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Abstract: Accelerated or partially accelerated life tests are
particularly significant in life testing experiments since
they save time and cost. Partially accelerated life tests
are carried out when the data from accelerated life testing
cannot be extrapolated to usual conditions. The constant-
stress partially accelerated life test is proposed in this
study based on a Type-II censoring scheme and supposing
that the lifetimes of units at usual conditions follow the
inverted Topp–Leone distribution. The Bayes and E-Bayes
estimators of the distribution parameter and the accelera-
tion factor are derived. The balanced squared error loss func-
tion, which is a symmetric loss function, and the balanced
linear exponential loss function, which is an asymmetric loss
function, are considered for obtaining the Bayes and E-Bayes
estimators. Based on informative gamma priors and uniform
hyper-prior distributions, the estimators are obtained.

Finally, the performance of the proposed Bayes and
E-Bayes estimates is evaluated through a simulation
study and an application using real datasets.

Keywords: inverted Topp–Leone distribution, censored sam-
ples, Bayesian estimation, E-Bayesian estimation, balanced
loss functions

Abbreviations

ALT accelerated life testing
PALT partially accelerated life testing
CS-PALT constant-stress PALT
BLF balanced loss function
SEL squared error loss
LINEX linear exponential
ML maximum likelihood
BSEL balanced SEL
BLL balanced LINEX loss
E-Bayesian expected Bayesian
ITL inverted Topp–Leone
PDF probability density function
CDF cumulative distribution function
RF reliability function
HRF hazard rate function
LF likelihood function
ER estimated risk
SEs standard errors

θˆ
ML

the ML estimator of θ

θ˜
SE

the Bayes estimator of θ under SEL
function

θ˜
BSE

the Bayes estimator of θ under
BSEL function

θ˜
BL

the Bayes estimator of θ under BLL
function

x the sample vector
τ the sample proportion of test items
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n the number of test units (total
sample size)

= −X i n τ; 1,…, 1i ( ) the lifetimes of units assigned to
usual conditions

=Y j nτ; 1,…,j the lifetimes of units put to accel-
erated conditions

−n τ1( ) the number of test units assigned
to usual conditions

nτ the number of test units is put to
accelerated conditions

mu and ma the number of units that are cen-
sored under usual and accelerated
conditions

r the level of censoring
β the acceleration factor
λ the shape parameter
aj and bj the hyper-parameters of the prior

distribution

θ˜
EBBS

the E-Bayes estimator of the para-
meter θj under BSEL function

θ˜
EBBL

the E-Bayes estimator of the para-
meter θj under BLL function

1 Introduction

Rapid developments, improvements in the high technology,
consumer’s demands for highly reliable products, and com-
petitive markets have placed pressure on manufacturers to
deliver products with high quality and reliability. The time
of failure for advanced high-reliability products such as
lasers, airplane components, aerospace vehicles, electronic
components, cables for power, metal fatigue, and insulation
materials is exceedingly difficult to determine in life testing.
As a result, these kinds of items are unlikely to fail under
usual operating conditions within the comparatively brief
testing period. Therefore, in the manufacturing industry,
accelerated life testing (ALT) or partially accelerated
life testing (PALT) is preferred to obtain sufficient failure
data rapidly and to examine its relationship with external
stress variables. A lot of time, manpower, resources, and
money might be saved by using this test. Many approaches
can be used to apply stress, including constant stress, pro-
gressive stress, step stress, and among others, see [1]. The
following publications provide further information on ALT,
see [2–5].

The fundamental principle in ALT is that a life-stress
connection exists or may be presumed so that the data
collected from accelerated conditions can be extended to
usual conditions. PALT is usually applied when such a
relationship cannot be known or supposed.

Each test item in a constant-stress PALT (CS-PALT) is
put under constant stress at usual or accelerated condi-
tions only until the test is ended. Recently, CS-PALT ana-
lysis has attracted a lot of interest, see [6–8].

The Bayesian approach provides some precise advan-
tages when the sample size is limited. In situations when
previous knowledge is limited, objective Bayes estimators
can be derived using non-informative priors, such as the
Jeffreys prior. For some important references, see the
works of Jeffreys [9] and Xu and Tang [10]. Various studies
have applied PALT from a Bayesian perspective, such
as [11].

An extended class of the balanced loss function (BLF)
was proposed by Ahmadi et al. [12], and it has the following
formula:

= + −L θ θ ωl θ θ ω l θ θ* ,

˜

,

ˆ

1 ,

˜

,( ) ( ) ( ) ( ) (1)

where l θ θ,

˜( ) represents any loss function, θˆ is a selected
target estimator of θˆ, and the weight ∈ω 0, 1[ ]. The BLF
employs a variety of loss functions, e.g., the absolute error
loss, squared error loss (SEL), entropy, and linear exponential
(LINEX) functions. According to the Bayes estimator under
any loss function and themaximum likelihood (ML) estimator,
least squares estimators or any other estimator.

The Bayes estimator of θ using the balanced SEL
(BSEL) function is as follows:

= + −θ ωθ ω θ˜ ˆ

1

˜

,
BSE ML SE

( ) (2)

where θˆ
ML

is the ML estimator of θ and θ˜
SE

is its Bayes
estimator under the SEL function. In addition, the Bayes
estimator based on the balanced LINEX loss (BLL) function
of θ is derived as follows:

=
−

− + − − ∣θ
v

ω vθ ω E vθ x˜

1

ln exp

ˆ

1 exp ,MLBL

{ ( ) ( ) ( ( ) )} (3)

where x is the sample vector and ≠v 0 is the shape para-
meter for the BLL function.

Han [13] introduced the E-Bayesian estimate metho-
dology, a specialized Bayesian method employed in the
domain. The phenomenon is experiencing a growing trend
in popularity. Numerous authors applied the E-Bayesian
approach to a variety of distributions, including [14–18]. In
addition, a few researchers have applied the E-Bayesian
approach based on PALT, e.g., [19]. In this article, the Bayes
and E-Bayes estimators are derived based on the BSEL and
BLL functions.

This article is structured as follows: in Section 2, a
description of the model and basic assumptions are given.
The Bayes estimators for the unknown parameter and the
acceleration factor of the inverted Topp–Leone (ITL) dis-
tribution for CS-PALT under Type-II censored samples
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based on BSEL and BLL functions are obtained in Section 3.
The E-Bayes estimators of the unknown parameter and the
acceleration factor under BSEL and BLL functions are dis-
cussed in Section 4. In Section 5, a simulation study and an
application using two real datasets are given to illustrate
the theoretical results. Finally, some general conclusions
are introduced in Section 6.

2 A description of the model and
basic assumptions

A description of the model and basic assumptions are given
in this section.

2.1 A description of the model

The importance of ITL distribution is attributable to its
applications in several fields, such as econometrics, biolo-
gical and engineering sciences, survey sampling, medical
applications, and life testing problems. The ITL distribution
was proposed Hassan et al. [20]. They derived several of
its statistical characteristics, including quantile function, prob-
ability-weighted moments, mode, moments, moments of resi-
dual life function, incomplete moments, and Rényi entropy.
Furthermore, they obtained the ML estimator of the para-
meter using complete Type-II and Type-I censoring schemes.

For the ITL distribution, the probability density func-
tion (PDF) and cumulative distribution function (CDF) are,
respectively, represented as follows:

= + + > >− − −f x λ λx x x x λ; 2 1 1 2 , 0; 0,

λ λ2 1 1( ) ( ) ( ) (4)

and

= − ⎧⎨⎩
+
+

⎫
⎬⎭

> >F x λ
x

x
x λ; 1

1 2

1

, 0; 0,

λ

λ2

( )
( )

( )
(5)

where λ is a shape parameter.
The reliability function (RF) and hazard rate function

(HRF) for the ITL distribution are, respectively, provided as
follows:

=
+
+

> >R x λ
x

x
x λ;

1 2

1

, 0; 0,

λ

λ2

( )
( )

( )
(6)

and

= + + > >−h x λ λx x x x λ; 2 1 1 2 , 0; 0.

1( ) [( )( )] (7)

Because the plots of the HRF of the ITL distribution are
positively skewed, the ITL distribution provides a flexible

reliability model that is suited for investigating the PALT
model. Figures 1 and 2 show different shapes of PDF and
HRF for the ITL distribution

2.2 Basic assumptions

All items are randomly allocated to two samples of size
−n τ1( ) and nτ , respectively, where τ is the sample propor-

tion. The first sample is assigned to usual conditions, while the
second is assigned to accelerated conditions. Each test item in
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Figure 1: Different shapes of the PDF for the ITL distribution.
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Figure 2: Different shapes of the HRF for the ITL distribution.
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each sample is performedwithout modifying the test condition
until the censoring number is obtained.

Assumptions:

1. The lifetimes Xi; = −i n τ1,…, 1( ) of units assigned to
usual conditions are independent and identically dis-
tributed (i.i.d) random variables.

2. The lifetimes Yj; =j nτ1,…, of units assigned to acceler-
ated conditions are i.i.d random variables.

3. The lifetimes Xi andYj aremutually statistically independent.

Assuming that lifetimes of test items have the ITL distribu-
tion, then the PDF of an item at usual conditions is defined
in equation (4). For an item tested under accelerated con-
ditions, the PDF and CDF are derived as follows:

= + +
> > >

− − −f y λ β λβy βy βy

y λ β

; , 2 1 1 2 ,

0; 0, 1,

λ λ2 1 1( ) ( ) ( )
(8)

and

= −
⎧
⎨
⎩

+
+

⎫
⎬
⎭

> > >F y λ β
βy

βy
y λ β; , 1

1 2

1

, 0; 0, 1,

λ

λ2

( )
( )

( )
(9)

where = −Y β X1 , β is the acceleration factor defined as the
ratio of the mean life under usual conditions to that under
accelerated conditions, and >β 1.

For an item tested under accelerated conditions, the
RF and HRF are provided as follows:

=
+
+

> > >R y λ β
βy

βy
y λ β; ,

1 2

1

, 0; 0, 1,

λ

λ2

( )
( )

( )
(10)

and

= + +
> > >

−h y λ β λβy βy βy

y λ β

; , 2 1 1 2 ,

0; 0, 1.

1( ) [( )( )]
(11)

3 Bayesian estimation

Based on CS-PALT using Type-II censored samples, the
Bayes estimators for the unknown parameter and the
acceleration factor of the ITL distribution are presented
in this section.

Let us consider that the periods of failure contain
the rth smallest lifetimes ⩽ ⩽ ⩽x x x… r1 2( ) ( ) ( ) from a random
sample of −n τ1( ) based on usual conditions and

⩽ ⩽ ⩽y y y…

r1 2( ) ( ) ( ) from a random sample of nτ at accel-
erated conditions, respectively.

Under usual conditions, the likelihood function (LF) of
= −x i n τ; 1,…, 1i ( )( ) is as follows:

∏∣ ∝
⎡
⎣⎢

∣
⎤
⎦⎥

∣
=

− −L λ x f x λ R x λ ,u

i

r

i r
n τ r

1

1( ) ( ) [ ( )]( ) ( )
( ) (12)

where = − −x x x x, ,…, ,n τ r1 2 1( ) ( ) [ ( ) ] and ∣f x λi( )( ) , and ∣R x λr( )( )

are given by Eqs. (4) and (6), respectively. The LF for y
j( ),

=j nτ1,…, , at accelerated conditions is defined as follows:

∏∣ ∝
⎡

⎣⎢
∣
⎤

⎦⎥
∣

=

−L θ y f y θ R y θ ,a

j

r

j r
nτ r

1

( ) ( ) [ ( )]( ) ( )
(13)

where = −y y y y, ,…,

nτ r1 2( ) ( ) ( ), = ′θ λ β,( ) , and ∣f y θ
j

( )( ) ,
∣R y θ

r
( )( ) are given by Eqs. (8) and (10), respectively.

Assumingthatmu andma represent thenumberofunits that
are censored under usual and accelerated conditions, where

= − − = −m n τ r m nτ r1 and ,u a( ) (14)

where r is the censoring level and is assumed to be equal
under usual and accelerated conditions.

Substituting Eqs. (4) and (6) into Eq. (12) and substi-
tuting Eqs. (8) and (10) into Eq. (13), hence the LF according
to CS-PALT for x i( ) and y

j( ), where = −i n τ1,…, 1( ) and
=j nτ1,…, , can be expressed as follows:

∏
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(15)

The natural logarithm of LF in Eq. (15) is given as follows:

∑
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By differentiating Eq. (16) with regard to λ and β and then
setting to zero, the ML estimators of the unknown para-
meter and the acceleration factor, = ′θ λ β,( ) , can be
derived as follows:

∑ ∑

∑

∑

∂
∂

= − + + +

+
⎡
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+
+
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and
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∂
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(18)

By equating the derivatives (17) and (18) to zeros, the ML
estimators for the unknown parameters λ and β are pro-
duced. The ML estimates for the unknown parameters λ

and β can be obtained by numerically solving the system
of nonlinear equations using the Newton–Raphson
method.

Regarding the pre-existing knowledge pertaining to
the vector of parameters = ′θ λ β,( ) , is correctly character-
ized by an informative prior that is a gamma distribution
with parameters aj and bj and PDF as below:

= −

> =

−π θ a b
b

a
θ b θ

θ a b j

; ,

Γ

exp ,

, , 0; 1, 2, …,

j j j

j
a

j

j
a

j j

j j j

1

j

j( )
( )

( )
(19)

where, =θ λ
1

and =θ β
2

, and aj and bj are the hyper-para-
meters of the prior distribution.

Supposing that the parameters, = ′θ λ β,( ) , are inde-
pendent and unknown, then the joint prior distribution
for the unknown parameters has a joint PDF defined as
follows:

∝ − +− −π θ a b λ β b λ b β; , exp ,

a a1 1

1 2

1 2( ) [ ( )] (20)

where >λ 0 and >β 1, and >a b, 0( ). The joint posterior
distribution of the parameters, = ′θ λ β,( ) , may be com-
puted by inserting the LF in Eq. (15), and the joint prior
distribution provided by Eq. (20) is given as follows:
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The joint posterior distribution provided by Eq. (21) may be
expressed as follows:

∏
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and

∫ ∫∫= =θ β λand d d d .

θ λ β

(24)

The Bayes estimators are derived using two different loss
functions, the BSEL and BLL functions, which are sym-
metric and asymmetric loss functions.

3.1 Bayes estimators under BSEL function

Using Eqs. (2) and (22), the Bayes estimators for the para-
meters using the BSEL function may be derived as follows:
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( )

( ) ( )

( ) ( )

(25)

where =θ λ
1

and =θ β
2

, θˆML is the estimator of θj using the
ML approach depending on Eqs. (17) and (18), −A 1 is defined
in Eq. (23), and ∫

θ
and θd are given in Eq. (24).

3.2 Bayes estimators under BLL function

From Eqs. (3) and (22), the Bayes estimators of the para-
meters using the BLL function may be calculated as
follows:

∫

∫

∏

∏

=
− ⎧

⎨
⎩

−

+ − − ∣
⎫
⎬
⎭

=
− ⎧

⎨
⎩

−

+ −

× − +

+
⎧
⎨
⎩

+ +
⎫
⎬
⎭

×
⎧
⎨
⎩

+ +
⎫
⎬
⎭

×
⎡
⎣⎢

+
+

⎤
⎦⎥
⎡

⎣⎢
+
+

⎤

⎦⎥

+ − + −

=

−

=

− − −

θ
v

ω vθ

ω vθ π θ x y θ

v
ω vθ

ω A λ β

vθ b λ

b β x x

βy βy

x

x

βy

βy
θ

˜

1

ln exp

ˆ

1 exp , d

1

ln exp

ˆ

1

exp

1 1 2

1 1 2

1 2

1

1 2

1

d .

θ

j

ML

θ

r a r a

j

i

r

i
λ

i
λ

j

r

j
λ

j
λ

r
λ

r
λ

m

r
λ

r
λ

m

jBLL jML

2 1 1

1

2

1

2

1

2 1 1

2 2

u a

1 2

( )

( ) ( ) ( )

( )

( )

[ (

)] ( ) ( )

( ) ( )

( )

( )

( )

( )

( ) ( )

( ) ( )

( )

( )

( )

( )

(26)

The Bayes estimators for the unknown parameters,
= ′θ λ β,( ) , using BLL function may be computed by sub-

stituting θj by λ or β in Eq. (26).

4 E-Bayesian estimation

The E-Bayes estimators of the parameters, = ′θ λ β, ,( ) for
the ITL distribution under CS-PALT using a Type-II cen-
sored sample are obtained in this section.

Han [13] indicated that the hyper-parameters a� and b�

must be chosen to ensure that π θ a b; , ,� � �( ) provided in Eq.
(19), can be decreasing functions of θ� ( = 1, 2� ).

The derivative of π θ a b; ,� � �( ) with regard to θ� is
shown below:

=

× − − − =

−π θ a b

dθ

b

a
θ

b θ a b θ

d ; ,

Γ

exp 1 , 1, 2,

a

a 2

�

� � �

�

�

�
�

� � � � �

�

�
( )

( )

( )( )

(27)

for < <a0 1� and >b 0� , then < 0,

π θ a b

θ

d ; ,

d

� � �

�

( )
which means

that π θ a b; ,� � �( ) can be decreasing functions of θ� .
To derive the E-Bayes estimators of the parameters,

three alternative distributions for the hyper-parameters
a� and b� are employed. These distributions are used to
determine how different prior distributions affect the
E-Bayes estimator for θ� .

Given the assumption of independence of hyper-para-
meters a� and b� it may be inferred that they possess
bivariate density functions

= = =π a b π a π b, , 1, 2, ℏ 1, 2,…, 6.
ℏ ℏ ℏ

�� � � �( ) ( ) ( ) (28)

Then, the bivariate uniform hyperprior distributions
are given as follows:

=
−

< < < <π a b
c b

c
a b c,

2

, 0 1, 0 ,
ℏ

2

� �

� �

�

� � �( )
( )

(29)

= < < < <π a b
c

a b c,

1

, 0 1, 0 ,
ℏ � �

�
� � �( ) (30)

= < < < <π a b
b

c
a b c,

2

, 0 1, 0 .
ℏ

2

� �

�

�

� � �( ) (31)

The E-Bayes estimators of θ� (expectation of the Bayes
estimators of θ�) may be derived as follows:

∬
=

=

= =

∼ ∼

∼
θ E θ a b

θ a b π a b a b

,

, , d d

1, 2, ℏ 1, 2, …, 6,

EB π B

D

B ℏ

ℏ

j

� � � �

� � � � � � �

( ( ))

( ) ( ) (32)

where =E ℏ 1, 2, …,6π
ℏ

( ) represents the expected value of
the bivariate hyperprior distributions, D is the domain of
the function π a b,

ℏ � �( ), and ∼θ a b,B� � �( ) are the Bayes estima-
tors for the parameters θ� under BSEL and BLL functions.

The E-Bayes estimators are derived using two different
loss functions, the BSEL and BLL functions, which are sym-
metric and asymmetric loss functions.
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4.1 E-Bayes estimators under BSEL function

The three E-Bayes estimators of the parameter θ� using
BSEL function may be computed by substituting Eqs. (25)
and (29)–(31) in Eq. (32) as, respectively, as follows:

∫∫

∫

∏

∏

= + −

×

×
⎡
⎣⎢

+ +
⎤
⎦⎥
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λ
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λ
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λ
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r
λ
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(33)

∫∫
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and
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(35)

where = 1, 2� , =θ λ
1

, =θ β
2

, θ ML


� is the estimator of θ� using
the ML approach depending on Eqs. (17) and (18), −A 1 is
defined as in Eq. (23), and ∫

θ
and θd are given in Eq. (24).

One can calculate the three E-Bayes estimators of the
parameters, = ′θ λ β, ,( ) under BSEL function by substi-
tuting � by 1 or 2 in (33)–(35).

4.2 E-Bayes estimators under BLL function

Substituting Eqs. (26) and (29)–(31) in Eq. (32), the three
E-Bayes estimators for the parameter θ� using BLL function
are computed as follows:
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One may compute the three E-Bayes estimators of the
parameters, = ′θ λ β, ,( ) using BLL function by substituting
� by 1 or 2 in Eqs. (36)–(38).

5 Numerical illustration

In this section, the accuracy of theoretical results of Bayes
and E-Bayes estimates are investigated using simulated
and real datasets.

5.1 Simulation algorithm

A simulation study is carried out in this subsection to
demonstrate the efficiency of the provided Bayes and E-
Bayes estimates for CS-PALT using Type-II censored data
generated from the ITL distribution. For all simulation
investigations, the R programming language is used.

The following are the steps of the simulation process
using Type-II censored data:
1) Random samples of size n are generated from the ITL

(λ) distribution for specified values of λ.
(a) Hassan et al. [20] provided the following transfor-

mation between the uniform distribution and the
ITL (λ) distribution:

=
−⎡⎣ − − ⎤⎦

−

+
⎡
⎣ − − ⎤

⎦ − − ⎡⎣ − − ⎤⎦

−

x

u

u

u u u

u

1 1

1

1 1 1 1 1

1

,

u

λ

1

2

λ

λ

λ λ

λ

1

1

1 1

1

( )

( )

( ) ( ) ( )

( )

where ∈u 0, 1 .( )

2) Generate aj and bj from the bivariate uniform hyper-
prior distributions, π a b,j jℏ

( ), =j 1, 2, =ℏ 1, 2,…, 6, as
given in Eqs. (29)–(31).

3) For given values of aj and bj , generate λ and β from the
gamma prior distributions.

4) For each sample size, the values of xi are sorted
where ⩽ ⩽ ⩽ −x x x… n τ1 2 1( ) ( ) [ ( )].

5) For each sample size, the values of y
i
are sorted

as ⩽ ⩽ ⩽y y y…

nτ1 2( ) ( ) ( ).
6) Considering two different proportions τ for the sample

units assigned to accelerated conditions τ = 20% and τ =

50% under Type-II censored data.
7) The number of failures r is chosen to be less than

−n τ1( ) and nτ .

8) Calculate the Bayes and E-Bayes estimates for the para-
meters using the BSEL and BLL functions.

9) Repeat all the previous steps N = 10,000 times for the
samples of size =n 20, 60, and 100.

The accuracy of the estimates is used to evaluate their
performance. It is convenient to use the estimated risk

(ER) = ∑ −=
N

estimated value true value

N

i 1

2( ) to investigate the preci-
sion and variation of the estimates.

Tables A1–A6 display the Bayes and E-Bayes averages
and ERs of the unknown parameter and the acceleration
factor of the ITL distribution for CS-PALT under BSEL and
BLL functions using Type-II censored data, where the cen-
soring level is 10% n for each sample size, the sample
proportions are 0.20 and 0.50, and the specified values of
parameters are (Case 1: λ = 0.5 and β = 1.5), (Case 2: λ = 0.5
and β = 2.5), and (Case 3: λ = 0.5 and β = 3.5). Tables A7 and
A8 display the Bayes and E-Bayes averages and expected
risks (ERs) for the unknown parameters under BSEL and
BLL functions based on Type-II censoring for different
weights ω; =ω 0, 0.3, 0.6 and 1 where when ω = 0, the
Bayes estimates using the BSEL or BLL functions are
obtained and when ω = 1, the ML estimates are obtained.

5.2 Real datasets

The major objective of this subsection is to show how the
recommended methods can be applied in practice. This is
achieved using two real-life datasets. To demonstrate that
the ITL distribution is fitted to the two real datasets, the
Kolmogorov–Smirnov goodness-of-fit test is applied in the
R programming language.

Data 1

The first data are presented by Liu et al. [21]. The data
correspond to the survival times of patients in China
affected by the COVID-19 pandemic. The dataset under con-
sideration represents the survival periods of patients from
the moment they were admitted to the hospital untill
death. From January through February 2020, 53 COVID-19
patients were identified at the hospital in serious condi-
tion. The dataset is presented as follows: 20.083, 6.743,
0.064, 10.827, 0.087, 0.976, 16.978, 0.364, 4.237, 1.756, 0.816,
4.190, 0.704, 5.028, 19.092, 0.421, 7.274, 0.796, 0.479, 3.867,
14.278, 0.568, 8.273, 3.890, 0.865, 17.209, 3.543, 0.235, 15.287,
2.869, 0.054, 13.324, 0.352, 6.174, 0.787, 0.087, 9.324, 0.458,
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11.282, 0.437, 7.058, 0.978, 0.976, 5.083, 0.548, 4.092, 1.978,
4.093, 3.079, 2.089, 3.646, 3.348 and 2.643, see, https://www.
worldometers.info/coronavirus/.

Data 2

The second dataset is a 59-day COVID-19 mortality rate
dataset from Italy, collected from 27 February 2020 through
27 April 2020 and given by Almongy et al. [22]. The dataset
is as follows: 4.571, 7.201, 3.606, 8.479, 11.410, 8.961, 10.919,
10.908, 6.503, 18.474, 11.010, 17.337, 16.561, 13.226, 15.137,
8.697, 15.787, 13.333, 11.822, 14.242, 11.273, 14.330, 16.046,
11.950, 10.282, 11.775, 10.138, 9.037, 12.396, 10.644, 8.646,
8.905, 8.906, 7.407, 7.445, 7.214, 6.194, 4.640, 5.452, 5.073,
4.416, 4.859, 4.408, 4.639, 3.148, 4.040, 4.253, 4.011, 3.564,
3.827, 3.134, 2.780, 2.881, 3.341, 2.686, 2.814, 2.508, 2.450,
and 1.518 (see https://covid19.who.int/). The validity of the
fitted model is checked through the Kolmogorov–Smirnov
goodness-of-fit test. The p-values are 0.7444 and 0.2582,
respectively. In each case, the p-value indicated that the
model suited the data. The Bayes and E-Bayes estimates
and standard errors (SEs) of the unknown parameters
for the real datasets using BSEL and BLL functions are
presented in Tables A9 and A10.

5.3 Concluding remarks

1) According to Tables A1–A6, as the sample size increases,
the accuracy of the ER improves.

2) When the acceleration factor β increases, the ERs
decrease, as shown in Tables A1–A6.

3) Tables A1 and A2 demonstrate that the ERs of the para-
meters perform better as the proportion τ of the sample
units assigned to accelerated conditions decreases.

4) The E-Bayes estimators consistently outperform the
Bayes estimators because the ERs of the E-Bayes esti-
mates of the parameters are always lower than the ERs
of the Bayes estimates, as in Tables A1–A8.

5) From Tables A1–A8, the Bayes and E-Bayes estimators
using the BLL function usually perform better than the
Bayes and E-Bayes estimators using the BSEL function,
as demonstrated by the fact that the ERs of Bayes and E-
Bayes estimates using the BLL function, are lower than the
ERs of Bayes and E-Bayes estimates using the BSEL
function.

6) Tables A7 and A8 show that the Bayes estimates using
the BSEL or BLL functions are obtained when =ω 0 and
the ML estimates are obtained when =ω 1.

6 General conclusion

The measurement of product life using usual conditions
frequently demands a lengthy period of time for products
with a high level of reliability. Thus, ALT or PALT is
employed to make it easier to estimate the unit’s reliability
rapidly. Because ALT items are only processed under accel-
erated conditions, such relationships cannot be known or
presumed in some cases. As a result, PALT is frequently
employed in such cases; in PALT, items are performed
under both usual and accelerated conditions. Based on
Type-II censoring, this study presented a CS-PALT. A CS-
PALT includes performing each test item under usual or
accelerated conditions under constant stress until the test
is completed. Considering that the lifetimes of test products
have the ITL distribution. The distribution parameter and
the acceleration factor of the ITL distribution are estimated
using the Bayesian and E-Bayesian methods. The estima-
tors are obtained using two different loss functions, the
BSEL and BLL functions, which are symmetric and asym-
metric loss functions. The BLF is a mixture of Bayes and
non-Bayes estimators. The performance of the proposed
Bayes and E-Bayes estimates is evaluated through a simu-
lation study and an application using real datasets. In gen-
eral, numerical computations showed that as the sample
size increases and the weightω decreases, the accuracy of the
ER improves. In addition, the ERs of the parameters decrease
when the acceleration factor increases and the proportion
sample (τ) decreases. The E-Bayes estimators consistently out-
perform the Bayes estimators because the ERs of the E-Bayes
estimates of the parameters are always lower than the ERs of
the Bayes estimates. The E-Bayesian and Bayesian methods
for estimating the parameters of the ITL distribution for CS-
PALT using different types of loss functions, such as general
entropy and precautionary loss functions, would be useful as
a basis for future distribution theory research.
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Appendix 1

Table A1: The averages and ERs of the parameters under BSEL function using Type-II censoring (Case 1: =N 10,000 , =τ 0.20, 0.50, =r n0.1 , =ω 0.3,
=λ 0.5, and =β 1.5)

n r τ θ Averages ERs

θB
͠

θEB
͠

θB
͠

θEB
͠

20 2 0.2 λ 0.4711 0.4859 0.0014 0.0008
0.4971 0.0011
0.4777 0.0002

β 1.3748 1.4084 0.0187 0.0023
1.3775 0.002
1.4363 0.0052

λ 0.5573 0.5277 0.0108 0.0018
0.5713 0.0019
0.5627 0.0017

0.5 β 1.2298 1.2115 0.0304 0.0027
1.2322 0.0021
1.1008 0.0183

60 6 0.2 λ 0.53 0.5302 0.0013 ×9.5472 10

‒5

0.5135 ×4.1418 10

‒4

0.5367 ×2.4292 10

‒4

β 1.4945 1.4862 0.0004 ×1.7235 10

‒4

1.5083 ×3.8464 10

‒4

1.4958 ×2.8165 10

‒4

0.5 λ 0.4477 0.4814 0.0039 0.0014
0.4801 0.0012
0.415 0.0014

β 1.4838 1.463 0.001 0.0006
1.496 0.0004
1.4645 0.0008

100 10 0.2 λ 0.4818 0.4791 0.0006 ×1.7787 10

‒5

0.4765 ×3.4436 10

‒5

0.4895 ×7.7972 10

‒5

β 1.4884 1.4776 0.0002 ×1.3484 10

‒4

1.49 ×9.8486 10

‒6

1.4885 ×1.7907 10

‒5

0.5 λ 0.4737 0.4943 0.0012 ×5.1975 10

‒4

0.4469 ×9.0124 10

‒4

0.4638 ×2.1239 10

‒4

β 1.5157 1.518 0.0004 ×3.0119 10

‒4

1.5119 ×9.4147 10

‒5

1.4984 ×3.4475 10

‒4
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Table A2: The averages and ERs of the parameters under BLL function using Type-II censoring (Case 1: =N 10,000 , =τ 0.20, 0.50, =r n0.1 , =ω 0.3,
=v ‒2, =λ 0.5 and =β 1.5)

n r τ θ Averages ERs

θB
͠

θEB
͠

θB
͠

θEB
͠

20 2 0.2 λ 0.4586 0.4438 0.0005
0.4423 0.0021 0.0011
0.4451 0.0017

β 1.4589 1.4381 0.001
1.4412 0.0021 0.0006
1.446 0.0008

0.5 λ 0.5382 0.5939 0.0036
0.5063 0.0037 0.0018
0.5864 0.003

β 1.0112 0.9478 0.0055
1.0352 0.0096 0.0015
0.9496 0.0052

60 6 0.2 λ 0.5254 0.5253 ×4.98 10

‒5

0.5437 0.0012 ×5.02 10

‒4

0.5197 ×2.28 10

‒4

β 1.4917 1.4889 ×4.24 10

‒5

1.5028 0.0003 ×2.15 10

‒4

1.5007 ×1.61 10

‒4

0.5 λ 0.5163 0.0007
0.5325 0.5458 0.0027 0.0009

0.5149 0.0013
β 1.4828 0.0007

1.4612 1.4742 0.0028 0.0004
1.4336 0.0009

100 10 0.2 λ 0.4826 ×1.41 10

‒5

0.4824 0.477 0.0004 ×4.14 10

‒5

0.4855 ×1.65 10

‒5

β 1.4922 ×8.86 10

‒6

1.4936 1.4913 0.0001 ×1.75 10

‒5

1.495 ×1.78 10

‒5

0.5 λ 0.4639 ×2.75 10

‒4

0.4759 0.4715 0.0006 ×1.74 10

‒4

0.4966 ×4.85 10

‒4

β 1.4607 ×7.86 10

‒5

1.46 1.4688 0.0018 ×1.26 10

‒4

1.4567 ×1.80 10

‒4
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Table A3: The averages and ERs of the parameters under BSEL function
using Type-II censoring (Case 2: =N 10,000 , =τ 0.50, =r n0.1 , =ω 0.3,
=λ 0.5, and =β 2.5)

n r τ θ Averages ERs

θB
͠

θEB
͠

θB
͠

θEB
͠

λ 0.5671 0.0012
20 2 0.5 0.5515 0.5662 0.0032 0.0007

0.5438 0.0003
β 2.5922 0.0005

2.5855 2.556 0.0095 0.002
2.5499 0.0021

λ 0.5214 0.0004
0.5158 0.532 0.0008 0.0007

60 6 0.5 0.5163 0.0002
β 2.4649 0.0004

2.476 2.4634 0.0009 0.0002
2.4634 0.0002

λ 0.5219 ×5.78 10

‒5

0.5218 0.5134 0.0007 ×1.02 10

‒4

100 10 0.5 0.5228 ×4.92 10

‒5

β 2.4975 ×7.24 10

‒5

2.4933 2.4909 0.0002 ×8.24 10

‒5

2.5024 ×1.26 10

‒4

Table A4: The averages and ERs of the parameters under BLL function
using Type-II censoring (Case 2: =N 10,000 , =τ 0.50, =r n0.1 , =ω 0.3,
=v ‒2, =λ 0.5, =β 2.5)

n r τ θ Averages ERs

θB
͠

θEB
͠

θB
͠

θEB
͠

20 2 0.5 λ 0.5284 0.5094 0.0006
0.5086 0.0019 0.0009
0.4873 0.0018

β 2.4177 2.4441 0.0009
2.4307 0.0083 0.0003
2.3968 0.0007

60 6 0.5 λ 0.5185 0.5283 ×1.54 10

‒4

0.5206 0.0006 ×2.09 10

‒5

0.5322 ×3.82 10

‒4

β 2.4795 2.4682 ×1.84 10

‒4

2.4889 0.0008 ×2.04 10

‒4

2.4659 ×2.78 10

‒4

100 10 0.5 λ 0.5115 0.5059 ×4.52 10

‒5

0.5092 0.0004 ×1.36 10

‒5

0.5135 ×9.74 10

‒5

β 2.4903 2.4953 ×3.96 10

‒5

2.4848 0.0002 ×4.75 10

‒5

2.4931 ×2.72 10

‒5

Table A5: The averages and ERs of the parameters under BSEL function
using Type-II censoring (Case 3: =N 10,000 , =τ 0.50, =r n0.1 , =ω 0.3,
=λ 0.5, and =β 3.5)

n r τ θ Averages ERs

θB
͠

θEB
͠

θB
͠

θEB
͠

20 2 0.5 λ 0.5474 0.5247 0.0031 0.0007
0.5317 0.0005
0.5343 0.0002

β 3.4595 3.442 0.0023 0.0004
3.4221 0.0018
3.4722 0.0003

60 6 0.5 λ 0.5181 0.5108 0.0007 ×1.15 10

‒4

0.5337 ×2.98 10

‒4

0.5128 ×7.60 10

‒5

β 3.5105 3.5116 0.0004 ×6.22 10

‒5

3.5224 ×1.72 10

‒4

3.5142 ×7.54 10

‒5

100 10 0.5 λ 0.483 0.4772 0.0005 ×4.87 10

‒5

0.4857 ×2.53 10

‒5

0.4849 ×1.92 10

‒5

β 3.5081 3.5139 0.0001 ×5.54 10

‒5

3.5135 ×6.63 10

‒5

3.5051 ×2.56 10

‒5

Table A6: The averages and ERs of the parameters under BLL function
using Type-II censoring (Case 3: =N 10,000 , =τ 0.50, =r n0.1 , =ω 0.3,
=v ‒2, =λ 0.5, and =β 3.5)

n r τ θ Averages ERs

θB
͠

θEB
͠

θB
͠

θEB
͠

20 2 0.5 λ 0.5145 0.5288 0.0013 0.0003
0.5408 0.0009
0.5008 0.0005

β 3.5031 3.5016 0.0005 0.0001
3.5062 0.0002
3.4912 0.0003

60 6 0.5 λ 0.48 0.4843 0.0005 ×2.89 10

‒5

0.479 ×1.09 10

‒5

0.4731 ×5.87 10

‒5

β 3.4926 3.4868 0.0003 ×4.93 10

‒5

3.4869 ×4.20 10

‒5

3.4947 ×1.19 10

‒5

100 10 0.5 λ 0.5116 0.5067 0.0002 ×2.76 10

‒5

0.5138 ×7.53 10

‒6

0.5093 ×1.14 10

‒5

β 3.5097 3.5129 0.0001 ×1.23 10

‒5

3.5127 ×1.11 10

‒5

3.5093 ×3.27 10

‒6
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Table A7: The averages and ERs of the parameters under BSEL function using Type-II censoring ( =N 10,000 , =n 60, =τ 0.50, =r n0.1 ,
=λ 0.5, =β 1.5)

Estimate ==ω 0 ==ω 0.3 ==ω 0.6 ==ω 1

“BSEL” “ML”

λ͠ 0.4770 0.4815 0.4814 0.5059 0.6524

0.4649 0.4477 0.4801 0.7355 0.7561 0.4402 0.5796
0.4967 0.415 0.7178 0.6941

λER( )͠ 0.0007 ×3.85 10

‒5 ×3.90 10

‒3 0.0014 0.0612 0.0732

×1.79 10

‒4 0.0012 0.0752 0.0014 0.1253 0.0774

×5.91 10

‒4 0.0014 0.0098 0.1097

β͠ 1.5103 1.5075 1.463 1.3298 1.4329

1.5018 1.4838 1.496 1.3336 1.2998 1.2169 1.298
1.514 1.4645 1.1616 1.4005

βER( )͠ 0.0002 ×5.18 10

‒5 0.0006 0.0053 0.0649

×1.27 10

‒4 0.001 0.0004 0.0566 0.0026 0.1759 0.0255

×3.99 10

‒5 0.0008 0.0336 0.0387

Table A8: The averages and ERs of the parameters under BLL function using Type-II censoring ( =N 10,000 , =n 60, =τ 0.50, =r n0.1 , =λ 0.5,
=β 1.5, and =v ‒2)

Estimate ==ω 0 ==ω 0.3 ==ω 0.6 ==ω 1

“BELL” “ML”

λ͠ 0.4802 0.4860 0.5325 0.5163 0.6964 0.6602 0.619

0.4722 0.5458 0.6986 0.6521 0.441
0.4876 0.5149 0.6695 0.7483

λER( )͠ 0.0005 0.000052599 0.0027 0.0007 0.0547 0.002 0.0225

0.000084367 0.0009 0.0015 0.162 0.0723
0.00025431 0.0013 0.0152 0.0736

β͠ 1.4805 1.4853 1.4612 1.4828 1.515 1.4829 1.2995

1.4876 1.4742 1.5575 1.4092 1.2863
1.4866 1.4336 1.4792 1.3459

βER( )͠ 0.0005 0.000038596 ×2.80 10

‒3 0.0007 0.0133 0.0013 0.0265

0.000096565 0.0004 0.003 0.0501 0.0229
0.000044061 0.0009 0.0031 0.0067
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Appendix 2

Bayesian and E-Bayesian Estimation Based on Constant
Stress-Partially Accelerated Life Testing for Inverted
Topp–Leone Distribution Source Code

n=20
rr=2
lamda1<-0.5
betaa1<-1.5
crit=0.9
pprob=0.05
tau<-0.50
v<-(-2)
W=0.3
alpha1<-10
beta1<-10
alpha2<-0.5
beta2<-10
# 0 < U < 1 , 0 < B < C

U1<-1
U2<-1
U3<-1
C1<-0.5
C2<-0.6
C3<-0.7
B1<-0.3
B2<-0.3
B3<-0.4
u1<-runif(n,min=0,max=1)
u1
u2<-runif(n,min=0,max=1)
u2
t1<-(-2*((1-u1)∧(1/lamda1)-1)+(4*((1-u1)∧(1/lamda1)-1)∧

(2)-4*((1-u1)∧(1/lamda1))*((1-u1)∧(1/lamda1)-1))∧(0.5))/(2*((1-
u1)∧(1/lamda1)))

t1
x=sort(t1)
x
x=x[1:rr]

Table A9: Bayes estimates and SEs of the parameters for the real
datasets under BSEL function using Type-II censoring ( =τ 0.20, 0.50,
=ω 0.3, and =r n0.1 )

Application n r τ θ Estimates SEs

θB
͠

θEB
͠

θB
͠

θEB
͠

I 53 5 0.2 λ 0.7979 0.8008 0.0019 0.001
0.8081 0.0011
0.7982 0.0015

β 1.5447 1.5291 0.0028 0.0011
1.5472 0.0007
1.5316 0.0011

0.5 λ 0.7685 0.7967 0.0049 0.0025
0.7934 0.003
0.7754 0.0017

β 1.5573 1.5728 0.0055 0.0019
1.5668 0.0038
1.5693 0.0021

II 59 6 0.2 λ 0.6363 0.6509 0.0034 0.0012
0.6487 0.0011
0.6346 0.0015

β 1.546 1.5564 0.0036 0.0024
1.5456 0.0011
1.5287 0.0025

0.5 λ 0.539 0.5598 0.0051 0.0028
0.5363 0.0045
0.5195 0.0042

β 1.5625 1.5807 0.005 0.0042
1.5617 0.002
1.5321 0.0043

Table A10: Bayes estimates and SEs of the parameters for the real
datasets under BLL function using Type-II censoring ( =τ 0.20, 0.50,
=ω 0.3, =v ‒2, and =r n0.1 )

Application n r τ θ Estimates SEs

θB
͠

θEB
͠

θB
͠

θEB
͠

I 53 5 0.2 λ 0.8038 0.7988 0.0018 0.0009
0.8068 0.0005
0.8106 0.0007

β 1.5238 1.5119 0.0013 0.0009
1.5262 0.0004
1.5295 0.0012

0.5 λ 0.7554 0.771 0.004 0.0019
0.7641 0.0014
0.7465 0.002

β 1.5384 1.5244 0.0045 0.0033
1.5268 0.0018
1.5482 0.0031

II 59 6 0.2 λ 0.5779 0.5815 0.0017 0.0007
0.5844 0.0009
0.5598 0.0013

β 1.5235 1.5179 0.0025 0.0012
1.5188 0.0006
1.5274 0.0012

0.5 λ 0.5709 0.6127 0.0036 0.0015
0.5784 0.0028
0.607 0.0017

β 1.5384 1.5244 0.0042 0.0031
1.5268 0.0017
1.5482 0.003
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x[rr]
m1=length(t1)-rr
m1
t2<-(-2*((1-u2)∧(1/lamda1)-1)+(4*((1-u2)∧(1/lamda1)-1)∧

(2)-4*((1-u2)∧(1/lamda1))*((1-u2)∧(1/lamda1)-1))*(0.5))/(2*((1-
u2)∧(1/lamda1)))

t2
y=sort(t2)
y
y=y[1:rr]
y[rr]
m2=length(t2)-rr
m2
## MLE
MLE.lamda<-1.4
MLE.beta<-1.4
varr.cov=solve(out$hessian)
var.cov=abs(varr.cov)
sd=sqrt(var.cov)
#interval mle#
sd.MLE.lamda=sqrt(var.cov[1,1])
sd.MLE.beta=sqrt(var.cov[2,2])
conf.lamda=MLE[1]+c(-1,1)*qnorm(1-(1-crit)/2)

*sd.MLE.lamda
conf.beta=MLE[2]+c(-1,1)*qnorm(1-(1-crit)/2)

*sd.MLE.beta
#Bias MLE#
bias_lamda=abs(lamda1-MLE.lamda)
bias_beta=abs(betaa1-MLE.beta)
#MSE MLE#
mse_lamda=(bias_lamda)∧2+var.cov[1,1]
mse_beta=(bias_beta)∧2+var.cov[2,2]
#Bayesian Estimation Gamma#
prior.lamda1=function(lamda1){
if(lamda1<0){return(0)}
else{return((lamda1∧(alpha1-1))*exp(-beta1*lamda1))*

(beta1∧alpha1)/(gamma(alpha1))}
}

prior.betaa1=function(bet1){
if(bet1<0){return(0)}
else{return((bet1∧(alpha2-1))*exp(-beta2*bet1))*

(beta2∧alpha2)/(gamma(alpha2))}
}

likelihood=function(phi){
prod(2*phi[1]*x*((1+x)∧-(2*phi[1]+1))*((1+2*x)∧(phi[1]-

1)))*(((1+2*x[rr])∧(phi[1]))*(1+x[rr])∧(-2*phi[1]))∧(n*(1-tau)-
rr)*prod(2*phi[1]*phi[2]*y*((1+phi[2]*y)∧-(2*phi[1]+1))*
((1+2*phi[2]*y)∧(phi[1]-1)))*(((1+2*phi[2]*y[rr])∧(phi[1]))*
(1+phi[2]*y[rr])∧(-2*phi[1]))∧(n*tau-rr)}

logpost=function(phi){log(likelihood(phi))

+log(prior.lamda1(phi[1]))https://www.geeksforgeeks.
org/kolmogorov-smirnov-test-in-r-programming/#:
~:text=A%20K%2DS%20Test%20quantifies%20a,distribu-
tion%20of%20given%20two%20samples.

+log(prior.betaa1(phi[2]))
}

MH.MCMC<- matrix(0, nrow = 10000 , ncol = 2)
colnames(MH.MCMC) <- c(’lamda’,’Beta’)
phi.cur=c(lamda1,betaa1)
for (i in 1:nrow(MH.MCMC)) {

new.phi=phi.cur+ rnorm(2,0,0.00002)
log.r= logpost(new.phi) - logpost(phi.cur)
if (log(runif(1)) < log.r) {

phi.cur <- new.phi
}

MH.MCMC[i , ] <- phi.cur
}

new.est=subset(MH.MCMC[seq(5,nrow
(MH.MCMC),5),])

Bayes.conj=apply(new.est,2,mean)
sd.conj=apply(new.est,2,sd)
var.conj=apply(new.est,2,var)
# Balanced SE Estimates
BSE_lamda1=W*MLE.lamda+(1-W)*Bayes.conj[1]
BSE_beta1=W*MLE.beta+(1-W)*Bayes.conj[2]
## RAB
bias_BSE_lamda1=abs(lamda1-BSE_lamda1)/lamda1
bias_BSE_beta1=abs(betaa1-BSE_beta1)/betaa1
## SE
SE_lamda1=sd.conj[1]/n∧0.5
SE_beta1=sd.conj[2]/n∧0.5
##****************************************
#Bayes conjugate (LINEX)#
Lprior.lamda1=function(lamda1){
if(lamda1<0){return(0)}
else{return((lamda1∧(alpha1-1))*exp(-beta1*lamda1))*

(-(v)∧-1)*exp(-v*lamda1)*(beta1∧alpha1)/(gamma(alpha1))}
}

Lprior.betaa1=function(bet1){
if(bet1<0){return(0)}
else{return((bet1∧(alpha2-1))*exp(-beta2*bet1))*(-(v)∧-

1)*exp(-v*bet1)*(beta2∧alpha2)/(gamma(alpha2))}
}

Llogpost=function(phi){log(likelihood(phi))
+log(Lprior.lamda1(phi[1]))
+log(Lprior.betaa1(phi[2]))
}

LMH.MCMC<- matrix(0, nrow = 10000 , ncol = 2)
colnames(LMH.MCMC) <- c(’lamda’,’Beta’)
Lphi.cur=c(lamda1,betaa1)
for (i in 1:nrow(LMH.MCMC)) {
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Lnew.phi=Lphi.cur+ rnorm(2,0,0.00002)
Llog.r= Llogpost(Lnew.phi) - Llogpost(Lphi.cur)
if (log(runif(1)) < Llog.r) {

Lphi.cur <- Lnew.phi
}

LMH.MCMC[i , ] <- Lphi.cur
}

Lnew.est=subset(LMH.MCMC[seq(5,nrow
(MH.MCMC),5),])

Bayes.conj.lnx=apply(Lnew.est,2,mean)
sd.conj.lnx=apply(Lnew.est,2,sd)
var.conj.lnx=apply(Lnew.est,2,var)
BLL_lamda1=W*MLE.lamda+(1-W)*Bayes.conj.lnx[1]
BLL_beta1=W*MLE.beta+(1-W)*Bayes.conj.lnx[2]
#Relative absolute bias
bias_BLL_lamda1=abs(lamda1-BLL_lamda1)/lamda1
bias_BLL_beta1=abs(betaa1-BLL_beta1)/betaa1
##****************************************
#E-Bayesian Estimation SE #
prior.Elamda1=function(Elamda1){
if(Elamda1<0){return(0)}
else{return((U1∧-1)*(Elamda1)*2*(C1-B1)/(C1∧2))}
}

prior.Elamda2=function(Elamda2){
if(Elamda2<0){return(0)}
else{return((U1∧-1)*(Elamda2)*(1/C1))}
}

prior.Elamda3=function(Elamda3){
if(Elamda3<0){return(0)}
else{return((U1∧-1)*(Elamda3)*(2*B1/C1∧2))}
}

prior.Ebetaa1=function(Ebet1){
if(Ebet1<0){return(0)}
else{return((U3∧-1)*(Ebet1)*2*(C3-B3)/(C3∧2))}
}

prior.Ebetaa2=function(Ebet2){
if(Ebet2<0){return(0)}
else{return((U3∧-1)*(Ebet2)*(1/C3))}
}

prior.Ebetaa3=function(Ebet3){
if(Ebet3<0){return(0)}
else{return((U3∧-1)*(Ebet3)*(2*B3/C3∧2))}
}

likelihood=function(phi){
prod(2*phi[1]*phi[3]*phi[4]*phi[5]*phi[6]*x*((1+x)∧-

(2*phi[1]+1))*((1+2*x)∧(phi[1]-1)))*(((1+2*x[rr])∧(phi[1]))*
(1+x[rr])∧(-2*phi[1]))∧(n*(1-tau)-rr)*prod(2*phi[1]*phi[2]
*y*((1+phi[2]*y)∧-(2*phi[1]+1))*((1+2*phi[2]*y)∧(phi[1]-1)))*
(((1+2*phi[2]*y[rr])∧(phi[1]))*(1+phi[2]*y[rr])∧(-2*phi[1]))∧
(n*tau-rr)}

Elogpost=function(phi){log(likelihood(phi))
+log(prior.Elamda1(phi[1]))

+log(prior.Elamda2(phi[2]))
+log(prior.Elamda3(phi[3]))
+log(prior.Ebetaa1(phi[4]))
+log(prior.Ebetaa2(phi[5]))
+log(prior.Ebetaa3(phi[6]))
}

EMH.MCMC<- matrix(0, nrow = 10000 , ncol = 6)
colnames(EMH.MCMC) <- c

(’lambda1’,’lambda2’,’lambda3’,’Beta1’,’Beta2’,’Beta3’)
Ephi.cur=c(Bayes.conj[1],Bayes.conj[1],Bayes.conj

[1],Bayes.conj[2],Bayes.conj[2],Bayes.conj[2])
for (i in 1:nrow(EMH.MCMC)) {

Enew.phi=Ephi.cur+ rnorm(6,0,0.00002)
Elog.r=Elogpost(Enew.phi)-Elogpost(Ephi.cur)
if (log(runif(1)) < Elog.r) {

Ephi.cur <-Enew.phi
}

EMH.MCMC[i , ] <-Ephi.cur
}

Enew.est=subset(EMH.MCMC[seq(5,nrow
(EMH.MCMC),5),])

EBayes.conj=apply(Enew.est,2,mean)
Esd.conj=apply(Enew.est,2,sd)
Evar.conj=apply(Enew.est,2,var)
#Bias Bayes Conj#
EBbias_lamda1=abs(Bayes.conj[1]-EBayes.conj[1])
EBbias_lamda2=abs(Bayes.conj[1]-EBayes.conj[2])
EBbias_lamda3=abs(Bayes.conj[1]-EBayes.conj[3])
EBbias_beta1=abs(Bayes.conj[2]-EBayes.conj[4])
EBbias_beta2=abs(Bayes.conj[2]-EBayes.conj[5])
EBbias_beta3=abs(Bayes.conj[2]-EBayes.conj[6])
##***************************************
#E-Bayesian LINEX #
Lprior.ELlamda1=function(ELlamda1){
if(ELlamda1<0){return(0)}
else{return((U1∧-1)*(ELlamda1)*2*(C1-B1)/(C1∧2))}
}

Lprior.ELlamda2=function(ELlamda2){
if(ELlamda2<0){return(0)}
else{return((U1∧-1)*(ELlamda2)*(1/C1))}
}

Lprior.ELlamda3=function(ELlamda3){
if(ELlamda3<0){return(0)}
else{return((U1∧-1)*(ELlamda3)*(2*B1/C1∧2))}
}

Lprior.ELbetaa1=function(ELbet1){
if(ELbet1<0){return(0)}
else{return((U2∧-1)*(ELbet1)*2*(C2-B2)/(C2∧2))}
}

Lprior.ELbetaa2=function(ELbet2){
if(ELbet2<0){return(0)}

Bayesian and E-Bayesian estimation for ITL distribution  17



else{return((U2∧-1)*(ELbet2)*(1/C2))}
}

Lprior.ELbetaa3=function(ELbet3){
if(ELbet3<0){return(0)}
else{return((U2∧-1)*(ELbet3)*(2*B2/C2∧2))}
}

likelihood=function(phi){
prod(2*phi[1]*phi[3]*phi[4]*phi[5]*phi[6]*x*((1+x)∧-

(2*phi[1]+1))*((1+2*x)∧(phi[1]-1)))*(((1+2*x[rr])∧(phi[1]))*
(1+x[rr])∧(-2*phi[1]))∧(n*(1-tau)-rr)*prod(2*phi[1]*phi[2]
*y*((1+phi[2]*y)∧-(2*phi[1]+1))*((1+2*phi[2]*y)∧(phi[1]-1)))*
(((1+2*phi[2]*y[rr])∧(phi[1]))*(1+phi[2]*y[rr])∧(-2*phi[1]))∧
(n*tau-rr)}

ELlogpost=function(phi){log(likelihood(phi))
+log(Lprior.ELlamda1(phi[1]))
+log(Lprior.ELlamda2(phi[2]))
+log(Lprior.ELlamda3(phi[3]))
+log(Lprior.ELbetaa1(phi[4]))
+log(Lprior.ELbetaa2(phi[5]))
+log(Lprior.ELbetaa3(phi[6]))
}

ELMH.MCMC<- matrix(0, nrow = 10000 , ncol = 6)
colnames(ELMH.MCMC) <- c(’lambda1’,’lambda2’,’-

lambda3’, ’Beta1’,’Beta2’,’Beta3’)
ELphi.cur=c(Bayes.conj.lnx[1],Bayes.conj.lnx

[1],Bayes.conj.lnx[1],Bayes.conj.lnx[2],Bayes.conj.lnx
[2],Bayes.conj.lnx[2])

for (i in 1:nrow(ELMH.MCMC)) {

ELnew.phi=ELphi.cur+ rnorm(6,0,0.00002)
ELlog.r= ELlogpost(ELnew.phi) - ELlogpost(ELphi.cur)
if (log(runif(1)) < ELlog.r) {

ELphi.cur <-ELnew.phi
}

ELMH.MCMC[i , ] <-ELphi.cur
}

ELnew.est=subset(ELMH.MCMC[seq(5,nrow
(ELMH.MCMC),5),])

ELBayes.conj=apply(ELnew.est,2,mean)
ELsd.conj=apply(ELnew.est,2,sd)
ELvar.conj=apply(ELnew.est,2,var)
#Bias Bayes Conj#
ELBbias_lamda1=abs(Bayes.conj.lnx[1]-

ELBayes.conj[1])
ELBbias_lamda2=abs(Bayes.conj.lnx[1]-

ELBayes.conj[2])
ELBbias_lamda3=abs(Bayes.conj.lnx[1]-

ELBayes.conj[3])
ELBbias_beta1=abs(Bayes.conj.lnx[2]-ELBayes.conj[4])
ELBbias_beta2=abs(Bayes.conj.lnx[2]-ELBayes.conj[5])
ELBbias_beta3=abs(Bayes.conj.lnx[2]-ELBayes.conj[6])
out.Bayes.SE.all=cbind(Bayes.conj,mse=c

(Bmse_lamda1,Bmse_beta1),Bal.Est=c
(BSE_lamda1,BSE_beta1))

out.EBayes.SE.all=cbind(EBayes.conj,mse=c
(EBmse_lamda1,EBmse_lamda2,
EBmse_lamda3,EBmse_beta1,EBmse_beta2,EBmse_beta3))

out.Bayes.conj.LINEX.all=cbind(Bayes.conj.lnx,mse=c
(LBmse_lamda1,LBmse_beta1),Bal.Est=c
(BLL_lamda1,BLL_beta1))

out.EBayes.conj.LINEX.all=cbind(ELBayes.conj,mse=c
(ELBmse_lamda1,ELBmse_lamda2,ELBmse_lamda3,ELBms-
e_beta1,ELBmse_beta2,ELBmse_beta3))
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