DE GRUYTER

Open Physics 2023; 21: 20230129

Research Article

Abdulmohsen D. Alruwaili, Aly R. Seadawy*, Asghar Ali, and Mohammed M. Aldandani
Dynamical and physical characteristics of soliton

solutions to the (2+1)-dimensional
Konopelchenko-Dubrovsky system

https://doi.org/10.1515/phys-2023-0129
received August 11, 2023; accepted October 11, 2023

Abstract: Soliton solutions of the Konopelchenko-Dubrovsky
(KD) equation using four analytical methods are established.
The KD system is used to study the portrays in physics with
weak dispersion. The investigated results are obtained in
different forms such as trigonometric, hyperbolic, and expo-
nential functions. For the physical behavior of the concerned
nonlinear system, some solutions are plotted graphically via
assigning the certain values to the parameters. Mathematica
software 11.11 is used to handle all results as well as figures.
Hence, searched results have rewarding recompenses in non-
linear science.

Keywords: (2+1)-dimensional Konopelchenko-Dubrovsky
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1 Introduction

In the past decennium, with the enhancement of emergent
mathematical formulations and approximations, researchers
and scientists are eternally endeavoring to establish incipient
solutions of nonlinear evolution equations (NLEES) using var-
ious schemes [1-6]. The applications of these equations are
wide and prodigious [7-11]. These approaches are instigated
directly or indirectly in applied physics and mathematics, non-
linear optics, traffic flow, and many more [12-17]. Sequentially,
the solution to NLEESs is seeking a great deal of contemplation
in the research municipal nowadays. The analytical solutions
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of NLEEs are momentous in solving mathematical and physical
models [18-23]. A large number of researchers and mathe-
maticians have enveloped numerous effective methods for
nonliear partial differential equations (NLPDESs), the tanh
function method [24], Hirota’s bilinear method [25,26] the
Jacobi elliptic function expansion method [27], the Kudrya-
shov method [28], the (G’/G)-expansion method [29], the Dar-
boux transformation method [30], the Backlund transforma-
tion method [31], the inverse scattering method [32], Lie
symmetry analysis [33], the general exponential rational func-
tion method [34-37], and much more [38—43].
Let Konopelchenko—-Dubrovsky (KD) system as [44]:

Uy= V;(y

3 ()
U — Unx — 6BUT; + E(QZUZUX) = 3V, + 3al,V = 0.

Several researchers have used specific fruitful approaches
to explore the wave solutions in Eq. (1). Shah et al. [45] used
one dimensional fuzzy fractional partial differential equa-
tions. Kumar and Tiwari [46] acquired exact solutions of
the KD system by applying the similarity transformation
techniques with arbitrary choice of functions. The bifurca-
tion theory approach is proficiently used by Tian-lan He
[47] in 2008 to investigate the bounded traveling wave
solutions of the (2+1)-dimensional KD system. In 2019, Rizvi
et al. [48] used the modified simplest equation method and B-
spline method to the KD equation. Recently, Younas et al. [49]
presented the modified auxiliary equation method to this
system to catch traveling wave solutions. Ren et al. [50] in
2016 acquired the non-local symmetries for the KD equation
with the truncated Painleve method and the Mobius con-
formal invariant forms. Seadawy et al. [51] in 2019 derived
wave solutions via modified extended direct algebraic
scheme. Song et al. [52] attained the exact solutions of the
KD system using the extended Riccati equation rational
expansion schemes. But we have established soliton solutions
of Eq. (1) by applications of four mathematical methods, namely,
the extended simple equation method [53], the modified
extended auxiliary mapping method [54], the (G’/G)-expansion
method [55], and the Exp(-%¥(¢))-expansion method [56].
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The arrangement of this work is given as follows: in
Section 2, the proposed mathematical methods are explained.
In Section 3, wave solutions of Eq. (1) are constructed. In
Section 4, conclusion of the work is mentioned.

2 Proposed methods

Let nonlinear PDEs including three variables as:
MU, V, U, Vy, Uy, V), U, V, ...) = 0. )
Let
U=u), V=V,
Substituting (3) into (2),
MU, V, U’ kV’, iU’ kV', kU, -ksV”’, ..) = 0. (4

and E = kix + ka - kgt. 3)

2.1 Extended simple equation method

Let Eq. (4) has the solution such as,

N
uE) = ) AYi. ®)
i=-N
Let W satisfy
P =c+qg¥+ CZIPZ + C31P3. (6)

Put Eq. (5) with Eq. (6) in Eq. (4). Solve the achieved system
for the required solution of Eq. (2).

2.2 Modified extended auxiliary equation
mapping method

Let solution of Eq. (4) be

N -N N
U=YAY + ) B,Wi+ )oYy
i=0 i=-1 i=2
N M\ 7
+ ZD' E]
=1
i=1 v
Let ¥ satisfy
Y= B+ B + B ®

Put Eq. (7) with Eq. (8) in Eq. (4), and solve the obtained
system for the required destination of Eq. (2).
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2.3 (G’/G)-expansion method
Let Eq. (4) has the solution:
N G’
U=A4g+ QA —]. 9
=1 \G
Let
G” = -AG’ - uG. (10)

Put Eq. (9) with Eq. (10) in Eq. (4), and solve the obtained
system for the required destination of Eq. (2).

2.4 Exp(¥(¢))-expansion method

Suppose Eq. (4) has the solution:
U = Ay(EX(-9(-p)V + ... a1
Let
W’ = exp(-¥(¢)) + uexp(¥(@)) + A. (12)

Put Eq. (11) with Eq. (12) in Eq. (4), and solve the obtained
system for the required destination of Eq. (2).

3 Applications

3.1 Application of the extended simple
equation method

Putting Eq. (3) into Eq. (1), we have
kU (&) = V'(§) - 6kBUU’ - KXU® - kU’

3 (13)
+ EazklUZU’ - 3kV’ + 3akVV’ = 0.
Integrating the first equation,
kU(§) = kV(&). 14

Substituting Eq. (14) into second Eq. (14),

Ly + EU2(2Bk - aky) + KU + 3 + k(U
2 2 v A ko] (@5)
= 0.

Let Eq. (15) has solution:
A_
U=AWY + ?1 + Ay. (16)

Put Eq. (16) with Eq. (6) in Eq. (15).
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CASE 1: ¢ = 0 (Figure 1)
FAMILY-I

a’clki - da’cuoki - 24B%
A,=0, A , Ay=—k=——, and k= .
1 1= 0= k=7, 3 2

Put (17) in (16),

(2C2k1)[6‘1 - \/ 4oy — f tan %\/ 4oy — cf (€ + fo)]]

- ok
" a a(2c,)

, 4coe > ¢t

From Eq. (14), we have

. (2c2k1)[cl - J4cc) - ¢ tan
1

_lejak
k| a a2e)

1 f10co - c2e + f@]]

v , ey > ¢

-_ 3

a7

(18)

19

Figure 1: Solutions U; (a and b) and V4 (c and d) witha = 3.01, 8=01,¢0=3,6=02,6=1,& =1,k =05,and y =1, and a = 20.01, B = 9.1,
c=06=12,6=1§=1,k =0.01, and y = 1, respectively.
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FAMILY-II

-1=

_ 2¢okq aky Zﬁ ki

) Al =O;A0 = -, k2= s and
a a

_a%ctki — 4a’cooks — 24B%

3 =

2a?
Substituting (20) into (16),
2¢ok ak
Uz = ‘ 01 1’ - g ) 4'COCZ > Clza
a(cl - J4caco - cf tan(i\j deyeo - cE(E+ Eo))) a
2C2
2C0k1 Clkl
k E— S _ ak
2 lZCl*\““4(‘2(‘()*012Kan[%v‘“}czf()*c%(f*fo)]] a
Vy = “ 4ege, > ¢
2~ > 02 .
Ky !
FAMILY-III
2C0k1 2CZkl 2C1k1
1=~ 1A1=_—) 0= "
a a
k(2B + ack)
o=
a
4k (3B* + aki(3Ba + alcf — coe)ky)

Substituting (23) into (16),

(Zczkl)[cl - \/46200 - ¢f tan

k3=

a?

N (s &)]]

U3=

+

a(2e)

a[q - J4caco - ¢f tan

2¢ok; 2¢k
R - [ ;1],4c062>cf.

1
E\,’/4CZC0 -t (E+&)

2(_‘2

(Zczk1)[r:1 - J4cseo - of tan

1] 2
SAJ4caco—cf (E+
sV 4caco-cf (€ fo)]] 200k 20

ky

a(2¢;)

+ - =
[y 1, 2
acq - \4caco - 012 tan| 2 \4eaco - cl2 &+ 50)]] a

2¢

CASE 2: ¢y = ¢; = 0 (Figure 2)

ky

,4coe > ¢t

DE GRUYTER

(20)

@D

(22)

(23)

(24)

(25)
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Figure 2: Solutions U (a and b) and V5 (cand d) witha = 1.1, § = 0.3,¢c0 = 2,6 = 3,6=3,§ = 7,k = 0.1,and y = 1,anda = 1.1, = 0.3,¢co = 2, = 3,
¢=3,&=07 k=03 and y = 1, respectively.

26k, 2¢k; 2Bk — ack? 26k)(—¢ exp(q (& + 2ak
A0, A = Gk Ay = C11’ ey = Bk ki _ (26k)(-q exp(a(é fo)))+ 11],Cl<0, 29)
a a a 26) a(eexp(a(§ + &) + 1)
4(actk - 3aPokd + 3/32k1)
3=~ @ Qek)Ceexp@E+ o)) | 2k
2| alcrexp(a(E+ &) +1) a 20
Put (26) in (16), Vs = I ,a<0. 30
26k (¢ exp(q(& + 2
= (2ak)(a exp(a(€ + &))) . aky a>0, @)
a(l - gexp(a(€ + &) CASE3:¢=0,6=0,
FAMILY-I
kz[aczko(cl e+ §0) | 20k y -
(- exp(a(E + &) 2
Y = | B ) A,=0, A =-22 4_g k - PR
ki ¢ 31)
. 2a’cyek? + 68%k)
3= .

a?
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Put (31) in (16),
_ (2gk)(eog tan( /€& (€ + 60)))

6

], oG > 0, (32)

ac
V= % [_ (26k)(/Coe taélc(m ¢+ fo)))]’ 0 > 0,(33)
1 2

ac

U = [(ZCZkl)(\/_COCZ tanh(/-c6 (€ + fo)))], 6o <0, (34)

nele [(zczkl)(\/_COCZ tanh(/=6o& (£ + &)))
ki

» CoC

ac (35
<0.
FAMILY-II
2¢ok; 2Bk
Ay =2 420, 4020, k=8 ana
a a
2 3 2 (36)
2a C()Czkl + 65 k1)
kg == (12 .
Put (36) in (16),
2C0k1
Us = |~ atyas antyan &+ &y | 02 > 0 (37)
C2
kz 2C()k1
%= 3| e meaer @y 02> 0 G8
C2
2C0k1
Us = |~ o0 oy (@ 2o | €02 < 05 (39)
C2
kz 2C0k1
%= ?1 a(oot anh(Jo G+ ) | 0% < 0. (40)
C2
FAMILY-III
2¢oky 26k 22 6 Gk
Ay = y AL = ,Ag = ,
a a a
2(V2a e Jo ki - Bl)
ky=- , 41
a

~ 4(8a’cocki’ — 6+/2aB/Co /G K + 3B%Kki)

a?

3 =

Put (41) in (16) (Figure 3)
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Uig = [(kzkl)(m tan(/66 (¢ + so»)]

ac

2C0k1
a(Jeots an(Jeta G &)

C2

. [zﬁw—o@kl
a

(42)

, €@ > 0,

— [(ZCzlﬁ)(m tan({/coe (§ + Eo)))]
10 k1 ac

. & 2C0k1
ki | @Caz an(es €+ %)

C2

43)

, €@ > 0,
k1 a y

U = [(zczkl)(\/ —CoG tanh({/=¢o& (§ + o))
1=

ac

+ 2C0k1
a(/=cocz tanh(/=coc2 (§ + $0))) (44)

Ca

. IZﬁJc—oJsz1]
a

s CoG < 01

_— [(ZCzkl)(\/—COCz tanh(,/=co& (€ + &)))

1
kl ac

+ & 2C0k1

Jq | /=Cocz tanh(y/=Coc2 (§ + 50)))

C2

(45)

<0.
ki a ’, CoC

3.2 Application of the modified extended
auxiliary equation mapping method

Let Eq. (15) has the following solution:

B 7/
U=A11P+A0+$1+D1[ ] (46)

v
Put (46) with (8) in (16),
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Figure 3: Solutions Us (a and b) and V4 (c and d) witha = 3.01,,¢p = 1.3, = 0.3,& = 0.6,k = 0.001,and y = 1,anda = 3.01, = 0.3,¢y = 0.3, = 1.3,

& =0.6k =11, and y =1, respectively.

A0=0,A1=—

Put Eq. (47) in Eq. (46), (Figure 4)

CASE I:

U

kllﬁls/ze csch 2[% \/E &+ 50)]] (\/ﬁ_3 kl)l—ﬁl[e coth[%\/ﬁ1 (E+&)

2

(Zﬁz)’—ﬂlls con[} Bre+ )]+ 1]”
B,

kllﬁf/ Zgcsch 2[%\//3_1 €+ fo)]] (B k1)[—ﬁ1[3 COth[%\/Fl @+ ‘CO)] * 1”

a?B ki - 24B%k 26k;
, D1=—, Bl—O,k=%, andkz=%. (47)
: 1]]
o, ,B>0, B} - 4B,B; = 0. (48)
B >0, BZ-4BB;=0. (49)

al(zﬁz)l—ﬁlls coth[%\/ﬁj €+ fo)] +1

By

ap,
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Figure 4: Solutions Uy, (a and b) and V3, (cand d) witha = 5.01, 8, = 1,8, = 4,8, =4, =01,§ = 0.6,k = 06,y =1,ande = 1,anda = 5.0, B, = 1,
B,=4,B,=4,=01,5=06,k =16y =1,and € = 1, respectively.

CASE 1II:

B, J/3_1 ecosh((JB,(E+&))  |JBiesinh? (B (E+&))
k|, [ |- - :
Bs cosh(\/ﬁ—l(s‘w‘o))’fﬂ (COSh(\/ﬁ—l(f’ffo)) +1)

13 =

ﬁl _esinh(JB €+ 80)
4Bs Cosh(\/ﬁ_l E+&)+ n

B e sinh(,/B, (£ + &))
(\/ﬁ_skl)[ A 4B, [cosh(\/ﬁ_l(t,c+ o)+ '7

(50)

Bl > 0: ﬁ3 > 0’ Bz = (4ﬂ1ﬁ3)1/2-
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| [Br|_[Biecosh(Bi e JBye sinh (B €+ &)
k| VB [\ coshUBi@r@nen (cosh(JB €+ &)+ [kz]
13° 7 N b
k alol- A asinh&’ﬁi(f+fo)) ‘1 ki
4B | cosh({/B; (E+ &) +n
_ [ [ esinn(/Bi €+ &)
SELY > [COSh(\/I3_1(E+Eo))+'7 1 .
o B> 0, B3>0, B, =(4B,B)"".
CASE III:
Kl-lg JBrecosh([Bi €+ &) JByesinh(|[By (€ + §)(sinh(, By € + ) + )
171 cosh( /By (6 + &) + nPE 1 (cosh(y/B; (£ + &) + nN/P? +1)?
U = (sinh(, B (€ + §0)) + P)
_ _ e(sinh(JBy(E+ 5D +P)
PP B1($+Eo))+q»P2+1 ”’
£(sinh(|/B, (£ + &)) + P)
+
(\/—3 1)[ P 1[cosh< 16+ )+ PP+ 1 1]]
,B,>0.
ap,
B JBiecosh(JBy(E+ &) JBue sinh( By (€ + E0)sinh( /By (¢ + &) + P)
1| cosh( /By €+ &) + /P2 +1 (cosh( /By (€ + &) + VP +1)2
Y= k1 (sinh( B (€ + £0) + P)
_ &(sinl VP1 +<¢0)+
1P Bllcosh(mwm»w\fﬁ " 1}“
B,
(\/B—k) -B e(sinh(|/B; (£ + &)) + P) +1
5| VR Y cosh((Br 6+ 0 P21 8 >0
kl aﬁz » P1 .

3.3 Application of (G’/G)-expansion method
Let Eq. (15) has the following solution,
U=A,+A [G—]
- 40 1 G .
Put (54) with (10) in (16),

A0=__’ Al =, kZ =, and
a a

a2k} - daPkiu - 24[32k1
2a?

3=

Put (55) in (54).
CASEL 2> - 4u>0

9

(5D

(52)

(53)

(54)

(55)
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Aky
U = =|—| -
a
k| Ak
Vis = 2| 22
5= [a
CASE II: /12—4[1<0
| M
Usg = p
k| Ak
Vig = ~2|-22 -
O

CASE III: 22 - 4y = 0 (Figure 5)

(2ka)

&Py sinh

1 1
EN//\Z—4y]+fP2 cosh[i\/ﬂz—w] 3
T2

&P, sinh

%VAZ - 4y] +EPy cosh[%\/‘/lz - 4;4]

(2k)

a

&Py sinh[%v A2- 4y] + &P, cosh[%\/ﬁz - 4;1]

_2
&P, sinh 2

1 79 . 1 [ ——
2\/)‘2‘411]*'51’1 cosh[i\/)lz—zl,u]

&P, cos[%\/‘4,u - /12] - &Py sin

a

1
5v4u-/\2]

(2k)

&P, sin

A
-2 2

1
2V

+ &Py cos[%V qu -2 ]

(2k)

a

Jau- 2 [EPZ cos[%v‘&u - )Lz] - &Py sin[%\‘ -2 ]]

Z[EPZ sin

%\/‘4;1 - )LZ] +&Py cos[%\ﬂy -2 ”

A
2

Uy =

V7 =

a

coofgtalt]
a - [7]’

(—(zzq))[ o im] - [3]

a

Ay

3.4 Application of the exp(¥(¢))-expansion method

Let Eq. (15) has the solution,

Put (6) with (12) in (16),

U= A + A exp(-¥(¢)).

DE GRUYTER

(56)

(57)

(58)

(59)

(60)

(61)

(62)
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Figure 5: Solutions Uy; (a and b) and V37 (c and d) witha = 0.01, 8 = 0.003, A = 2,k = 0.5, u =1, P, = 0.05,P, = 0.7,and y =1,and a = 4, f = 0.3,
A=4,lg=05.u=1,P =5 P,=77,and y =1, respectively.

a2k - 4%k + adkg CASEL A2 - 4u>0,u#0

A0=

a? ’ JaRHE ~ 4aidu
k2 - dakiu + adk

e 2k Uss = ARy ‘12 iU 1

1 5 a

a
W (63)

o, = 2P~ @ ~ 4 e N

2 a ’ (2ky) log 2# (64)
. A(3Bk] a2KE(® — ) — a?A2k3 + dakiu - 3B%Kk) .

3 = . ’

a?
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Figure 6: Solutions Uy, (a and b) and ¥, (c and d) with a = 0.01, § = 0.003,& = 0.35,A =1,k = 15,4 =8,and y = 1,anda = 0.3, = 0.3, = 8.35,
A=1,k =55 u=28,and y = 1, respectively.

k, [‘/awkf ~ 4l + ik
aZ

A
. <zk1>[—log[m]] [Mkl
N

Vig = —=
a

I p, ] . (67)

-2 = 4yt tanh| 1€ + &) 22 -4,1] -2
(2k) log - (65)
CASEIIL X - 4u=0,u# 0,1 %0
+ .
‘ a2k - 4Pk + adky
Uy = P
CASEIL A2 - 4u>0,u =0 (2ky) log[_2 'f}é(f;go»] (68)
+ b
A a
(2k1)[—1og [exp(A(f +a)-1 ]] 2k
Uy = +|—, (66)
a a
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. ko || N @2KE - da’kEu + adky
20 © kl az
2- 20+ &) (69)
(2ki) 10g[ 2+ &) ]
+
a
CASEIV: X% — 41 =0,u=0,A=0
_ [(2k1) log($ + fo)]) (70)
a
k[ 2k)log(¢ +
W, = (2k1)log(& + &) ‘ 71
kl a
CASE V: A2 - 4u < 0 (Figure 6)
a2k - datkPu + alky
Uy, = e
-4 - 7% tan| (£ + &) Jau - 22| -2
(2k) log % (72)
+ bl
a
k[ 2(a8\A* - 4u + add)
27k 482
-4 = 22 tan| 3§+ §o)\4u - 2% |- A
alog o (73)
+
)

4 Conclusion

In this article, we have constructed several diverse solutions of
(2+1)-dimensional KD system by using the four analytical math-
ematical methods. Some solutions are plotted graphically in 2-
dimensional and 3-dimensional by imparting the particular
value to the parameters under the constrained condition on
each disquiet solution. Hence, it shows that our proposed math-
ematical methods are powerful, melodious, and capable of using
in supplementary works to originate novel results for NPDES.
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