and to the relativistic laser
plasma interactions.

Second, we reviewed the analytical results from the
study by Oks [10] concerning the Stark-Zeeman broad-
ening of the Ly-alpha line in plasmas. The focus was on
the remarkable properties of the m-component of the Ly-
alpha line. In the study by Oks [10], it was found that in the
situation where the Zeeman effect dominates over the Stark
effects the broadening of the Ly-alpha m-component is con-
trolled by the linear Stark effect — while this was not the case
for the Ly-alpha o-component or any component of any other
hydrogenic spectral line. These results open the way for the
Stark width of the Ly-alpha m-component to be used in this
situation for the experimental determination of the ion den-
sity or of the root-mean-square field of a LEPT.

Third, we reviewed recent analytical advances in the
area of the ISS. In the previous studies [19-21], three new
different methods were presented, based on the emergent
phenomenon of the Langmuir-wave-caused structures (“L-
dips”) in the line profiles, for measuring super-strong magnetic
fields of the GigaGauss or even multi-GigaGauss range devel-
oped at the surface of the relativistic critical density during
relativistic laser—plasma interactions. We also reviewed the
rich physics behind the L-dips phenomenon — because there
was the confusion in the literature in this regard.

For further reading on the related subjects, we refer to
previous studies [35,64-120].
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