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Abstract: The lubrication phenomenon plays a novel role
in the chemical industries, manufacturing processes, extru-
sion systems, thermal engineering, petroleum industries,
soil sciences, etc. Owing to such motivated applications,
the aim of the current work is to predict the assessment
of heat and mass transfer analysis for non-Newtonian nano-
material impinging over a lubricated surface. The flow is
subject to the oblique stagnation point framework. The
lubricated phenomenon is observed due to viscoelastic
nanofluid. The impacts of chemical reaction are also
endorsed. The fundamental conservation laws are uti-
lized to model the flow problem and similarity transfor-
mation are used to transform the governing system of
partial differential equations into ordinary differential
equations. A thin layer of power law lubricant is used

to enhance the lubrication features. The numerical object
assessment regarding the simulation process is captured
by implementing the Keller Box scheme. The physical
characterization endorsing the thermal fluctuation with
flow parameters is inspected.

Keywords: viscoelastic fluid, chemical reaction, lubricated
surface, heat and mass transfer, numerical solution

Nomenclature

( ′a , )′b dimensionless constants
(C1,C2) constant of integration
Cf dimensionless skin friction coefficient

Cw surface concentration

∞C free surface concentration
DB Brownian diffusion coefficient
DT thermophoresis diffusion coefficient
jw mass flux

k thermal conductivity

k0 second grade fluid parameter

k* mean absorption constant

k1 dynamic coefficient of viscosity

Le Lewis number
Nb Brownian motion parameter

Nt thermophoresis parameter
NuX Nusselt number

p pressure
Pr Prandtl number

Q flow rate

qw radiative heat flux

Re Reynolds number

Rd radiation parameter

Sh Sherwood number
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Tw surface temperature

(u,v) components of velocity

(U,V) axial and tangential velocities of lubricant

ue axial velocity component at free stream

ve tangential velocity component at free stream

Tw surface temperature
∞T free surface temperature
( )δ x lubricated surface width

ρ density
μ dynamic viscosity
α thermal diffusivity
τ effective heating nanoparticles capacitance to

nanofluid heat capacity
σ* Stefan–Boltzmann constant
α1 viscoelastic parameter
β

c
chemical reaction parameter

λ slip parameter
γ shear at the free stream
τw wall shear stress component

1 Introduction

In fluid mechanics, stagnation point flow is defined as the
movement of fluid near the solid surface. Fluid splits up
into two surfaces or deviates its route when it approaches
the surface. Physical importance of stagnation point flows
is noteworthy since they utilize to commute velocity gra-
dients as well as estimate mass or heat transfer and skin
friction in the stagnation zone. A comprehensive literature
survey regarding stagnation points flow owing to its emi-
nent applications has been presented by numerous investi-
gators. Hiemenz [1] scrutinized the two dimensional motion
of viscous fluid in the zone of stagnation point on a flat plate.
Homann [2] discussed the axisymmetric flow in the zone of
stagnation point on flat surface. Hannah [3] analyzed the
Homan flow of stagnation point over disk which was
the broadening work of Homan’s genuine inquiry invol-
ving the plate flow following the stagnation phenomenon.
The moving surface according to the stagnation point
situation, a two-dimensional, viscous and incompressible
flow was examined by Rott [4]. On a flat plate, Weidman
and Mahalingam [5] did their research relating to the
axisymmetric flow of stagnation point problem. Maha-
patra and Gupta [6] examined stagnation point flow
approaching the stretched surface. The flow analysis for
a viscous fluid impinging obliquely on stretched sheet
was carried out by Lok et al. [7]. Nadeem et al. [8] inves-
tigated the dilemma of stagnation point’s flow for the
Jeffrey fluid on shrinking sheet. Weidman and Sprague

[9] investigated flow caused by a plate moving in a normal
to stagnation point flow. Irrotational stagnation point
flows by Hiemenz and Homan were contemplated. Two
Hiemenz planar stagnation point flows that were normal
to a uniform plate were explored by Weidman [10] for
their interaction.

The approaching impinging flow on a surface creates a
point of stagnation where the fluid velocity drops to zero.
The fluid flow surrounding this stagnation point is known
as stagnation point flow. In fact, stagnation point phenom-
enon preserved the extension of Hiemenz phenomenon.
Hiemenz flow, also known as the oblique stagnation point
flow, involves the flow of a liquid that adjusts to the surface
at a right angle. The prime investigation on this subject was
carried out by Stuart [11]. Tamada [12] studied the stagna-
tion point flow impinging obliquely over a oscillating flat
surface. The outcomes for two-dimensional oblique stagna-
tion point flow are presented through calculating exact solu-
tions by Dorrepaal [13]. Reza and Gupta [14] analyzed the
non-orthogonal situation for the stagnation point where
pressure gradient plays an important role. Weidman and
Putkaradze [15] investigated the stagnation point impact
for circular cylinder without considering the role of displa-
cement thickness and pressure variation. The micropolar
material flow with oblique stagnation point observations
was determined by Lok et al. [16].

Heat is an energy form which distributes energy to the
substance’s molecules in an accelerative way, and gathers
this kinetic energy on a massive level. Consequently, as this
energy approaches its maximum or minimum point, the
molecules or atoms are liberated from interatomic forces of
attraction and alter their state. Heat transfer is a mechanism
that happens when the temperatures of two substances
change i.e., from warm to cold or from cold to warm sub-
stance. Heat transport and flow using the second grade
fluid across a stretched sheet were studied by researchers
Dandapat and Gupta [17]. The transmission of heat in a
flow of stagnation point across a stretched sheet was stu-
died by Mahapatra and Gupta [18]. Analysis of analytical
solutions for the exchange of thermal energy and axisym-
metric flow in a viscoelastic fluid across a stretched sheet
was done Hayat and Sajid [19]. Attia [20] determined the
progress of heat transfer near the stagnation point region
in a porous medium for second grade fluid. In a boundary
layer stagnation point flow toward an extending or con-
tracting sheet, melting heat transfer was examined by
Bachok et al. [21]. The heating determination deduced
for Jeffrey fluid via flat surface with non-orthogonal stag-
nation framework was examined by Arshad et al. [22]. In
another attempt, Bano et al. [23] described a mathema-
tical model to discuss the heat transfer characteristics
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over a stretching cylinder. Labropulu et al. [24] reported
the effects of elasticity involving the heat transfer pattern.
Abbasi et al. [25] studied about radiated phenomenon for
obliquely moving surface.

The nanofluids attract the researchers due to many
applications in industry and biomedical science like cancer
therapy, cooling and heating processes, etc. Many organic
and inorganic fluids like grease, oil and ethyl glycol have
poor thermal and electric conductivity. Many techniques
are proposed in the literature to enhance the thermal and
electric properties of these working fluids. By adding nano-
particles up to size 1–100 nm having large thermal and
electric conductivity in the base fluid is commonly used
by many researchers and scientists. These fluids were
characterized as nanofluids for the first time by Choi and
Eastman [26]. Later on, Das et al. [27] carried out a study to
prove that by addition of 1% of nanoparticles in a base fluid
can enhance its thermal properties up to 100% more than
the base fluid. Buongiorno [28] deduced the nanofluid trans-
port applications via theoretical study. Later on, many the-
oretical studies used the Buongiorno model to investigate
the stagnation point flows of nanofluids. Hamid et al. [29]
identified the pattern of stagnation point for nanoparticles
flow via stretched surface. Roşca et al. [30] investigated the
response of the same phenomenon for boundary effected
flow with flat surface due to nanofluid. Abbasi et al. [31]
studied about slip impact with circular moving cylinder.
Abbasi et al. [32] reported the stagnation outcomes of Max-
well nanomaterial over a stretching cylinder with different
heat transfer features. Mahmood et al. [33] examined the
effects of lubrication while elaborating the oblique stagna-
tion onset of flat surface conveying the viscous fluid flow. It
is noted that the temperature of nanofluid is large over
lubricated surface as compared to rough surface. Abbasi
et al. [34] imposed the microorganisms suspension for nano-
fluid via obliquely lubricated space. The representation of
dual solution for lubricated nanofluid via oscillating surface
was reported by Nadeem and Khan [35]. Bao et al. [36] pre-
dicted the hybrid nanofluid heat transfer performances for
solar collectors. Selim et al. [37] disclosed the magnetic force
association for fluctuating the thermal prospective of nano-
materials. Hanafi et al. [38] pronounced the mathematical
model for expressing the nanofluid with suspension of alu-
minum and copper nanoparticles. Ghafouri and Toghraie
[39] performed the experimental analysis for nanofluid in
view of variable thermal conductivity. Sundar [40] pre-
sented a comprehensive review of hybrid nanofluid with
heat exchanger applications. The physical significance of
micro-channels are depicted in previous literature [41–43]
and the impact of hydro-dynamics in flow with different
geometries are reported in previous research works [44–46].

After presenting an inspired analysis on current topic,
it is mentioned that different research studies on nano-
fluids are presented in various flow configurations.
However, the thermal applications of nanofluids due to
obliquely lubricated surface have not been focused yet.
The applications of nanoparticles are interesting in lubri-
cated phenomenon. With these motivations in mind, the
aim of the current work is to analyze the two-dimensional
stagnation point flow of second grade fluid on a flat rigid
obliquely lubricated surface. This phenomenon is com-
monly observed when a jet of fluids strikes obliquely on
a lubricated surface. The main aim of our study is to
examine the oblique stagnation point flow of second grade
nanofluid over a lubricated surface in the presence of
linear thermal radiation. The reactive species with first
order relations have been utilized to analyze the phenom-
enon. The motivations behind choice of second grade fluid
is satisfied with novel rheology and interesting dynamics.
The problem is illustrated and modeled with partial differ-
ential system. The implicit finite difference scheme along
with quasi linearization is used to simulate the different
flow and heat transfer features. The physical impact of
problem with variation in parameters is observed.

2 Problem formulation

The current mathematical model is used to simulate 2D
stagnation point assessment of viscoelastic fluid character-
ized by second grade fluid over a flat lubricated surface.
For mathematical formulation, Cartesian coordinate
system is used such that the fluid flowing along the x-
axis and y-axis is perpendicular to the lubricated surface
with variable width ( )δ x . Furthermore, the temperatureTw

and concentration of the nanoparticles Cw are same at the
surface of the sheet and at =y 0. The free surface thermal
and concentration constraints are identified by ∞T and ∞C ,
respectively. The axial and tangential velocity components
at free stream are ue and ve (Figure 1).

The investigation of nanofluid in the present problem
is predicated by using Buongiorno two phase fluid model
along with Rosseland approximation for linear thermal
radiation. In order to describe the diffusion rates the che-
mical reaction of first order is taken in the concentration of
nanoparticles.

After using the aforementioned restrictions and condi-
tions, the formulated equations are [33,35] as follows:

∂
∂

+
∂
∂

=
u

x

v

y

0, (1)
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where ρ stands for the density, u and v are the components of
velocity, k0 is the second grade fluid parameter, μ represents
the dynamic viscosity, p is the pressure, α is the thermal
diffusivity, ( ) ( )=τ ρc ρc/p f expressed the effective heating
nanoparticles capacitance to nanofluid heat capacity of nano-
particles, DB is the Brownian diffusion coefficient, DT is the
thermophoresis diffusion coefficient, σ* is Stefan–Boltzmann
constant and k* is the mean absorption constant.

The no-slip boundary condition at the surface implies

( ) ( )= =U x V x, 0 , 0 0, (6)

where U and V are the axial and tangential velocities of
lubricant.

In order to obtain the boundary condition at the lubri-
cant and non-Newtonian fluid interface, the continuity of
shear stresses and velocities is used.
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where k1 is the dynamic coefficient of viscosity. For linear
lubricated velocity ( )U x y, , the relation is

( )
( )

( )
=U x y

U x y

δ x

,

̌

, (9)

with lubricant thickness ( )δ x .
Now the relation between the thickness of the lubri-

cant and flow rate Q is

( ) =δ x

Q

U

2

̌
. (10)

using Eqs. (9) and (10), Eq. (7) takes the form
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The continuity of horizontal component of velocity
components implies

=u U ̌ . (12)

Substituting Eq. (12) in Eq. (11), the continuity of shear
stresses takes the form
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Figure 1: Flow geometry.
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If ′a and ′b are dimensionless constants, the velocities
at free stream take the form [1]

( ) ( )= + − ′ = − − ′u ax b y b v a y a, .e e (14)

New variables are:
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After equating the coefficient of x1
0 and x1 and inte-

grating once with respect to y, the modeled equation can
be written as follows:
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where C1 and C2 are the constants of integration, =α1

k a ρ/ ν0 represents viscoelastic parameter, = ν αPr / is
the Prandtl number, = ν DLe / B is the Lewis number,
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w1 is the che-
mical reaction parameter.

The associated boundary conditions in dimensionless
form are
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λ k ν a x μa Q/ 2n n n

1
2 2 1

3

2 is the slip parameter.
Also, =γ b a/ is the shear at the free stream. After imple-
menting the boundary conditions at infinity, the constants
of integration are =C 11 and ( )= −C γ β ε2 , where =ε

( )− ∞∞η f and β is the free parameter. Now expressing
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3 Solution methodology

The simulations are predicted with Keller Box method for
solving the Eqs. (15)–(18). The Keller Box technique is sup-
ported with finite difference scheme attaining the second-
order accuracy. The Keller Box scheme is interesting and
various multidisciplinary problems are computed via this
approach. The numerical scheme is implemented in four
steps.

Step 1: Reducing the governing Eqs. (15)–(18) subject to
associated boundary conditions in Eqs. (20)–(22) in the
system of first-order equations. For this, we consider ′ =F

′ = ′ = ′ =U U V V W G, , ,1 1 1 1 ′ =P P,1 1 ′ =Q Q,
1 1

′ =S θ Y,1 1 and

′ =ϕ Z1, the governing equations takes the form

( )′ − + − ′ − + + =V U FV α FW U W V2 1 0,1 1
2

1 1 1 1 1 1
2 (25)

( ) (

)

′ − + − ′ + − − +

− =

P U P FQ α FS Q V U S P W γ β

ε 0,

1 1 1 1 1 1 1 1 1 1 1 1 (26)

⎛
⎝ + ⎞

⎠ ′ + + + =R Y FY Y Z Y1
4

3
Pr PrNb PrNt 0,d 1 1 1 1 1

2 (27)

′ + + ′ − =Z FZ Y β ϕLe
Nt

Nb
Le 0,1 1 1 c

(28)

( ) ( ) ( ) ( ) ( ( ))

( ) ( )

= + =
∞ = ∞ =

F V α U V λ U

U V

0 0, 0 3 0 0 0 ,

1, 0,

n

1 1 1 1 1
2

1 1

(29)

( ) ( ) ( ( ) ( ) ( ) ( ))

( )( ( ))

= + +

= −

G Q α P Q Q U

nλP U

0 0, 0 0 0 2 0 0

2 0 0 ,n

1 1 1 1 1 1

1 1
2 1

(30)

( ) ( ) ( ) ( )

( ) ( )

∞ = ∞ = = =

∞ = ∞ =

Q γ S θ ϕ

θ ϕ

, 0, 0 0 1,

0.

1 1 (31)
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Step 2: Replacing the derivatives by central finite dif-
ference approximation and all dependent and independent
variables by taking average of them, we get

( )

( ) ( )
( )

( ) ( )
( )

( )

( ) ( )
( )

( ) ( )
( )

( )

( )

−
=

−
=

−
=

−
=

−
=

−
=

−
=

−
=

−
−

−
−

−
−

−
−

−
−

−
−

−
−

−
−

F F

h

U

U U

h

V

V V

h

W

G G

h

P

P P

h

Q

Q Q

h

S

θ θ

h

Y

ϕ ϕ

h

Z

,

,

,

,

,

,

,

,

j j

j

j

j j

j

j

j j

j

j

j j

j

j

j j

j

j

j j

j

j

j j

j

j

j j

j

j

1

1 1

2

1 1 1

1 1

2

1 1 1

1 1

2

1

1 1

2

1 1 1

1 1

2

1 1 1

1 1

2

1

1 1

2

1

1 1

2

(32)

Now the relation between the thickness

( ) ( )
( ) ( )

( ) ( )
( ) ( )

( )

⎜

⎟

⎟⎜

−
− + +

−
⎛

⎝
⎛
⎝

− ⎞
⎠

−

+
⎞

⎠
=

−
− − −

−
−

− −

−

V V

h

U F V

α F

W W

h

U W

V

1

2

0,

j j

j

j j j

j

j j

j

j j

j

1 1 1

1
2 1

2
1

2
1 1

2

1 1

2

1 1 1

1 1

2
1 1

2

1
2 1

2

(33)

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( )

( ) ( )

⎜

⎟

⎟⎜

−
− + + −

−
⎛

⎝
⎛
⎝

− ⎞
⎠

+ −

−
⎞

⎠
=

−
− − − −

−
−

− − − −

− −

P P

h

U P F Q γ β ε

α F

S S

h

Q V U S

P W 0,

j j

j

j j j j

j

j j

j

j j j j

j j

1 1 1

1 1

2
1 1

2

1

2
1 1

2

1 1

2

1 1 1

1 1

2
1 1

2
1 1

2
1 1

2

1 1

2
1 1

2

(34)

( ) ( )
( )

( ) ( ) ( )

⎟⎜⎛
⎝ + ⎞

⎠
⎛
⎝

− ⎞
⎠

+

+ + =

−
− −

− − −

R

Y Y

h

F Y

Y Z Y

1
4

3
Pr

PrNb PrNt 0,

j j

j

j j

j j j

d

1 1 1

1

2
1 1

2

1 1

2
1 1

2
1 1

2

2

(35)

( ) ( )
( )

( ) ( )
⎟ ⎟⎜ ⎜

⎛
⎝

− ⎞
⎠

+ +
⎛
⎝

− ⎞
⎠

− =

−
− −

−

−

Z Z

h

F Z

Y Y

h

β ϕ

Le
Nt

Nb

Le 0.

j j

j

j j

j j

j

j

1 1 1

1

2
1 1

2

1 1 1

c
1

2

(36)

Step 3: As Eqs. (34)–(36) are nonlinear, Newton linear-
ization scheme is followed for converting the problem to
linearized form.

(( ) ( ) ) ( )

( ) ( ) (( ) ( ) ) ( )

( ) ( ) (( ) ( ) ) ( )

(( ) ( ) ) ( )

( ) ( ) (( ) ( ) ) ( )

( ) ( ) (( ) ( ) ) ( )

(( ) ( ) ) ( )

(( ) ( ) ) ( )

− − + =

− − + =

− − + =

− − + =

− − + =

− − + =

− − + =

− − + =

− − −

− − −

− − −

− − −

− − −

− − −

− − −

− − −

δF δF

h

δU δU r

δU δU

h

δV δV r

δV δV

h

δW δW r

δG δG

h

δP δP r

δP δP

h

δQ δQ r

δQ δQ

h

δS δS r

δθ δθ

h

δY δY r

δϕ δϕ

h

δZ δZ r

2
,

2
,

2
,

2
,

2
,

2
,

2
,

2
,

j j

j

j j
j

j j

j

j j
j

j j

j

j j
j

j j

j

j j
j

j j

j

j j
j

j j

j

j j
j

j j

j

j j
j

j j

j

j j
j

1 1 1 1 1 1

2

1 1 1 1 1 1 2 1

2

1 1 1 1 1 1 9 1

2

1 1 1 1 3 1

2

1 1 1 1 1 1 4 1

2

1 1 1 1 1 1 10 1

2

1 1 1 1 11 1

2

1 1 1 1 12 1

2

(37)

( ) ( ) ( )

( ) ( ) ( ) ( )

+ + + +
+ + + =

− −

− − −

ξ δF ξ δF ξ δU ξ δU ξ δV

ξ δV ξ δW ξ δW r

j j j j j

j j j
j

1 2 1 3 1 4 1 1 5 1

6 1 1 7 1 8 1 1 5 1

2
,

(38)

( ) ( ) ( )

( )

( ) ( ) ( ) ( )

( ) ( ) ( )

+ + + +

+ + +

+ + +

+ + =

− −

− −

− −

− −

ψ δF ψ δF ψ δU ψ δU ψ δW

ψ δW ψ δG ψ δG

ψ δ P ψ δP ψ δ Q ψ δQ

ψ δ Q ψ δQ r

j j j j j

j j j

j j j j

j j
j

1 2 1 3 1 4 1 1 5 1

6 1 1 7 8 1

9 1 10 1 1 11 1 12 1 1

13 1 14 1 1 6 1

2
,

(39)

( ) ( ) ( )

( ) ( )

+ + + +

+ =
− −

− −

λ δF λ δF λ δY λ δY λ δZ

λ δZ r

j j j j j

j
j

1 2 1 3 1 4 1 1 5 1

6 1 1 7 1

2
,

(40)

( ) ( )

( ) ( ) ( )

+ + +
+ + + =

− −

− − −

γ δF γ δF γ δY γ δY

γ δϕ γ δϕ γ δZ γ δZ r

j j j j

j j j j
j

1 2 1 3 1 4 1 1

5 6 1 7 1 8 1 1 8 1

2
.

(41)

The associated boundary conditions take the form

( ) (( ) ( ) ( ) ( ) ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

⎜ ⎟

⎜ ⎟⎟⎜

+ + −
= − −

−

+
⎛
⎝

+
+

⎞
⎠

− ⎛
⎝−

⎞
⎠

= −
⎛
⎝+

⎞
⎠

= = = = = = =

=

δ V α U δ V V δ U λδ U

λ U V α U V

λ P U Q

δ Q α

Q δ P P δ Q

Q δ U U δ Q

λ P δ U

λ U δ P
α

Q P

U Q

δF δG δθ δϕ δ U δ P δθ

δϕ

3

3

2 2

2

0 , 0

,

J J J

J

1 0 1 1 0 1 0 1 0 1 0 1 0

1 0 1 0 1 1 0 1 0

1 0 1 0 1 0

1 0 1

1 0 1 0 1 0 1 0

1 0 1 0 1 0 1 0

1 0 1 0

1 0 1 0

1 0 1 0

1 0 1 0

0 0 0 0 1 1

(42)
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where

( ) (( ) ( ) )

( ) ( ) ( ) (( ) ( ) )

( ) (( ) ( ) )

( ) ( ) ( ) (( ) ( ) )

( ) ( ) ( ) (( ) ( ) )

( ) ( ) ( ) (( ) ( ) )

( ) (( ) ( ) )

( ) (( ) ( ) )

= − + +

= − + +

= − + +

= − + +

= − + +

= − + +

= − + +

= − + +

− − −

− − −

− − −

− − −

− − −

− − −

− − −

− − −

r F δF

h

U U

r U δU

h

V V

r G δG

h

P P

r P P

h

Q Q

r V δV

h

W W

r Q Q

h

S S

r θ θ

h

Y Y

r ϕ ϕ

h

Z Z

2
,

2
,

2
,

2
,

2
,

2
,

2
,

2
,

j
j j

j

j j

j
j j

j

j j

j
j j

j

j j

j
j j

j

j j

j
j j

j

j j

j
j j

j

j j

j
j j

j

j j

j j j

j

j j

1 1

2
1 1 1 1

2 1

2
1 1 1 1 1 1

3 1

2
1 1 1 1

4 1

2
1 1 1 1 1 1

9 1

2
1 1 1 1 1 1

10 1

2
1 1 1 1 1 1

11 1

2
1 1 1 1

12 1

2
1 1 1 1

( )

( ) ( ) ( ) ( )

( ) ( )
( ) ( )

( )

⎜

⎟

⎟⎜
=

− + − −

+
⎛

⎝
⎛
⎝

− ⎞
⎠

−

+
⎞

⎠

−

− − − −

−
−

− −

−

r

V V h U h F V h

α h F

W W

h

h U W

h V

2

,

j

j j j j j
j j

j

j
j

j j

j

j
j j

j j

5 1

2

1 1 1 1
2 1

2
1

2
1 1

2

1 1

2

1 1 1

1 1

2
1 1

2

1
2 1

2

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

( ) ( )
( ) ( ) ( ) ( )

( ) ( )

⎜

⎟

⎟⎜

= − + −

− −

+
⎛

⎝
⎛
⎝

− ⎞
⎠

+ −

−
⎞

⎠

− − − − − −

−
−

− − − −

− −

r P P h U P h F Q

h γ β ε

h α F

S S

h

Q V U S

P W ,

j
j j j

j j
j

j j

j

j
j

j j

j

j j j j

j j

6 1

2
1 1 1 1 1

2
1 1

2

1

2
1 1

2

1 1

2

1 1 1

1 1

2
1 1

2
1 1

2
1 1

2

1 1

2
1 1

2

( )
(( ) ( ) ) ( )

( ) ( ) ( )
=

⎛
⎝ + ⎞

⎠ − −

− −
−

− − −

− − −

r

R Y Y h F Y

h Y Z h Y

1
4

3
Pr

PrNb PrNt ,
j

j j j
j j

j
j j

j
j

7 1

2

d 1 1 1 1

2
1 1

2

1 1

2
1 1

2
1 1

2

2

( ) (( ) ( ) ) ( )

( ) ( )
⎟⎜

= − −

−
⎛
⎝

− ⎞
⎠

+

− − − −

−
−

r Z Z h F Z

h

Y Y

h

h β ϕ

Le

Nt

Nb
Le .

j
j j j

j j

j

j j

j

j
j

8 1

2
1 1 1 1

2
1 1

2

1 1 1

c
1

2

Step 4: After writing Eqs. (37)–(41) in tri-diagonal matrix
form in which each element is a matrix of order ×12 12, the
following program have been followed to compute tri-diag-
onal matrix for the fixed values of involved parameters.

[ ] ≔ma md mc mb nTriMat _, _, _, _, _ [{ = maModule AA ,

= mbBB , =c mc, }=d md k δ, , ,

[{{ } { } { } { } { } { } { } { } { } { } { }} {

}]

=
+

δ nTable 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ,

1 ;

[ = ≤ + + +k k n kFor 2, 1, ,

[[ ]] [[ ]] [[ ]] [ [[ ]]] [[ ]]= − − − −d k d k k d k c kAA 1 . Inverse 1 . 1 ;

[[ ]] [[ ]] [[ ]] [ [[ ]]] [[

]] ]

= − − −
−

k k k d k kBB BB AA 1 . Inverse 1 . BB

1 ; ;

[[ ]] [ [[ ]]] [[ ]]+ = + +δ n d n n1 Inverse 1 . BB 1 ;

[ = ≤ − −k n k kFor , 1 , ,

[[ ]] [ [[ ]]] [[ ]] [ [[ ]]] [[ ]] [[ ]]]= − +δ k d k k d k c k δ kInverse . BB Inverse . . 1 ;

[ ] ]δReturn ;

4 Validation of results

The results are validated in Table 1 using the analysis of Li
et al. [47] for limiting case. Clearly a fine accuracy is noted
between both investigations (Table 1).

5 Results and discussion

To discuss the influence of emerging parameters on flow
phenomenon, the graphical analysis has been performed.
In order to observe the shear-thinning effects associated
with the viscoelastic fluid, the value of n is chosen to be 0.5.
Figure 2 is plotted to discuss the impact of slip parameter
on both axial velocity ( )′F η and tangential velocity ( )′G η

when =α 0.01 for viscous flow case and =α 1.01 for viscoe-
lastic flow case. The decrement for axial component is
preserved by increasing the slip parameter λ. As λ has
inverse relation with slip, when λ increases, slip decreases
which also restricts the movement of fluid in the axial
direction and as a result, the velocity of the fluid reduces.
Furthermore, the decline in velocity is large for viscoelastic
fluid as compared to viscous fluid over lubricated surface.
The decline in velocity due to viscoelasticity of the fluid is
obvious. Because, as the viscoelastic parameter is increased,

Table 1: Numerical computations for ( )h′ 0 when α1 = 0.647903 and
→λ ∞ using the analysis of Li et al. [47]

ε Li et al. [47] Present results

0.0 1.406370 1.406375
5.0 ‒4.756560 ‒4.756575
‒5.0 7.569310 7.569312
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the rheology of the fluid restricts the transport of the fluid
near the surface and it causes the decline in the axial velocity
of the fluid. Due to baring the creeping flow and stress relaxa-
tion properties of viscoelastic fluid, this theoretical model has
many applications in the polymer industry. Due to these
rheological properties, it is usual to predict the product
quality and time- and cost-related developments of process
at industrial level. The tangential velocity of both viscous and
viscoelastic fluid is a decreasing function of the slip para-
meter over a lubricated surface. A similar trend is followed
by both = −β 3.0 and =β 3.0 but the decline is large for
viscoelastic fluid as compared to viscous fluid. This shows
that lubrication reduces the friction between the flat surface
and the moving layers of the fluid. Therefore, lubrication has
many applications in machinery components and it reduces
the friction between the machinery components and fluid
layers and rises the polymer process. Figure 3 concludes

the association of slip factor λ with temperature field and
profile of concentration for both viscous and viscoelastic
fluids. Both temperature and concentration profiles are
increasing function of slip parameter λ. It is noted that over
flat surface, the temperature of nanofluid is large. The reason
for this fact is that due to restriction of flow, the internal
kinetic energy rises between the layers for nanomaterials
which convey the enhanced thermal phenomenon. Due to
the presence of lubrication film, formed between the sur-
faces, polymer process is done smoothly by reducing friction,
which improves the performance and efficiency. Further-
more, the increase is large for viscoelastic model compared
to that of the viscous fluid. This response is already reported
in literature. The thermophoresis impact for temperature and
concentration framework is visualized via Figure 4 over a
lubricated surface. It is noted that both temperature profile
and nanoparticles concentration profile increase with the

Figure 2: Impact of λ on (a) axial velocity F′ and (b) transverse velocity G′.

Figure 3: Impact of λ on (a) temperature θ and (b) concentration ϕ.
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increase in the thermophoresis diffusion of nanoparticles in
nanofluid. Furthermore, the increasing trend is followed by
thermophoresis parameter at large scale for viscoelastic fluid
as compared to viscous fluid. As thermophoresis force is
recognized as transport force which arises due to the tem-
perature gradient, the temperature gradient causes the
migration of nanoparticles from hot zone to cold zone which
rises the heat transfer. Also, the viscoelasticity of the fluid
reduces the boundary layer movement in the fluid which is
responsible for the large rise of temperature against thermo-
phoresis. The justification of Brownian constant for tempera-
ture profile of nanoparticles and nanoparticle concentration
profile is reported in Figure 5 for several values of α1. The
temperature of both viscous and viscoelastic fluid is an
increasing function of Brownian motion parameter Nb over
a lubricated surface. The nanofluid concentration show
decrement with upraise function of Brownian motion over

a lubricated surface for both =α 0.01 and =α 2.01 . Figure 6(a)
shows the effect of Rd on ( )θ η over a lubricated surface for
both viscous as well as viscoelastic fluid. The increasing beha-
vior is noticed for temperature as the value of radiation is
increased. The deduced enhancement in temperature is due
to the fact that radiation parameter causes the rise in tem-
perature over the surface which strongly transfers the heat
into the transporting fluid. By increasing the thermal radia-
tion parameter, more heat is added to the system and as a
result, the temperature of both viscous and viscoelastic fluids
increases. In Figure 6(b), the qualitative impact of chemical
reaction parameter on the concentration of nanofluid is
reported for several values ofα. The enhancement in reactive
constant reduces effectively the concentration impact for
both viscous and viscoelastic nanofluids. However, the impact
of chemical reaction parameter can control the decrease
noticed for viscous case instead of viscoelastic fluids over a

Figure 4: Impact of Nt on (a) temperature θ and (b) concentration ϕ.

Figure 5: Impact of Nb on (a) temperature θ and (b) concentration ϕ.
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lubricated surface. The concentration profile decline suggests
that in various industrial processes, the optimization of nano-
particle concentration and the role of chemical reactions are
significant factors.

The impact of slip parameter λ on the skin friction
coefficient for various values of viscoelastic parameter α1

is reported and displayed in Table 2. It is noted that the
rising values of slip parameter enhance the numerical
values of skin friction coefficient for several values of vis-
coelastic parameter α1. Lower magnitude in wall shear
force is preserved under slip constraints ( )→λ 0 . The vis-
coelastic factor tends to improve the wall shear force when
specific role of slip is observed. However, no-slip constraint
assumptions lead to decrement in shear force with the
increase in viscoelastic parameter. In Table 3, the response
of Nusselt number against thermophoresis parameter Nt,
Brownian motion parameter Nb and thermal radiation
parameter Rd for several values of viscoelastic parameter
are displayed. The declining impact on Nusselt number for
Nt and Nb against several values of α1 has been noticed.
Furthermore, Nusselt number is an increasing function of
viscoelastic parameter α1. On the other hand, radiation
parameter rises the Nusselt number for both viscous fluid
as well as viscoelastic fluid. The significance of Nt, Nb and

β
c
for both viscous and viscoelastic fluid parameters on

Sherwood number is presented in Table 4. It is noted
that thermophoresis parameter Nt declines the Sherwood

Figure 6: Impact of (a) Rd on temperature θ and (b) βc concentration ϕ.

Table 2: Variation in skin friction coefficient against λ and α1

with =x 1.01

λ ==α 0.01 ==α 0.11 ==α 1.01

0.1 0.1704616695 0.1771405914 0.2240388946

0.5 0.7003608605 0.7387329469 0.9936887763

1.0 1.1336966286 1.1990725778 1.6938969768

5.0 2.1352423991 2.1486662335 2.47150481294

∞ 2.6391568934 2.5008565373 1.96502524986

Table 3: Variation in Nusselt number Nu

Re

x

x
against Nt, Nb and Rd

with =λ 0.1

Nt Nb Rd
Nu

Re

x

x

==α 0.01 ==α 0.11 ==α 1.01

0.1 0.5 0.5 0.96959225 0.97106766 0.97692570

0.5 0.78070647 0.78198540 0.78706524

1.0 0.59597658 0.59703442 0.60125121

0.1 0.81200024 0.81335667 0.81873316

0.2 0.75337949 0.75465794 0.75973840

0.3 0.69788065 0.69908413 0.70387232

0.0 0.468169520 0.46938998 0.47416639

1.0 0.88499335 0.88618196 0.89112179

2.0 1.19221428 1.19335358 1.19843002

Table 4: Variation in Sherwood number Sh

Rex

against Nt, Nb and β
c

with =λ 0.1

Nt Nb β
c

Sh

Rex

==α 0.01 ==α 0.11 ==α 1.01

0.1 0.5 0.5 0.676456252 0.67658664 0.67733232

0.5 0.56198246 0.56142305 0.55964073

1.0 0.60628131 0.60515755 0.60133143

0.1 ‒1.22761585 ‒1.23672748 ‒1.27025831

0.2 ‒0.06427519 ‒0.06840306 ‒0.08332812

0.3 0.31547904 0.31302484 0.30428581

0.0 ‒0.15126240 ‒0.15590275 ‒0.17313797

1.0 0.62113443 0.61956892 0.61376748

2.0 1.02213652 1.02139495 1.01852021
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number, while on the other hand both Brownian motion
parameterNb and chemical reaction parameter β

c
rises the

Sherwood number. The viscoelastic parameter reduces the
Sherwood number.

6 Concluding remarks

The numerical framework for radiative viscoelastic nano-
fluid problem with lubricated surface has been endorsed.
The role of chemical species with first order are enter-
tained. The Keller Box technique is utilized for formulated
problem. The assessment of flow behavior is observed for
viscous fluid case and under no-slip assumptions. Major
outcomes are as follows:

1) A reduction in the axial and tangential velocities
have been observed when the role of lubrication phenom-
enon due to flat surface is studied.

2) For slip constraints, the decrement in velocity is
observed subject to the slip effects. Such features are
more dominant for viscoelastic fluid.

3) The temperature profile increases with the increase
in the thermophoresis diffusion, slip parameter and Brownian
motion parameter.

4) Concentration profile is a decreasing function of
Brownian motion and an increasing function of thermo-
phoresis diffusion parameter.

5) Thermal radiation parameter enhances the tem-
perature of nanofluid over a lubricated surface.

6) The skin friction is an increasing function of viscoe-
lastic parameter for full slip and decreases for no-slip case.

7) Both Brownian motion parameter and thermophor-
esis parameter reduces while radiation parameter rises the
Nusselt number.

8) The Nusselt number increases with the increase in
viscoelastic parameter, while Sherwood number reduces
by enhancing the viscoelastic parameter.

9) Brownian motion parameter and chemical reaction
parameter increases the Sherwood number.
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