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Abstract: Magnetite and cobalt ferrite (CoFe,0,) nanopar-
ticles are frequently utilized in several applications, including
magnetic drug delivery, hyperthermia, magnetic resonance
imaging, etc. In the current investigation, the magnetohydro-
dynamic three-dimensional heat transfer (HT) flow induced
by a non-Newtonian Eyring—Powell fluid is incorporated by a
carrier sodium alginate (NAC¢H,0g)-based CoFe,0, nanopar-
ticles over a deformable (stretching/shrinking) horizontal
plane surface with orthogonal shear stress and power-law
velocity. The HT analysis along with the substantial effect of
irregular heat source/sink as well as entropy generation is
also performed. The similarity variables altered the posited
leading equations into ordinary differential (similarity) equa-
tions. The function bvp4c in Matlab is then used to solve these
equations numerically for various parameter values. Results
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indicate that, in general, there are two alternative solutions
for the phenomenon of suction and deformable parameters.
In addition, the essential thermal evaluation is enhanced
owing to the significance of CoFe,0, nanoparticles, magnetic
parameter, and irregular heat source/sink.
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source/sink, stretching/shrinking sheet, dual solutions

1 Introduction

Nanofluids (NFs) are being used in industrial and scientific
processes. They make up a distinct group of nanomaterials.
Compared to metals, liquids used for heat transfer (HT),
such as water, engine oil, and ethylene glycol, have low
thermal conductivity. A considerable increase in heat con-
duction can therefore be achieved by distributing solid
metal particles in heat diffusion [1]. The effects of slip on
the 2D flow of an NF past an axisymmetric stretchable
sheet with suction were scrutinized by Gorder et al. [2].
Das [3] discovered the performance of convective heat
transport (CHT) incorporated NF via a porous stretched
sheet with impacts of slip and heat absorption/generation.
Water-based copper and alumina nanoparticles are con-
sidered to simulate the behavior of HT fluid flow. Noghre-
habadi et al [4] studied a computational simulation of
the NF flow across a porous stretchable cylinder and uti-
lized a two-phase model subject to a magnetic field (MF).
The magnetohydrodynamic (MHD) time-dependent free
convective flow of water-based dissimilar nanoparticles
toward a vertical permeable stretchable surface was exam-
ined by Freidoonimehr et al. [5]. Naramgari and Sulochana
[6] investigated the MHD NF flow across an exponential
stretching sheet in a porous media. The impacts of heat
generation/absorption and thermal radiation were included
in this scrutiny. The investigation concluded that the expo-
nential parameter enhances the effects of mass and HT.
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Makinde et al. [7] calculated the impression of MHD on the
NF flow across an irregular stretchy sheet with a chemical
reaction. The impact of heat sinks/sources as well as radia-
tion was presented to talk about the flow behavior. Acharya
et al. [8] highlighted the characteristics of Hall current on
the MHD hybrid NFs flow through a rotatable disc due to
thermal radiation. From the analysis, it is exposed that the
HT uplifts for the radiative parameter and the temperature
decreases for the Hall parameter. Zaib et al. [9] inspected the
buoyancy flow and heat transport progression incorporated
micropolar NF across a wedge. They found that dual solu-
tions exist in the opposing flow case only. Recently, Khan
et al. [10] surveyed the influence of radiation on a buoyancy
flow caused by an NF via a stretchable porous bent sheet.
The slip migration, binary reaction, and activation energy
are all taken into consideration to explore the specifics of
water-based Al,03; nanoparticles. Recently, Divya et al [11]
considered the influence of suction/injection on the radia-
tive flow and HT of NF past a Riga plate with heat source/
sink and Cattaneo—Christov model. They found that the velo-
city and the temperature declined owing to suction.

A subclass of NFs known as magnetic NFs (MNFs) is
made up of colloidal suspensions of nanoscale magnetic
particles that exhibit both magnetic and fluid properties.
These particles are typically 5-10 nm in size. Magnetic
nanoparticles are typically synthesized from metals and
their oxides, such as Mn-Zn ferrite, cobalt ferrite
(CoFe;04), and iron oxide, in either polar or non-polar fluid
transporters, including oil, water, and ethylene glycol in a
range of shapes and sizes. The capacity of MNFs to quickly
change viscosity is its main advantage [12]. A variety of
applications for magnetic nanoparticles have a great deal
of potential due to their special material characteristics.
Magnetic nanoparticles are particularly appealing for bio-
logical applications due to their physiochemical features,
including a large surface area-to-volume ratio and the pos-
sibility of surface functioning [13]. They are intriguing sub-
stances with numerous uses, such as magnetic separation,
biosensors, magnetic resonance imaging, targeted drug
delivery, HT/dissipation, magneto-optic sensors, etc. Khan
et al. [14] observed the characteristics of the HT and SPF
of CoFe,0,4 nanoparticles with viscous dissipation toward a
stretchable sheet. They professed that the profile of tem-
perature reduces due to magnetic and Eckert numbers.
The enhancement of HT by utilizing a non-Newtonian fluid
through sodium alginate (NACgH,Og)-based non-magnetic
and magnetic particles was explored by Hussanan et al
[15]. Joshi et al. [16] assessed the influence of the high-order
chemical reaction on the magneto flow of water-based hybrid
NFs across a permeable bidirectional stretched sheet with
volumetric heat generation. The results obtained from the

DE GRUYTER

current problem show that the thermal profile grows as the
volume fraction increases, while the velocity decreases. The
characteristic of magnetic flow induced by hybrid NFs past a
stretchable sheet with the mechanism of slip effect was
inspected by Pandey et al [17]. They observed that the velo-
city augments due to the free convective parameter. Tadesse
et al. [18] investigated the 2D Darcy-Forchheimer flow (DFF)
toward a stagnation point past a shrinkable sheet induced by
magnetic ferrofluids with convective heating and dissipation
effects. The findings suggest that there are two possible solu-
tions for the shrinking sheet. Tshivhi and Makinde [19]
explored the influence of MF on the flow and coolant HT
made of NF across a heated movable sheet. It is discovered
that there are dual solutions within a particular range of
shrinking sheets. Shafiq et al [20] discussed the impression
of erratic radiation on the DFF and HT incorporated by
CoFe,0, Casson fluid past a rotatable stretched sheet. Usman
et al [21] examined the water-based CoFe,0, and copper
nanoparticles by considering the theory of Darcy-Forch-
heimer through an exponentially stretched sheet with radia-
tion effect. The nonlinear heat source/sink effects on an
unsteady flow through a deformable sheet induced by
water-based CoFe,0, nanoparticles with porous media were
scrutinized by Waini et al [22]. Dual solutions are found for a
particular strength of the shrinking parameter along with the
unsteady parameter. Tshivhi and Makinde [23] examined the
combined impact of Joule heating and MF on the dissipative
flow of NF across a slippery and shrinking surface and
obtained dual solutions. The stability analysis is also per-
formed to check the stable solution and found that the upper
solution is stable, whereas the lower solution is unstable.
Recently, Murtaza et al [24] explored the significance of
CoFe;0, nanoparticles through irregular viscosity and
second-order slip past an extendable sheet in a porous media.

For a more extensive understanding of engineering
and manufacturing technology issues, it is crucial to take
into account research on boundary layer phenomena that
focus on non-Newtonian heat-transfer substances. These
substances advance widely during many industrial pro-
cesses, including missile guidance, fluidization, nuclear
reactor cooling, rain erosion, aerosol, and paint spraying.
Although the existence of such substances is extremely pro-
blematic, numerous fundamental models/problems have
been created and investigated to determine the proper
flow behavior. One of the subclasses of the non-Newtonian
fluid models is the Eyring—Powell fluid (EPF) model. As
opposed to other non-Newtonian fluids, the model of EPF
has a substantial advantage because, in place of empirical
relations, it is derived from the key theory known as the
“kinetic theory of gases.” More importantly, it advances at
high shear rates as a viscous fluid [25]. The subject of EPF
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across a constantly movable porous surface with a parallel
free stream has been addressed by Jalil et al [26]. Hayat
et al. [27] explored the significance of convective boundary
conditions (BCs) on the flow and HT induced by EPF across a
movable surface with a stable free stream. They presented
an analytic solution. The features of fluid flow and thermal
transport across a shrinkable surface were investigated by
Rosca and Pop [28]. They performed the stability analysis to
find a stable solution. Rahimi et al. [29] studied the viscous
flow of a non-Newtonian EPF across a stretchable sheet and
exploited the collocation technique to acquire the posited
outcome. It is observed that raising the fluid material para-
meter causes the velocity to drop while expanding the EPF
material parameter causes it to increase. Reddy et al [30]
reviewed the impression of chemical reaction on the MHD
flow of EPF past a stretching slandering sheet with solar
energy, solutal, thermal, and velocity slips. It has been
observed that larger values of radiative HT have a greater
impact on the temperature. Abbas and Megahed [31] explored
the influence of radiation on the dissipative flow of EPF past a
stratified surface in a porous media and obtained a numerical
solution by the Chebyshev spectral technique. It is demon-
strated that the temperature profile is dramatically impacted
by the existence of viscous dissipation and thermal radiation
in the fluid flow. Recently, Aljabali et al [32] investigated the
relationship between the motions of dusty scale particles
under the impact of buoyancy convective flow of EPF. The
finding suggests that the particles of dusty have an influ-
ence on fluid motion, which caused a slowdown in fluid
transmission.

The current study uses a model developed by Tiwari and
Das [33] to investigate the EPF flow of NACsH,O¢ (sodium
alginate)-based CoFe,0, NF via a deformable (stretchable/
shrinkable) horizontal plane surface (DHPS). To fully under-
stand the nuances of NF flow, irregular heat source/sink and
magnetic effects are also accomplished. The modified system
of ordinary differential equations is obtained using the simi-
larity parameters, and it is then numerically determined using
the bvp4c. In this examination, bifurcation values for the
substantial constraints are also presented. The attained bifur-
cation values are renowned as the value at which laminar
boundary-layer flow (BLF) separates from turbulent BLF.
Since, the non-unique solutions or dual solutions frequently
occurred due to the case of the shrinking/stretching sheet, the
mass transpiration velocity and the posited unconfined vorti-
city inside the boundary layer. As a result, when the key out-
come rate is reached, operations for some items can be
designed to produce the required results, and productivity
will be optimized. Therefore, it is advantageous to investigate
the sodium alginate-based CoFe,0, nanomaterials with EPF,
including the controlling factors that can slow the process of
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flow separation and speed up the rate of HT. This endeavor is
important because it will serve as a future resource for engi-
neers, fluid mechanics experts, scientists, and practitioners. It
will also serve as a foundational analysis for actual applications.

2 Mathematical formulation of the
problem

Let us consider the three-dimensional incompressible MHD
EPF (non-Newtonian) model with HT characteristics con-
veying CoFe,0, nanoparticles in a regular NACsH,O¢-based
fluid over a DHPS subjected to irregular heat source/sink
and suction effects. The following equations guide the EPF
model:

divVv =0, @

Paipy = VP divs, @
where V signiﬁes the velocity vector field, p,; indicates the
NF densuy, . represents the operator for the material time
derivative, p represents the NF pressure, and S stands for
the tensor of Cauchy stress. It is indicated that the consti-
tutive equation for the NF model of EPF is as follows [34]:

1
S = u,;VV + — Sinh!
By

1
—VV|. 3
Sy ] ©®

The final term on the right-hand side of Eq. (3) can be
expressed as [34], which is the second-order estimation of
the function:

where u; is the viscosity of the NF, and g, and &, signify
the material constants of the EPF model. The physical con-
figuration of the non-Newtonian three-dimensional flow
problem is exposed in Figure 1, where the geometry is
designed via the Cartesian coordinate system X, y,, and
Zp, which is used with corresponding velocities uy, vy, and
wy. Here, x;, — axis and y, — axis coordinates are reserved
literally for the respective SMW (streamwise) and SNW
(spanwise) directions, while the z, — axis is perpendicular
to the DHPS. Assume that the velocities of both SMW and
SNW at the HPS (horizontal plane surface) are represented
by uwp(Xp) = Ax{" and vyp(xp) = BX.", in which, A, B resemble
the stretching rates [35] in the corresponding x;, — and y, —
directions. Moreover, wy(X,) = wy corresponds the suction/
injection velocity with wy < 0, and wy > 0 represent the cases
of injection and suction, respectively, whereas the impermeable

1
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Figure 1: Physical model and Cartesian coordinates.

HPS is represented by wy = 0. Also, it is assumed that the
constant temperature located in the HPS and ambient tem-
perature are referred to the corresponding notations such as
Typ and T... A constant MF By is applied normal to the HPS.
The magnetic Reynolds number is treated as a very small
quantity to ignore the induced MF. For thermal improvement,
the CoFe,0, nanoparticle is considered into the regular-based
(sodium alginate) fluid to form the requisite NF.

With the help of the above-stated assumptions and the
boundary layer approximations, the main simplified equations
in terms of PDEs of the NF can be written as follows [32,34]:

ou ov ow
% 9% 9% _ 0, (5)
ox, ay, 07y,
ouy ouy ouy
Prg|Ub ox; Vb 3y, Wy azb] ©
B S U -2 U -7 -,
e ™ g s [az2 ~ 2B,60%\ 02y ) 022 | OO
b 6vb th
Pu|Uvg = * Vb 3y, b oz, o
I R S - U -7 T
e " g s [oz2 ~ 28,800\ 0z ) 022 MO
oL,  oT, oT,
Codnt|Up—— + Vp—" + Wp—
(p p)nf[ box, TP o, Yo
*Ty  Knfllwp(Xp) ©)
= K + AX(Typ - To)e™?
nf azg XoVn [ c( whb )

+ BC*(T}) - TOQ)]:
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subject to the following physical BCs are

Up = Plbwp(Xp), Vb = YVwb(Xp), Wy = Wy, T, = Tyyp at
7z =0, 9

u, —»> 0,vy, — 0, T, » T, as z,, — oo.

Here, 6, and By, refer to the EPF or material constraints,
T, is the temperature of the NF, A7 denotes the “exponen-
tially decaying space coefficients,” and B; is called the “time-
dependent heat absorption/generation.” Additionally, the
negative and positive simultaneous values of A; and B/
formed the posited phenomena of heat sink and heat source,
respectively. Therefore, the DHPS is denoted by y, with ., > 0
for “stretching case,” and y, < 0 for “shrinking case” while
the case ), = 0 represents the static HPS.

In addition, the lasting mathematical notations used in
the aforesaid equations for the thermophysical properties
(TPPs) of the NF are gy the “electrical conductivity,” p,; the
“density,” kys the “TCN,” 1, the “viscosity,” and (pcp)ns the
“specific heat.” Hence, Table 1 shows the relationships of
these TPPs of the NF.

Furthermore, the symbol ¢, parades the solid nano-
particle volume fraction. However, the specific condition
@, = 0 reduces the equations of the NF model into a car-
rier-based NACgH,0¢ (sodium alginate) fluid. Likewise, the
subscript notations like nf, s, and f, respectively, called the
NF, nanoparticles, and the carrier-based NACgH,0¢ fluid.
However, ¢, refers to the requisite posited “heat capaci-
tance at uniform pressure.” The experimentation data set
of the regular base NAC¢H,0¢ fluid and the CoFe,0, are
quantitatively mentioned in Table 2.

To comfort the scrutinization of the model, therefore,
we posit a similarity ansatz satisfying the above “conti-
nuity equation” (5) as follows:

Table 1: Requisite posited correlations of NACgH,O¢-based CoFe,04
nanoparticles [18,19,36]

Properties NF correlations

Absolute viscosity s = (1 — @ )%

Density Pe

pnf = pf[(psc[pif] + (1 - (psc)]

Heat capacity (pp)sc

(pcpInt = (pcp)f{%c[ (pcp)p] +(1- wsc)]

Thermal conductivity (ksc + 2kp) - 205.(ke - ksc)
Kant = K| "Gk 2y oyt o)

Electrical conductivity
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Table 2: TPPs of the NACgH,Og-based fluid and the CoFe,04 nanopar-
ticles [37,38]

Properties p(kg/m3) ¢p (/kgK) k (W/mK) o (S/m) Pr
NACgH,06 989 4,175 0.6376 260 x10™*  6.45
CoFe,0,4 4,907 700 3.7 1.1 % 107

U, = AXy'F'(§), vy = BXy'G'(§), & = (A/v)Y2C(xy)2s,

JAUg _ m% (10

| 'F() + x5 ¢ WF(O) - FOR|

Wy = —

where ¢ refers to the “pseudo-similarity variable” and a

prime indicates the differentiation by variable . Also,
C=C(x) and Cy, = dC(X")
SNW Egs. (6) and (7) for momentum are changed into the
following reduced form as follows:

ﬁ ﬁ + LICZF”/ _ pf A3 mC4 Ay m
Pos( 45 ByOvlds Pt 2By0031; Vs
_ an/Uf O'fB()Z ’ 1D
PuslPr ) PA
C
+ [mx]g"‘1 - O - mg! T = 0,
ﬁ[@ . ;’ s _ Pt ABPETCH
Pre| MBSl Pt 2BSn3sUt
PutlPr ) PrA

C
[mxg"'1 - O FG” - mxg G = 0.

To obtain the similarity equations (see Weidman [35] and

Khan et al [39]), the following term was adopted as follows:

C
Cn _ Kam 13)
C X
Now, using integration by parts, we obtain
C = D™, (14)

where D, and K, are requisite arbitrary constants. In addi-

i %] 3m-1
tion, we put B, = Bx,'  ’, and 8y = 8xp, *  function with
m-1
constants EPF parameters 8, and &, while o; = of*be is
the base fluid electrical conductivity which is assumed as a
function of x, that makes the momentum equations are
dimensionless. Substituting Eqs. (13), (14), and the above
functional parameters into both (SMW and SNW) Egs.
(11) and (12) yields

. Using Eq. (10), the SMW and

Heat transfer characteristics of cobalt ferrite nanoparticles = 5

V4

Prfbne 1
Pu Uy BSell
P 1 A
Prg 2BSctty - 826w
O'nf/Uf] aBpg 1
Pnf/PfJPfAD “Xp gnt

mx™
D ixem

mD ZXZKcm

F72F™
(15)
[FF”

m-1
cmXb

D, ZXZKC

F’2= 0,

"

ﬁ[& L1
Pus My Bbelts
P 1 ABA"DAG ™
Pas 2BSctty 8" v
an/af] GfBOZX];n ! 1
Pre!Ps J PfAD “Xp

mx™
D bxem

G ” ZG "
(16)
G//

m-1
cmXb

D, ZXZKC

G'E’ =

Thus, the coefficient of FF” and the coefficient of FG”
are equally set to unity, so that,

+1 -1
D, = mr2 ,and K, = m-2 , o))
2 2m
and Eqgs. (15) and (16) become as follows:
1 +1) 22
—[ﬁ . za]F”' - [m ] =2b puspar y ppe
PuslPe | K 4 ) puelp 18)
o 2m [ 2 ]cnf/anF, 0
m+1 m+1Jpnf/pf
1 + 1) 2%
[ﬁ + Ea]G/// — [m a<b ECZG/IZG/// + FG//
PrelPe( 4 ) puglpy 19)
2 2
- pg - [ Out 9% 1 7 = o,
m+1 m+ 1) pelp;

Moreover, the distinguished parameters in the dimension-

less form are defined as follows: X, = and Xy, = Sf the

BSelty 8c.u
o5 the magnetic parameter, and E, =
A gn p ’ C

EPF parameter, M, =
the stretching rate ratio parameter.

In addition, using Eq. (10) along with S(§) = T _ ,the

energy Eq. (8) is changed to the following obligatory form:

Cy,
mxﬁ"'l - ?X

”

C* kutlke

Pr (pcp)ne/(pCp)s

. L Ruilk)(Ouslp ™!
Pr ((pcpnt/(PCp)e)(thne/ile)

FS’

(20)

[Afe¢ + BS] = 0.
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Using Eqgs. (13, (14), and (17), the same practice is fol-
lowed to renovate Eq. (20), so that we obtain

2 ][p][k]

m+ 1 [I-lnf]

Furthermore, the suction/injection factor for the HPS is
given by

ES” + Pr(pcp)nf
kf (pcp)f

FS’ + [ + B’S]

21

=0.

Wo = JAUe [m + 1]X1;n_1fwc’ (22)
C 2
and the changed BCs are
G(0) = 0, F(0) = f,,., G'(0) = F/(0) =y, S(0) =1, @3)

G'(§) = 0, F(§) = 0, S(§) ~ Oas § - =,

where f, . refers to the suction/injection factor with f,. > 0
refers to the case of suction and f,,. < 0 refers to the case
of injection, whereas f, . = 0 refers to the impermeable
HFS. Also, the Prandtl number is represented by Pr = v¢/a;.

In this examination, it is pointed ready that a given
model is compacted to the “third extension of the Bank’s
problem” (see Weidman [35]); if f,. =0 (impermeable
surface), M. = 0 (without MF), y, = 1 (stretching surface),
2, =0, Z, =0 (Newtonian model), and o, = 0 (carrier-
based fluid) are examined. However, Weidman [35] did
not include the HT characteristics because the equation of
energy was left out or omitted. In addition, due to the case of
viscous fluid, with no effects of the MF, permeable flat plate and
Newtonian model are considered, Egs. (18) and (23) can also be
simplified to Miklav¢i¢ and Wang [40] (linear shrinking) and
Fang [41] (power-law shrinking). These published works also
did not explore the requisite energy equation.

The gradients of engineering physical interests are the
skin friction coefficient in the SMW (C¢), the skin friction
coefficient in the SNW (), and the local HT rate (HTR)
Nu,, , which is defined as follows:

Cr=— 1 |ow 1 [ ouy ]3
f ﬁb6h oz,  6B,6:| 02 ’
= —— 1 |ow __1 [% ’
s PeVich Hng ﬁbéb 0z, 6B, 0z ’ (24)
and
b b

Nu, = ———|-ky— )

o ke(Tp - Too)[ “fazb] 1m0
Using (10), (13), (14), and (17) with S(¢) = 7 —7- into the

aforementioned Eq. (24), the following obtained dimen-
sionless form of the gradients takes place:
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m+ 1 ‘u ”
RelCi = [u—ff + I, |F/(0)
m +
- ZpF(0
2]
12~ |mA1 1y "
Re}?, Gy = A +Z|G70)  (25)
m+1 2
- LaZnG"(0)3
[ o pmacror|
and
Re2Nuy, = - ﬁs 0
exbxh uxh - 2 ( )
Hence, Rey,y, = %ﬁ"m’ and Rey ,, = W2 are the

local Reynolds number.

3 Entropy analysis

The expression of volumetric entropy generation induced
by Eyring—Powell NF is given by
1 aub +
B 6h aZb

4
+ %
6zb

avb :
Hpe * F

aZb

_ ku(oB), 1
T:\0z,) T 1

zﬁb‘sb

6ub
aZb

(26)

2
oneBy
+

(ug + vh2.
The characteristics of entropy generation can be
expressed as

Kke(Tup — To)?

EGO = ngO%

27
Similarity transformation (10) can be used to write the
dimensionless form of the entropy generation as

EG.
EGo
kns[m+1 ,
-t
= Ly [m + 1B Reyy,
[.lf 2 .Qb
_ Zp(m+ 1]2
2 | 2
E BrbRexbxh
Of ¢ -Qb

NG* =

(F” + EG")* (28)

By, Re XbXp
Qy

(F” + ECG//)4

(F? + EXG),
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Ueugy Q= (T~ )
ke(Tup - T)® 290 T,

stretching rate ratio parameter, Brinkman number, and
temperature difference parameter, respectively.

stand for

B
where E.= T B =

4 Temporal stability analysis

We have examined the stability of dual (upper and lower)
solutions as time progresses. Initially, Merkin [42] intro-
duced the procedure of the stability analysis, and later
on, Weidman et al. [43] followed. First, we begin with the
newly established variables for the assessed process as
follows:

oF (¢, aG(¢,
u, = Axﬁni(ai Tb), Vp = Bxg"igiC Tb),
£ = (AN COw)z, SE B) = 2=

£ bz, SG ) =7

29)

A . oG,

i = A e, ) 4 xS g2
- F(&, rb>”,

where 7, = AX"t, signifies the new-fangled non-dimen-
sional time. In addition, the following can occur in the state
by applying the aforementioned Eq. (29) to the time-depen-
dent or unstable form of the necessary leading Egs. (6)-(8)
as well as Eqgs. (13), (14), and (17). Thus,

S LRI LY e
Pulpe| by )08 4 )pylps|0¢*) 08°
2
afz m+ 1| o0&
_[ 2 )onlof g_[ 2 ]aZF -0
m+1)pelp; 08 (m+1)ogos,
(O L [m+ 1] Ly o [aZG] G
Puclocl e 653 4 Jpulpy “1 08 ) 08°
2
+Fa _ 2m or (31)
082 m+1 6E
[ 2 \ont/or 2 ] 0%G
_ M =0,
m+1)p.elps af m +1)0éoT,
kne/ke 0% . 9S
Pr(pcy)nt/(pey)e 05*  ~ 9
[m][ﬁ] (32)
+[ 2 ) |e )k [A*e‘f+B*S]-[L]£
m+1) ¢ ¢ m+1Jog,’°

(pcpInt Mg
(pepds | u¢
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according to the relevant BCs:

dF(0, aG(0,
G(0,%) = 0, F(0, %) = f,, (af LY éEZTb)
~ Y SO.5) =1, 33)
9G(, 1) OF (¢, 1)
aE ) aé« O’ S(E’ Th) 0
as & — oo,

Following that the subsequent relationships are
regarded as follows (see Weidman et al. [43]):

F(, 1) = Fo(§) + e (£),
G, B) = Go(§) + g (§),
S, ) = So(§) + es(8),

where the stable solution of F = Fy, G = Gy, and S = Sy can
effortlessly perturb PDEs (6)-(8). Furthermore, the func-
tions f (&), g(¢), and s(&) in Eq. (34) are moderately minor
as associated with Fy(§), Go(¢), and So(§). The stability of
the results is concluded by the sign (positive or negative)
of the eigenvalue I;,. Through setting, 7, = 0, we have
() = fo(5), &(§) = £,(&), and s(§) = so(¢). Using Eq. (34)
in Eqgs. (30)-(32) yields the linearized eigenvalue problem

1 _ @ +EV”/ _ [m + 1] ZaZb (ZF” 1 £ 11
0

(34)

Puslos| y T f° 4 ) pylps
R+ Rofy + fF 35)
o 4Am (2 )owlog [ ]
L [m+1 Pt Py So* |1/l
= 0’
1 [y ]g [m + 1] Zaly Ly
— 4+ E " _ (ZG "
Put/Ps | Us o 4 ) pyelpy 1608y
+ 66/2g0///) + FOgO// + .f‘OG//
LGy - [ Ont /0t (36)
070 m+1 P /pf 0
+ [m n 1]Fbg0, =0,
ke /ke
———— sy + FgSg + [,.Sg
Pr(pcyurl ey 0 0%+ JoSd
[Pnf][knf] (37)
[m + 1]P (pcp)nf [1nf [ 1][1')30’
T e
subject to BCs
&(0) =0, £,(0) =0, f;(0) = g;(0) = 0, s0(0) =0, @8)
&) =0, f7(§) = 0, sp(¢) » 0as g — c.
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Adjusting the value of f;(0), g;'(0) or sy’(0) yields the
equivalent positive or negative values of I} in the afore-
mentioned Egs. (35), (36), and (37). Maintaining generality
without losing, we set f;"(0) = 1 and discover the eigenva-
lues I, by solving the set of related Eqs. (35)—(38) (see Khan
et al. [44] and Duguma et al. [45]).

5 Numerical method

The dimensionless group of extremely difficult nonlinear
Egs. (18), (19), and (21) along with BCs (23) cannot be solved
analytically or exactly. Consequently, the collocation for-
mula has been used to numerically solve these dimension-
less form equations through the fourth-order boundary
value problem (bvp4c). This code, which is included in
MATLAB, provides the solution for the well-known 3-stage
Lobatto IIIA formula, which is likewise based on the finite
difference method. The new variables must first be intro-
duced for the bvp4c package to function. Then, we can use
them to obtain the set of first-order equations from the
governing dimensionless equations. Several reasonable
initial guesses were needed for the software to get an
improved result. Furthermore, the BCs when ¢ approaches
to infinity are replaced by those at £ = &.. Asymptotically
convergence criteria and precision up to 10~ level error
tolerance are met in every instance during the iteration
process. More about this procedure can be seen in the
article Shampine et al. [46].

6 Analysis of the results

This section of the study shows the full physical clarifica-
tions of our entire results for all of the different contained
embedded parameters. Table 3 displays a comparison of
the HTR for the different values of Pr based on the acces-
sible works when ¢ =f, =Zy=Zy =M. = Al = B =0,
m = 1.0, and y. = 1.0. The available and prior findings are
nicely aligned and produce an excellent sound based on
the results of the above table. The smallest numerical
eigenvalues I; for a diverse value of ), are displayed in
Table 4. According to this table, the upper branch (UB)
solution is physically and temporally feasible since the
value of the least eigenvalue is positive. It is evident
from the negative value of ), that the lower branch (LB)
solution is unstable and not consistent with physical rea-
lity. This perfect match can reassure us that the current
executed scheme is well enough to apply and locate the

DE GRUYTER

Table 3: Numerical comparison of HT values for the selected sundry
choices of Pr when f,,. = Z, = Z, = M. = A{ =B = ¢, =0, ), = 10,
andm =1.0

Pr Devi and Wang [48] Khan and Present
Devi [47] Pop [49] results
20 0.9135 0.9114 0.9113 0.9113543
6.13  1.75968 — — 1.7596836
7.0  1.89540 1.8954 1.8954 1.8954001
20.0 3.35390 3.3539 3.3539 3.3539025

unobtainable results. Figures 2-15 are prepared to examine
the influence of the sundry physical constraints on the
shear stress in the SMW, SNW, and HTR. Also, the entropy
profiles are portrayed in Figures 16-18. In addition, the
smallest eigenvalues I, are also shown by the graph
(Figure 19). The considered model proposes two solutions,
an UB solution and an LB solution for the variance of the
sundry parameters. The UB solution is denoted by solid
blue lines, and the LB solution is denoted by dashed blue
lines. On the other hand, the intersection of the UB and LB
is commonly referred to as a bifurcation point.

Figures 2—4 illustrate the influence of m on the shear
stress coefficient in the SMW direction, shear stress coeffi-
cient in the SNW direction, and HTR of the NACgH,0g4-based
CoFe,04 nanoparticles, respectively. The UB and LB out-
comes are created in these graphs for the circumstance
of the suction parameter. The products of friction factor
in both directions of the UBS for NAC¢H-O4-based CoFe,04
nanoparticles improve with the remarkable augmentation
of m versus mass suction parameter f,.. However, opposite
monotonic behaviors are established for the LBS with

Table 4: Smallest eigenvalues I, for a diverse value of y, when Z, = 0.1,
m =20, ¢, = 0.025, E. =05, A7 = B/ =01, %, = 0.5, and f,,. = 2.0

Ye Smallest eigenvalues ),

Upper solution Lower solution

-0.3 1.9435 -1.6435
-0.5 1.8317 -1.5345
-0.8 1.6673 -1.3672
-1.0 1.3534 -1.1427
-1.05 1.2234 -1.0584
-1.1 1.0234 -0.9145
-1.12 0.9367 -0.8246
-1.14 0.8466 -0.7657
-1.16 0.7534 -0.6567
-1.18 0.6393 -0.5389
-1.2 0.4534 -0.4358
-1.21 0.3638 -0.2167
-1.214 0.0145 -0.0250
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Figure 2: Shear stress in the SMW direction versus f,,. for distinct values
of m when Z, = 0.1, Z, = 0.5, M. = 0.1, E. = 05, A’ = B = 0.1,
¢, = 0.025, and y, = -1.0.

superior consequences of m. Besides, the condition is noted
that m is the power exponent constraint for the
momentum distribution, whereas m =1 and m > 1 refer
to the instance of linear and nonlinear (power-law)
stretching/shrinking velocity, respectively. As proved in
Figure 4, the higher power-law index parameter value
upsurges the HTR in both (UB and LB) outcomes. Addition-
ally, the rate of HT is higher for the power-law index para-
meter valuesm = 2, 3 as compared to the linear casem = 1.
Also, the solid gray ball in all three above-stated graphs
denotes the point of bifurcation where the UB and LB solu-
tions are merged. At this particular point, the outcomes of
the problem are unique and mathematically it is denoted

4.5 T T T T T T

4r O upper branch solution

m = 1.0,2.0,3.0

0.5 F Stesol 7
or {} lower branch solution RN
205 . X ) . ) .
1.8 1.9 2 2.1 2.2 2.3 2.4 2.5

f’LUC

Figure 3: Shear stress in the SNW direction versus f, . for distinct values
of m when Z; = 0.1, &, = 0.5, M, = 0.1, E. = 0.5, A, = B, = 0.1,
¢;, = 0.025, and y, = -1.0.
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24 T T T T T T

O upper branch solution
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m = 1.0,2.0,3.0

{_} lower branch solution

10 L L . L L .
1.8 1.9 2 2.1 2.2 2.3 2.4 2.5

wa

Figure 4: Variation of HTR versus f;,. for distinct values of m when
Za=01,2,=05 M. =01, E. = 05, A{ = B; = 0.1, ¢, = 0.025,
and y, = -1.0.

by fi. = ficC, where f, C is the bifurcation or critical
point. This bifurcation point will be changed via changing
the values of m, see the located graphs. Meanwhile, the
outcomes are not unique for the case of f,. > f,.C, and
no solutions exist for the case of f,,. < f,,.C when we do the
variations in the power-law index parameter f, . = f,..C.
With higher values of m, the absolute or magnitude of the
bifurcation values are augmented. This design highlights
that the BL separation decline from the HPS with greater
impacts of m.

The effect of Z;, on the friction factor coefficients in the
directions of SMW and SNW of the NACgH,Og-based
CoFe,04 nanoparticles for the UBS and LBS are presented

3 T T T T T
25l O upper branch solution
2 -
S
DQ 15F b
g >, =05,2.0,3.5
AAN] ANOKS
8} 1r RSN b
&
)..'
osF TTmeel 1
o Ty
{_} lower branch solution
05 . . . . .
1.9 2 2.1 2.2 2.3 2.4 2.5

f’LUC

Figure 5: Shear stress in the SMW direction versus f,,. for distinct values
of Z, when Z, = 0.1, m = 2.0, M, = 0.1, E. = 0.5, A’ = B = 0.1,
¢, = 0.025, and y, = -1.0.
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4 - : - . ;
3571 O upper branch solution
3 L
25
Dm
g 2r >, =0.5,2.0,35 1
qu_)pa 1.5F \‘\C:\ e
1k ‘:Ssssss‘ B
osl ‘*‘55555553=‘
0F .
9 lower branch solution
05 . . . . .
1.9 2 2.1 2.2 2.3 2.4 2.5

f’LUC

Figure 6: Shear stress in the SNW direction versus f;,. for distinct values
of Z, when Z, = 0.1, m = 2.0, M, = 0.1, E. = 0.5, A = B = 0.1,
@, = 0.025, and , = -1.0.

20 : : : . :
O upper branch solution
19
§ 8 3, = 0.5,2.0,3.5 1
e 17T .
(S
O
S et -
15 1
\':,‘ lower branch solution
14 . . . . .
1.9 2 21 22 23 24 25

fwc

Figure 7: Variation of HTR versus f,,. for distinct values of Z;, when
L,=01,m=20, M =01, E =05, A’ =B = 01,9, = 0.025,
and y, = -1.0.

in Figures 5 and 6. From these graphical structures, it is
recognized that the friction factor coefficients in both
directions decline for the UBS with growing the material
or non-Newtonian (EPF) parameter X, but a notable aug-
mentation is observed in the LBS. On the other hand, the
HTR with rising values of Xy, for the outcomes of UB as well
as LB is shown in Figure 7. Superior Z, central to a con-
siderable improvement in the values of HTR for the LBS,
whereas retardation is noticed for the branch of the US.
Generally, the absolute viscosity u; and the material para-
meter 2, follow the inverse relation. Therefore, a signifi-
cant increase in the value of X, produces a reduction in the
value of y,, and as a consequence, the velocity profile is

DE GRUYTER

O upper branch solution

20 M
I‘-

) lower branch solution
. . . . . . .

-1.2 -1 -0.8 -0.6 -04 -0.2 0 0.2

Ve

.5
-1.4

Figure 8: Shear stress in the SMW direction versus y, for distinct values of
@, when Z, = 0.1, m = 2.0, M; = 01, E. = 0.5, A; = B = 0.1, 5, = 05,
and f,. = 2.0.

4 T T T T T T T

O upper branch solution |

S
g
NS or
\8)
Sy
=2 F
-3+ S
i_} lower branch solution
4 ‘ . . . . . .
-14 -12 -1 -08 -06 -04 -02 0 0.2
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Figure 9: Shear stress in the SNW direction versus y, for distinct values of
¢;, when Z, = 0.1, m = 2.0, M, = 0.1, E. = 0.5, A] = B{ = 0.1, Z, = 0.5,
and f,. = 2.0.

boosted. Thus, the friction factor coefficients in both routes
of the NACgH,O¢-based CoFe,0, nanoparticles should,
therefore, decrease as the velocity increases. In addition,
the bifurcation value developments in magnitude or abso-
lute due to stronger impacts of the material parameter Xy,
Thus, a delay in the separation of the BLF from the HPS is
perceived because of the higher consequence in the values
of Eb.

Figures 8 and 9 illustrate the outcome of the friction
factor coefficients in both directions of the regular
NACgH,04-based CoFe,0, nanoparticles for the UBS and
LBS with growing values of ¢, . The outcome in both graphs
shows that the shear stress for the UBS declines in the
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16.4 T T T T T T T T

O upper branch solution
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15.4 | -
(_) lower branch solution
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Ve

Figure 10: Variation of HTR versus y, for distinct values of ¢, when
Z,=01,m=20,M.=01,E =05, A’ =B =01, Z, = 0.5,
and f,. = 20.

situation of stretching and escalates in the situation of
shrinking due to the superior effects of ¢, . However, con-
tinuous reductions are seen for the LBS in the case of
deformable with increasing ¢ . Figure 10 exhibits the influ-
ences of ¢, on the HTR of the NACsH;0¢-based CoFe;04
nanoparticles for the UB and LB solutions. It is professed
that the outcome of HTR escalates owing to the advanced
values of ¢ . Generally, the EPF flow TCN develops with
higher impacts of ¢ , as a fallout, the HT upsurges. Addi-
tionally, two separate (UB and LB) branches meet at a
single location known as a critical point. At this position,
the results are exceptional (or unique) and scientifically it

2.5 ; ; ; ; ; ; ; .
2+ O upper branch solution -
15}
1k
)
s 0S5 F
g
TSy
v Or SR
S M, = 0.0,0.05,0.10
-0.5
-1t \\‘:\:\\\ i
-15¢} (_.‘ lower branch solution AN -
14 -12 -1 -08 -06 -04 -02 0 0.2
Ye

Figure 11: Shear stress in the SMW direction versus y, for distinct values
of M. when Z, = 0.1, m = 2.0, ¢;, = 0.025, E. = 0.5, Al =B =01,
Z,=05,and f,. =2.0.
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3 T T T T T T T T

O upper branch solution
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g oL
— S 0
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& | M. =00,0.05,0.10 X
21 BN
{_} lower branch solution
3 . . . . . . . .
-1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0 0.2
Ve

Figure 12: Shear stress in the SNW direction versus y, for distinct values
of M when Z, = 0.1, m = 2.0, ¢, = 0.025, E. = 0.5, Al =B =01,
Zy, =05, and f,,. = 2.0.

is expressed as . = y.C, where ),C corresponds the critical
point. For the specific domain areas such as y.C <y, < o,
and -o <y <yC, the dual outcomes and no outcomes
exist, respectively (see Elatter et al. [50]). Owing to greater
impacts of ¢, the bifurcation or critical values in magni-
tude declines. This behavior is triggered due to the
stronger effects of Os.5 and hence the rise of the flow
separation from the HPS.

The consequence of the magnetic parameter M, on the
friction factor coefficients in both directions and HTR of
the NAC¢H,0¢-based CoFe,0, nanoparticles for the UB and
LB solutions are revealed in Figures 11-13, respectively. For

16.4 T T T T T T T T

O upper branch solution

15.8 F 1
15.7 F j
15.6 F 1
1551 lower branch solution
15.4 s . . s s s . )
-1.4 -12 -1 -08 -06 -04 -02 O 0.2
Ye

Figure 13: Variation of HTR versus y, for distinct values of M, when
£,=01,m=20,¢, =0.025 E =05, A7 = B} =01, 5, = 05,
and f,. = 2.0.
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16.2 . . : . . i .
16 O upper branch solution
158 Af, BX¥=0.1,0.3,0.5

15.2f
15f
14.8 {1 lower branch solution .
14.6 . ; . . . , .
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Figure 14: Variation of HTR versus y, for distinct values of A;, B > 0
when Z, = 0.1m = 2.0, o = 0.025, E. = 0.5, M. = 0.1, 2, = 0.5,
and f,. = 2.0.

rising M., the values of friction factor coefficients in both
paths upsurge for the UBS, while the trends are reversed
for the LBS. More especially, the outcomes for the UBS exist
if we go forward from shrinking to stretching plane sur-
face, but for the case of stretching, the LBS diminished due
to higher value of M,. However, the HTR is also enriching
for the UB and as well as for the LB results owing to the
superior impacts of M.. Physically, the Lorentz force oper-
ates along the fluid flow due to the implementation of an
MF in the laminar flow condition. The Lorentz force gen-
erates internal resistance within the boundary layer,
resulting in a dragging force. Therefore, the fluid particles

16.8 : - . . ; ; ;
O upper branch solution
16.6 |
A, B =-0.1,—-0.3,-0.5
16.4 -
=
S
3
Z 16.2
~
.-<|Ni;3
I 8 16r
<
15.8
15.6 | \':,' lower branch solution
15.4 ) " . ’ . . .
-1.2 -1 -0.8 -06 -0.4 -0.2 0 0.2
Ve

Figure 15: Variation of HTR versus y, for distinct values of A;, B, < 0
when Z; = 0.1 m = 2.0, ¢, = 0.025, E. = 0.5, M. = 0.1, 2, = 0.5,
and f . =20.
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Figure 16: Variation of entropy for distinct values of M, when Z, = 0.1,
m = 2.0, ¢, = 0.025, E. = 05, A’ = B = 0.1, %, = 0.5, Br, = 1.0,
Qp = 0.01, Rey,x,, = 10, and f,,. = 2.0.

undergo a reduction in momentum due to the consequence
of the Lorentz force, as a result, the velocity profiles
decline. Also, the friction force and the velocity follow
the basic law of physics called a direct relation. According
to this relation, the friction factor coefficients intensify in
both routes. Besides, the magnitude of the bifurcation
values uplifts with higher magnetic parameter and hence
delays the BL flow separation from the HPS.

Figures 14 and 15 portray the impact of the internal
heat source parameter, A7, B > 0, and heat sink con-
straint, A;, B; <0, on the HTR of the NACsH,0¢)-based

a x10°

8 O upper branch solution 1

NG*

Figure 17: Variation of entropy for distinct values of B, when Z, = 0.1,
m =20, ¢, =0.025, E. = 0.5, Al =B!=01,%,=05 M =01,
Qyp = 0.01, Reyy,, = 10, and f,,. = 2.0.
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Figure 18: Variation of entropy for distinct values of ,, when Z;, = 0.1,
m =20, ¢, =0.025 E. =05, A’ = B = 0.1, %, = 0.5, Br, = 1.0,
M. = 0.1, Rey,x,, = 10, and f,,. = 2.0.
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Figure 19: Variation of smallest eigenvalues Ij for a diverse value of J,.

CoFe,04 nanoparticles for the dual branches, respectively.
The greater impact of A, Bf > 0 leads to a substantial
decline in the UB as well as the LB outcomes. However, a
very opposite pattern or tendency is realized in Figure 15
when we increase the values of A;, B; < 0. Owing to altera-
tion the simultaneous positive and negative values of
A! and B;, as a result, the critical values are the same
(Figures 14 and 15). In light of this, the difference between
the UB and LB solution curves is preferable for the situa-
tion of a heat source as opposed to the effect of a heat sink
parameter.

Figures 16-18 show the behavior of the entropy gen-
eration for both solution branches due to the different
values of M., By, and Qy. These profiles suggest that the
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entropy accelerates by either improving magnetic or
Brinkman numbers. Meanwhile, it is decelerated due to
the higher impact of the temperature difference parameter
Qy. Physically, entropy is generated by all irreversibility
mechanisms, and as a result, the Lorentz forces cause
entropy to increase. Increasing the Brinkman number
leads to greater amounts of entropy generation created
by the irreversibility of the fluid friction.

Figure 19 shows the smallest eigenvalues I}, against the
shrinking/stretching parameter ), for the particular selected
magnetic parameter value such as M, = 0.10 when X, = 0.1,
m = 2.0, ¢, = 0.025, E. = 0.5, Al =B =01, Z,=05, and
fwe = 2.0. From the graph, it is seen that for positive values
of I, the term e % — ( as I}, — o and it explodes for higher
negative values. In other words, the sign of the smallest eigen-
value I;, for the first solution is positive, which signifies the
stability characteristics of the solutions. Meanwhile, the values
of smallest eigenvalue I3, for the second solution are negative,
which indicates the second solution long-term instability. As a
result, the upper solution is physically more trustworthy than the
lower solution since its stability reflects its physical reliability.

7 Final remarks

This article aims to investigate the NACgH;O¢-based
CoFe,04 nanoparticles on magneto flow and HT toward a
nonlinear DHPS with irregular heat source/sink and
power-law velocity. The dual or binary (UB and LB) solu-
tions were obtained using the bvp4c solver. The reliability
and validity of results were tested through stability analysis
in a few instances where it was determined that the current
results were equivalent to the prior ones. Numerous portraits
have been plotted to examine the effects of the various rele-
vant constraints on the shear stress in the respective SMW
and SNW directions, rate of HT and entropy generation pro-
files. We can draw the following important conclusions from
this investigation as follows:

» Multiple solutions are provoked only if the strength of
suction is applied and in the region of the shrinking
sheet.

* The shear stress in both directions as well as the HTR
augment due to the power-law index m and the suction
parameter.

¢ The shear stress in both directions and HTR decline due
to the EPF parameter.

* The sodium alginate-based CoFe,0, nanoparticles boost
the HTR in both resolutions while augmenting the shear
stress in SMW and SNW directions in the UB solution and
decline in the LB solution.
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* The presence of a magnetic parameter ultimately aug-
ments the shear stress in the UB solution and declines in
the LB solution, whereas the HTR uplifts in both
solutions.

» The HTR declines in the presence of source parameter

and uplift due to sink parameter in both UB and LB

solutions.

The entropy generation accelerates due to magnetic and

Brinkman numbers, while the opposite trend is observed

due to the temperature difference parameter.

» From the temporal stability analysis, it is recognized that
the UB solutions are stable and physically acceptable.
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